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CHARTER | 


SETS 


1.1 SETS 


It is a well known fict that any attempt to define a set has always led mathematicians to 


unsurmountable diffrulties. For example, suppose one defines the term set as “a well defined 
collection of objects”. Gne may then ask what is meant by a collection. If one answers that a 
collection is an aggregte of objects or things. What is then an aggregate? Perhaps then one may 
define that an aggregée is a class of things. What is then a class? Now, one may define a class as 
a collection. In this mnner question after question, since our language is finite, we find that 
after some time we wil have to use some words which have already been questioned. The 
definition thus becoms circular and worthless. Thus, mathematicians realized that there must 
be some undefined (¢ primitive) terms. In this chapter, we start with two undefined (or 
primitive) terms — “ement” and “set”. We assume that the word “set” is synonymous with 
the words “collectiol’, “aggregate”, “class” and is comprised of elements. The words 


Ld ul 


“element”, “object”, “1ember” are synonymous. 


If ais an element of as A, then we write a € A and say a belongs to A ora is in A ora is a member 
of A. If a does not belog to A, then we write a ¢ A. It is assumed here that if A is any set and a is 
any element, then eittr a € A or a ¢ A and the two possibilities are mutually exclusive. Thus, 


one cannot say “consier the set A of some positive integers”, because it is not sure whether 
3eAor3 ¢A. 


Throughout this chapr we shall denote sets by capital alphabets e.g. A, B, C, X, Y, Z etc. and the 
elements by the smalllphabets e.g. a, b, c, x, y, z etc. 


The following are son illustrations of sets: 

ILLUSTRATION 1 Thevllection of vowels in English alphabets. This set contains five elements, namely, 
a, e, 1, 0, u. 

ILLUSTRATION 2 Thollection of first five prime natural numbers is a set containing the elements 2, 
3,5, 7, 11. 

ILLUSTRATION 3 Thollection of all States in the Indian Union is a set. 

ILLUSTRATION 4 Thollection of past presidents of the Indian union is a set. 

ILLUSTRATION 5 Thollection of cricketers in the world who were out for 99 runs in a test match is 
Q set. 

ILLUSTRATION 6 Thollection of good cricket players of India is not a set, since the term “good player 
is vague and it is not w defined”. 


Similarly, collechon, good teachers in a school is not a set. However, the collection of all - 
teachers in a school itset. : 


In this chapter we whave frequent interaction with some Sets, SO we reserve some letters for 
these sets as listed bev: 

N_: for the set ohtural numbers. 

Z : for the set oltegers. 

Z* - for the set ol positive integers. 


a 


+ ee 


| 
| 
| 
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Q : for the set of all rational numbers. 

Q*: for the set of all positive rational numbers. 
| R_ : for the set of all real numbers. 
: R* ; for the set of all positive real numbers. 
C : for the set of all complex numbers. 


rocenie 


‘ 1. Whatis the difference between a collection and a set? Give reasons to support your answer? 
2. Which of the following collections are sets? Justify your answer: 
(i) A collection of all natural numbers less than 50. 
(ii) The collection of good hockey players in India. 
(iii) The collection of all girls in your class. 


EXERCISE 1.1 





(iv) The collection of most talented writers of India. [INCERT] 

(v) The collection of difficult topics in Mathematics. 

(vi) The collection of all months of a year beginning with the letter J [NCERT] 
(vii) A collection of novels written by Munshi Prem Chand. [NCERT] 
(viii) The collection of all questions in this chapter. [NCERT] 

(ix) A collection of most dangerous animals of the world. [NCERT] 


| (x) The collection of prime integers. 
3. If A={0,1, 2, 3, 4,5, 6,7, 8, 9, 10}, then insert the appropriate symol €or ¢in each of the 


| | following blank spaces: 
B (i) 4....A (ii) -—4.....A (iii) 12..A 


4% (iv) 9...A (v) 0....A (vi) -2..A 


ANSWERS 
1. Every setis a collection but a collection is not necessarily a set. Onlwell defined collections 
are sets. For example, group of good cricket players is a collectioput it is not a set. 
E 2. (i), (iii), (vi), (2) a Qs) Pa 39) 
a} 3. (i) e (ii) ¢ (iii) ¢ (iv) € (v) € (vi) ¢ 
Ft ao CINTS TO NCERT & SLECTED PROBLEMS 


2. (iv) The collection of most talented writers of India is not a seas there is no specific 
criterion to determine whether a writer is talented or not. 
(vi) The collection of all months of a year beginning with the ‘ter J is a set given by 
{January, June July}. 
(vii) The collection of novels written by Munshi Prem Chand 4 set because one can 
determine whether a novel is written by him or not. 
(viii) The collection of all questions in this chapter is a set becausea question is given one 
can easily decide whether it is a question of this chapter or f. 
(ix) The collection of most dangerous animals of the world is nolset because there is no 
criterion to determine whether an animal is most dangerou¢ not. 


1.2 DESCRIPTION OF A SET 
A set is often described in the following two forms. One can make us¢ pany one of these two 
ways according to his (her) convenience. | 

(i) Roster form or Tabular form (ii) Set-builder form ) 


Let us now discuss these forms. 
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1.2.1 ROSTER FORM 

In this form a set is described by listing elements, separated by commas, within braces { }. 
ILLUSTRATION 1 Thie set of vowels of English Alphabet may be described as {a, e, 1, 0, ut}. 
ILLUSTRATION 2 The set of even natural numbers can be described as (2, 4, 6, ...}..Here the dots stand 
for ‘and so on’. 

ILLUSTRATION 3 If A is the set of all prime numbers less than 11, then A = (2, 3, 5, 7}. 

NOTE The order in which the elements are written in a set makes no difference. Thus, {a, e, t, 0, u} and 


{e, a, i, 0, u} denote the same set. Also, the repetition of an element has no effect. For example, {1, 2, 3, 2} is 
the same set as {1, 2, 3}. 


1.2.2 SET-BUILDER FORM 


In this form, a set is described by a characterizing property P(x) of its elements x. In such a case 
the set is described by {x : P(x) holds } or, {x | P (x) holds}, which is read as ‘the set of all x such 
that P (x) holds’. The symbol ‘|’ or ‘:’ is read as ‘such that’. 


In other words, in order to describe a set, a variable x (say) (to denote each element of the set) is 
written inside the braces and then after putting a colon the common property P (x) possessed by 
each element of the set is written within the braces. 


ILLUSTRATION 4 The set E of all even natural numbers can be written as 

E={x:x isa natural number and x = 2n forn EN} 
or, E= {x:xeN,x=2n,neEN} or, E={xeEeN:x = 2n,neEN} 
ILLUSTRATION 5 The set A =(1, 2, 3, 4, 5, 6, 7, 8} can be written as A ={x EN: x <8}. 
ILLUSTRATION 6 The set of all real numbers greater than —1 and less than 1 can be described as 
{xe R:-1<x <1}. 


ILLUSTRATION 7 Theset A ={O, 1, 4, 9, 16, ...} can be written as A = {x2 se Z}. 


ILLUSTRATIVE EXAMPLES 


Type I ON DESCRIBING OR REPRESENTING SETS IN TABULAR FORM OR ROSTER FORM 
EXAMPLE1 Describe the following sets in Roster form: 
(i) The set of all letters in the word ‘MATHEMATICS’ 
(ii) The set of all letters in the word ‘ALGEBRA’ 
(iii) The set of all vowels in the word ‘EQUATION’ 
(iv) The set of all natural numbers less than 7. 
(v) The set of squares of integers. 


SOLUTION (i) We observe that distinct letters in the word ‘MATHEMATICS’ are: 


M,.A,T,H,E,1,C;,S 
Since the order in which the elements of a set are written is immaterial and the repetition of 
elements has no effect. So, required set can be described as follows: 

{M, A, iT H, E, iG CG, S} 


(ii) We find that the word ‘ALGEBRA‘ has following distinct letters: A, L, G, E, B,R 
Hence, required set can be described in Roster form as follows: {A, L,G,E, B, R} 

(iii) Clearly, word ‘EQUATION‘ has following vowels: A, E, I ,O,U 

So, required set can be described as follows: {A, E, I, O, U} 
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(iv) Natural numbers less than 7 are: 1, 2, 3, 4, 5, 6. 

Hence, required set can be described as follows: {1, 2, 3, 4,5, 6}. 

(v) Since square of a negative integer is same as the square of its absolute value. Therefore, 
squares of integers are 0, 1, 4, 9, 16, 25, ...... Hence, required set is {0,1, 4, 9, 16, .....}. 

Type II ON DESCRIBING OR REPRESENTING SETS IN SET-BUILDER FORM 


EXAMPLE2 Describe the following sets in set-builder form: 
(i) The set of all letters in the word ‘PROBABILITY’. 
(ii) The set of reciprocals of natural numbers. _ (iii) The set of all odd natural numbers. 
(iv) The set of all even natural numbers. 
. SOLUTION (i) Given set in set-builder form can be described as follows: 
(x: xis a letter in the word ‘PROBABILITY’} 


(ii) Given set can be described in set-builder form as follows: 


—- 
: . 


{x: x is reciprocal of a natural number} or, 1% oe ,€ Nn} or, = :€ Nn} 
n n 


(iii) An odd natural number can be written in the form (2n —1). So, given set can be described as 
follows {x:x = 2n-—1,neEN} or, {2n-—1:neEN}. 


(iv) An even natural number can be written as 2n, wheren € N. Therefore, set of all even natural 
numbers can be written in the form{x:x = 2n,neEN} or, {2n:neN} 


; EXAMPLE3 Write the set of all integers whose cube is an even integer. 


SOLUTION Weknow that the cube of an even integer is also an even integer. Hence, the required 
set is the set of all even integers which can also be written in the set-builder form as{2n:n € Z}. 
EXAMPLE4 Write the set of all real numbers which cannot be written as the quotient of two integers in 
the set-builder form. 

SOLUTION We know that all rational numbers are expressible as the quotient of two integers. 
} Therefore, the required set is the set of all irrational numbers which can be written as 

{x :xis real and irrational} or, {x: x eR but x ¢Q)}. 


Type III ON DESCRIBING A SET IN ROSTER FORM WHEN IT IS GIVEN IN SET-BUILDER FORM 


EXAMPLES Describe each of the following sets in Roster form 
(i) (x: xis a positive integer and a divisor of 9} _— (ii) {x:x € Z and|x| < 2} 


Sawyer os 





(iii) {x: xis a letter of the word' PROPORTION’) (iv) fe and] <n <3,whereneN 


n 
n> +1 
SOLUTION (i) Since x is a positive integer and a divisor of 9. So, x can take values 1, 3, 9. 

ay {x: xis a positive integer and a divisor of 9 } = {1, 3, 9} 

(ii) We find that x is an integer satisfying |x| < 2. 

and, =] 1x1 =10,1,2 => x =.0,+1,+2 

So, x can take values — 2, —1, 0,1, 2. 

“ {x:xeZ and |x| <2}={-2,-1, 0,1, 2} 

(iii) We find that distinct letters in the word ‘PROPORTION’ are P, R, O,T, N, I. So, x can be 
PRO; TAN 

Hence, {x: xis a letter in the word PROPORTION’ }={P, R,O,T,I,N} 

(iv) We have, 


x= wheren €N and1 <n <3. 


nN 
n= +1 
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x= = , wheren = 1, 2, 3. 
n~ +1 
Zs ee ee 
1741 2741 3741 
2 oS 
=> —S—— 
a Bi cL 





Hence, 4<x:x= fe and 1 <n<3,whereneN -{5-2-a} 
no +1 2) 20210 


EXAMPLE6 Write the set of all vowels in English alphabet which precede s. 
SOLUTION The vowels in English alphabet which precede s are a,e,i,0. So, the set 
A = {a, e,i, o} is the set of all vowels in English alphabet which precede s. 


EXAMPLE7 Write the set A ={x:x € Z, x” < 20) in the roster form. 


SOLUTION We observe that the integers whose squares are less than 20 are: 0,+1,+2,+ 3,+4. 
Therefore, the set A in roster form is A ={-—4,-—3, —2, —1, 0,1, 2, 3, 4}. 


EXAMPLES Match each of the set on the left described in the roster form with the same set on the right 


described in the set-builder form. [NCERT] 
(i) {P, R,1,N,CG, A, L} (a) {x:x is a positive integer and is a divisor of 18 } 
(ii) {0} (b) {x:x is an integer and x7 -9 =0} 
(iii) {1,2, 3, 6, 9, 18} (c) {x: xis an integer and x +1 =1} 
(iv) {-—3, 3} (d) {x: x isa letter of the word ‘PRINCIPAL!’ } 


SOLUTION (i) Clearly, {P,R,I,N,C,A,L} = {P,R,I,N,C,1,P,A, L} 
= {x:xisa letter of the word ‘PRINCIPAL’ } 

Hence, (i) matches with (d). 
(ii) {0} = {x:x is an integer equal to zero} = {x: x is an integer andx+1 = 1} 

Hence, (ii) matches with (c). 
(iii) {1, 2, 3, 6, 9,18} = Set of all positive divisors of 18 

= {x:xis a positive integer and is a divisor of 18} 

Hence, (iii) matches with (a). : 

(iv) Clearly, {— 3, 3} = {x:x is an integer and x2-9 = 0}. Hence, (iv) matches with (b). 


Type IV ON DESCRIBING A SET IN ROSTER FORM WHEN IT IS GIVEN IN SET-BUILDER FORM 
1; 2 Seaes5 67 8-9 
EXAMPLE Writ t} t RY Meme y Noes Soca Prey. ey Mees) sige, | ee Ne ] th t- ] . N RT 
9 Write these 13 54'S 61789 = in e set-builder form [NCERT] 
SOLUTION We observe that each element in the given set has the denominator one more than 
the numerator. Also, the numerator begins from 1 and do not exceed 9. Hence, in the set-builder 





2 n 
form the given set can be written as st eres men, nso} 


: beg ee eee | 
EXAMPLE 10 Write the setX={1,2/5 022122, eine } in the set -builder form. 


SOLUTION We observe that the elements of set X are the reciprocals of the squares of all natural 
numbers. So, the set X in set builder form is X = i> ine N} 
| n 
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EXAMPLE11 Write the following sets in Roster form: 

(i) A={a,:nEN,a,,1=3a,anda, =1} (ii) B={a,:neN 
SOLUTION (i) We have, a; =1 anda, 4 = 34, for allneN 
Putting n=1lina,, 1 = 3a,, we get 

Lb) = 30; =3x1l= 3 


144 2=4,41 7% 1, 4 FAQ =1} 


[ a, =1] 
Puttingn = 2ina,, 4 = 34,, we get 
a3 = 3a) =3x 3=3? [ed = 3] 
Putting 7 = 3 ind, 1 = 3a, , we get 
fy = 3a3 =3x 3* =3° [. az =3] 


Similarly, we obtain 

fi = 3a, =3x 33 = 3, Ag = 305 =3*x 34 — 3° and so on. 
Hence, A= {a, ay, 03, 4, M5, M¢,..) = (1, 3, 37, 39, 34, 3, vend 
(ii) Wehave, a; = 1,@) =1landa,,9 = 441+%- 
Puttingn = 1, 2, 3, 4,......IN 4&4 27 = 41+ M4, we get 


@3 =a +4, =14+1=2; ag = A340 = 241 = 3; 5 = Agt+a3g = 3+2=95; 
Me = +a, = 5+3 = 8andsoon. 


Hence, B = {1 ,@y ,3,094,%,6, aeaeet } = (1,12, 355, 8; deceas } 








EXERCISE 1.2 
LEVEL-1 
1. Describe the following sets in Roster form: 
(i) {x : x is a letter before e in the English alphabet}. 
(ii) {x EN: x2 < 25}. 
(iii) {x € N: xis a prime number, 10 < x < 20}. 
(iv) {x eN:x=2n,neEN}. 
(v) {xe R:x>x}. 
(vi) {x: xis a prime number which is a divisor of 60}. 
(vii) {x:x is a two digit number such that the sum of its digits is 8}. 
(viii) The set of all letters in the word ‘Trigonometry’. 
(ix) The set of all letters in the word ‘Better’. 
2. Describe the following sets in set-builder form: 
(i) A={1,2,3, 4,5, 6} (ii) B= ({1, 1/2, 1/3, 1/4, 1/4, ...} 
(iii) C = {0, 3, 6,9, 12, ...} (iv) D={10, 11, 12, 13, 14, 15} 
(v) E= {0} (vi) {1,4,9,16,...,100} 
(vii) {2, 4, 6, 8,.....} (viii) {5, 25,125, 625} 
3. List all the elements of the following sets: 
(i) A=(x:x* <10,xeZ) (ii) B= {xx=zts 1nss| 


(iii) C ={ :x is an integer, = <x< 4 

(iv) D ={x:x is a vowel in the word “EQUATION”} 

(v) ES (x: xis a month of a year not having 31 days } 
‘= (x: is a letter of the word “MISSISSIPPI” } 
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4. Match each of the sets on the left in the roster form with the same set on the right described 
in the set-builder form: 


(i) tao Bi (i) {x:x+5=5,xeZ} 
(ii) {5,-—5} (ii) {x:xis a prime natural number and a divisor of 10 } 
(iii) {0} (iii) {x:xisa letter of the word “RAJASTHAN” } 
(iv) {1,2,5, 10} (iv) {x:xis a natural number and divisor of 10} 
(v) {A,H,J,R,S,T,N} (v) {x:x7-25=0} 
(vi) {2,5} (vi) {x:xisa letter of the word “APPLE”} 


5. Write the set of all vowels in the English alphabet which precede g. 
6. Write the set of all positive integers whose cube is odd. 
Lok OS BOO, 


7. Write the set 5 7.) Z| in the set-builder form. 
2. OO” 17 2625375 200 





ANSWERS 
1. (i) {a,b,c,d} (ii) {1, 2,3, 4} (iii) {11, 13, 17, 19} (iv) {2, 4, 6, 8, ...} 
(v) (vi) {2, 3,5} (vii) {17, 26, 35, 44,53, 62,71, 80} 
(viii) {T, R,1,G,0,N,M,E,Y} (ix) {B,E,T, R} 
2. (i) {x:xeN,x <7} (ii) {x:x =1/n,x EN} (iii) (x: x =3n,neZ*) 
(iv) {x:xEeN,9 <x <16} (v) {x:x=0} (vi) {x2 :x eN,1<x<10} 
(vii) {x:x =2n,n EN} (viii) {5":neN,1<n< 4} 
3. (i) A=(0,+1,+2, +3} (i) B={1,2,2,5 5} 
(iii) C ={0,1, 2, 3, 4} (iv) D={A,E,1I,O, U} 
(v) E={Feb., April, June, Sept., November} (vi) F = {M,1I,S, P} 
4. (i)> (vi); (ii) (v); (iii) > @); (iv) > (iv); (Vv) > Gil); (vi) > Gi) 
5. {a, e, 1, o} 6. {2n+1:nEeZ,n>0} 7. = neNn37| 
n~ +1 


1.3 TYPES OF SETS 

EMPTYSET AA set is said to be empty or null or void set if it has no element and it is denoted by 9. 
In Roster method, ois denoted by { }. 

It follows from this definition that a set A is an empty set if the statement x eA is not true for 
any x. 

ILLUSTRATION1 {x e@R:x* =-2}=6. 

ILLUSTRATION2 {xEN:5<x<6}=96. 


ILLUSTRATION 3 The set A given by A ={x: x is an even prime number greater than 2} is an empty set 
because 2 is the only even prime number. 

A set consisting of at least one element is called a non-empty or non-void set. 

NOTE If Aand Bare any two empty sets, then x & A iff (if and only if) x € Bis satisfied because there is 
no element x in either A or B to which the condition may be applied. Thus, A = B. Hence, there ts only one 
empty set and we denote it by ». Therefore, article ‘the’ is used before empty set. 

SINGLETON SET AA set consisting of a single element is called a singleton set. 


| 
. 
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ILLUSTRATION 4 = The set {5} is a singleton set. 
ILLUSTRATION 5 Theset{x:x eNand x? = 9} is a singleton set equal to {3}. 


FINITESET Asetis called a finite set if it is either void set or its elements can be listed (counted, labelled) 
by natural numbers 1, 2, 3, ... and the process of listing terminates at a certain natural number n (say). 
CARDINAL NUMBER OF A FINITE SET The number n in the above definition is called the cardinal 
number or order of a finite set A and is denoted by n(A). 


INFINITE SET A set whose elements cannot be listed by the natural numbers 1, 2, 3, ..., n, for any 
natural number n is called an infinite set. 


ILLUSTRATION 6 Each one of the following sets is a finite set: 
(i) Set of even natural numbers less than 100. (ii) Set of soldiers in Indian army. 


(iii) Set of even prime natural numbers. (iv) Set of all persons on the earth. 
ILLUSTRATION 7 Each one of the following sets is an infinite set: 
(i) Setofall pointsinaplane. (ii) Set ofall lines ina plane. (iii) {x ER: 0 <x <]}. 


EQUIVALENTSETS Two finite sets A and B are equivalent if their cardinal numbers are same. 
i.e. n(A) = n(B). 


EQUAL SETS Two sets A and B are said to be equal if every element of A is a member of B, and every 
element of B is a member of A. 


If sets A and B are equal, we write A = B and A # B when A and B are not equal. 


If A = {1, 2,5, 6} and B = {5, 6, 2, 1}. Then A = B, because each element of A is an element of B and 
vice-versa. Note that the elements of a set may be listed in any order. 


It follows from the above definition and the definition of equivalent sets that equal sets are 
equivalent but equivalent sets need not be equal. 


For example, A = {1, 2, 3) and B = {a, b, c} are equivalent sets but not equal sets. 


ILLUSTRATIVE EXAMPLES 
LEVEL-1 


TypeI ON IDENTIFYING WHETHER GIVEN SET IS EMPTY OR NOT 
EXAMPLE1 Which of the following sets are empty sets? 
(i) A = {x: x? —3 = Oand xis rational } (ii) B = {x:x isan even prime number } 


(iii) C = {x:4<x<5,x EN} (iv) D = {x 2x = 25, and x is an odd integer } 


SOLUTION (i) We know that there is no rational number whose square is 3. So, x” — 3 = Ois not 
satisfied by any rational number. Hence, A is an empty set. 


(ii) We know that 2 is the only even prime number. Therefore, B = {2}. So, B is not an empty 
set. 


(iii) Since there is no natural number between 4 and 5. So, C is an empty set. 
(iv) Sincex =5, —5satisfy x? =25and+5areodd integers. Therefore, D ={—5, 5}. Thus,Disa 
non-empty set. 


Type ON EQUAL SETS 
EXAMPLE2 Find the pairs of equal sets, from the following sets, if any, giving reasons: 


A=(0}, B=ix:x>15and x <5},C ={x:x—5=0},D ={x:x* =25} 
FE =({x:x is an integral positive root of the equation x* —2x -15 =0}. [NCERT] 
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SOLUTION We have. 
A = {0}, B = {x:x>15andx <5} = $C = {x:x-5=0} = {5}, 
D = {x:x* = 25} = (-5,5}, and, E = {5}. 
Clearly,C = E. 
EXAMPLE3 Which of the following pairs of sets are equal ? Justify your answer. 
(i) A={x:xisa letter in the word “LOYAL” }, B ={x:x isa letter of the word “ALLOY” } 
(ii) A={x:x eZ and x* <8}, B=(x:x © Rand x* —4x+3=0} 
SOLUTION (i) We have, 
A = {L,O,Y,A,L} = {L,O,Y, A} and, B = {A,L,L,O,Y} = {L,O,Y,A} 
Clearly, A =B. 
(ii) A={x:x €Z and x? <8} ={-2,-1, 0,1, 2}and, B={x:x © R and x? —4x + 3=0} ={1, 3}. 
We observe that 0 € A but 0 ¢ B. So, A = B. 
Type III ON FINITE AND INFINITE SETS 
EXAMPLE4 State which of the following sets are finite and which are infinite: 
(i) A = {x:x eZ and x7 -5x+6 = O} (ii) B = {x:xeZ and x? is even } 
(iii) C = (x:xeZ and x* = 36} (iv) D = {x:xeZ and x>-10} 
SOLUTION (i) A = {x:x eZ andx* —5x+6=0} = {2, 3} 
So, A is a finite set 
(ii) B = {x:xeZ and x? is even} = {....,—6, —4, —2, 0, 2, 4, 6,...} 
Clearly, B is an infinite set. 
(iii) C = {x:xeZ and x7 = 36}= {6,-6} 
Clearly, A is a finite set. 
(iv) D = {x:xeZ and x>-10} = {-9, —-8,-7,...} 
Clearly, D is an infinite set. 


EXERCISE 1.3 





1. Which of the following are examples of empty set ? 
(i) Set of all even natural numbers divisible by 5. 
(ii) Set of all even prime numbers. 
(iii) {x:x2-—2 = 0 and vis rational }. 
(iv) {x:xis a natural number, x < 8 and simultaneously x > 12}. 
(v) {x:xis a point common to any two parallel lines }. 
2. Which of the following sets are finite and which are infinite ? 
(i) Set of concentric circles in a plane. (ii) Set of letters of the English Alphabets. 


(iii) {x eN:x>5} (iv) {x eN:x < 200} 
(v) {xeZ:x<5} (vi) {xe R:0<x<]l}. 
3. Which of the following sets are equal ? 
(i) A={1, 2,3} (Gi) B={xeR:x* -2x4+1=0} 


(iii) C= {1, 2, 2,3} (iv) D= {x eR: x9 —6x? +11x-6=0}. 
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4. Are the following sets equal ? 
= (x: xis a letter in the word reap}, B = {x: xis a letter in the word paper}, 
= {x : xis a letter in the word rope}. 

5. From the sets given below, pair the equivalent sets: 
4 =({1, 2, 3}, B={t, p, q, r,s}, C = {a, B, y}, D = {a, e, i, 0, u}. 


e. Ace the foilewing = of sets equal ? Give reasons. 
A ={2, 3), B=(x:xis a solution of x? +5x + 6 =0) 
hy) A=1xex call Tether: of the word “WOLF” }, 
 =/{te: visaletter of the word “FOLLOW” } [NCERT] 
[. Porm tases aver below, select equal sets and equivalent sets. 
nm =| ab) B= [23,4 C = 16S. 12}, D={3,1,2, 4},E = {1,0}, F ={8, 4, 12} 
is =(13.577 101), Biz, Hi). 
S. Wroolver te toltowine ses ace equal? 
A ==! {x so gee | 8 2b.C = {3,1}, 
BSW, smd e<5h E = f1,2,1,1}, F={1,1, 3}. 
9. Show: nat tte sei of istiars meecded to spell “CATARACT” and the set of letters needed to 
spell “TRACT” areegqual. [NCERT] 


ANSWERS 





i. {2}, tiv), (v) 2. fi) Infinite (ij) finite (iii) Infinite (iv) Finite 
(v) infinite (vi) Infinite. 

5 oan ea 4. No 5: ALG; B,D 

7. Equalsets:B=D,C =F Equivalent sets: A,E, H; B, D 

8 A=B=E, C=D=F 


6. (i) No (ii) Yes 
(GC; FE 


HINTS TO NCERT & SELECTED PROBLEMS 





6. (ii) Wehave, 
A= {x:xisa letter of the word “WOLF”} ={W,O, L, F} 
B = {x: x is a letter of the word “FOLLOW”} ={W,O, L, F} - 
Clearly, A =B. 
9. A= Set of letters of the word “CATARACT” ={A,C, R,T} 
B = Set of letters of the word “TRACT” ={A,C, R, T} 
Clearly, A =B. 


1.4 SUBSETS 
SUBSETS Let A and B be twosets. If every element of A is an element of B, then A is called a subset of B. 
If A is a subset of B, we write A c B, which is read as “A is a subset of B” or “A is contained in B”. 


Thus, Ac B iff 
acA= acB. 
The symbol V—" stands for “imp. . 


If A is a subset of B, we say that B contains A or, B is a super set of A and we write B> A. 
If A is not a subset of B, we write A ¢ B. 
Obviously, wey set is a subset of itself and the empty set is subset of every set. A subset A of a 











set Bis called aproper subset of Bif A x Band wewrite A c B.Insuchacase, we also say that Bisa 
super set of A. ‘An ee suk set is a a subset containing every element of the original set. A 
proper suDSe’ contains Sets... jhe at not a Of the elements of the original set. The empty set is a 
proper su! is it 
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Thus, if A is a proper subset of B, then there exists an element x € Bsuch that x ¢ A. 


It follows immediately from this definition and the definition of equal sets that two sets A and B 
are equal iff Ac Band Bc A. 


Thus, whenever it is to be proved that two sets A and B are equal, we must prove that A c Band 
Bc A. 


ILLUSTRATION 1 Clearly {1} c {1, 2, 3}, but {1, 4) z {1, 2, 3}. 

ILLUSTRATION 2 Clearly, Nc ZCQ CR CC,whereN, Z,Q, Rand Chave their usual meanings. 
ILLUSTRATION 3 [fA is the set of all divisors of 68 and B is the set of all prime divisors of 68, then B is 
the subset of A and we write Bc A. 

1.4.1 SOME RESULTS ON SUBSETS 

THEOREM 1 Every set is a subset of itself. 

PROOF Let A be any set. Then, each element of A is clearly in A itself. Hence, Ac A. 
THEOREM 2 The empty set is a subset of every set. 


PROOF LetA beany set and 9 be the empty set. In order to show that 6c A, we must show that 
every element of $ is an element of A also. But, Ocontains no element. So, every element of 6 is 
in A. Hence, 6 c A. 


THEOREM 3 The total number of subsets of a finite set containing n elements is 2". 
PROOF LetAbea finite set containing n elements. Let 0 <r <n. Consider those subsets of A that 
have r elements each. We know that the number of ways in which r elements can be chosen out 
of n elements is "C,. Therefore, the number of subsets of A having r elements each is "C,. Hence, 
the total number of subsets of A is 

"Cy + "Cy + "Co +...+ "Cy, = (1+1)"” = 2" [Using binomial theorem] 
ILLUSTRATION 1 Two finite sets have m and n elements. The total number of subsets of the first set is 56 
more than the total number of subsets of the second set. Find the values of m and n. 

[NCERT EXEMPLAR] 

SOLUTION Let A and B be two sets having m and n elements respectively. Then, 

Number of subsets of set A = 2’", Number of subsets of set B = 2”. 


It is given that, 
om — Ot = 56 
= on (QUEM) = 93 (23 =) 
=> n= 3andm-n=3 
a n=3 andm=6. 


ILLUSTRATION 2 If X ={4" — 3n—1:n EN} and Y ={9 (n—1):neN), prove that X cY. 
SOLUTION Let x, =4”" — 3n—1,neéN. Then, x; =4-—3-1=0. 


And, for any n = 2, we have 
x, = 4" -—3n-1=(1+ 3)" -—3n-1 


=> Xp = "Co + "Cz (3) + "Cz (37) + "Cz (39) +... + "C, (3") —3n-1 

. r [Using Binomial Theorem] 
—, xX, = 1+ 3n+"C, (3 )+"Cz (3 )+...+7C, (3") —3n-1 [i "Co =i oe =n] 
=> Xn = 34) "Ca + "Cs (3) + "Cy (37) 4.4 "C, ath 
— Xn = 


9 {"Cx + "Cy (3) + "Cy (32) +... 4 nc. cary 
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7 X IS Some positive integral multiple of 9 for all 1 > 2. 
Thus, X consists of all those positive integral multiples of 9 which are of the form 


OuuiGa Ox (Ca 48° x "C, +...4 37-7 x "Cn together with 0. 


Clearly, Y = {9(1 —1):n EN} consists of all integral multiples of 9 together with 0. 
Hence, XcY. 
1.4.2 SUBSETS OF THE SET AR OF REAL NUMBERS 


Following sets are important subsets of the set R of all real numbers: 
(i) The set of all natural numbers N = {1, 2, 3, 4,5, 6,....} 
(ii) The set of allintegers Z = {...—3,-—2,-1,0,1, 2, 3,...} 


(iii) The set of all rational numbers Q = 1% xa mneZ,n# of. 
n 


(iv) The set of all irrational numbers. It is denoted by T. 
Thus, JT = {x:xeR and x ¢Q}. 
Clearly, Nc ZcQcCR,TcRandN cT. 


1.4.3 INTERVALS AS SUBSETS OF R 


On real line various types of infinite subsets are designated as intervals as defined below: 


CLOSED INTERVAL Let a and b be two given real numbers such that a <b. Then, the set of all real 
numbers x such thata s< x <b is called a closed interval and is denoted by [a, b]. 
Thus, [a,b] ={xeR:a<x <b}. 


On the real line, [a, b] may be graphed as shown in Fig. 1.1 


—-o a b +o 
Fig. 1.1 
For example, [—1, 2] = {x eR: —1<x <2} is the set of all real numbers lying between —1 and 2 
including the end points. Clearly, it is an infinite subset of R. 


OPEN INTERVAL Ifa and b are two real numbers such that a <b, then the set of all real numbers x 
satisfying a < x <b is called an open interval and is denoted by (a, b) or ] a, b [. 


Thus, (a,b) = {xeR:a<x <b} 
On the real line, (a, b) may be graphed as shown in Fig. 1.2. 


—-co a b +c 
Fig. 1.2 
Here, encircling a and b means that a and b are not included in the set. 


For example, (1,2) = {x €R:1<x<2} is the set of all real numbers lying between 1 and 2 
excluding the end-points 1 and 2. This is an infinite subset of R. 


SEMI-OPEN OR SEMI-CLOSED INTERVAL Ifa and bare two real numbers such that a <b, then the 
sets (a,b] ={x €R:a<x <b} and [a,b) ={x eR:a<x <b} are known as semti-open or semi-closed 
intervals. (a, b] and [a , b) are also denoted by Ja, b] and [a, b [ respectively. 


On real line these sets may be graphed as shown in Figs. 1.3 and 1.4 respectively. 





— oO a b + 00 —o a b +0 


Fig. 1.3 Fig. 1.4 
The number b-2 is called the length of any of the intervals (a, b), [a,b], [a, b) and (a,b). 
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These notations provide an alternative way of designating the subsets of the set R of all real 
numbers. For example, the interval [0, «) denotes the set R* of all non-negative real numbers, 
while the interval (— «, 0) denotes the set R of all negative real numbers. The interval (—<9, 00) 
denotes the set R of all real numbers. 


1.5 UNIVERSAL SET 

In any discussion in set theory, there always happens to be a set that contains all sets under 
consideration i.e. it is a super set of each of the given sets. Such a set is called the universal set 
and is denoted by U. 


Thus, a set that contains all sets in a given context is called the universal set. 


ILLUSTRATION 1 When we study two dimensional coordinate geometry, then the set of all points in 
xy-plane is the universal set. 


ILLUSTRATION 2. When we are using sets containing natural numbers, then N is the universal set. 


ILLUSTRATION 3 If A ={1, 2, 3}, B=(2, 4,5, 6} and C ={1, 3, 5, 7}, then U = (1, 2, 3, 4, 5, 6, 7} can be 
taken as the universal set. 


ILLUSTRATION 4 When we are using intervals on real line, the set R of real numbers is taken as the 
universal set. 


1.6 POWER SET 


POWER SET Let A bea set. Then the collection or family of all subsets of A is called the power set of A 
and is denoted by P (A). 


Thatis, P(A)={S:S cA}. 


Since the empty set and the set A itself are subsets of A and are therefore elements of P(A). Thus, 
the power set of a given set is always non-empty. 


ILLUSTRATION1 Let A= (1, 2,3}. Then, the subsets of Aare: , {1}, {2}, {3}, {1, 2}, {1,3}, {2, 3} 
and {1, 2, 3}. Hence, P(A) ={, {1}, {2}, {3}, {1, 2}, {1, 3}, (2, 3}, {1, 2, 3}. 


ILLUSTRATION 2 If A is the void set , then P(A) has just one element o1.e. P(d) = {}. 
ILLUSTRATION 3 Show that n {P [P (P (9)]} = 4. 
SOLUTION We have, 
P(9) ={9} 
. P(P(q)) = { {}} 
=> P [P (P($))] ={ & (ob, {{Oh}, { {6}) }- 
Hence, P [P (P (9))]consists of 4 elements i.e. 1 {P [ P (P (6) )] } = 4. 


REMARK We know that a set having n elements has 2” subsets. Therefore, if A is a finite set having n 
elements, then P(A) has 2” elements. 


ILLUSTRATION 4 If A = {a, {b} }, find P (A). 
SOLUTION Let B = {b}. Then, A = {a, B}. 
P(A) = { >, {a}, {B},{a, B}} = {, {a}, {{b}}, {a, {b }}}. 


ILLUSTRATIVE EXAMPLES 








EXAMPLE1 Consider the following sets: 6, ie ae ae: B= ={1, 4, 8},C ={1, 2, 4, 6, 8}. 
Insert the correct symbol < or ¢ between each of the following pair of sets: 
(i) >... B (ii) A... B (iii) A...C (iv) B...C 
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SOLUTION (i) Since null set is subset of every set. Therefore, ¢ B. 
(ii) Clearly, 2 ¢ A but 2 ¢B.So,A ¢ B. 
(iii) Since all elements of set A are inC and A #C.S0,A CC. 
(iv) Clearly, all elements of set B are in setC and B#C.So, BCC. 
EXAMPLE2 Let A ={a,b,c,d}, B={a,b,c}andC ={b, d}. Find all sets X such that: 
(i) Xc BandX cC (ii) XCA and XB. 
SOLUTION (i) We have, 
P(A) = {9, {a}, {b}, {c},......... }, P (B) ={4, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}} 
and, P(C) = {9, {bd}, {d}, {b, d}} 
Now, XcBand XcC 
=> X e€P(B) and X EP (C) 
—\ X e {, {b}} 
=> X = 4, {b} 
(ii) We have, 
XcA and XcB 
= X is a subset of A but X is not a subset of B 
=> X e€ P(A) but X ¢ P (B) 
=> X = {d}, {a,b, d}, {b, c, d}, {a,c, dj, {a, d}, {b, d}, {c, d}, {a,b, c, dh. 
EXAMPLE3 Let A, BandC be three sets. If Ae Band BCC, is it true that A <C? If not give an 
example. 
SOLUTION Consider the following sets: A ={a}, B ={{a},b} and C ={{a}, b, c}. 
Clearly, A ec Band BCC. But, A ¢C asa eA buta «C. Thus, the given statement is not true. 
EXAMPLE4 Let A ={1, 2, 3, 4}, B={1, 2, 3} and C ={2, 4}. Find all sets X satisfying each pair of 
conditions: 
(i) XC Band X¢C (ii) XcB,X#BandX¢C (iii) X cA,X c BandX cC. 
SOLUTION (i) We have, 
XcB and X¢C 
=> X is a subset of B but X is not a subset of C 
=> X e€ P (B) but x ¢ P (C) 
=> X = {1}, {3}, (1, 2}, {1, 3}, {2, 3}, {1, 2, 3} 


(ii) We have, 
XcB,X#+B and X¢C 
— X is a subset of B other than B itself and X is not a subset of C 


= X € P(B),X ¢P(C) andx +B 
=> X = {1}, {3}, {1, 2}, {1, 3}, (2, 3} 
(iii) We have, 


XcA,XcBandxXcC 
— X e P(A), X eP(B) andX eP(C) 
=> X is a subset of A, B andC 


=> X = , {2}. 
EXAMPLES Let Bbea subset of aset Aand let P (A:B) ={X € P(A):X >B}. 
(i) Show that: P(A: o) =P (A) 
(ii) If A ={a,b, c, d} and B ={a, b}. List all the members of the set P (A : B). 
SOLUTION (i) We have, 
P(A:B) ={X e P(A):X 2B} ={X € P(A):BcX} 
= Set of all those subsets of A which contain B 
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P(A:¢) = Set of all those subsets of A which contain > 
= Set of all subsets of set A = P (A). 
(ii) If A = {a,b, c,d} and B = {a,b}. Then, 
P(A:B) = Set of all those subsets of set A which contain B 
= {a,b}, {a,b,c}, {a,b, dj, {a,b, c, d} 
EXAMPLE6 Prove that A < > implies A = 9. 
SOLUTION We know that twosets A and Bare equaliff A c Band B c A. Also, we know that 
ocA 
and, Acd [Given] 
. A _ db 
EXAMPLE7 In each of the following, determine whether the statement is true or false. If it is true, prove 
it. If it is false, give an example. 


(i) IfxeAandA €B, thenx eB (ii) If[ACB and BeC,thenAeC 
(iii) IfACB and BcC,thenAcC (iv) IfAGB and B¢C,thenAcC 
(v) IfxeAandA cB, thenx eB (vi) IfAcBandx ¢B,thenx¢A 


SOLUTION (i) False: 
Consider sets A ={1} and, B={{1}, 2}. 
Clearly 1 e A and A € B, but1 ¢ B.So, x e Aand A € Bneed not imply that x é€ B. 
(ii) False: 
Let A ={1}, B={1, 2} andC ={{1, 2}, 3}. Then, we observe that A c Band B EC but 
A €C. 
Thus, A c B and B EC need not imply that A €C. 
(iii) True: 
Let x € A. Then, 
AcB=> xeB=> xeEC f=) Bie G] 
Thus, xe A> xeEC forall xe A.So, ACC. 
Hence, Ac BandBcC>AcC. 
(iv) False: 
LetA = {1,2}, B={2, 3} and C ={1, 2,5}. Then, A ¢ BandB¢C. But, ACC. 
Thus, A ¢ Band B ¢C need not imply that A ZC. 
(v) False: 
Let A ={1, 2} and B ={2, 3, 4,5}. Then, we observe thatl eA and A¢B,but1¢B. 
Thus, x eA and A ¢ Bneed not imply that x € B. 
(vi) True: 
Let A c B. Then, we observe that 
xeAm> xEB & x€B=> XEA. 


EXAMPLE8 Write the following subsets of R as intervals: 


(i) {x:xeR,-4<x <6} (ii) {x:xER,-12 <x <—10} 
(iii) {x:x Ee R,O0<x <7} (iv) {x:xeER,3<x <4}. 


Also, find the length of each interval. 
SOLUTION (i) {x:xeR,-4<x<6} = (—4, 6], Length =6 —(—4) = 10 
(ii) {x:x ER, -—12 <x <—10} =(—12, —10). Length =—10 —(—12) =2 
(iii) {x:x ER,O<x<7} = (0,7). Length =7 —0 = 7 
(iv) {x:xeR,3<x<4} = [3,4] Length =4-3=1 
EXAMPLE9 Write the following intervals in the set-builder form: 
(i) (-—7, 0) (ii) [6, 12] (iii) (6, 12] (iv) [—- 20, 3) 
SOLUTION (i) (—7,0)={x:xeR and -—7 <x <0} 
(ii) [6,12]={x:x eR and 6<x<12} 
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(iii) (6,12]={x:x eR and 6 <x <12} 
(iv) [-20, 3) = {x:x eR and—-20 <x <3} 


EXAMPLE10 LetA = (1, 2, {3, 4},5}. Which of the following statements are incorrect and why? 


(i) {3,4}cA (ii) {3,4} eA (iii) ({3, 4}} cA (iv) LeA 
(v) 1cA (vi) {1,2,5}cA (vii) {1,2,5}eA (viii) {1,2, 3} cA 
(ix) ¢E€A (x) OCA (xi) {gq} CA 
SOLUTION {3, 4} is an element of set A. Therefore, {3,4} ¢A is correct and {3,4} cA is 
incorrect. 


So, (i) is incorrect and (ii) is correct. As {3, 4} is an element of set A. Therefore, {{3, 4}} is a set 
containing element { 3, 4} which belongs to A.So, {{3, 4}} c A. 


Hence, (iii) is correct. 


Since 1 is an element of set A. So, 1 € A is correct and 1 ¢ A is incorrect. 
So, (iv) is correct and (v) is incorrect. 


Since 1, 2, 5 are elements of set A. Therefore, {1, 2,5}is a subset of set A. 
Hence, (vi) is correct and (vii) is incorrect. 


As 3 is not an element of set A. So, {1, 2, 3} < A is incorrect. The null set is subset of every set. 
50, 9c A is correct and 9 € A is incorrect. Hence, (ix) is incorrect and (x) is correct. 
As 6c A but {o} is not a subset of A. So, (xi) is incorrect. 





EXERCISE 1.4 


1. Which of the following statements are true ? Give reason to support your answer. 
(i) For any two sets A and B either Ac Bor Bc A. 
(ii) Every subset of an infinite set is infinite. 
(iii) Every subset of a finite set is finite. 
(iv) Every set has a proper subset. 
(v) {a,b,a, b,a, b, ...} is an infinite set. 
(vi) {a, b, c} and {1, 2, 3} are equivalent sets. 
(vii) A set can have infinitely many subsets. 
2. State whether the following statements are true or false: 
(i) 1 e{1, 2, 3} (ii) ac {b, c, a} (iii) {a} € {a, b, c} 
(iv) {a,b} ={a,a,b,b,a}  (v) Theset {x: x +8 =§8} is the null set. 
3. Decide among the following sets, which are subsets of which: 
A = {x:xsatisfies x2 —8x+12=0}, B = {2,4,6}, C ={2,4, 6, 8.....}, D = {6}. 
4. Write which of the following statements are true ? Justify your answer. 
(i) The set of all integers is contained in the set of all rational numbers. 
(ii) The set of all crows is contained in the set of all birds. 
(iii) The set of all rectangles is contained in the set of all squares. 
(iv) The set of all real numbers is contained in the set of all complex numbers. 
_(v) ThesetsP={a}andB={{a}}areequal == 
(vi) The sets A =({x:x is a letter of the word “LITTLE”} 
and, B={x:xisa letter of the word “IITL i } are equal. 
5. Which of the following statements are correct? Write a correct form of each of the incorrect 
ween Gi) (lelebe} i). 
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(iv) {a} < {{ a}, b} (v) {b,c} < {a, {b, c}} (vi) {a,b} < {a, {b, c}} 
(vii) be {a, b} (viii) bc {a, b, c} (ix) {x:x+3=3})=6 
6. Let A ={a,b, {c, d}, e}. Which of the following statements are false and why? 
(i) {.d}cA (ii) {c,d}eA (iii) {{c,d}} cA 
(iv) aeEA (v) acA (vi) {a,b,e}cA 
(vii) {a,b,e}EA (viii) {a,b,c} CA (ix) dE A 
(x) {go} cA 
7. Let A = {{1, 2, 3}, {4,5}, {6, 7, 8}}. Determine which of the following is true or false: 
(i) 1eA (ii) {1,2, 3} cA (iii) {6,7,8} EA 
(iv) {{4,5}}<A (v) bE A (vi) bcA 
8. Let A ={, {},1, {1, o}, 2}. Which of the following are true? 
(i) be A (ii) {og} eA (iii) {1}EA 
(iv) {2,dg,c A (v) 2cA (vi) {2,{1}}ZA 


(vii) {{2},{1}} cA (viii) {o, {6}, {1, O}} CA (ix) {dl} cA. 


9. Write down all possible subsets of each of the following sets: 


(i) {a} (ii) {0,1} (iii) {a,b,c} 
(iv) {1, {1} (v) {do} 
10. Write down all possible proper subsets each of the following sets: 
(i) {1,2} (ii) {1, 2, 3} (iii) {1} 


11. What is the total number of proper subsets of a set consisting of n elements? 
12. If A is any set, prove that: AC O@> A=. 
13. Provethat: Ac B, BCC and Cc A> A=C. 
14. How many elements has P (A), if A=? 
15. What universal set (s) would you propose for each of the following: 
(i) The set of right triangles. (ii) The set of isosceles triangles. 


16. IfX ={8" —7n-1:n EN} and Y ={49 (n—1):n EN}, then prove that Xc Y. 


eee ee eA e ed 
1. (G) FA=1 2, 3}, B=ia,0} (ii) F, A ={1, 2} is a finite subset of N. 
(iii) T (iv) F, ¢does not have a proper subset 
(v) F, Given set ={a, b} (vi) T (vii) F 
2. Gi) (ii) F (iii) F (iv) T (v) F 3. DEACBcCC 
4. (i) = (ii) T (iii) F (iv) T (v) F (vi) T 
5. (i) ae{a,b,c} (ii) {a} c {a,b,c} (iii) {a} e{{a}, b} 
(iv) {{a}} < {{a}, b} (v) {b,c} e{a,{b,c}} (vi) {a,b} ¢ {a, {b, c}} 
(vii) oc {a, b} (viii) oc {a,b, c} (ix) {x:x+3=3}) 46 
6. (i) F (ii) T (iii) T (iv) T (v) F (vi) T 
(vii) F (viii) F (ix) F (x) F 
7. (i) F Gi) F Gui) T (iv) T (v) F (vi) T 
8 (i) T (ii) T (iii) F (iv) T (v) F (vi) T (vii) T 


(viii) T (ix) T 
9. (i) $ {a} (i) 4, {0}, {1}, {0,1} Git), {aa}, {}, {c}, {a, b}, {b, ch, {a, c}, (a, b, c} 


(iv) $, {1}, {{1}}, (1, (1}} (v) 4, {4}. 
10. (i)  {1},{2} (i) 6, {1}, {2}, {3}, {1, 2}, {2, 3}, (1, 3} (iii) 6 
1. 2"-1 14. 1 


15. (i)Thesetof all trianglesinaplane. (ii) The set of all triangles in a plane. 
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HINTS TO SELECTED PROBLEM 
16. Let x, =8" —7n—-1=(1 +7)" —7n-1="Cy 77 +."C3 73 4+...4"C,7" 
=49 ("Co +"C47+...4+"C,7"~ 7) forn=2. 
Forn =1, x, =0. Thus, X contains all positive integral multiples of 49 of the form 49 k,, 
where k, ="C5 + "C3 (7) + "C4 (77) +... + "C, (7"~ 2). 
Also, Y contains all positive integral multiples of 49 including zero. Thus, Xc Y. 


1.7 VENN DIAGRAMS 


Sometimes pictures are very helpful in our thinking. First of all a Swiss mathematician Euler 
gave an idea to represent a set by the points in a closed curve. Later on British mathematician 
John-Venn (1834-1883) brought this idea to practice. That is why the diagrams drawn to 
represent sets are called Venn-Euler diagrams or simply Venn-diagrams. In Venn-diagrams the 
universal set U is represented by points within a rectangle and its subsets are represented by 
points in closed curves (usually circles) within the rectangle. If a set A is a subset of a set B, then 
the circle representing A is drawn inside the circle representing B as shown in Fig. 1.5 (i). If A and 
B are not equal but they have some common elements, then to represent A and B we draw two 


intersecting circles. (See Fig. 1.5 (ii)). Two disjoint sets are represented by two non-intersecting 
circles. (See Fig. 1.5 (iii)) 





Bo A B 
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Fig. 1.5 (i) Fig. 1.5 (ii) Fig. 1.5 (iii) 


1.8 OPERATIONS ON SETS 


In this section, we shall introduce some operations on sets to construct new sets from given 
ones. 


UNION OF SETS Let A and B be two sets. The union of A and B is the set of all those elements which 
belong either to A or to B or to both A and B. 

We shall use the notation A U B (read as “A union B”) to denote the union of A and B. 

Thus, AUB={x:xeAorx eB}. 

Clearly, x eAUB &xeEA or xeB. 

And, x€¢AVUB@xéA andx¢B. 


In Fig. 1.6 the shaded part represents A U B. It is evident from the definition that Ac A UB, 
BcocAUVB. 





Fig. 1.6 


If A and Bare two sets such that A c B, then A UB = B. Also, AUB = A,if BCA. 
ILLUSTRATION 1 IfA ={1, 2, 3} and B ={1, 3, 5, 7}, then AUB ={1, 2, 3, 5, 7}. 
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ILLUSTRATION2 IfA={x:x=2n+1,neZ} and B={x:x=2n,ne Z}, then 
A UB ={x: xis an odd integer} U {x : x is an even integer} = {x : x is an DAS Ses 


NOTE Jf Ay; Ab; a, A;, 
or, Ay UA) UA3.. AN 


is a finite family of sets, then their union is denoted bi Me U, A; 


ILLUSTRATION3 Let A = {1, 2, 3}, B={3,5},C = {4, 7, 8}. Then,A U B UC ={1, 2, 3, 4,5, 7, 8} 
INTERSECTION OF SETS Let A and B be two sets. The intersection of A and B is the set of all those 
elements that belong to both A and B. 

The intersection of A and B is denoted by A + B (read as “A intersection B”). 

Thus, ANB={x:xeA andx eB}. 

Clearly, xeAQNB <= xeEA and xB 

In Fig. 1.7 the shaded region represents A 7 B. Evidently, AN BCA, ANBcCEB. 


U 


Fig. 1.7 


If A and Bare two sets, then A NB=A,if Ac BandAQNB=B,if BCA. 
NOTE If Aj, Ap,..-, Ay is a finite family of sets, then their intersection ts denoted by 


il 
O A; or, Ay ON Ag An... AA, 
i=1 


ILLUSTRATION 4 If A = {1, 2,3, 4, 5} and B = {1, 3, 9, 12}, then A A B= {1, 3}. 
ILLUSTRATIONS If A={1, 2, 3, 4,5, 6,7}, B={2, 4, 6, 8, 10} and C ={4, 6,7, 8,9, 10,11}, then 
AB = {2, 4, 6}. Therefore, AA BAC ={4, 6}. 
ILLUSTRATION6 IfA={x:x=2n,neZ}and B={x:x=3n,n eZ}, then 
AQB=({x:x=2n,neZ}rn {x:x=3n,neEZ} 
= {...,—4, —2, 0, 2, 4, 6, ...} A {..., -9, -6, 3, 0, 3, 6,9, ... } 
= {...,-6, 0, 6, 12,...} = {x: x = 6n,n € Z}. 
ILLUSTRATION7 IfA={x:x=3n,neZ}and B={x:x=4n,neZ }, then find ACB. 
SOLUTION Clearly, 
xE ANB 


> x=3n andx=4n,neZ 

= x is a multiple of 3 and x is a multiple of 4 
=> x is a multiple of 3 and 4 both 

— x is a multiple of 12. 


x=12n, nEZ 
Hae AQNB={x:x=12n,neZ}. 
DISJOINT SETS Two sets A and Bare said to be disjoint, if AN B=¢ 


If A VB # 9, then A and B are said to be — or ens sets. 


ere 


Fig. 1.8 
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ILLUSTRATIONS IfA={1,2,3,4,5, 6}, B={7, 8,9, 10,11} and C ={6, 8,10, 12, 14 }, then Aand Bare 
disjoint sets, while A and C are intersecting sets. 


DIFFERENCE OFSETS Let Aand B be two sets. The difference of Aand B, written as A —B, is the set of 
all those elements of A which do not belong to B. 


Thus, A-—B={x:xeAandx ¢ B} U 


Or, A-B={xeA:x ¢B}. 
Clearly,xeA-B <=> xeA and x¢B. 


In Fig. 1.9, the shaded part represents A — B. 


Similarly, the difference B — A is the set of all those elements of B A 
that do not belong to Ai.e. B—A = {x eB: x ¢ A}. 


Fig. 1.9 
In Fig. 1.10, the shaded part represents B — A. 


a0: 


Fig. 1.10 
If A ={2, 3, 4, 5, 6, 7} and B={3, 5, 7,9, 11, 13}, then A—B ={2, 4, 6} and 


uU 


ILLUSTRATION 9 
B-A={9, 11, 13}. 


SYMMETRIC DIFFERENCE OF TWOSETS § Let Aand B be twosets. The symmetric difference of sets 
A and B is the set (A—B) U(B-—A) and is denoted by A AB. 


Thus, AAB=(A-B)U(B—A)= {x:x¢€AMB}. 
The shaded part in Fig. 1.11 represents A A B. 





Fig. 1.11 


ILLUSTRATION 10 [If A = {1, 2, 3, 4, 5, 6, 7, 8} and B = {1,3,5,6,7,8,9}, then A-B = {2, 4}, 
B-A={9} 


AAB= {2,4,9}. 
ILLUSTRATION11 [fA={xeER:0<x<3}and B={xeR:1<x<5}, then 
A-B={xeR:0<x<1},B-A=(xeER:3<x<3} 
and, AAB ={xeER:0<x<1)n{xeR:3s5x<55 = {x ER:0<x<1lor3sx 5}. 
COMPLEMENT OF A SET Let U be the universal set and let A be a set such that A < U. Then, the 


complement of A with respect to U is denoted by A' or A° or U —A and is defined the set of all those 
elements of U which are not in A. 





Fig. 1.12 
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Thus A’ = {x elUl:x ¢A}.Clearly, x Ee A' > x€A. 
ILLUSTRATION 12 Let the set of natural numbers N = {1, 2, 3, 4, ...} be the universal set and let 
A = {2, 4, 6, 8, ...}. Then A’ = {1, 3, 5, ...}. 
ILLUSTRATION 13 If U ={1, 2, 3, 4, 5, 6, 7, 8, 9} and A = (1, 3, 5, 7, 9}, then A' = (2, 4, 6, 8). 
Following results are direct consequences of the definition of the complement of a set: 
(i) U'= (x eU:x¢€U} = o 

(ii) 6’ = {xeU:x¢ob} = U 

(iii) (A')!’ = {xeU:x¢A'} = {xeU:xeEAS=A 

(iv) AUA' = {xeU:xeA} Ul{xeU:x¢A} =U 

(v) ANA’ = {xeU:x eA} an{xeU:x¢A} =o. 


EXERCISE 1.5 
1. If A and Bare two sets such that A c B, then Find: 
(i) ANB (ii) AUB 
2. If A ={1, 2, 3, 4,5}, B={4,5, 6,7, 8},C ={7, 8, 9,10, 11} and D = {10, 11, 12, 13, 14}. Find: 
(i) AUB (ii) AUC (iii) BUC 
(iv) BUD (v) AUBUC (vi) AUBUD 
(vii) BUCUD (viii) AM(BUC) (ix) (A NB) AN(BNC) 


(x) (AUD) A(BUC). 
3. Let A={x:x EN}, B={x:x=2n,neEN},C =(x:x=2n—-1,n EN} and, D = {x:x is a prime 
natural number }. Find: 


(i) ANB (ii) ANC (iii) AMD 
(iv) BNC (v) BND (vi) CAD 
4. Let A={3,6,12,15,18, 21}, B={4,8,12,16, 20}, C={2,4,6,8,10,12,14,16} and 
D = {5,10, 15, 20}. Find: 





(i) A-B (ii) A-C (iii) A-—D 
(iv) B-A (v) C-A (vi) D-A 
(vii) B-C (viii) B-—D 
5. LetU =({1, 2, 3, 4,5, 6,7, 8, 9}, A ={1, 2, 3, 4}, B={2, 4, 6, 8} and C =({3, 4,5, 6}. Find: 
(i) A’ (ii) B’ (ili) (A NC)’ 
(iv) (A UB)’ (v) (A’)' (vi) (B—C)' 
6. LetU ={1, 2, 3, 4,5, 6,7, 8, 9}, A ={2, 4, 6, 8} and B={2, 3,5, 7}. Verify that: 
(i) (A UB) =A' OB (ii) (A OB)’ = A’ UB’. 
ANSWERS 
1 @A Gi) B 
, 2. (i) {1,2, 3, 4,5, 6,7, 8} (ii) {1, 2, 3,4,5,7, 8, 9,10, 11} 
(iii) {4,5, 6,7, 8, 9,10, 11} (iv) {4,5, 6,7, 8,10, 11,12, 13, 14} 
(v) (1,2, 3, 4,5, 6,7, 8, 9,10, 11} (vi) {1,2, 3, 4,5, 6,7, 8,10, 11, 12,13, 14} 
(vii) {4,5,6,7,8,9,10,11,12,13,14} (viii) {4,5} (ix) 6 (x) {4,5,10, 11} 
3. (i) B (ii) C (iii) D 
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(iv) 9 (v) {2} (vi) D —{2} 
4. (i) {3,6,15,18, 21} (ii) {3,15, 18, 21} (iii) {3, 6,12, 18, 21} 
(iv) {4, 8, 16, 20} (v) (2,4, 8,10, 14, 16} (vi) {5,10, 20} 
(vii) {20} (viii) {4, 8,12, 16} 
5. (i) (5,6,7, 8,9} (ii) {1,3,5,7,9} (til) fl, 275,.6,7..8, 9} 
(iv) {5,7,9} (v) A (vi) {1, 3, 4,5, 6,7, 9} 


1.9 LAWS OF ALGEBRA OF SETS 
In this section, we shall state and prove some fundamental laws of algebra of sets. 


THEOREM 1 (Idempotent Laws) For any set A, 
(i) AUA=A (ii) ANA=A. 
PROOF (i) AUA= {x:xeAorxeA}={x:xeEA}= 
(ii) ANA= {x:xeAandxeEA}={x:xeEA}= 
THEOREM 2 (identity Laws) For any set A, 
(i) AUb=A Gi) ANU =A. 
i.e. @ and U are identity elements for union and intersection respectively. 
PROOF (i) AUob={x:xeAorxed} ={x:x EA} = 
(ii) ANU={x:xeAandxeU}=({x:xEeAJ=A 
THEOREM 3 (Commutative Laws) For any two sets A and B 
(i) AUB=BUA (ii) ANB=BNA 

i.e. union and intersection are commutative. 

PROOF Recall that two sets X and Y are equaliff X c Y and Y c X. Also,X c Y if every element 

of X belongs to Y. 

(i) Let x be an arbitrary element of A U B. Then, 
xEAUB>xeAorxeB>xeBorxeA> xeBUA 

‘ AUBC BUA. 

Similarly, BUAC AUB. 

Hence, AUB=BUA. 

THEOREM 4 (Associative Laws) If A,B and Care any three sets, then 

(i) (AUB)UC=AU(BUC) (ii) AN(BNC)=(ANB)AC [NCERT EXEMPLAR] 

i.e. union and intersection are associative. 

PROOF (i) Let x be an arbitrary element of (A U B) UC. Then, 
xEe(AUB)UC 
xe(AUB)orxeC 
(x eA orx eB) orxeC 
xeAor(x eBorx eC) 
xeAorxe(BUC) 
xeAU(BUC) 
(AUB)UCCAU(BUC). 
Similarly, A U(BUC)< (A UB) UC. 
Hence, (AUB) UC =AU (BUC). 
(ii) Let x be an arbitrary element of A 4(B OC). Then, 
xeAN(BOC) 
xeA and xe(BNOC) 
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x eA and(x e Band x EC) 

(xe A andx e¢B)andxeC 

xe€(A OB) andxeC 

xEe(ANB)NAC 

AM(BNC)c(ANB)NC. 

Similarly, (ANB) ACCAN(BNC). 

Hence, AN(BNC)=(ANB) NC. 

THEOREM 5 (Distributive Laws) If A, B and C are any three sets, then 
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(i) AU(BNC)=(A UB) N(A UC) (ii) AN(BUC)=(A NB) U(ANC) 
i.e. union and intersection are distributive over intersection and union respectively. 
[NCERT EXEMPLAR] 


PROOF (i) Let x be an arbitrary element of A U(B QC). Then, 

xEeAU(BNC) 

xeAorxe(BNnC) 

xeAor(xeBandxeéC) 

(x € A or x EB) and(x €A or x EC) [-. ‘or’ is distributive over ‘and’] 

x e€(A UB) andx eE(A UC) 

xe((A UB) N(AUC)) 

AU(BNAC) ¢ (AUB)N(A UC) 

Similarly, (A UB)A(AUC)CAU(BNC). 

Hence, AU(BNC) = (AUB) N(A UC). 

(ii) Let x be an arbitrary element of A 1(B UC). Then, 

xEAN(BUC) 

xeAandx e(BUC) 

x eA and(x e€ Bor x €C) 

(x €A and x € B) or (x eA and x EC) 

xe (ANB) orxEe(ANC) 

x €(ANB)U(ANC) 

AN(BUC) ¢€ (ANB)U(ANC) 

Similarly, (AUB) U(ANC)GCAN(BUC). 

Hence, AN(BUC) =(A NB) U(ANC). 

THEOREM6 (De-Morgan’s Laws) If Aand B are any two sets, then 
(i) (A UB)' =A’ NB’ (ii) (A QB) =A’ UB’. 

PROOF (i) Let x bean arbitrary element of (A U B)’. Then, 

x €(A UB)’ 

x ¢(A UB) 

x¢Aand¢B 

x eA’ andx «B' 

xeA’' OB’. 

(A QB)' & A'OB’. 

ee let y be an arbitrary element of A’ 4 B’. Then, 
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y eA’ OB' 
=> y €A’' andy &«B' 
=> y¢Aandy¢B 
= yYZA UB. 
=> y «(A UB)’ 


A' Bc (AUB)! 
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Hence, (A U B)' =A’ OB’. 

(ii) Let x be an arbitrary element of (A 2 B)'. Then, 
x €(A OB)’ 

x €(A OB) 

x¢Aorx¢éB 

x eA’ orxeB 

xeA' UB 

(A OB)'c A' UB". 

Again, let y be an arbitrary element of A’ U B’. Then, 
y eA’ UB' 

y € A’ ory eB’ 

y¢Aory¢B 

y €(A OB) 

y €(A 4B)’ 

A'UB' c (ANB). 

Prétice: (AM B)'=A' UB. 


yuyuyd 


7 yyy 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 IfaeWN such that aN ={ax:x € N}. Describe the set 3N A7N. 
SOLUTION We have, aN ={ax:x EN} 

3N ={3x:x EN} =({3, 6,9,12,...,} and, 7N ={7x:x EN} ={7, 14, 21, 28,...} 
Hence, 3N N7N ={21, 42,...} ={21x:x EN} =21N. 


EXAMPLE2 If A ={1, 3,5, 7,11, 13, 15, 17}, B ={2, 4, 6, ..., 18} and N is the universal set, then find 
A' U((A UB) OB’). 


SOLUTION Clearly, (AUB) NB'=A 

: A’ U((A UB) NB')=A' VAEN. 
EXAMPLE3 For any natural number a, we define aN ={ax:x EN}. If b, c, d €N such that 
BN UcN =4N, then prove that d is the l.c.m. of b and c. 
SOLUTION We have, 


BN ={bx: x € N} =The set of positive integral multiples of b 
cN ={ cx: x e N} = The set of positive integral multiples of c 
bN A cN = The set of positive integral multiples of b and c both. 
=> bN A cN ={kx: x EN}, where k is the l.c.m. of b and c. 
Hence, d =1l.c.m. of band c. 


[.- A, B are disjoint sets] 





EXAMPLE4 Suppose Aj, Az,... Ago 4re HOLY sets each with five elements and By, Bo,..., B, aren 
30 


sets each with three elements. Let us A; = U B; =S. Assume that each element of S belongs to 
; jot 
exactly ten of the A;‘s and exactly 9 of By s. Find n. 
Sones since each A; has 5 elements and each element of S belongs to exactly 10 of A;’s. 


S = ou A; => n() == bs n(A;) = 6x 30) = 15 ---(i) 
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Again, each B; has 3 elements and each element of S belongs to exactly 9 of B;’s 
n n 


1 1 Ba! s 
B; => n(S) = 3 = n(B;) = 5 (3) = ...(ii) 


S = 


j=1 


From (i) and (ii), we get :15 = 5 => n=45. 


EXAMPLE5 For any two sets A and B, prove that AUB=ANB@A=B. 


SOLUTION First let A = B. Then, 

AUB=A and ANB=A> AU B=ANB 
Thus, A=B=> AUB =AWnNB (i) 
Conversely, let AU B =A 1 B. Then, we have to prove that A = B. For this, let 

xeA> xEAvVUB 


=> xEeANB [<«§AUB=ANB] 
=> xeAandxeB 
=> xeB 
& AcB ..-(ii) 
Now, let 
yeB=> yEeAUB 
=> yeANnB [-AUB=ANB] 
=> yeA andyeB 
> yeA 
si BcA ...(iii) 
From (ii) and (iii), we get A =B. 
Thus, AUB =ANB => A=B ...(iV) 


From (i) and (iv), we obtain 

Al Baas <> AD: 
EXAMPLE6 LetA, Band C bethesetssuch thatAUB=A UCandA AB=A NC. Show that B=C. 
SOLUTION We have, 


AUB =AUC 
= (AUB)NC = (AUC)NC 
= (A NC)U(BAC) =C [2 (A UC) AC =C] 
= (A MNB)U(BNC) =C [- ANC=AN 8B] ...(i) 


Again, AUB = AUC 
=> (AUB)NB = (AUC)ANB 
=> B = (ANB) U(C NB) [. (A U B) NB=B] 
=> B=(A NB) U(BNC) .-.(ii) 
From (i) and (ii), we get B = C. 
EXAMPLE7 Let A and B be sets, if ANX =B X= and AUX =B UX for some set X, prove that 
A=B. 
SOLUTION We have, 

AUX = BUX for some set X 

ANM(AUX) = An(BUX) 


=> 
=> A = (ANB) U(ANX) [. A A(A UX) =A] 
= s Z pe a [. A AX = $(given)] 
AcB : 
(i) 





= 
nd 
oh 


From (i) and (ii), we get A = B. 
EXAMPLES For any two sets A and B, prove that: P(A) = P(B) > A = B. 
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=> BO(A UX) = Bn(BUX) 

=> (BA) U(BNX)=B [. BA(BUX) =B] 
= (BO A)Ud = B [. BOX = (given)] 
= BOA = B 

=> ANB=B 

=> BcA ...(ii) 


SOLUTION Letxbean arbitrary element of A. Then, there exists a subset, say X, of set A such that 


x eX. 

Now, XcA 
=> X € P(A) 
— X € P (B) 
— XcB 


[. P (A) = P (B)] 


=> xeB [. xeXandXcB .. x eB] 


Thus, xeEA => xeEBforallx cB. 
: Ac B 


Now, let y be an arbitrary element of B. Then, there exists a subset, say Y, of set Bsuch that y € 


Now, YcB 
=> Y eP(B) 
=> Y e P(A) 


=> YcA 
= yeA 
Thus, yeB => yeAforally &B. 
: BcA 


From (i) and (ii), we obtain A = B. 
EXAMPLE9 For any two sets A and B prove that: P(A MB) = P(A) OP (B). 


SOLUTION In order to prove that P (A m B) =P (A) 7 P (B), it is sufficient to prove that 


P(AMB)<P(A)AP(B) and P(A) VP (B) Cc P(AMB). 
First let 
X eP(ANB) 
XcCANB 
XcA and XcB 
X eP(A) and Xe P(B) 
X € P(A) OP (B) 
.. P(AMB)c P(A) OP (B) 
Now, let 
Y e P(A) OP (B). Then, 
Y e P(A) OP (B) 
Y e P(A) andY e P(B) 
YcA and YcB 
YcANB 
Y eP(ANB) 
. P(A) AP (B) cP (ANB) 
From (i) and (ii), we get: P(A 1 B) =P (A) OP (B). 
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...(i) 
Y. 


[- P(A) =P (B)] 


...(ii) 


(i) 


(ii) 
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EXAMPLE10 For any two sets A and B prove that P (A) UP (B) c P(A UB). But, P (A U B)1s not 
necessarily a subset of P (A) U P (B). 
SOLUTION Let X € P (A) U P (B). Then, 


YUN Y 


X € P(A) UP (B) 
XeP(A) or X EP (B) 
XcA or XCB 
XCAUVUB 

XeEP(A UB) 
P(A) UP (B)c P(A UB) 


Let A={1,2} and B={3,4,5}. Then, we find that X= {1,2, 3,4}<¢(AWUB). Therefore, 
X € P(A UB). But, X ¢ P (A), X ¢ P (B).So,X ¢ P (A) U P (B). Thus, P (A U B) is not necessarily 
a subset of P (A) U P (B). 


ped 


13. 
14. 


15. 


EXERCISE 1.6 


. Find the smallest set A such that A U {1, 2} ={1, 2, 3,5, 9}. 
. LetA=(1,2,4,5} B=({2,3,5,6} C= {4,5, 6, 7}. Verify the following identities: 


(i) AU(BAC)=(AUB)A(AUC) (ii) AA(BUC) =(ANB) U(ANC) 
(iii) AN(B-C)=(ANB)-(ANC) (iv) A-(BUC) =(A-B) A(A-C) 
(v) A-(BNC)=(A-B)U(A-C) (vi) AN(BAC) =(ANB) A(ANC). 


. If U= {2,3, 5, 7, 9} is the universal set and A = (3, 7}, B = {2, 5, 7, 9}, then prove that: 


(i) (AUB) =A'AB (ii) (A VB)! =A' UB. 


. For any two sets A and B, prove that 


(i) BCAUB (ii) ANBCA (iii) AC B= ANB=A 


. For any two sets A and B, show that the following statements are equivalent: 


(i) ACB (ji) A-B=6 (iii) AUB=B (iv) AN B=A. 


. For three sets A, B and C, show that 


(i) AN B=A nC need notimply B=C. (ii) ACB > C-B cCC-A 


. For any two sets, prove that: 


(i) AU(ANB) =A (ii) AN(AUB) =A 


. Find sets A,BandC such that ANB,AMQC and BNC are non-empty sets and 


ANBOC=6 


. For any two sets A and B, prove that: AN B=$> Ac B’. 
10. 
11. 
12. 


If A and B are sets, then prove that A—B, AMB and B-Aare pair wise disjoint. 
Using properties of sets, show that for any two sets A and B,(A UB) N(A UB’) =A. 
For any two sets of A and B, prove that: 

(i) A7PAUB =U=> AcB (ii) B cA’ > AcB 
Is it true that for any sets A and B, P(A) UP (B) = P(A UB)? Justify your answer. 
Show that for any sets A and B, 

(i) A = (ANB) A(A-B) (ii) AU(B-—A) = AUB 


Each set X, contains 5 elements and each set Y, contains 2 elements and v xX, =S= U ect 
r=1 r=1 


each element of Sbelongs to exactly 10 of the X,° and to exactly 4 of Y,5, then find the value 


of n. 
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ANSWERS 
12. False 15. 20 
HINTS TO SELECTED PROBLEMS 


1.A = (3,5, 9} 7. A ={1, 2}, B={1, 3},C ={2, 3} 


5. (i) => (ii) 
We know that, A-—B={xeA:x¢B} 
Since A c B. Therefore, there is no element in A which does not belong to B. 
, A-B=06 
Hence, (i) => (ii). 
Gi) => (ii) 
We have, A-B=¢=> AcB=> AUB=B 
Hence, (ii) => (iii). 
(iii) = (iv) 
Wehave, AUB=B=> AcB=> AnNB=A 
Hence, (iii) => (iv). 
(iv) > (i) 
Wehave, ANB=A> AcB 
Hence, (iv) => (i). 
Consequently, (i) <=> (ii) <= (iii) < (iv). 


6. (i) Let A={1, 2, 3, 4}, B={3, 4,5, 6} and C ={1, 3, 4,7, 8}. Then, 
ANB=ANC, but B#C. 


(ii) Let x eC — B. Then, 
xeC-B 
=> xeC and x¢B 
=> xeC and x¢A [. A c B] 
=> xeC-A 
C-BcC-A 
7. (i) We have, 
AU(ANB)=(A UA) A(A UB) [." Uis distributive over J] 
=AN(AUB)=A [T-ACAUB] 
(ii) We have, 
A M(A UB) =(A NA) U(A OB) 


[.- ~ is distributive over U] 
=AU(ANB)=A 


[- ANBcA] 
8. A ={1, 2}; B={1, 3}, C ={2, 3} 
9 xeEeA=> x¢B [- ANB=q 
=> xeB'. 
So, Ac B’ 
10. Wehave, 


A-—B={x:xeAandx¢B},B-A={xeBandx¢A} 
A —Band B — Aare disjoint sets 

Now, 
xeA-B=> xeAandx¢B=> x¢ANB 

a (A —B) and A 2m Bare disjoint sets. 

Similarly, B— A and A - Bare disjoint sets. 

| vu B') = ((AUB) NA) V(A UB) UB) 

th Ae Ui AMA ALAR Bor) 


J 
Par ee — 3. a aadeneaneenee aia 5 
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12. (i) Letx €A. Then, 


xeAm>m>xeUa>xeA UB>xeEB [ x ¢€A’] 
A: B 

(ii) Let x € A. Then, 
xeA> x¢A'> x¢€B> xeEB [. B' co A’] 
AcB 


1.10 MORE RESULTS ON OPERATIONS ON SETS 
THEOREM 1 If A and B are any two sets, then 


(i) A-B=ANB (ii) B-A=BONOA’ 
(iii) A-B=A = ANB=60 (iv) (A-B) VB=AUB 
(v) (A-B)QNB=$6 (vi) ACBSBcA’ 


(vii) (A —B) U(B-A) =(A UB) -(A NB) 
PROOF (i) Let x be an arbitrary element of A — B. Then, 
x €(A —B) 
xeAandx¢B 
xeAandx eB’ 
xeANnB' 
A-Bc ANB .--(i) 
Again: let y be an arbitrary element of A 4 B’. Then, 
yeAnB 
yeAandy eB’ 
yeAandy¢B 
ye A-B 
! AMB'c (A-B) ...(ii) 
Hien from (i) and (ii), we obtain A—-B=A MB’. 
(ii) Proceed as in (i). 
(iii) In order to prove that A -B=A <= AM B= 9, we shall prove that: 
(a) A-B=A=>ANB=0_ and, (bl) ANB=o=> A-B=A. 
First, let A — B = A. Then we have to prove that A q B=9. If possible, let A 7 B # 9. Then, 
ANB#o 
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= There exists x Ee ANB 

— xeAandxeB 

= xeA-—BandxeB [. A—-B=Al] 
= (x €A andx ¢ B) andx eB [By def. of A-B ]} 
= x € A and (x ¢ B and x € B) 


But x¢BandxeB both can never be possible simultaneously. Thus, we arrive at a 
contradiction. So, our supposition is wrong. Therefore, A 7 B=. 


Hence, A—-B=A>ANB=0 (i) 
Conversely, let A > B=. Then we have to prove that A — B=A. For this we shall show that 
A-BcAandAcA-B. 
Let x be an arbitrary element of A — B. Then, 

xEeA-B=>xeAandx¢B>xeA 
: A-BcA. 
Again let y be an arbitrary element of A. Then, 

yeA 
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=> yeA-B [By def. of A — B] 
‘ Ac A-B. 

So, we have A—Bc Aand Ac A —B. Therefore, A -—B = A. 

Thus, ANB=o=>A-B=A ...(ii) 


Hence, from (i) and (ii), we have 
A-B=ASANB=6. 

(iv) Let x be an arbitrary element of (A — B) U B. Then, 
xe(A-—B)UB 

xeA-BorxeB 

(xeAandx¢B)orxeB 

(x € A or x EB) and(x ¢€Borx eB) 

xE AUB 

(A-B) UBC AUB 
Let y be an arbitrary element of A U B. Then, 

yeAUB 

yeAoryeB 

(y eA or y eB) and(y ¢ Bor y €B) 
(y eA andy ¢B)oryeB 

ye(A—B)UB 

AUBc(A-B)UB 

tenes (A-—B) UB=AUB 

(v) If possible let(A — B) 4 B + 4 Then, there exists at least one element x, (say), in(A — B) 7 B. 
Now, xe(A-B)NB 
= x €(A —-B)andxeB 
=> (x eA and x ¢B) andxeB 
=> x EA and(x ¢B and <x €B) 

But, x ¢BandxeB both can never be possible simultaneously. Thus, we arrive at a 
contradiction. So, our supposition is wrong. Hence,(A — B) Nn B=9. 

(vi) First, let Ac B. Then we have to prove that B’c A’. Let x be an arbitrary element of B’. 
Then, 
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x € B’ 

x¢B 

xeA [Ac B] 
xeA' 

aes Bc A’. 

Thus AcB>BcA’. ...(i) 
Conversely, let B’ < A’. Then, we have to prove that A c B. Let y be an arbitrary element of A. 
Then, 
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yeA 
ye A’ 
yéB 
yeB 
e Ac B. 3 
Thus BcA'> ACB il) 
From (i) and (ii), we obtain thatAc B = B'c A’. 

(vii) Let x be an arbitrary element of (A — B) U(B-A). Then, 


[. B's A’. 
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x €(A —B) U(B-A) 
xeA-BorxeB-A 
(x eA and x ¢ B) or (x e Band x € A) 
(xe A or x €B) and(x ¢Borx ¢A) 
x €(A UB) andx €(A NB) 
x €(A UB)-(A NB) 
(A —B) U(B-—A)c (A UB)-(ANB). ...(i) 
eal let y be an arbitrary element of (A U B) —-(A - B). Then, 
y €(A UB) -(A NB) 
yeAUBandy¢AnB 
(y eA or y eB) and(y ¢A or y ¢ B) 
(yeA andy ¢B) or(y e Bandy ¢A) 
y €(A —B) or y e€(B—A) 
y €(A —B) U(B-—A) 
(A UB) -(A NB)c (A -B) U(B-A). ...(ii) 
Hence, from (i) and (ii), we have 
(A —B) U(B-A) = (AU B)-(ANB). 
THEOREM 2 [If A, Band Care any three sets, then prove that: 
(i) A-—(BNC) =(A -B) U(A -C) (ii) A-—(BUC) =(A -B) N(A -C) 
(iii) AM(B-C) =(A NB) -(ANC) (iv) AQN(BAC)=(A QB) A(A NC) 
PROOF (i) Let x be any element of A —(B AC). Then, 
xEeA—-(BNC) 
xeAandx ¢€(BNOC) 
x eA and(x ¢Borx €C) 
(x eA and x ¢B) or(xeA andx ¢C) 
x €(A —B) or x E(A —-C) 
x €(A —-B) U(A-C) 
A-—(BNC)c (A -B) U(A-C) 
Stara —B) V(A-C)c A-(BNC) 
Hence, A-—(BNC)=(A-B) U(A-C) 
(ii) Let x be an arbitrary element of A —(B UC). Then 
xe A—-(BUC) 
xeAandx ¢€(BUC) 
xeAand(x ¢Band x ¢C) 
(x € A and x ¢ B) and(x eA and x €C) : 
x €(A —B) and x €(A —-C) 
x €(A-—B)n(A-C) 
A-(BUC)c(A-B)N(A-C) 
Be ic (A —-B) nN(A-C)c A-(BUC) 
Hence, A-—(BUC) =(A—-B) N(A-C) 
(iii) Let x be any arbitrary element of A 4(B—C). Then 
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xeAMm(B-C) 
=> x eA and x e(B-C) 
= xeAand(x e€ Band x ¢C) 
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=> (x € A and x €B) and(x eA and x ¢C) 
=> x €(A MB) andx ¢(A NC) 
=> x €(A MB) -—(ANC) 

A N(B-C)e (A NB) -(A NC) 
Similarly, (A NB)-(ANC)c An(B-C) 
Hence, A M(B-C) =(A NB) -(ANC). 

(iv) AN(BAC) = An[(B-C) U(C -B)] 


= [A n(B-C)] U[A n(C —B)] [By distributive law] 
= [(ANB)-(A NC)] U[(A NC) -(A nN B)] [Using (iii)] 
= (ANB) A(ANC) 
ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Let A and B be two sets. Using properties of sets prove that: 
(i) ANB =o> AcB (ii) AT VB=U => AcB 
SOLUTION (i) We have, 
A =(AnU) 
=> A =AnN(BUB’') [. BUB =U] 
=> A =(ANB)U(ANB’) [.. Cis distributive over union] 
=> A =(ANB)VUdo fA B =9] 
= A=ANB 
: AcB 
(i) From (i), we have 
ANB' =0 
=> (A MB’) = 0! 
= A’ uU(BY =U [0° =) 
= A'UB =U [:. (B’)’ = B] 


Thus, ANB'=6 = A'UB=U and, ANB’=o>AcB 

A'UB=U>AcB 

We have, 

Aw B= U 

ANM(A'UB)=ANU [Taking intersection with A] 
(ANA')U(ANB) =A [ANU =A] 
6 U(ANB) =A 

ANB=A 

Ac B 

EXAMPLE2 Let A and B be two sets. Prove that: (A —B) U B=A if and only if Bc A. 


SOLUTION First let,(A —B) UB = A. Then, we have to prove that Bc A. 

Now, (A-B)UB=A 

(A NB')UB=A [- A-B=AMB'] 
(A UB) n(B'UB)=A 

(AUB) NU=A 

AUB=A 

BcA. 


Conversely, let Bc cA. Then, we have to prove that (A — B) U B=A. 
: ay f wae V B 
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=(AU B)nUu 
=AiW'B 
=A [- BCA .AUB=A] 
EXAMPLE3 Let A, BandC be three sets such that AUB=C and AMB=¢ Then, prove that 
A=C -B. 
SOLUTION We have,A U B=C. 
C-—-B=(AUB)-B 


= (AUB)NB' Te X-Y=XNY'] 
= (AN B')U(BNB’) 
=(ANB’')VUd 
= AMB’ 
= A-B 
=A [. ANB=9] 
EXAMPLE4 Let A and B be any two sets. Using properties of sets prove that: 
(i) (A-B)UB = AUB (ii) (A-—B) VA=A 
(iii) (A-B) NB=6 (iv) (A-B)NA = ANB 
SOLUTION (i) We have, 
(A-B) VB=(ANB’') UB [- A-B=ANB'] 
= (A UB) n(B' UB) [.. U is distributive over M] 
=(AUB)nNU [. Bo oB=U] 
= AUB 
(ii) (A-B) UA=A [- A-BcA] 
(iii) (A -—B) NB=(A NB’) NB= AN(B'ONB)= ANd=9 
(iv) (A-B) NA=A-B [. A-BcA] 
= ANB' 


EXAMPLES For any two sets A and B prove by using properties of sets that: 
(i) (AUB)-(AQB)=(A-B) U(B-A) (ii) (ANB) U(A-B)=A 
(iii) (A UB)-A= B-A 
SOLUTION (i) We have, 

(A UB) -(A NB) =(A UB) AN(A NB) [- X-Y=XnY'] 
= (AUB) nN(A' UB’) [(Al NB) = Al Bs] 
= X A(A’ UB’), where X = AUB 
= (X NA')U(CK OB’) 
= (BN A') U(ANB’) "SAGA O BRAY = gU(BO A’) 


"“XOA'=(AUB)NA' 
=BOA' Similarly, X 4 B'=A MB’ 


= (ANB) U(B OA’) 
= (A —B) U(B-A) [- A-—B=AQB andB-—A=BnNnA'] 


(ii), (A A B) U(A—B) =(A NB) U(ANB) 
= X U(AMB’), whereX =A QB 


= (XUA)N(X UB’) 
XUA=(A A=Af- An 
=AN(AVUB') * SOR = “ANB OB AU Bn Gm) 
AUB) AU=A UB 
a A [-ACAUB] 
(iii) (A UB)-A = (A UB) nA’ [fe X-Y=XaY'] 


= (ANA')U(BOA’) 
= 6U(BN A’) [-ANA' =] 
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= BNA’ 
= B-A [. B-—A = BNA’) 
EXAMPLE6 For sets A, B and C using properties of sets, prove that: 
(i) A-(BUC) = (A-B)N(A-C) [NCERT EXEMPLAR] 


(ii) A-(BAC) = (A-B) U(A-C) 
(iii) (A UB)-C = (A-C) U(B-C) 


(iv) (ANB)-C = (A-C) N(B-C) [NCERT EXEMPLAR] 
SOLUTION (i) We have, 

A-(BUC) = AnN(BUC)' ie aX = TY] 
= AN(B' NC’) [f° CBWE) = Bi mC") 
=(ANB)N(ANC’) 
= (A -—B) N(A-C) 

(ii) A-(BNC) = AN(BNC)' fe X-Yaex AY] 
= AnN(B' UC’) [SE (Beyc) =B Cyl 
= (ANB) V(ANC’) [.. Mis distributive over U] 
= (A-B) U(A-C) 
(iii) (A U B) -C =(A UB) NC' oA Y HX AY] 
=(ANC’) U(B NC’) 
=(A —C) U(B-C) 
(iv) (AMNB)—-C =(ANB) NC’ 
=(ANC’) A(BNC’) 
=(A—-C) N(B-C) 


EXAMPLE7 For sets A, B andC using properties of sets, prove that: 
(i) A-—(B-C) = (A-—B) U(ANC) (ii) AN(B-C) = (ANB) -(ANC) 
SOLUTION (i) We have, , 


A-(B-C) = A-(BNC’) [- B-—-C=BNC'] 
= AN(BNC’') ee ox RY =) Y "| 
= Anm(B’ UC) [- (BOC’') =B U(C’)! =B UC] 


= (ANB') U(ANC) 
= (A -B) U(A NC) 


(ii) AN(B-C) = AN(BNC’) [- B-C = BNC’) 
= (ANB)NC' 
= @ U((ANB) NC’) 
= ((ANB) NA’) U((ANB) NC’) [. (ANB)nA'=q 


(A NB) (A' UC’) 
(ANB) N(ANC) 
= (ANB)-(ANC) 


EXERCISE 1.7 








4. For any two sets A and B, prove that: A’ — B’=B—A 
2. For any two sets A and B, prove the following : 
(i) AN(A’ YB)=ANB (ii) A-(A-B)=ANB 
(iii) AN(AY BY => (iv) A-B=A A(ANB). 
3. If A, B,C are three sets such that A < B, then prove that C -BCC —A. 
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4, For any two sets A and B, prove that 


(i) (AUB)-B=A-B (ii) A-(ANB)=A-B 
(iii) A-(A-—B)=ANB (iv) AU(B-—A)=AUB [NCERT EXEMPLAR] 
(v) (A-B) U(ANB)=A [NCERT EXEMPLAR] 


HINTS TO SELECTED PROBLEMS 
1. We know that X -Y =X NY'.So A’ — B'=A' A(B')' =A' NB=BOA'=B-A 
2. (ii) A-(A-B)=A-(ANB')=AN(ANB'Y)Y=AN(A' U(B')')=A N(A' UB)= ANB 
3. Letx eC —B. Then, 


xeC-B=> xeC and x¢B=> xeEC and x€A> xEC-A [.° Ave B) 
C-BcC-A. 


1.11 SOME IMPORTANT RESULTS ON NUMBER OF ELEMENTS IN SETS 
If A, B and C are finite sets, and LI be the finite universal set, then 


(i) n(A U B) =n(A) + n(B) —n(A 2 B) 
(ii) n(A U B) =n(A) + n(B) & A, Bare disjoint non-void sets. 
(iii) 1(A —B) =n(A) —n (A OB)i.e.n(A —B)+n(A OB) =n(A) 
(iv) n(A AB) = No. of elements which belong to exactly one of A or B 
n((A — B) U(B-A)) 
n(A —B)+n(B-—A) [. (A —B) and (B-—A) are disjoint] 
n(A) —n(A OB) +n(B) -—n(A OB) 
n(A) + 1(B) —-2n(A OB) 
(v) n(AUBUC) =n(A) + (B) +n(C) —n(A AB) -—n(BAC) —n(A NC) +n(ANBAC) 
(vi) Number of elements in exactly two of the sets A, B, C 
=n(AMB)+n(BNC)+n(C NA) -3nNANBONC). 
(vii) Number of elements in exactly one of the sets A, B, C 
| =n (A) +n(B) +n(C) —2n(A QB) -2n(BOAC)—2n(A AC) + 3n(ANBAC) 
(viii) n(A’ UB’) =n((A J B)') =n (U) —n(A 1 B) 
(ix) n(A' NB’) =n((A VU B)' ) =n (U) —n(A VU B). 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 [If X and Y are two sets such that n(X) = 17,n(Y) = 23 and n(X UY) =338, find 
n(X NY). 
SOLUTION We have, 
n(X VY) = n(X)+n(Y) —n(X NY) 
=> 38 = 17+23—n(X NY) => n(KNY) = 40-38 = 2. 
EXAMPLE2 Ina group of 800 people, 550 can speak Hindi and 450 can speak English. How many can 
speak both Hindi and English? 
SOLUTION Let H denote the set of people speaking Hindi and E denote the set of people 
speaking English. We are given that: n(H) = 550, (E) = 450 andn(H UE) = 800. 
We have to findn(H mE). 
We know that 


n(H VE) = n(H)+n(E) -n(H NE) 


= n(H OE) = n(H) +n(E)—n(H VE) = 550 + 450-800 = 200. 
Hence, 200 persons can speak both Hindi and English. 
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EXAMPLE3 In a class of 35 students, 24 like to play cricket and 16 like to play football. Also, each 
student likes to play at least one of the two games. How many students like to play both cricket and 
football? 


SOLUTION LetC be the set of students who like to play cricket and F be the set of students who 
like to play football. Then, C U F is the set of students who like to play at least one game and, 
C - Fis the set of all students who like to play both games. It is given that 1 (C) = 24,n(F) =16, 
n(C UF) = 35and we have to find n(C 2 F). 

Now, 1(C UF) = n(C)+n(F)—-n(C nF) 

— n(C NF) =n(C)+n(F)—n(C VF) = 24+16-—35 =5. 

EXAMPLE4 Ina group of 50 people, 35 speak Hindi, 25 speak both English and Hindi and all the people 
speak at least one of the two languages. How many people speak only English and not Hindi ? How many 
people speak English? 


SOLUTION Let H denote the set of people speaking Hindi and E the set of people speaking 
English. Then, it is given that: n(H UE) = 50,n(H)=35,n(H mE) = 25. 

Now, n(E-H) =n(HVE)-n(H) = 50-35 = 15 

Thus, the number of people speaking English but not Hindi is 15. 

Now, 1(H VE)= n1(H)+n(E) -n(H AE) 

=> 50 = 35+n(E)-25 => n(E) =40 

Hence, the number of people who speak English is 40. 


EXAMPLE5 There are 40 students in a Chemistry class and 60 students in a Physics class. Find the 
number of students which are either in Physics class or Chemistry class in the following cases: 
(i) the two classes meet at the same hour. 
(ii) the two classes meet at different hours and 20 students are enrolled in both the subjects. 


SOLUTION Let A be the set of students in Chemistry class and B be the set of students in Physics 
class. It is given that n(A) =40 and n(B) =60. We have to find n(A UB) in both the cases. 
(i) If two classes meet at the same hour, then there will not be a common student sitting in both 
the classes. Therefore, n(A ™B) = 0. 
n(A UB) = n(A)+n(B)-—n(A QB) =40+ 60-0 = 100 
(ui) If two classes meet at different timings then there can be some students attending both the 
classes. It is given that the number of such students is 20 i.e.n(A OB) = 20. 
n(A UB) = n(A)+n(B)—-n(A QB) = 40+ 60-20 = 80. 
EXAMPLE6 If A, B and C are three sets and U is the universal set such that n(U) = 700, 
n(A) = 200, n(B) = 300 andn(A MB) =100. Find n(A' 7 B’). 
SOLUTION Wehave, A’ ™B'= (AWB)’ 
n(A' \B’') = n((A UB)') =n(U) —n(A UB) 
= n(U) —[n(A) + n(B) —n (A > B)] =700 —(200 + 300 —100) = 300. 
EXAMPLE 7 Inasurvey of 700 students in a college, 180 were listed as drinking Limca, 275 as drinking 
Miranda and 95 were listed as both drinking Limca as well as Miranda. Find how many students were 
drinking neither Limca nor Miranda. 


SOLUTION Let Ube theset of all surveyed students, A denote the set of students drinking Limca 
and B be the set students drinking Miranda. It is given that n(U) =700,n(A) =180,n (B) =275 
and n(AQB) =95. Wehave to find n(A’ 4B’). 

Now, 1(A’ OB) = 1(A UB) = n(U) -n(A UB) = n(U) -{n(A) +n(B)-n(A 7B) 


5 n (A! OB’) = 700 —(180 + 275 — 95) = 700 — 360 = 340. 
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EXAMPLE8_ There are 200 individuals with a skin disorder, 120 has been exposed to chemical Cy, 50 to 
chemical Cy and 30 to both the chemicals C, and C3. Find the number of indtviduals exposed to 
(i) chemical C, or chemical Cy (ii) chemical C, but not chemical Cy (iti) chemical Cz but not 
chemical Cy. 
SOLUTION Let LI denote the universal set consisting of individuals suffereing from the skin 
disorder, A denote the set of individuals exposed to chemical C; and B denote the set of 
individuals exposed to chemical C5. It is given that: 1(U) = 200,n(A) = 120,n(B) = 50 and 
n(A MB) = 30. 
(i) The number of individuals exposed to chemical C, or chemical Co is given byn(A UB). 
Now, (AWB) = n(A)+n(B)-—n(A OB) = 120+50-—30 = 140 
Hence, required number of individuals is 140. 
(ii) The number of individuals exposed to chemical C, but not chemical C9 is given byn(An B). 
Now, n(AOB)= n(A)-—n(AOB)= 120-30 = 90 
Hence, required number of individuals is 90. 
(iii) The number of individuals exposed to chemical Cz but not chemical C, is given by 
n(AQMB). _ 
Now, (A OB)= n(B)-n(AOB)= 50 —-30=20 
Hence, required number is 20. 
EXAMPLE9 Out of 500 car owners investigated, 400 owned Maruti car and 200 owned Hyundai car; 
50 owned both cars. Is this data correct? 
SOLUTION Let U be the set of all car owners investigated, M be the set of persons who owned 
Maruti cars and H be the set of persons who owned Hyundai cars. It is given that n(U) = 500, 
n(M) = 400, n(H) = 200 andn(M ca A) =50. 
Now, 1(M UB) = n(M)+n(H)-1n(M 8A) = 400+ 200-50 = 550 
But, M UH c U. Therefore, 

n(MuUH) s n(U) > n(MUH) Ss 500 
This is a contradication. So, the given data is incorrect. 
EXAMPLE10 JfAand B be two sets containing 3 and 6 elements respectively, what can be the minimum 
number of elements in A U B ? Find also, the maximum number of elements in A U B. 
SOLUTION Wehave, (A UB) =n(A) +n(B) —n(A OB). 
This shows that 1(A U B) is minimum or maximum according as n(A MB) is maximum or 
minimum respectively. 
CASEI When n(A QB) is minimum, i.e.n(A A B) =0. 
This is possible only when A 7M B=9. In this case, 

n(A U B) =n(A) + n(B) —0 =n(A) +n(B) =3+6=9 
So, maximum number of elements in A U Bis 9. 
CASEI Whenn(A - B) is maximum. 
This is possible only when A c B. In this case, n(A - B) =3. 

n(A U B) =n(A) +n(B) —n(A NB)=3+6-3=6 
So, minimum number of elements in A U Bis 6. 
EXAMPLE 11 A market research group conducted a survey of 2000 consumers and reported that 1720 


consumers liked product P, and 1450 consumers liked product P>. What is the | 3 
have liked both the products ? 2 east number that must 
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SOLUTION Let UI be the set of all consumers who were questioned, A be the set of consumers 
who liked product P; and B be the set of consumers who liked the product P). It is given that 
n(U) = 2000, 1 (A) =1720, n(B) =1450. 
n(A UB) = n(A)+n(B) -n(A OB) = 1720 + 1450 —n (A 4 B) = 3170 —n (A AB) 

Now, AUBcU 

=> n(A UB) s n(U) 

= 3170 —n(A MB) < 2000 > 3170-2000 < n(A MB) => n(A NB) 21170 

Thus, the least value of 1 (A A B) is 1170. 

Hence, the least number of consumer who liked both the products is 1170. 


EXAMPLE12_ A survey shows that 63% of the Americans like cheese whereas 76% like apples. If x% of 
the Americans like both cheese and apples, find the value of x. 
SOLUTION Let A denote the set of Americans who like cheese and let B denote those who like 
apples. Let the population of America be 100. Then, n(A) = 63, n(B) =76. 
Now, AB) =n(A) +1(B) —n(A U B) 
— n(A  B) = 63 + 76 —n (A A B) =139—-n(A UB) 
But, (AWB) <100. 
— —n(A U B) 2-100 
=> 139 —n(A VU B) 2139 —100 
— 139 —n(A U B) 2 39 
= n(A MB) = 39 ae) 
Now, ANBcAandANnBc B 
=> n(A 1B) sn(A) and n(A 2 B) <n(B) 
— n(A > B) <63 and n(A 4 B) <76 
=> n(A MB) < 63 ..-(ii) 
From (i) and (ii), we obtain 
39 <n(A OB) <63=> 39 <x <63. 


EXAMPLE13 Inaclass of 35 students, 17 have taken Mathematics, 10 have taken Mathematics but not 
Economics. Find the number of students who have taken both Mathematics and Economics and the 
number of students who have taken Economics but not Mathematics, if it is given that each student has 
taken either Mathematics or Economics or both. 


SOLUTION Let A denote the set of students who have taken Mathematics and B be the set of 
students who have taken Economics. It is given that n(A UB)= 35,n(A)=17 and 
n(A —B) =10. 


Now, n(A) =n(A —B)+n(A OB) 
=> 17 =10+n(ANB) 
=> n(A OB) = 7 


Thus, 7 students have taken both Mathematics and Economics. 
Now, (AUB) = n(A) +n(B)-—n(A OB) 


= 35 = 17 +n(B) -7 

=> n(B) = 25 

Also, n(B) = n(B—A) +n(A AB) 
=> 25 = n(B—A) +7 

=> n(B-—A) = 18. 


Thus, 18 students have taken Economics but not Mathematics. 


EXAMPLE 14 In a town of 10,000 families it was found that 40% families buy newspaper A, 20% 

ilies buy newspaper Band 10% families buy newspaper C. 5% families buy A and B, 3% buy Band C 

and 4% buy A and C. If 2% families buy all the three news papers, find the number of families which buy 
(i) A only (ii) B only (iti) none of A, B and C. 
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SOLUTION Let P, Q and R denote the sets of families buying newspaper A, B and C 
respectively. Let U be the universal set. Then, 
n(P) = 40% of 10,000 = 4000, 1(Q) = 20% of 10,000 = 2000, n(R) = 10% of 10,000 = 1000, 
n(P ~\Q) = 5% of 10,000 = 500,” (Q 7 R) =3% of 10,000 = 300,n(R A P) = 4% of 10,000 = 400 
n(P NQ QR) = 2% of 10,000 = 200 and n(U) = 10,000. 
(i) Required number = n(P AQ’ OR’) =n(P A(Q UR)’) 
n(P)—n[P A(QUR)] [.- n(A OB’) =n(A) —n(A 2 B)] 
n(P) —n[(P AQ) U(P AR)] 
n(P) —[n(P AQ) +n(P AR) -—n{((P AQ) A(P AR)}] 
n(P) —[n(P AQ) +n(PAR)-n(PAQNOR)] 
4000 — (500 + 400 — 200) = 3300 
(ii) Required number = n(P’ NQ OR’) =n(QNP'OR')= n(QQ(P VR)') 
n(Q)-—n(Q A(P UR)) [-- n(A OB’) =n(A) —n(AN B)] 
n(Q)-n[(QNP)U(QNR)] 
n(Q) -[n(QAP)+n(QAR)-MQAPYAQOR)I] 
n(Q) -—[n(P NQ)+n(QONR)-n(PAQNOR)] 
2000 — (500 + 300 — 200) = 1400 
(iii) Required number = n(P’ NQ’ OR’) =n[(P VQ UR)'] 
= n(U)-—n(P VQ UR) 
= n(U) —[n(P) + n(Q) +n(R) —n(P NQ) -—n(Q OR) —-n(RAP)+n(PAQNR)] 
= 10000 — [4000 + 2000 + 1000 —500 — 300 — 400 + 200] = 4000. 
EXAMPLE15 A college awarded 38 medals in Football, 15 in Basketball and 20 to Cricket. If these medals 
went to a total of 58 men and only three men got medals in all the three sports, how many received medals 
in exactly two of the three sports ? 


SOLUTION Let F denote the set of men who received medals in Football, B the set of men who 
received medals in Basketball and C the set of men who received medals in Cricket. It is given 
that 1(F) = 38, n(B) =15,n(C) =20,n(F UB UC) =58 and n(F N BOC) =3. 

Now, 


n(F UBUC) =n(F) +n(B) +n(C) —n(F AB) -—n(BOC) -—n(F ANC) +n(FABNC) 
= 58 = 38 + 15+ 20 —n(F AB) —n(BNC) -—n(FAC)+3 
= n(F A B)+n(BAC) +n(F AC) =76—58 = 18 
Number of men who received medals in exactly two of the three sports 
=n(F OB) +n(BOC)+n(FAC)-3n(F ABOC)= 18-3x 3= 9 
Thus, 9 men received medals in exactly two of the three sports. 


EXAMPLE 16 In a survey of 25 students, it was found that 15 had taken Mathematics, 12 had taken 
Physics and 11 had taken Chemistry, 5 had taken Mathematics and Chemistry, 9 had taken Mathematics 
and Physics, 4 had taken Physics and Chemistry and 3 had taken all the three subjects. Find the number of 
students that had 


(i) only Chemistry. (ii) only Mathematics. 

(iii) only Physics. (iv) Physics and Chemistry but not Mathematics. 
(v) Mathematics and Physics but not Chemistry. 

(vi) only one of the subjects. (vii) at least one of the three subjects. 


(viii) none of the subjects. 


SOLUTION Let M denote the set of students who had taken Mathematics, P the set of students 
who had taken Physics and C the set of students who had taken Chemistry. It is given that 
n(U) = 25, n(M) =15,n(P) =12,n(C) =11, n(M NC) =5, n(M A P)=9,n(P. =4 
and, n(MAPAC)=3 L2G 
(i) Number of students who had opted Chemistry only 
= n(M' AP'NC) = n(MYUP)'NC) 
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n(C) -n((M UP) NC) [.. 1(A AB’) =n(A) —n(A OB)] 
n(C)-n((M NC) U(P AC) 
n(C) —{n(MQNC) +n(P AC) -—n(M AP AC) = 11-(6+4-3) =5 
(ii) The number of students who had opted Mathematics only. 

=n(MnP'nC’) 
n(M A(P AC)') 
n(M) -n(M n(P UC)) 
n(M) -—n((MaP)v (MaC)) 
n(M) -(n(MnP)+n(ManC)-n(MaPoOC)} = 15-(9+5-3) =4 
(iii) The number of students who had opted Physics only 

= n(PAM' nC’) 
n(P A(M UC)’) 
n(P)-n(P A(M UC)) 
n(P) —n((P AM) U(P AC)) 
n(P)-—{n(P AM) +n(P NC) —-n(P AM ANC)}= 12-(9+ 4-3) = 2. 
(iv) Required number of students = n(P AC NM’) 
= n(P NC)-n(P NCNM) 

[. n(A OB’) =n(A) -—n(A OB) 


= 4-3=1 
(v) Required number of students = 1(M A P NC’) 
=n(MnP)-n(MnPac) = 9-3 = 6 
(vi) Required number of students 
= n(M) +n(P) +n(C) —2{n(M AP) +n(P AC) +n(M AC) + 3n(MnAPOC)} 
= 15+12+11-2(9+4+5)+3x3 = 38-36+9 =11 
(vii) Required number of students 
=n(MUPUC) 
= n(M) +n(P) +n(C) —n(M MP) -—n(P AC) -n(MAC)+n(MnPonc) 
= 15+12+11-9-4-5+3 = 23 
(viii) Required number of students = n(M’ cq P’ NC’) 
=n(MuUP UC) 
= n(U) -—n(M UP UC) = 25-23 = 2. 
ALITER Consider the Venn diagram shown in Fig. 1.13. Leta, b,c, d, e, f, g denote the number 
of students in the respective regions. 
From the Venn-daigram, we have 
n(M) =at+bid+e, 
n(P) =b+c+er+f, 
n(C)=d+er+f+g, 
n(M oP) = b+e 
n(P AC) =er+f 
n(M nC)= d+e and, n(MNPAC) = e 
It is given that 
n(ManPNnC)=3=> e=3 
n(MnP) = 9=> b+e=9=> b+3=9 >b=6 
n(P NC) =4 >e+f=4> 34+f=4>f=1 Fig. 1.13 
n(MnC) =5=> d+e=5 > d+3=5> d=2 
n(M) =15 => a+b+d+e=15 > a+64+2+3=15> a=4 
n(P) = 12> b+c+e+f =12=> 64+¢4+34+1=12>5> c=2 
n(C) = 11> dt+e+f+g =11> 2+3+1+g=1l1> g=5 
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Now, 


10. 


11. 


12. 


(i) Required number of students = g 
(ii) Required number of students = a 
(iii) Required number of students = c 
(iv) Required number of students = f 
(v) Required number of students = b = 
(vi) Required number of students = a+c+g@=4+2+5=11 
(vii) Required number of students = a+b+c+d+e+f+g2=23 
(viii) Required number of students = 25 -(a+b+c+d+e+f +g) =25-—23=2. 


lt il 
Or N - O 


EXERCISE 1.8 


. If A and Bare two sets such that (A U B) =50,n (A) = 28 and n(B) = 32, findn(A A B). 
. If P and Q are two sets such that P has 40 elements, P U Q has 60 elements and P MQ has 10 


elements, how many elements does Q have? 


. In a school there are 20 teachers who teach mathematics or physics. Of these, 12 teach 


mathematics and 4 teach physics and mathematics. How many teach physics? 


. Ina group of 70 people, 37 like coffee, 52 like tea and each person likes at least one of the 


two drinks. How many like both coffee and tea? 


. Let A and B be two sets such that :1 (A) =20, n(A U B) = 42 and n(A OB) =4. Find 


(i) n(B) (ii) 2(A —B) (iii) 1(B-—A) 


. A survey shows that 76% of the Indians like oranges, whereas 62% like bananas. What 


percentage of the Indians like both oranges and bananas? 


. Ina group of 950 persons, 750 can speak Hindi and 460 can speak English. Find: 


(i) how many can speak both Hindi and English 
(ii) how many can speak Hindionly (iii) how many can speak English only. 


. Ina group of 50 persons, 14 drink tea but not coffee and 30 drink tea. Find: 


(i) how may drink tea and coffee both (ii) how many drink coffee but not tea. 


. Inasurvey of 60 people, it was found that 25 people read newspaper H, 26 read newspaper 


T, 26 read newspaper I, 9 read both H and I, 11 read both H and T, 8 read bothT and I, 3 
read all three newspapers. Find: 

(i) the numbers of people who read at least one of the newspapers. 

(ii) the number of people who read exactly one newspaper. 


Of the members of three athletic teams in a certain school, 21 are in the basketball team, 26 
in hockey team and 29 in the football team. 14 play hockey and basket ball, 15 play hockey 
and football, 12 play football and basketball and 8 play all the three games. How many 
members are there in all? ' 


In a group of 1000 people, there are 750 who can speak Hindi and 400 who can speak 


Bengali. How many can speak Hindi only? How many can speak Bengali ? How many can 
speak both Hindi and Bengali? 


A survey of 500 television viewers produced the following information; 285 watch football, 
195 watch hockey, 115 watch basketball, 45 watch football and basketball, 70 watch football 
and hockey, 50 watch hockey and basketball, 50 do not watch any of the three games. How 
many watch all the three games? How many watch exactly one of the three games? 
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13. In a survey of 100 persons it was found that 28 read magazine A, 30 read magazine B, 42 
read magazine C, 8 read magazines A and B, 10 read magazines A and C, 5 read magazines 
B and C and 3 read all the three magazines. Find: 
(i) How many read none of three magazines? 
(ii) How many read magazine C only? 

14. Ina survey of 100 students, the number of students studying the various languages were 
found to be: English only 18, English but not Hindi 23, English and Sanskrit 8, English 26, 
Sanskrit 48, Sanskrit and Hindi 8, no language 24. Find: 

(i) How many students were studying Hindi? 
(ii) How many students were studying English and Hindi? 

15. Inasurvey it was found that 21 persons liked product P,, 26 liked product P, and 29 liked 
product P3. If 14 persons liked products P; and P, ; 12 persons liked product P3 and P, ; 14 
persons liked products P, and P3 and 8 liked all the three products. Find how many liked 





product P3 only. 
ANSWERS 
1. 10 2. 30 3. 12 4, 19 5. (i) 26 (ii) 16 (iii) 22 
6. 38% 7. (i) 260 (ii) 490 (iii) 200 8. (i) 16 (ii) 20 
9. (i) 52 (ii) 30 10. 43 11. (i)600 (ii) 250 (iii) 150 
12. 20,325 13. (i) 20 (ii) 30 14. (i) 18, = (ii) 3: 15. 11 


HINTS TO SELECTED PROBLEMS 


5. (i) n(A UB) =n(A) +n(B) —n(A 1B) => n(B) = 26 
(ii) n(A —B) =n(A) —n(A MB) > n(A -B) =16 
(iii) n(B-—A) =n(B) —n(A AB) => 22 
7. (ii) Let A and B denote the sets of persons who can speak Hindi and English respectively. 
Then, (A U B) = 950 , n(A) =750 and n(B) = 460. 
(i) n(A AB) =n(A) + n(B) —n(A U B) =750 + 460 — 950 = 260 
(ii) Required number = (A — B) =n(A) —n(A 1B) 
(iii) Required number =n (B-— A) =n(B) —n(A 7B). 
8. (ii) Let A and B be sets of persons who drink tea and coffee respectively. Then 
n(A UB) =50,n (A — B) =14, n(A) = 30. 
(i) n(A —B) =14 = n(A) —-n(A NB) =14> n(A XB) =n(A) -14= 30 -14 =16 
(ii) Required number =n(B-— A) =n(B) —n(A OB). 
Now, (A U B) =n(A) + n(B) —n(A OB) = 50=30+n(B) -16 = n(B) = 36. 
-. M™B—A)=n(B)—-n(A 7 B)=> n(B—A) = 36 —16 =20 
10. Let A, Band Cbe the sets of members of basketball, hockey and football teams respectively. 
Then, mA)=21, n(B)=26, n(C)=29, n(ANB)=14, n(BAC)=15, n(A NC) =12 
and 1(ANBNC)=8. 
Required number = n(A UB UC) 
=n(A) + n(B) +n(C) -n(A NB)-n(BAC)—-n(A NC) +n(ANBAC). 
41. Let A and B be the sets of persons who can speak Hindi and Bengali respectively. Then, 
 n(AvB) = 1000, n(A) =750 and n(B) = 400. 
No. of persons who can speak Hindi only =n(A —B) =n(A) —n(A 2B) 


No. of persons who can speak Bengali only =n (B — A) =n(B) —n(BO A) 
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12. 


14. 


No. of persons who can speak both Hindi and Bengali=n (A - B) =n(A) + n(B) —n (A u B). 


N = Total number of television viewers = 500, n(F) =285, n(H) =195, n(F 7 B) =45, 
n(F © H) =70, n(H AB) =50, n(F'OH' OB’) =50. 


Now, 1(F’ 0 H' © B') =50 
= n[(F UH vu B)']=50 
= N -—n(F UH U B) =50 
= 500 —[n(F) + n(H) + n(B) —n(F A H)—n(F OB) -—n(H OB) +n(F OH AB)]=50 
=> n(F AH mB) =500 — 285 — 195 —115 + 70 + 50 + 45 —50 = 20. 
Required number = n(F NH 4B) =20 
Required number =n (F AH’ OB’) +n(F’ OH' OB) +n(F’' OH OB’)] 
=n(F)+n(H) +n(B) —2[n(F OH) +n(H OB) +n(BOF)} + 3n(F AHAB) 
We have, a=18,a+b=23,d+e=8,a+tb+d+e=26, d+e+f+2=48, 
and,a+b+c+d+e+f +2=100—24=76 
a = 18,b = 0,c = 10,d=5,e =3, f =5 and, g=35 
(i) n(H)=b+c+e+ f =18 
(ii) n(H NE) =b+e=3 





VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


Le 


fee 
3. 


If a set contains 1 elements, then write the number of elements in its power set. 


Write the number of elements in the power set of null set. 


Let A = {x:xeN,x is a multiple of 3} and B={x:x EN and x is a multiple of 5 }. Write 
ANB. 


. Let A and Bbe two sets having 3 and 6 elements respectively. Write the minimum number 


of elements that A U B can have. 


5. IfA = {xeC:x* = ljandB = {xeC:x* = 1}, thenwrite A —Band B—A. 


=) 


. If A and Bare two sets such that A c B, then write B’ — A’ in terms of A and B. 
. Let A and B be two sets having 4 and 7 elements respectively. Then write the maximum 


number of elements that A U B can have. 


1 
_ fA = {((x, y):y = pe ee = Nan = {(x, y): y=—x, x € R}, then write A AB. 


_IfA = ((x, y):y =e", xe R} and B=({(x, y):y=e"*, x eR}, then write A AB, 
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10. If A and B are two sets such that (A) =20,n(B) =25 and n(A UB) =40, then write 
n(A OB). 


11. If A and Bare twosets such that (A) =115, 1 (B) = 326, n (A — B) = 47, then writen (A U B). 


ANSWERS 
ibaa 251 3. {x:x EN,x isa multiple of 15} 
4. 6 5. A-B = 6,B-A = {i,-1} 6. o 7. 11 8. o 
9. (0,1) 10.5 11. 373 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. For any set A, (A’)’ is equal to 


(a) A’ (b) A (c) o (d) none of these 

2. Let A and B be two sets in the same universal set. Then, A — B = 
(a) ANB (b) A’ OB (c) ANB (d) none of these 

3. The number of subsets of a set containing n elements is 

(a) n (b) 27 4 (c) n? (d) 2” 
4. For any two sets A and B, A N(A U B) = 

(a) A (b) B (c) (d) none of these 
5. If A={1,3, 5, B} and B = {2, 4}, then . 

(a) 4eEA (b) {4} c A (c) BCA (d) none of these 
6. The symmetric difference of A and B is not equal to 

(a) (A-B) A(B-A) (b) (A —- B) U(B-A) 

(c) (AUB) -(ANB) (d) ((A U B)-— A} U[(A UB) - B} 
7. The symmetric difference of A = {1, 2, 3} and B = (3, 4, 5} is 

(a) { 1, 2} (b) {1,2,4,5} (c) {4,3} (d) {2,5,1,4,3} 
8. For any two sets A and B,(A — B) U(B—A) = 

(a) (A-B)UA (b) (B—A) UB 

(c) (A UB) -(A NB) (d) (A UB) N(A DB) 
9. Which of the following statement is false : 

(a) A-~B=ANB (b) A-B=A-(ANB) 

(c) A-—B=A-B (d) A-B=(A UB)-B 


10. For any three sets A, B and C 
(a) AN(B-C)=(ANB)-(ANC) —(b) AN(B-C) =(ANB)-C 
(c) AU(B-C)=(AUB)N(AUC’)  (d) AU(B-C) =(AUB)-(A UC). 
11. LetA ={x:x ER, x>4} and B={x eR: x <5}. Then, A NB= 
(a) (4,5] (b) (4,5) (c) [4, 5) (d) [4,5] 
42. Let U be the universal set containing 700 elements. If A, B are sub-sets of U such that 
n (A) = 200, (B) = 300 andn(A 4 B) =100. Then, n(A’ 7 B') = 
(a) 400 (b) 600 (c) 300 (d) none of these. 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


21. 


22. 


23. 


24. 


25. 


26. 


Let A and B be two sets such that (A) =16,(B) =14,n(AUB) = 25. Then, n(A - B) is 
equal to 

(a) 30 (b) 50 (c) 5 (d) none of these 
If A = {1,2, 3, 4,5}, then the number of proper subsets of A is 

(a) 120 (b) 30 (c) 31 (d) 32 

In set-builder method the null set is represented by 

(a) (} (b) ® (c) {x:x¥4] (d) {x:x = 4} 

If A and B are two disjoint sets, thenn (A U B) is equal to 

(a) n(A) +1 (B) (b) n (A) + n(B) —n(A - B) 

(c) n(A) +n(B) +n(A OB) (d) n (A) 1(B) 

For twosets A UB = A iff 

(a) BoA (b) Ac B (c) A+B (d) A= 8B 


If A and B are two sets such thatn(A) = 70,n(B) =60,n(A UB) = 110, then 1 (A ¢ B) is 
equal to 


(a) 240 (b) 50 (c) 40 (d) 20 
If A and Bare two given sets, then A 4(A 1 B)* is equal to 
(a) A (b) B (c) © (d) AABS 


. If A={x:xis a multiple of 3} and, B ={x: xis a multiple of 5}, then A — Bis 


(a) ANB (b) ANB (c) ANB (d) ANB 


Ina city 20% of the population travels by car, 50% travels by bus and 10% travels by both car 
and bus. Then, persons travelling by car or bus is 

(a) 80% (b) 40% (c) 60% (d) 70% 

IfA OB = B, then 

(a) Ac B (ob) BEA (c) A = @ (d) B = ® 


An investigator interviewed 100 students to determine the performance of three drinks: 
milk, coffee and tea. The investigator reported that 10 students take all three drinks milk, 
coffee and tea; 20 students take milk and coffee; 25 students take milk and tea; 20 students 
take coffee and tea; 12 students take milk only; 5 students take coffee only and 8 students 
take tea only. Then the number of students who did not take any of three drinks is 

(a) 10 (b) 20 (c) 25 (d) 30 


Two finite sets havem and nelements. The number of elements in the power set of first set is 
48 more than the total number of elements in power set of the second set. Then, the values 
of m and n are: 


(a) 7,6 (b) 6,3 (c) 6,4 (d) 7,4 


In a class of 175 students the following data shows the number of students opting one or 
more subjects. Mathematics 100; Physics 70; Chemistry 40; Mathematics and Physics 30; 
Mathematics and Chemistry 28; Physics and Chemistry 23; Mathematics, Physics and 
Chemistry 18. How many students have offered Mathematics alone? 


(a) 35 (b) 48 (c) 60 (d) 22 
Suppose Aj, Ag,...,A39 are Haney, sets each having 5 elements and By, By,...,B, are n sets 


11 
each with 3 elements, let U = UB j = Sand each element of S 
jai j= 


A; and exactly 9 of the B§, thennis equal to 


belongs to exactly 10 of the 
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(a) 15 (b) 3 (c) 45 (d) 35 
27. Two finite sets haveiandn elements. The number of subsets of the first set is 112 more than 
that of the second. The values of m and mare respectively 


(a) 4,7 (b) 7,4 (c) 4,4 (d) 7,7 
28. For any two sets A and B, A N(A UB)’ is equal to 

(a) A (b) B (c) > (d) ANB 
29. The set (A UB’)'U(BNC) is equal to 

(a) A'U BUC (b) A’UB (c) A’UC' (d) A'NB 


30. Let F, be the set of all parallelograms, F, the set of all rectangles, F; the set of all rhombuses, 
F, the set of all squares and KF; the set of trapeziums in a plane. Then F,; may be equal to 


(a) RF; (b) Fan Fy (c) kh UF; (d) RU PZVAR VF, 
ANSWERS 
1. (b) 2. (c) 3. (d) 4. (a) 5. (d) 6. (a) 7. (b) 8. (c) 9. (c) 
10. (a), (b), (c) 11. (b) 12. (c) 13. (c) 14. (c) 15. (c) 16. (a) 17. (a) 


18. (d) 19. (d) 20. (b) 21. (c) 22. (b) 23. (b) 24. (c) 25. (c) 26. (c) 
27-(D)e2s.(c) 29. (b) 30. (d) 
SUMMARY 
1. Aset is a well defined collection of objects. 
2. A set is described either in set builder form or tabular form. 
3. A set consisting of no element is called the null set and is denoted by ¢. 
4. A set consisting of a single element is called a singleton set. 


5. A set consisting of a definite number of elements is called a finite set, otherwise the set is 
called an infinite set. 


6. The number of elements in a finite set A is called its cardinal number or order and is 
denoted by n (A). 


7. Two sets A and B are equal if they have exactly the same elements. 
8. A-set A is said to be a subset of a set B, if every element of A is also an element of B. 


9. If a,b are real numbers such that a <b, then the set 
(i) {x:x eR anda <x <D} is called the closed interval [a, b] 
(ii) {x:x € R and a <x <b} is called the open interval (a, b) 
(iii) {x:x eR anda<x <b} is called the semi-open or semi-closed interval [a, b). 
(iv) {x:x eR anda <x <b} is called the semi-open or semi-closed interval (a, b]. 


10. The total number of subsets of a finite set consisting of n elements is 2”. 
11. The collection of all subsets of a set A is called the power set of A and is denoted by P (A). 


12. The union of two sets A and Bis the set of all those elements which are either in A or in Bor 
in both and is denoted by A U B. Thus, A UB = {x:xeEA or x € B} 


13. The intersection of two sets A and B is the set of all those elements which are common to 
both A and Band is denoted by AB. Thus, A MB = {x:xeA and x eB}. 


14. The difference A — Bof two sets A and Bis the set of all those elements of A which do not 
s belong to Bi.e. A —B = {x:xeA and x ¢ B}. Similarly, B-A = {x:xeB and x € A}. 
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15. The symmetric difference of two sets A and Bis the set (A — B) U(B — A) and is denoted by 
A AB. 


16. The complement of a subset A of universal set U is the set of all those elements of U which 
are not the elements of A. The complement of A is denoted by A’ or A°. 


17. For any three sets A, Band C, we have 


(i) AVA=AandANA=A (Idempotent laws) 
(ii) AUb=A andANU=A (Identity laws) 
(iii) AUB = BUAandANB=BNnA (Commutative laws) 
(iv) (AUB) UC =A U(BUC) and (ANB) NC =AN(BNC) (Associative laws) 


(v) AU(BNC) = (AUB)N(A UC) andAN(BUC) =(ANB)U(ANC) 
(Distributive laws) 
(vi) (AUB) = A’ A Band(AnB) = A’'UB (De’ Morgan’s laws) 


18. If A, B andC are finite sets and U be the finite universal set, then 
(i) n(A UB) = n(A) +n(B) -—n(A QB) 
(ii) n(A UB) = n(A)+n(B) & A, Bare disjoint non-void sets 
(iii) n(A —B) = n(A) —n(A OB) i.e.,n(A —B)+n(A OB) =n(A) 
(iv) n(A AB) = n(A-B)+n(B-—A) = n(A) +n(B) —2n(A OB) 
(v) n(A UBUC) =n (A) +n(B) +n(C) —n(A OB) —n(BNC)—n(C NA) +n(ANBNC) 
(vi) Number of elements in exactly two of sets A, B andC 
= n(AMNB)+n(BNC)+n(C NA)-3n(ANBAC) 
(vii) Number of elements in exactly one of sets A, B and C 
= n(A)+n(B)+n(C)-2n(A NB)-2n(BNC)—-2n(ANC)+ 3n(ANBONC). 





CHARTER 2 
RELATIONS 


2.1 INTRODUCTION 


In previous chapter, we have discussed various operations on sets to create more sets out of 
given sets. In this chapter, we shall study one more operation which is known as the cartesian 
product of sets. This will finally enable us to introduce the concept of relation. 


2.2 ORDERED PAIRS 

ORDERED PAIR An ordered pair consists of two objects or elements in a given fixed order. 

For example, if A and B are any two sets, then by an ordered pair of elements we mean a pair 
(a, b) in that order, where a € A,b & B. 

NOTE An ordered pair is not a set consisting of two elements. The ordering of the two elements in an 
ordered pair is important and the two elements need not be distinct. 

ILLUSTRATION 1 The position of a point in a two dimensional plane in cartesian coordinates ts 
represented by an ordered pair. Accordingly, the ordered pairs (1, 3), (2, 4), (2, 3) and (3, 2) represents 
different points in a plane. 

EQUALITY OF ORDEREDPAIRS Two ordered pairs (a,, b,) and (az, bz) are equal iffa, = az andb; =bp. 
1.e. (a1, by) = (a, b>) — & = ao and b; = bo 

It is evident from this definition that (1, 2) ¥ (2, 1) and (1, 1) # (2, 2). 

ILLUSTRATION 2. Find the values of a and b, if (3a —2,b + 3) =(2a—1, 3). 


SOLUTION By the definition of equality of ordered pairs, we obtain 
(3a-—2,b+ 3) = (2a-1, 3) & 3a-—2=2a-1land b+3=3 = a=1 and D=0 


2.3 CARTESIAN PRODUCT OF SETS 
CARTESIAN PRODUCT OF SETS Let A and B be any two non-empty sets. The set of all ordered pairs 
(a, b) such thata € Aandb ¢€ Bis called the cartesian product of the sets A and B and is denoted by A x B. 
Thus, Ax B={(a,b):aeA and b eB} 
If A= or B=9, then we define A x B=9. 
ILLUSTRATION1 If A ={2, 4, 6} and B={I1, 2}, then 

Ax B = {2, 4, 6} x {1,2} = {(2,1), (2, 2), (4, 1), (4, 2), (6, 1), (6, 2)} 
and, BxA = {1,2}x{2,4,6} = {(1, 2), (1, 4), (1, 6), (2, 2), (2, 4), (2, 6)} 
It is evident from the above illustration that to write A x B, we take an element from set A and 
form all ordered pairs with this element as first element and elements of B as second elements. 
Next we choose another element from A and corresponding to each element in B we form 


ordered pairs with this element as first element and elements of B as second elements. Thi 
process is continued till all elements of A are exhausted. : - 


ILLUSTRATION2 If A={a,b} and B={1,2,3}, find AxB, BxA, AxA, BxB, and 
(A x B) N(Bx A). ’ , ne 


2.2 MATHEMATICS-XI 


SOLUTION We have, A ={a,b} and B ={1, 2, 3} 
F Ax B = {(a,1), (a, 2), (a, 3), (b, 1), (b, 2), (b, 3)} 
Bx A = {(1, a), (1, b), (2, a), (2, b), (3, a), (3, b)} 
AxA = {(a, a), (a,b), (b, a), (b, b)} 
BeaBe=4(1, 1), (1; 2), (1, 3), (2, 1),.(2, 2), (2, 3), (3, 1), (3, 2), (3, 3)} 
Clearly, (A x B) A(Bx A) =9. 
CARTESIAN PRODUCT OF THREE SETS Let A, Band C be three sets. Then, A x Bx C is the set of all 
ordered triplets having first element from A, second element from B and third element from C. 
i.e. Ax BxC = {(a,b,c):aeA,beB,c EC} 
ILLUSTRATIONS IfA = {1,2},B = {3,4}andC = {4,5, 6}. Then, 
Ax B = {1,2}x{3, 4} = {(1, 3), (1, 4), (2, 3), (2, 4)} 
and, Ax BxC = (Ax B)xC 
= {(1, 3), (1, 4), (2, 3), (2, 4)} x {4,5, 6} 
= {(1, 3, 4), (1, 3,5), (1, 3, 6), (1, 4, 4), (1, 4,5), (1, 4, 6), 
(2, 3, 4), (2, 3,5), (2, 3, 6), (2, 4, 4), (2, 4,5), (2, 4, 6)} 
NOTE It should be noted that Ax Bx C =(Ax B)xC =Ax(BxC). 
If Aj, Ap, A3,..., A, arensets, then the cartesian product A x A> x... x A, of these 1 sets is the 
set of all m-tuples of the form (a1, a2, 43, ..., 4), Where a, €A, a €Ad,..., 4, € Ay. 
i.e. Ay x Ag Xu.X Ay = {(0y, 4,3, +++ Mp) 204 € Ay, Ap € An, 93 €A3,..-, Gy € Ay} 
2.3.1 NUMBER OF ELEMENTS IN THE CARTESIAN PRODUCT OF TWO SETS 
THEOREM If A and Bare two finite sets, thenn(A x B) = n(A)xn(B). 
PROOF Let A = (41, 4, &3,...,4%m} and B = {b,,b2,b3,...,0,} be two sets having m andn 
elements respectively. Then, 
Ax B = {(ay,by), (a4, by), (a, bg), «++, (44, Dp) 
(42, by), (42, bg), (42, 63) ---, (42, by) 


(Gn, by), (4 , bo), (Gn , bs) eacey (Gn, b,)} 
Clearly, in the tabular representation of A x B there arem rows of ordered pairs and each row has 
n distinct ordered pairs. So, A x B has mn elements. 
Hence, n(Ax B) = mn = n(A) xn(B) Q.E.D. 
REMARK (i) If either A or Bis an infinite set, then A x B is an infinite set. 
(ii) If A, B, C are finite sets, then n(A x Bx C) =n(A) x n(B) x n(C) 


2.3.2 GRAPHICAL REPRESENTATION OF CARTESIAN PRODUCT OF SETS 

Let A and B be any two non-empty sets. To represent A x B graphically, we draw two mutually 
perpendicular lines, one horizontal and other vertical. On the horizontal line, we represent the 
elements of set A and on the vertical line, the elements of B. Ifa ¢ A, b € B, we draw a vertical 
line through a and a horizontal line through b. These two lines will meet in a point which will 
denote the ordered pair (a, 0). In this manner we mark points corresponding to each ordered pair 
in A x B. The set of points so obtained represents A x B graphically as illustrated below. 


ILLUSTRATION IfA=(1, 2, 3}and B=(2, 4), find A x Band show it graphically. 
SOLUTION Clearly, AxB = {(1, 2), (1,4), (2,2), (2,4), (3, 2),(3, 4): 


RELATIONS 2.3 
In order to represent A x B graphically, we draw two perpendicular lines OX and OY as 


shown in Fig. 2.1. Now, we represent the set A by three points on OX and the set B by two points 
on OY. The set Ax B is represented by the six points as shown in Fig. 2.1. 


(1,4) (2,4) (3,4) 


(1, 2) 2, 2) G, 2) 





O Leics X 
Fig. 2.1 


2.3.3 DIAGRAMATIC REPRESENTATION OF CARTESIAN PRODUCT OF TWO SETS 


In order to represent A x Bby an arrow diagram, we first draw Venn diagrams representing sets 
A and B one opposite to the other as shown in Fig. 2.2. Now, we draw line segments starting 
from each element of A and terminating to each element of set B. 


IfA = {1, 3,5} and B = {a,b}, then following figure gives the arrow diagram of A x B. 





Fig. 2.2 


ILLUSTRATIVE EXAMPLES 


Type I ON EQUALITY OF ORDERED PAIRS 

EXAMPLE1 Find x and y, if(x + 3,5) =(6, 2x + y). 
SOLUTION By the definition of equality of ordered pairs 
(x+ 3,5) = (6,2x+ y) 

x+3 = 6 and 5 = 2x+y 

x = 3 and 5 = 2x+y 

x=3,5 =6+y 

x = 3andy = -1 


YUU 


Type II ON FINDING THE CARTESIAN PRODUCT OF TWO SETS 
EXAMPLE2 [fA ={1, 3,5, 6} and B={2, 4}, find Ax Band Bx A. 
SOLUTION We have, A ={1, 3,5, 6} and B = {2, 4}. Therefore, 

Ax B = {(1,2),(1, 4), (3, 2), (3, 4), 6, 2), (5, 4), (6, 2), (6, 4)} 
and, BxA = ({(2,1),(2, 3), (2,5), (2, 6), (4, 1), (4, 3), (4,5), (4, 6)} 
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EXAMPLE3 If A ={1, 2, 3}, B={3, 4} andC ={1, 3, 5}, find 
(i) Ax (BUC) (ii) Ax (BAC) (iii) (A x B) N(AxC) 
SOLUTION (i) Clearly, BUC ={1, 3, 4,5} 
. Ax(BUC) = {1, 2, 3} x {1, 3, 4,5) 
= {(1, 1), (1, 3), (1, 4), (1, 5), (2, 1), (2, 3), (2, 4), (2,5), (3, 1), (3, 3), (3, 4), (3, 5)} 
(ii) Clearly, BNC ={3}. 
ee Ax (B MC) ={1, 2, 3} x {3} ={(1, 3), (2, 3), (3, 3)} 
(iii) Ax B={(1, 3), (1, 4), (2, 3), (2, 4), (3, 3), (3, 4}, 
and, AxC = {(1,1),(1, 3), (1,5), (2, 1), (2, 3), (2,5), (3, 1), (3, 3), (35)} 
(Ax B)A(AxC) = {(1, 3), (2, 3), (3, 3)}. 
Type III ON FINDING SETS A AND B WHEN A xB OR SOME ELEMENTS OF A xB ARE GIVEN 
EXAMPLE4 LetA = {1,2, 3}andB = {x:x EN, xis prime less than 5}. Find Ax Band Bx A. 
SOLUTION We have, A ={1, 2, 3} and, B = {x:x EN, xis prime less than5}={2,3} 
Ax B = {1, 2, 3} x{2, 3} = {(1, 2), (1, 3), (2, 2), (2, 3), (3, 2), (3, 3)} 
and, BxA = {2, 3}x{1,2, 3} = {(2,1), (2, 2), (2, 3), (3,1), (3, 2), (3, 3)} 
EXAMPLES If Ax B={(a,1), (a,5), (a, 2), (b, 2), (b, 5), (b, 1)}, find Bx A. 
SOLUTION Clearly, Bx A can be obtained from Ax B by interchanging the entries (or 
components) or ordered pair in A x B. 
BxA = {(1, a), (5, a), (2, a), (2, b), (5, b), (1, b)} 
EXAMPLE6 If A = {1, 2}, form the set Ax Ax A. 
SOLUTION We have, A ={1, 2}. 
AxA = {(1,1), (1, 2), (2, 1), (2, 2)} 
and, AxAxA = {(1,1,1),(1,1, 2), (1, 2,1), (1, 2, 2), (2,1, 1), (2,1, 2), (2, 2,1), (2, 2, 2)} 
EXAMPLE7 [If R is the set of all real numbers, what do the cartesian products Rx Rand Rx RxR 
represent? 
SOLUTION The cartesian product of the set R of all real numbers with itself i.e. R x R is the set of 
all ordered pairs (x, y) where x, y € R. In other words, R x R ={(x, y): x, y € R}. 
Clearly, R x R is the set of all points in XY-plane. The set R x R is also denoted by R?. 
Similarly, we have 
RxRxR = {(x, y,2):x,y,z eR} 
Clearly, it represents the set of all points in space. The set R x Rx R is also denoted by R°. 


EXAMPLES Express A = {(a,b):2a+b =5,a,b eW) as the set of ordered pairs. 
SOLUTION Here, W denotes the set of whole numbers (non-negative integers). 
We have, 
2a+b = 5,wherea,b EW. 
a=0>60=5,a4=1>b=3andea=2>5=1 
For a > 3, the values of b given by the above relation are not whole numbers. 
A= {(0, 5), (1, 3), (2, 1)} 
EXAMPLE9 JfAx B={(a, 1), (b, 3), (a, 3), (b, 1), (a, 2), (b, 2)}, find A and B. 
SOLUTION Clearly, A is the set of all first entries in ordered pairs in A x Band B is the set of all 
second entries in ordered pairs in A x B. 
F A = {a,b} and B = {1, 2, 3} 
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EXAMPLE 10 Let A and B be two sets such that A x Bconsists of 6 elements. If three elements of A x B 
are : (1, 4), (2, 6), (3, 6). Find A x Band Bx A. 
SOLUTION Since (1, 4), (2, 6) and (3, 6) are elements of A x B. It follows that 1, 2,3 are elements of 
A and 4, 6 are elements of B. Itis given that A x Bhas6elements.So,A = {1, 2, 3} and B= {4, 6}. 
Hence, AxB = {1,2, 3}x {4, 6} = {(1, 4), (1, 6), (2, 4), (2, 6), (3, 4), (3, 6)} 
and, BxA = {4,6}x({1,2,3} = {(4,1), (4, 2), (4, 3), (6, 1), (6, 2), (6, 3)} 
EXAMPLE 11 The cartesian product A x A has 9 elements among which are found (—1, 0) and (0, 1). 
Find the set A and the remaining elements of A x A. 
SOLUTION Since (-1, 0) eA x A and(0, 1) € Ax A. Therefore, 

(-1,0)e¢€AxA => -1,0€A and, (0,1)eEAxA => 0,1EA 

-1,0,1eEA 
It is given that A x A has 9 elements. Therefore, A has exactly three elements. 
Hence, A ={-1,0,1}. 
EXAMPLE 12 Let Aand B be two sets such thatn(A) =5andn(B) = 2.Ifa,b, c,d, eare distinct and 
(a, 2), (b, 3), (c, 2),(d, 3), (e, 2) are in A x B, find A and B. 
SOLUTION Since(a, 2), (b, 3), (c, 2), (d, 3), (e, 2) are elements of A x B. Therefore,a,b,c,d,eeA 
and 2,3 eB. 
A is given that n(A) = 5and n(B) = 

a,b,c,d,eeEA and n(A) = é = An= 10,0,C, ae} 
BE: and n(B) = 2 => B = {2, 3} 


TypeIV ON GRAPHICAL AND DIAGRAMATIC REPRESENTATION OF A xB 


EXAMPLE13 Let A ={-1, 3, 4} and B={2, 3}. Represent the following products graphically i.e. by 
lattices: (i) Ax B (ii) Bx A (iii) Ax A 
SOLUTION (i) Wehave, A ={-1, 3, 4} and B ={2, 3}. 
Ax B = {(-1, 2), (-1, 3), (3, 2), (3, 3), (4, 2), (4, 3)} 
In order to represent A x B graphically, we follow the following steps: 
(a) Draw two mutually perpendicular line one horizontal and other vertical. 
(b) On the horizontal line represent the elements of set A and on the vertical line represent the 
elements of set B. 
(c) Draw vertical dotted lines through points representing elements of A on horizontal line 
and horizontal lines through points representing elements of Bon the vertical line. Points of 
intersection of these lines will represent A x B graphically as shown in Fig. 2.3. 





2.6 MATHEMATICS-XI 
= {2, 3} x {-1, 3, 4} = {(2, -1), (2, 3), (2, 4), (3, -1), (3, 3), (3, 4))} 


Here, we represent B on the horizontal line and A on vertical line. Graphical representation of 
Bx A is as shown in Fig. 2.4. 


(ii) Clearly, Bx A 





Fig. 2.4 
(iii) We have, A ={1, 3, 4} 
AxA = {-1, 3, 4] x {—1, 3, 4} 


= {(-1, —1), ( —1, 3), (-1, 4), (3; —1), (3, 3), (3; 4), (4, —1), (4, 3), (4 4)} 
Graphical representation of A x A is shown in Fig. 2.5. 





(3, 4) 
ae a Dapnietved lave cdbiccndecsicewsedaceudsbecs ? wesdescwast + (4, ea 
dnaghtatssnadVenneciaeurousess al (4, 3) 
st = 
(4, af guaekheosel “7 Raticpne guiloneses Cay Sbebaes denn + (-1,4) 


Fig. 2.5 


EXAMPLE14 IfA = {1, 3,5}, B = {x, y} represent the following products by arrow diagrams: 
(i) Ax B (iil) Bx A (iii) Ax A (iv) Bx B 


SOLUTION (i) We have, A ={1, 3,5} and B={x, y} 


Ax B = {1, 3,5} x {x,y} = {(1, x), (1, y), (3, x), (3, y), 6, 9, 6, y)} 
pail owing arrow diagram represents A x B. 


gil 
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Fig. 2.6 
(ii) We have, B ={x, y} and A ={1, 3,5}. 
Bx A = {x,y} x {1, 3,5} = {(x, 1), (x, 3), (x, 5), (y, 1), (y, 3), (y, 5)} 


It has been represented by the following arrow diagram. 


B A 





(iii) We have, A =[1, 3,5} 
- AxA = {1, 3,5} x{1, 3,5} = {(1,1),(1, 3), (1,5), (3, 1), (3, 3), (3,5), (5, 1), G, 3), ©, 5)} 
It has been represented by the following arrow diagram. 





Fig. 2.8 


(iv) Wehave, B={x, y} 
. Bx B = {x, y} x {x, y} = {(x, x), (x, y), (y, x), (y, y)} 
Following is the arrow diagram representing B x B. 
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1. 


On A UW 


\o 


10. 
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(i) If (4 +1,b -2)- (2, =) find the values of a and b. 


EXERCISE 2.1 


(ii) If (x +1, 1) =(3, y — 2), find the values of x and y. 


. If the ordered pairs(x,—1) and (5, y) belong to the set {(a, b) :b = 2a — 3}, find the values of 


x and y. 


. If ae{—1,2, 3, 4,5} and b €{0, 3, 6}, write the set of all ordered pairs (a,b) such that 


a+b=5. 


. Ifae{2, 4, 6, 9}andb e€{4, 6, 18, 27}, then form the set of all ordered pairs (a, b) such that a 


divides b anda <b. 


. If A ={1, 2} and B ={1, 3}, find A x Band Bx A. 

. Let A ={1, 2, 3} and B ={3, 4}. Find A x Band show it graphically. 

. IfA ={1, 2, 3} and B ={2, 4}, what are A x B, Bx A, Ax A, Bx B,and(Ax B) A(Bx A)? 

. If Aand Bare two sets having 3 elements in common. IJfn(A) =5,n(B) = 4, find n(A x B) and 


n{(A x B) A(Bx A)]. 


. Let A and B be two sets. Show that the sets A x Band B x A have an element in common iff 


the sets A and B have an element in common. 
Let A and B be two sets such that n (A) = 3 and n(B) =2. 
If (x, 1), (y, 2), (z, 1) are in A x B, find A and B, where x, y, z are distinct elements. 


11. Let A ={1, 2, 3, 4} and R ={(a,b):a eA,b € A, a divides b}. Write R explicitly. 
12. IfA = {-1,1}, find Ax Ax A. 
13. State whether each of the following statements are true or false. If the statement is false, 
re-write the given statement correctly: 
(i) If P ={m, n} and Q ={n, m}, then P x Q ={(m, n), (n, m)} 
(ii) If A and B are non-empty sets, then A x B is a non-empty set of ordered pairs (x, y) 
such that x «e Band y € A. 
(iii) If A ={1, 2}, B={3, 4}, then Ax (BONO =6 
14. If A ={1, 2}, form the set A x Ax A. 
15. If A =({1, 2, 4} and B ={1, 2, 3}, represent following sets graphically: 
(i) Ax B (ii) Bx A (iii) Ax A (iv) Bx B 
ANSWERS 
1. (i) a=2,b=1 (ii) x=2,y=3 2. x=1,y=7 3. {(—1, 6), (2, 3), (5, 0)} 


4. {(2, 4), (2, 6), (2, 18), (6, 18), (9, 18), (9, 27)} 


5. 
6. Ax B={(1, 3), (1, 4), (2, 3), (2, 4), (3, 3), (3, 4)}. 
7. 


Ax B=({(1, 1), (1, 3), (2,1), (2, 3)} and Bx A ={(1, 1), (1, 2), (3, 1), (3, 2)} 


Ax B = {(1, 2), (1, 4), (2, 2), (2, 4), (3, 2), (3, 4)} 

BxA = {(2,1), (2, 2), (2, 3), (4,1), (4, 2), (4, 3)} 

AxA = {(1,1),(1, 2),(1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2),(3, 3)} 
Bx B= { (2, 2), (2, 4), (4, 2), (4, 4) 1 

(Ax B) A(Bx A) = {(2,2)} 


8. n(A x B) =20,n{(A x B) A(Bx A)]=9. 10. A ={x, y,z}, B={1, 2} 
11. R={(1,1),G, 2), (1, 3), (1, 4), (2, 2), (2, 4), (3, 3), (4, 4)} 
42. Ax AxA = {(1,-1,-1), (-1, -1,1), (-1,1, -1), (-1,1, 0), (1, -1, -1), (1, -1, 0), 


(1,1, -1), (4,1, 1)) 


14. OF ae ={(1,L 1), (1, 1, 2), (1, 2, 1), (1, 2, 2), (2, 1, 1), (2, 1, 2), (2, 2, 1), (2, 2, 2)) 
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HINTS TO SELECTED PROBLEM 


8. n(A x B) =n(A)xn(B) =5 x 4=20. From theorem 9, if A and B have n elements in common, 
then (A x B) and Bx A have n* elements in common. Therefore, 


n[(A x B) A(Bx A)] = 37 =9. 


2.4 SOME USEFUL RESULTS 
In this section, we intend to study some results on cartesian product of sets which are given as 
theorems. 
THEOREM 1 For any three sets A, B, C, prove that: 
(i) Ax (BUC)=(Ax B) U(AxC) (ii) Ax(BOC)= (Ax B)N(AxC). 

PROOF (i) Let (a, b) be an arbitrary element of A x (B UC). Then, 
(a,b) Ee Ax(BUC) 
aeAandbe BUC [By definition] 
aeAand(b €Borb €C) [By definition of union] 
(ae A andb €B) or(aeA andb EC) 
(a,b)eAxBor(a,b) €AxC 
(a,b) €(Ax B) U(AxC) 
Ax(BUC) <(A~x B) U(AxC) ...(i) 
Now, let (x, y) be an arbitrary element of (A x B) U(A x C). Then, 
(x, y) €(Ax B) U(AxC) 
(x, y) €Ax Bor,(x,y)EeAxC 
(x € A and y €B) or, (x € A and y €C) 
xeAand(y ¢ Bor y €C) 
xeAandye (BUC) 
(x, y) €Ax (BOC) 
i (Ax B) V(AxC)c Ax(BUC) .-.(ii) 
Hence, from (i) and (ii), we obtain 

Ax(BUC)=(Ax B) U(Ax C). 
(ii) Let (a, b) be an arbitrary element of A x (B NC). Then, 

(a,b) Ee Ax(BOC) 


oy tel YY 


“UUYYY 


= aeAandbe (BNC) [By definition] 
= ae Aand(b € Bandb EC) 

— (ae Aandb &€B) and(aeA andb €C) 

= (a,b)éAxB and (a,b)eAxC [By definition] 
> (a,b) €(A x B) N(AxC) 

Ax(BONC) ¢ (Ax B)N(AxC) ...(i) 


Now, let (x, y) be an arbitrary element of (A x B) (A x C). Then, 

(x, y) €(Ax B) N(AxC) 

(x, y) €(Ax B) and(x, y) eAxC 

(x € A and y eB) and(x eA and y €C) 

x eA and(y «Bandy €C) 

xe Aandye (BNC) 

(x,y) €Ax(BAC) 

(Ax B)AN(AxC) ¢ Ax(BNC) _..(ii) 

Hence, from (i) and (ii), we obtain 
Ax(BOC) = (Ax B)AN(AxC) 


“UUUUY 


Q.E.D. 
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THEOREM 2 For any three sets A, B, C, prove that: A x (B —-C) =(A x B) -(AxC). 


PROOF Let (a, b) be an arbitrary element of A x (B —C). Then, 
(a,b) €Ax(B-C) 
ae Aandbe (B-C) 
aeéA and(b e Bandb ¢C) 
(ae A andb €B) and(aeA andb ¢€C) 
(a,b) €(A x B) and (a,b) ¢(A x C) 
(a,b) €(Ax B) -(AxC) 
Ax(B-C) c¢ (Ax B)-(AxC) 
Now, let (x, y) be an arbitrary element of (A x B) —(A x C). Then, 
(x, y) €(A x B) -(AxC) 
(x, y) €Ax Band(x,y)¢AxC 
(x €A and y eB) and(xeA and y ¢€C) 
x éA and (y «Band y ¢C) 
xeAandye (B-C) 
(x, y) €Ax(B-C) 
(Ax B)-(AxC) c Ax(B-C) 
Henk, from (i) and (ii), we get 
Ax(B—-C) = (Ax B)-(AxC) 


-Yyuy 


“UUUUY 


.--(i) 


...(ii) 


Q.E.D. 


THEOREM3 If Aand B are any two non-empty sets, then prove that: Ax B=Bx A <= A=B. 


PROOF First, let A = B. Then we have to prove that Ax B=Bx A. 
Now, A=B 

= AxB=AxA and Bx A=AxA 

=> AxB=BxA 

Conversely, let A x B= Bx A. Then we have to prove that A = B. 


Let x be an arbitrary element of A. Then, 
xeA 

= (x,b) €AxB forall beB 

=> (x,b)EBxA 





= xeB 
AcB 

Now, let y be an arbitrary element of B. Then, 
yeB 


=> (a, y)<e¢ Ax BforallacA 
— (a,y)EeBxA 


=> yeA 
BcA 
rierice) A=B. 


THEOREM4 If Ac B, show that Ax Ac (Ax B) (Bx A). 
PROOF Let (a, b) bean arbitrary element of A x A. Then, 
(a,b) eAxA 

aeAandbeA 

(ae A,b eA) and(a@eéA,b eA) 


(a, b) €(A x B) and (a, b) e(Bx A) 
(a, b) €(A x B) N(Bx A) 

AxA ¢& (Ax B) (Bx A) 
Hence, Ac B=>AxAg (Ax B) n(Bx A). 


“UUUYY 


(ae A,b €B) and(aeB,b eA) [fe ACB... 


[. B=Al] 


[. Ax B=Bx A] 
[By definition] 


[- Ax B=Bx A] 
[By definition] 


Q.E.D. 


a,beA=>a,b EB] 


Q.E.D. 
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THEOREMS5 If Ac B, prove that AxC c BxC for any set C. 
PROOF Let (a, b) be an arbitrary element of A x C. Then, 


(a,b) € AxC 
= aeAandbeC 
= aeBandbeC [. ACB .aeA>aeB] 
= (a,b) —eEBxC 
Thus, (a,b)eAxC => (a,b) © BxC forall(a,b) €(AxC). 
Ax Gc Bx GC. Q.E.D. 


THEOREM6 If Ac BandC cD, prove thatAxCc BxD. 
PROOF Let(a,b) be an arbitrary element of A x C. Then, 





(a,b)EAxC 
= aeAandbeC 
= aeB andbeD [. Ac B and Ce D) 
— (a,b) e BxD 
Thus, (a,b) <eAxC => (a,b) € Bx D forall(a,b) €(AxC). 
Ax © CIB xy Q.E.D. 


THEOREM 7 For any sets A, B, C, D prove that:(A x B) N(C x D) = (ANC)x(BOD) 
PROOF Let (a, b) be an arbitrary element of (A x B) A(C x D). Then, 
(a,b) €(A x B) N(C xD) 
(a,b) €Ax Band(a,b) —eCxD 
(ae A andb &€B) and(aéC andb ED) 
(ae A anda e€éC) and(b e Bandb ED) 
a €(ANC)andbe BND 
(a,b) E(A NC) x(BNOD) 
(A x B) N(C xD) ¢ (ANC)x(BND) 
Similarly, (A AC)x (BAD) c(Ax B) N(C xD) 
Hence, (A x B) A(C x D) =(A NC) x (BAD) Q.E.D. 
COROLLARY For any sets A and B, prove that (A x B) N(Bx A)=(A ™ B)x (BA A). 
THEOREM 8 For any three sets A, B, C prove that: 
(i) Ax(B’ UC’) =(AxB)A(AxC) (i) Ax(B’ NC’) =(A~x B) U(Ax C). 
PROOF (i) We have, 


au UN YY 


Ax (B' UC’) = Ax ((B)' A(C’)’) [By De-Morgan’s law] 

= Ax(BNC) = (Ax B)N(AxC) [See Theorem 1] 

(ii), Ax(B'NC') = Ax((BY U(C’)) [By De-Morgan’s Law] 
= Ax(BUC) = (Ax B) U(AxC) [See Theorem 1] 

Q.E.D. 


THEOREMS Let A and B be two non-empty sets having n elements in common, then prove that Ax B 
and Bx A have n* elements in common. 


PROOF Wehave, 

(Ax B) A(C xD) = (ANC)x(BAD) [See Theorem 7] 
> (A x B) N(Bx A) = (AN B)x (BOA) [On replacing C by B and D by A] 
= (Ax B) A(Bx A) = (ANB)x(AB) 
It is given that A © Bhas n elements, so (A ~- B) x (B 4 A) has n2 elements. 
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But, (A x B) N(Bx A) = (AN B)x(A NB) [Proved above] 
(A x B) A(Bx A) has n= elements. 


Hence, Ax Band Bx A haven elements in common. Q.E.D. 


THEOREM 10 Let A bea non-empty set such that Ax B=A x C. Show that B =C. 


PROOF Letb be an arbitrary element of B. Then, 
(a,b) e€ Ax BforallaecA 


a“ (a,b) e AxC forallacA [tt AX B= Ax Gl 
= beC 
Thus, beB => beC 
. BicG .--(i) 
Now, let c be an arbitrary element of C. Then, 

(a,c)eAxCforallacA 
=> (a,c)E€Ax BforallacA [i Ax B=A x C) 
=> ceB 
Thus, ceC > ceB 
; CcB (li) 


From (i) and (ii), we get B=C. 


EXERCISE 2.2 


ToEvET |, 


1. Given A ={1, 2, 3}, B=({3, 4}, C =(4,5, 6}, find (A x B) A(BxC). 
2. If A ={2, 3}, B={4,5},C ={5, 6}, find A x (BUC), Ax (BNAC),(A~x B) U(AxC). 
3. If A ={1, 2, 3}, B={4},C =(5}, then verify that: 

(i) Ax (BUC) =(Ax B) U(AxC) (ii) Ax (BAC) =(Ax B) N(AxC) 

(i) Ax(B-C) =(A~ B)-(AxC). 

4. Let A =({1, 2}, B={1, 2, 3, 4}, C ={5, 6} and D ={5, 6,7, 8}. Verify that: 

(i) AxCcCBxD (ii) Ax (BAC) =(Ax B) A(AxC) 
5. If A ={1, 2, 3}, B={3, 4} andC ={4, 5, 6}, find 

(i) Ax(BAC) (ii) (AxB)A(AxC) (iii) Ax (BUC) (iv) (Ax B) U(AxC) 


6. Prove that: (i) (AU B)xC =(AxC)U(BxC) (ii) (AN B)xC =(AxC) n(BxC) 
7. fAxBoCxDandAx B#}, provethatAcC and BcD. 


ANSWERS 





1. {3, 4}. 
2. Ax (BUC) ={(2, 4), (2,5), (2, 6), (3, 4), (3, 5), (3, 6} 
Ax (B OY C) = {(2, 5), (3, 5)}, 
(A x B)U (A x C) ={(2, 4), (2, 5), (3, 4), (3, 5), (2, 6), (3, 6)}. 
4, R={(1, 1), (1, 2), (, 3), (1, 4), (2, 2), (2, 4), (3, 3), (4, 4) } 
5. (i) {(1, 4), (2, 4), (3, 4)} (ii) {(1, 4), (2, 4), (3, 4)} 
(iii) {(1, 3), (1, 4), (1,5), (1, 6), (2, 3), (2, 4), (2,5), (2, 6), (3, 3), (3, 4), (3, 5), (3, 6)} 
(iv) {(1, 3), (1, 4), (1,5), (1, 6), (2, 3), (2, 4), (2,5), (2, 6), (3, 3), (3, 4), (3,5), (3, 6} 


2.5 RELATIONS 
Let A and B denote the sets of all male and female members in the royal family of Dasrath’s 
dom. Clearly, A = { Dasrath, Ram, Laxman, Shatrughan, Bharat } and B = { Kaushalya, 


iY i, Sumitra, Sita, Urmila, Shrutkirti, Mandvi }. 


Se 
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If we write R for the relation “was husband of” then the fact that Dasrath was husband of 
Kaushalya, Kaikai and Sumitra, Ram was husband of Sita, Laxman was husband of Urmila, 
Bharat was husband of Mandvi and Shatrughan was husband of Shrutkirti can be represented 
as: 

Dasrath R Kaushlya, Dasrath R Kaikai, Dasrath R Sumitra, Ram R Sita, Laxman R Urmila, 
Bharat R Mandvi and Shatrughan R Shrutkirti. 

Now, if we omit the letter R between the pairs of names and write them as ordered pairs, then 
the above fact can also be written as a set R of ordered pairs as given below: 


R = { (Dasrath, Kaushalya), (Dasrath, Kaikai), (Dasrath, Sumitra), (Ram, Sita), 
(Laxman, Urmila), (Bharat, Mandvi), (Shatrughan, Shrutkirti) }. 










Kaushalya 
Kailkai 
Sumitra 
Sita 
Urmila 
Mandvi 
Shrutkirti 







Bharat 
Shatrughan 











Clearly, Rc Ax B. 

A visual representation of this relation R in the form of an arrow diagram is as follows: 

Thus, we see that the relation “was husband of” from set A to set B gives rise to a subset R of 
A x Bsuch that (x, y) € R iff xRy. 

Keeping this example in mind, we may define a relation as follows. 

RELATION Let A and B be two sets. Then a relation R from A to B is a subset of A x B. 

Thus, R is a relation from A toB<@ Rc Ax B. 

If R is a relation from a non-void set A to a non-void set B and if (a, b) e R, then we write aRb 


which is read as “a is related to b by the relation R. If(a, b) ¢ R, then we write aRb and we say that 
a is not related to b by the relation R. 


ILLUSTRATION1 IfA ={1, 2, 3}and B={a, b,c}, then R={(1,b), (2,c), (1, a), (3,a)}, being a subset of 
A x B, is a relation from A to B. Here, (1, b), (2, c), (1, a) and (3, a) € R, so we write 1Rb, 2Rc, 1Ra and 
3Ra. But, (2, b) ¢€ R, so we write 2 Rb 


ILLUSTRATION2 IfA={a,b,c,d},B={p,q, r,s}, then which of the following are relations from A to B? 
Give reasons for your answer. ? 
(i) Ry ={(a, p), (6,7), (c, s)} (ti) Ro ={(q,b), (c, s), (d,r)} 
(iii) Rg ={(a, p), (a, 9), (d, p), (c, 7), (,1r)} (iv) Rg ={(a, p), (g, a), (b, 5), (s, b)}. 
SOLUTION (i) Clearly, R; < Ax B. So, Rj is a relation from A to B. 
(ii) Since (4, b) € Rp but (q,b) ¢ A x B. So, Rp & A x B. Thus, Rp is not a relation from A to B. 
(iii) Clearly, R3 ¢ A x B. Soitisa relation from A to B. 
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(iv) Rg is nota relation from A to B, because (q, a) and (s, b) are elements of Ra but (q, a) and 
(s, b) are not in A x B. As such Ry ¢ Ax B. 
TOTAL NUMBER OF RELATIONS Let A and B be two non-empty finite sets consisting of m and n 
elements respectively. Then, A x B consists of mn ordered pairs. So, total number of subsets of 
A x Bis 2’. Since each subset of A x Bdefines a relation from A to B, so total number of relations 
from A to Bis 2””"". Among these 2” relations the void relation and the universal relation A x B 
are trivial relations from A to B. 


2.5.1 REPRESENTATION OF A RELATION 
A relation from a set A to a set B can be represented in any one of the following forms: 


(il) ROSTERFORM In this forma relation is represented by the set of all ordered pairs belonging 
to R. 

For example, if R is a relation from set A = {—- 2, —1, 0,1, 2}to set B= {0, 1, 4, 9, 10} by the rule 
aRb <= a* =b. Then,0R0,-2R4,-1R1,1R1and2R 4. 

So, R can be described in Roster form as R = {(0, 0), (—1, 1), (— 2, 4), (1, 1), (2, 4)} 

(li) SET-BUILDER FORM In this form the relation R from set A to set B is represented as 
R = {(a,b):a¢A,b €B anda, b satisfy the rule which associates a and }}. 


For example, if A = {1,2, 3,4,5}, B = {1 & P 2 ; A ; A oul and R is a relation from A to B 


gray n-{.0(24}.(22) (0-2). 


Then, R in set-builder form can be described as: R = (a, b):aeA,beBandb = “|. 
a 


It should be noted that it is not possible to express every relation from set A to set Bin set-builder 
form. For example, the relation R = {(1, a), (1, c),(3,b)} from set A ={1,2, 3,4} to set 
B = {a,b, c}cannot be described in set-builder form. 

(iil) BY ARROW DIAGRAM In order to represent a relation from set A to a set B by an arrow 


diagram, we draw arrows from first components to the second components of all ordered pairs 
belonging to R. 


For example, relation R = {(1, 2), (2, 4), (3, 2), (1, 3), (3, 4)} from set A = {1, 2, 3, 4,5} to set 
B = {2, 3, 4,5, 6,7}can be represented by the following arrow diagram: 





Fig. 2.11 


(iv) BY LATTICE In this form, the relation R from set A to set B is represented by darking the 
dots in the lattice for A x B which represent the ordered pairs in R. 


For example, if R = {(— 3, 9), (—2, 4), (—1, 1), (0, 0), (1, 1), (2, 4), (3, 9)} is a relation from set 


A = {3-2 -1,0, 1,2, 3} to set B = {0,1, 2, 3, 4,5, 6,7, 8, 9}, then R can be represented 
by the following lattice. 
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= 





yY’ 
Fig. 2.12 


2.5.2 DOMAIN AND RANGE OF A RELATION 


Let R bea relation from a set A toa set B. Then the set of all first components or coordinates of the 
ordered pairs belonging to R is called the domain of R, while the set of all second components 
or coordinates of the ordered pairs in R is called the range of R. 


Thus, Dom (R) = { a: (a, b) ..e R} and Range (R) = {b: (a, b) ER}. 
It is evident from the definition that the domain of a relation from A to B is a subset of A and its 
range is a subset of B. The set B is called the co-domain of relation R. 
ILLUSTRATION1 If A ={1, 3,5,7}, B={2, 4, 6, 8,10} and let R ={(1, 8), (3, 6), (5, 2), (1, 4)} be a 
relation from A to B. Then, 

Domain (R) = {1, 3,5} and Range(R) = {8, 6, 2, 4} 
ILLUSTRATION 2 Let A={1,3,5,7} and B={ 2, 4, 6,8 } be two sets and let R bea relation from A to B 


defined by the phrase “(x, y) € Re» x > y”. Under this relation R, we obtain 3R2, 5R2, 5R4,7R2,7R4 
and 7 R6. 


1.€. R ={(3, 2), (5, 2), (5, 4), (7, 2), (7, 4), (7, 6)}- 
2 Domain (R) = {3,5,7} and Range(R) = {2, 4, 6} 
ILLUSTRATION 3 If R is a relation from set A ={2, 4,5} to set B= {1, 2, 3, 4, 6, 8} defined by 
xRy <> x divides y. 

(i) Write R as a set of ordered pairs, (it) Find the domain and the range of R. 
SOLUTION (i) Clearly, 2R2,2R4,2R6,2R8,4R4, and 4R8. 

R = {(2, 2), (2, 4) , (2, 6), (2, 8), (4, 4), (4, 8)} 

(ii) Clearly, Domain (R) = { 2,4} and Range (R) = { 2, 4, 6,8} 
RELATION ONASET Let A bea non-void set. Then, a relation from A to itself i.e. a subset of A x A, is 
called a relation on set A. 


2.5.3 INVERSE OF A RELATION 

INVERSE RELATION | Let A, B be two sets and let R bea relation from a set A toa set B. Then the inverse 
of R, denoted by R-4 isa relation from B to A and is defined by Re {(b, a):(a,b) ER}. 

Clearly, (a,b) €R <= (b,a) & R 

Also, Dom (R) = Range (R7*) and, Range (R) = Dom (R7), 
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ILLUSTRATION1 Let A ={1, 2, 3}, B={a,b, c, d} be two sets and let R ={(1, a), (1, c), (2, d), (2, c)} 
be a relation from A to B. Then, R7! = {(a, 1), (c, 1), (d, 2), (c, 2)} is a relation from B to A. 

Also, Dom(R)={1,2}= Range (R7), and Range (R) = {a, c,d} = Dom (R7). 

ILLUSTRATION 2 Let A be the set of first ten natural numbers and let R be a relation on A defined by 
(x,y) ER@x+ 2y=10ie.R ={(x, y):x EA, y ¢ Aandx + 2y =10}. Express Rand R~as sets of 
ordered pairs. Also, determine (i) domains of R and R7 (ii) ranges of Rand R™, 

SOLUTION We have, 

(x,y) eRoex+2y=10> ye 
10-1 9 
Now, x= ad ZA. 


This shows that 1 is not related to any element in A. Similarly we can observe that 3,5, 7,9 and 10 
are not related to any element of A under the defined relation. 





0 =e 
: «x, y €A where A ={1, 2, 3, 4,5, 6,7, 8, 9, 10}. 





Further we find that: 
For x = 2, y= — ss =4e€A. Therefore, (2,4) —€ R 
10 -—4 
For x = 4, lie eA. Therefore, (4,3) € R 
10 -—6 
For x = 6, y= =2¢€A. Therefore, (6,2) € R 





1 > - Therefore, (8,1) € R 


Thus, R= {(2, 4), (4, 3), (6, 2), (8, 1)} => Ro = {(4, 2), (3, 4), (2, 6), (1, 8)} 
Clearly, Dom(R) ={2, 4, 6, 8} = Range (R~’) and, Range (R) ={4, 3, 2,1} = Dom (R7). 


ILLUSTRATIVE EXAMPLES 


Type I ON EXAMINING WHETHER A SET OF ORDERED PAIRS REPRESENTS A RELATION OR NOT 
EXAMPLE1 If A={1, 2,3}, B={4, 5, 6}, which of the following are relations from A to B? Give reasons 
in support of your answer: 
(i) Ry ={ (1, 4), (1,5), (1, 6) } (ii) Ro = { (1, 5), (2, 4), (3, 6) } 
(iii) Rg = { (1, 4), (1,5), (G, 6), (2, 6), (3,4)} (iv) Ra ={ (4, 2), (2, 6), (5, 1), (2, 4) }. 
SOLUTION (i) Clearly, Rj c A x B. So, itis a relation from A to B. 
(ii) Clearly, Rp < Ax B. So, it is a relation from A to B. 
(iii) Clearly, R3 ¢ A x B. So, it is a relation from A to B. 
(iv) Since (4, 2) € Ry but (4, 2) ¢ A x B. So, Rg is not a relation from A to B. 
Type II ON DESCRIBING A RELATION AND ITS INVERSE AS A SET OF ORDERED PAIRS AND 
FINGANG THEIR DOMAINS AND RANGES 
EXAMPLE2 A relation R 1s defined from a set A = { 2, 3, 4,5} toa set B ={ 3, 6, 7, 10 } as follows: 
(x,y)EeR x divides y. Express R as a set of ordered pairs and determine the domain and range of R. 
Also, find Ro. 
SOLUTION Recall thata | b stands for ‘a divides b’. For the elements of the given sets A and B, we 
find that 216, 2|10,3|3,3|6, and 5|10. 
(2, 6) ER, (2,10) ER, (3, 3) ER, (3, 6) ER and (5, 10) ER. 
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Thus, R= { (2, 6), (2, 10), (3, 3), (3, 6), (5, 10) }. 
Clearly, Dom (R) = { 2,3, 5 } and, Range (R) = { 3, 6, 10 }. 
Also, R!={ (6,2), (10, 2), (3, 3), (6, 3), (10, 5) }. 
EXAMPLE3 [/f Ris the relation “less than” from A={ 1,2,3,4,5 }/toB={ 1,4,5 }, write down the set of 
ordered pairs corresponding to R. Find the inverse of R. 
SOLUTION Itis given that(x,y)—eR@x<y, where x e Aand y € B. 
For the elements of the given sets A and B, we find that 
1<4,1<5, 2<4,2<5,3<4,3<5and4<5 
(1,4) € R, (1,5) ER, (2, 4) ER, (2,5) ER, (3, 4) ER, (3,5) €R and (4,5) ER. 
Thus, R={ (1,4), (1,5), (2, 4), (2,5), (3, 4), (3, 5), (4, 5) }- 
R-! ={(4, 1), (5, 0), (4, 2), (5, 2), (4, 3), (5, 3), (5, 4)} ={(x, y):x eB, yeA and x > y}. 


EXAMPLE4 A relation R is defined on the set Z of integers as: (x, y) € R => x +. y? = 25. 


Express Rand R “1 fs the sets of ordered pairs and hence find their respective domains. 
SOLUTION We have, 


(x,y) Ro x7 4+ y? =25 <> y=+425-x? 
We observe that from the above relation x =0 gives y =+5. 
(0,5) €R and(0,—-5) eR 
Similarly, x=+ 3= y=,/25-9 =+4 
2, (3,4) €R,(-3, 4) €R,(3, —4) €R and (-3, -4) ER 
x=+4=> y=,/25-16 =+3 
(4, 3) €R,(—4, 3) €R,(4, —3) €R and(-4,—-3) ER 
x=t5=> y=./25—25 =0 
(5,0) €R and(—5,0)eER 


2 is not 


We also notice that for any other integral value of x, the value of y given by y=+V25—x 
an integer. 
. R= { (0, 5), (0, —5), (3, 4), (3, 4), (3, —4), (-3, —4), (4, 3), (+4, 3), (4, —3), (+4, -3), (5, 0), (-5, 0) } 
=> R™ = {(5, 0), (-5, 0), (4, 3), (4, -3), (4, 3), (4-3), (3, 4), (3, +4), (-3, 4), (3, -4), (0, 5), (0, -5) } 
Clearly, Domain (R) = { 0, 3, -3, 4, 4,5, -5 } = Domain (R™"). 
EXAMPLE5 Let R be the relation on the set N of natural numbers defined by 
R ={(a,b):a+ 3b =12,aeN,beEN}. 
Find: (1) R (ii) Domain of R (iii) Range of R 
SOLUTION (i) We have, 
a+ 3b = 12> a = 12-3) 
Puttingb = 1,2, 3 respectively in the above relation, we get a =9, 6, 3 respectively. 
For b = 4, a=12-—3b gives a = 0 which does not belong to N. Also, values of a given by a =12—3b 
do not belong to N for all b >4. 
8 R = {(9, 1), (6, 2), (3, 3)} 
(ii) Clearly, Domain of R = {9, 6, 3} 
(iii) Clearly, Range of R ={1, 2, 3} 


Type UI ON REPRESENTING A RELATION BY USING AN ARROW DIAGRAM 


EXAMPLE6 Let A ={1, 2, 3,4,5, 6}. Define a relation R on set A by R ={(x, y) [y=x+ 1} 3 
(i) Depict this relation using an arrow diagram (ii) Write down the domain, co-domainand range of R. 
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SOLUTION (i) Putting x = 1,2, 3,4,5,6 respectively in y=x+1, we get y =2, 3, 4,5, 6,7 
respectively. 


(1, 2) €R,(2, 3) ER, (3, 4) ER, (4,5) € R, (5, 6) e Rand (6,7) €R. 
For x = 6, we get y =7 which does not belong to set A. 
Hence, R ={(1, 2), (2, 3), (3, 4), (4,5), (5, 6)} 
The arrow diagram representing R is as follows. 


A A 


tt 


Fig. 2.13 
(ii) Clearly, Domain (R) ={1, 2, 3, 4,5}, Range(R) = {2, 3, 4,5, 6}. 
EXAMPLE7 Figure 2.14 shows a relation R between the sets P andQ. Write this relation R in (i) Roster 
form (ii) Set builder form. What is its domain and range? 
P Q 
x) 


|. 
: 


I 


Fig. 2.14 


SOLUTION (i) It is evident from the figure that 

R ={(9, 3), (9, — 3), (4, 2), (4 — 2), (25, 5), (25 —5)} 
(ii) It is evident from R, that it consists of elements (x, y), where x is the square of y i.e. x = y’. 
Therefore, relation R in set builder form is R ={(x, y):x = y? ,xeP,yeQ}. 


The domain and range of R are (9, 4, 25} and (—5, — 3, —2, 2, 3, 5} respectively. 

REMARK In theabove example, the range of relation R is not same as the set Q. The set Q is known as the 
co-domain. 

Type IV ON PROVING RESULTS BASED ON THE DEFINITION OF A RELATION 

EXAMPLES Let R bea relation on Q defined by R ={(a,b):a,b €Q anda—b €Z}. 

Show that: 


(i) (a, a) €R for allacQ (ii) (a,b) ER => (b,a)ER 
(iii) (a,b) €R and (b,c)eER = (a,c) eR. [NCERT] 
SOLUTION (i) For anya €Q, we have 


=> (a, a) e€ R 
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Hence, (a, a) €R forallae€Q. 
(ii) Let (a,b) e R. Then, 


(a,b)eER 

a-beZ,wherea,beQ 
= b-aeZ 3 [- b-a=—-(a-b)] 
= (b,a)eR | 


(iii) Let (a,b) € R and (b, c) e R. Then, 
(a,b)eR and (b,c)ER 


= a—beZ and b-ceZ 
= (a—b)+(b-c)EeZ 

= a-ceZ 

a (a,c)eR 


EXAMPLE9 Let R bea relation on N defined by R ={(a,b):a,b eNanda =b?}. 
Are the following true: 
(i) (a,a) ER forallaeN (ii) (a,b)eR => (b,a)ER 

(iii) (a,b) €R,(b,c)ER => (a,c)eER [NCERT] 
Justify your answer in each case. 
SOLUTION (i) We observe that a = a~ is true fora =1eEN only. Therefore, (1,1) € R. But, 
(2, 2), (3, 3), (4, 4) etc do not belong to R. So, (a, a) € R for alla € N is not true. 
(ii) We observe that (4, 2) € R, because 4 = 27. But, (2,4)¢Ras2+ 47. 


So, (a,b) eR => (b,a) €R is not true for alla,b EN. 
(iii) We observe that (16, 4) € R and (4, 2) e R. However, (16, 2) € R. 
So, (a,b) eR and(b,c) eR => (a,c) ER is not true for alla, b,c EN. 


EXAMPLE10 Leta relation R, on the set R of all real numbers be defined as (a,b) € Ry <= 1 + ab > Ofor 
alla,b eR. 


Show that: (i) (a, a) € R, forallaeR (ii) (a,b) ER, => (b,a) ER, foralla,beR 
SOLUTION (i) For any a € R, we have 
1+a* >0> (a, a) ER, 
Thus, (a, a) € R, forallae R. 
(ii) Let (a, b) € R,. Then, 
(a,b)€R,y=> 1+ab >0 => 1+ba>0=> (b,a) ER, 
Thus, (a,b) €R, => (b, a) ER, foralla,b ER. 
EXAMPLE11_ Let R be the relation on the set Z ofall integers defined by (x, y)<¢R => x -—yis divisible 
byn. Prove that: ca : 
(i) (x, x) eR forallxeZ 
(ii) (x, y)eR => (y,x) ER forallx,yeZ 
(iii) (x, y) eRand(y,z)¢eR => (x,2) ER forallx, y,zeER. 
SOLUTION (i) For any x € Z, we have 
x-x =0 =O0xn 
=> x —x is divisible byn 
=> (x,x)ER 


2.20 MATHEMATICS-XI 


Thus, (x, x) € R for all x € Z. 


(ii) Let (x, y) e R. Then, 

(x,y)ER 

x —y is divisible by 

x—-—y = Anfor samedi eZ 

y—-x =(-A)n 

y —x is divisible by n [- AeZ => —AEZ] 
(y,x)ER 

Thus, (x, y)€R => (y, x) €R forall x, y €Z. 

(iii) Let (x, y) e R and (y,z) ¢ R. Then, 

(x, y)eR => x-y isdivisiblebyn > x-—y=AnforsomeAc Z 
(y,z)€R => y-z isdivisiblebyn=> y-—z=pnforsomep €Z 
(x, y)eRand(y,z)eR 


Vuuyd 


= x-y = An and y-z = pn 
=> (x-y)+(y—-z) =An+pn 
=> x-z =(A+yp)n 
=> x —zis divisible byn [. A+p eZ] 
= (x,z)ER 
Thus, (x, y) € R and (y,z) e R => (x,z) ER. 
EXERCISE 2.3 


1. IfA={1,2,3},B={4,5,6}, which of the following are relations from A to B? Give reasons in 


support of your answer. 
(i) { (1, 6), (3, 4), (5, 2) } (i) { (1, 5), (2, 6), (3, 4), (3, 6) } 
(iii) { 4, 2), (4, 3), (5, 1) } (iv) A x B. 


2. A relation R is defined from a set A = {2, 3, 4, 5} toa set B = { 3, 6, 7, 10 } as follows: 
(x, y) €R > x is relatively prime to y 
Express R as a set of ordered pairs and determine its domain and range. 
3. Let Abe theset of first five natural numbers and let R bea relation on A defined as follows: 
(x,yyER & xsy 
Express R and R™ as sets of ordered pairs. Determine also 
(i) the domain of R7 (ii) the range of R. 
4. Find the inverse relation R™ in each of the following cases: 
(i) R= { (1, 2), (1, 3), (2, 3), (3, 2), (5, 6) } 
(ii) R ={(x, y):x,y EN, x+2y =8} 
(iii) Risa relation from { 11, 12, 13 } to (8, 10, 12} defined by y =x — 3. 
5. Write the following relations as the sets of ordered pairs: 
(i) A relation R from the set { 2, 3, 4, 5, 6 } to the set { 1, 2,3 } defined by x = 2y. 
(ii) A relation K on the set {1,2,3,4, 5, 6, 7} defined by 
(x, y) €R = x is relatively prime to y. ; 
(iii) A relation R on the set { 0, 1, 2, ..., 10} defined by 2x + 3y = 12. 
(iv) A relation R from a set A = { 5, 6, 7, 8 } to the set B = {10, 12, 15, 16, 18} defined by 
(x,y) €R <= x divides y. 
6. Let Rbea relation in N defined by (x, y) eR <> x + 2y =8. Express R and R™ as sets of 
ordered pairs. 
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Let A ={3,5} and B={7, 11}. Let R ={(a,b):aeA,b € B,a—b is odd }. Show that R is an 
empty relation from A into B. 
Let A ={1, 2} and B ={3, 4}. Find the total number of relations from A into B. 
Determine the domain and range of the relation R defined by 
(i) R={(x,x+5):x e{0,1, 2, 3, 4, 5}} [NCERT] 
CDE R= (Gx, x) : x isa prime number less than 10 } [NCERT] 
Determine the domain and range of the following relations: 
(i) R = {(a,b):aeN,a<5,b = 4} 
(ii) S = {(a,b):b = |a-1|,ae€Z and|a|<3} 
Let A ={a, b}. List all relations on A and find their number. 
Let A ={x, y, z} and B = {a, b}. Find the total number of relations from A into B. [NCERT] 
Let R be a relation from N to N defined by R ={(a,b):a,b €N anda = b?}. 
Are the following statements true? 
(i) (a, a) €R forallaeN (ii) (a,b)eR => (b,a)ER 
(iii) (a2,b)eER and (b,c)ER => (a,c)EeR 
LetA = {1, 2, 3,...,14}. Define a relation on a set A by 
R ={(x, y):3x-—y=0, where x, y € A}. 
Depict this relationship using an arrow diagram. Write down its domain, co-domain and 
range. 
Define a relation R on the set N of natural numbers by 
R ={(x, y): y=x +5, xis a natural number less than 4, x, y € N}. 
Depict this relationship using (i) roster form (ii) an arrow diagram. Write down the domain 
and range or R. [NCERT] 
A ={1, 2, 3,5} and B = {4, 6, 9}. Define a relation R from A to B by 
R ={(x, y): the difference between x and y is odd, x € A, y & B}. 
Write R in Roster form. [NCERT] 


P Q 


Fig. 2.15 


Write the relation R = {(x, x? ): x isa prime number less than 10 } inroster form. [NCERT] 
Let A ={1, 2, 3, 4,5, 6}. Let R bea relation on A defined by 

R= {(a, b):a,b € A, b is exactly divisible by a } 

(i) Write Rinrosterform (ii) Find thedomainofR (iii) Find the range of R. [NCERT] 
Figure 2.15 shows a relationship between the sets P and Q. Write this relation in 


(i) setbuilderform (ii) roster form. What is its domain and range? [NCERT] 
Let R be the relation on Z defined by R = {(a,b):a,b €Z,a-—b is an integer}. Find the 
domain and range of R. [NCERT] 


For the relation R; defined on R by the rule (a,b) eR, <= 1+ab>0. 
Prove that: (a,b) € Ry and (b,c) R, = (a,c) € Rj is not true for alla,b, ceR. 


. Let R bea relation on N x N defined by 


(a,b) R(c,d) <> a+d =b+c forall(a,b),(c,d)eNxN 
Show that: 
(i) (a,b) R (a,b) for all(a,b) EeNx N 
(ii) (a,b) R(c,d) > (c, d) R (a,b) for all (a, b), (c,d) eNxN 
(iii) (a,b) R (c, d) and (c, d) R (e, f) > (a, b) R (e, f ) for all (a,b), (c, d), (e, f) eNx N 
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ANSWERS 
(i) Itis nota relation from A to B. 
(ii) It is a subset of A x B, so it is a relation from A to B. 
(iii) It is nota relation from A to B as it is not a subset of A x B. 
(iv) It is a relation from A to B. 
R = { (2, 3), (2, 7), (3, 7), (3, 10), (4, 3), (4, 7), (5, 3), (9, 7) } 


- R={ (1,1), (1,2), (1,3), (1, 4), (1,5), (2, 2), (2, 3), (2, 4), (2, 5), (3,3), (3, 4), (3, 5), (4, 4), (4,5), 


, 5,5)} 
R-+1={ (1, 1), (2, 1), (3, 1), (4, 1), (5, 1), (2, 2), (3, 2), (4, 2), (5, 2), (3, 3), (4, 3), (5, 3), (4, 4), (5, 4), 


/ 


Domain of R-! = { 1, 2,3, 4,5 } = Range of R. 
(i) R= { (2,1), (3, 1), (3, 2), (2, 3), (6, 5) } (ii) R! = { (3, 2), (2, 4), (1, 6) } 
(iii) R7! ={ (8, 11), (10, 13) } 
(i) { (2, 1), (4, 2), (6, 3) } 
(ii) { (2,3), (2,5), (2, 7), (3, 2), (3, 4), (3, 5), (3, 7), (4, 3), (4, 5), (4, 7), (5, 2), (5, 3), (5, 4), (5, 6), 
(5, 7), (6, 5), (6, 7), (7, 2), (7, 3), (7, 4), (7, 5), (7, 6), (7, 7) } 
(iii) {(0, 4), (3, 2), (6, 0) } (iv) { (5,10), (5, 15), (6, 12), (6, 18), (8, 16) } 


- R={ (2,3), (4, 2), (6, 1) } R-1 = { (3, 2), (2, 4), (1, 6) } 8. 16 


(i) Domain R ={0,1, 2, 3, 4,5}, Range R ={5, 6,7, 8, 9, 10} 

(ii) Domain R ={2, 3,5,7}, Range R ={8, 27,125, 343} 

(i) Domain R ={1, 2, 3, 4}, Range R ={4} 

Domain S ={0, —1, —2, — 3,1, 2, 3}, Range S=({0,1, 2, 3, 4} 

(ii) S={(0, 1)), (—1, 2), (— 2, 3), (— 3, 4), (1, 0), (2, 1), (3, 2)} 
16 12. 64 13. (i) No (ii) No (iii) No 
Domain (R) = {1, 2, 3, 4}, Co-domain (R) = A,Range(R) = (3, 6, 9,12} 
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Fig. 2.16 


(i) R = {(, 6), (2,7), (3, 8)} (ii) Domain (R) = [1, 2, 3], Range (R) = { 6, 7, 8 } 
M N 
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16. R ={(1, 4), (1, 6), (2, 9), (3, 4), (3, 6), 5, 4), 5, 6)} 
17. R ={(2, 8), (3, 27), (5, 125), (7, 343)} 
18. (i) R={(1,1), (1, 2), (1, 3), (1, 4), (1,5), (1, 6), (2, 2), (2, 4), (2, 6), (3, 3), (3, 6), (4, 4), 
(5.5), (6, 6)} 
(ii) Domain (R) ={1, 2, 3, 4,5, 6} (iii) Range (R) ={1, 2, 3, 4,5, 6} 
19. (i) R={(x,y):y=x-2,xeP,yeEQ} (ii) R = {(5, 3), (6, 4), (7, 5)} 
Domain (R) ={5, 6,7}, Range (R) = 3, 4,5 
20. (i) Domain(R) =Z, Range (R) =Z 


HINTS TO NCERT & SELECTED PROBLEMS 





8. We have, n(A) =2,n(B) =2 
n(Ax B) = 2x2 =4 
So, there are 2* = 16 relations from A to B. 
9. (i) We have, 
R = {(x,x+5):x €{0,1, 2, 3,4,5}} = {(0,5), (1, 6), (2, 7), (3, 8), (4, 9), (5, 10)} 
Domain (R) ={0,1, 2, 3, 4,5} and, Range (R) ={5, 6,7, 8,9, 10} 
(ii) We have, 
R=t{(X, x3) :xis a prime number less than 10} = {(2, 8), (3, 27), (5, 125), (7, 343)} 
Domain (R) = {2, 3,5,7}, and Range(R) = {8, 27, 125, 343} 
10. (i) Wehave, R = {(1, 4), (2, 4), (3, 4), (4, 4)} 
Domain (R) = {1, 2, 3, 4}, Range (R) = {4} 
(ii) We have, 
S= {(— 3, 4), (- 2; 3), Ly 2) (0, 1), Ce 0), (2, 1), (3, 2)} 
Domain (S) = {— 3, —2, —1, 0,1, 2, 3}, and Range (S) = {0,1, 2, 3, 4} 
12. Here A has 3 elements and B has 2 elements. Therefore, total number of relations from A to 
Bis 2°*? = 64. 
13. (i) No, because (2, 2) ¢R. 
(ii) No, because (4, 2) € R but (2, 4) ¢ R. 
(iii) No, because (16, 4) e R and (4, 2) eR but (16, 2) ¢ R. 
14. R ={(1, 3), (2, 6), (3, 9), (4, 12)} 
Domain (R) = {1, 2, 3, 4}, and Range (R) = {3, 6, 9, 12}. 
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Fig. 2.18 
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15. (i) We have, 
R ={(x, y): y =x +5, x is a natural number less than 4, x, y e N} = {(1, 6), (2, 7), (3, 8)} 


(ii) Domain (R) ={1, 2, 3}, and Range (R) ={6, 7, 8} 


Fig. 2.19 


16. Wehave, A = {1,2,3,5},B = {4, 6,9} 
R = {(x, y): the difference between x andy is odd, x € A, y € B} 
= {(1, 4), (1, 6), (2, 9), (3) 4), (3, 6), (5, 4), (5, 6)} 


17. We have, R ={(x, x3) : x is a prime number less than 10} 


= {(2, 8), (3, 27), (5, 125), (7, 343)} 
18. (i) We have, 
= {(a,b):a,b €A,b is exactly divisible by. a}, where A ={1, 2, 3, 4,5, 6}. 
={(1, 1), (1, 2), (1, 3), (1, 9, (1,5), (1, 6), (2, 2), (2, 4), (2, 6), (3, 3), (3, 8, (4, 9, (5, 5), (6, 9) 
(i) Domain R ={1, 2, 3, 4,5, 6} (ii) Range R ={1, 2, 3, 4,5, 6} 


19. (i) {(x, y):y =x—-2, x €{5, 6,7}, y €{3, 4,5}} 
(ii) {6, 3), (6, 4), (7,5)} 
Domain R = {5, 6,7}, and Range R ={3, 4, 5} 


20. The relation R on Z is defined by R ={ (a,b): a,b € Z, a —b isan integer} 
Since a —b is an integer for all a,b € Z.So, domain (R) = Z = Range (R). 


21. We have, 
1 1 —1 —1 
(u-Z)eR: and (-5,-4]eRzas1 +($)>0ana1 +(S)(-a>0. 
2 2 2 2 


But, 1+1x —4 +0. So,(1, —4) ¢ Rj. 
22. (i) We know that 
a+b =b+aforalla,beN 
.. (a,b) R (a,b) foralla,b eN 
(ii) (a,b) R(c,d) > a+d =b+ec>c+b =d+a> (c,d) R (a,b) 
(iii) (a, b) R (c, d) and (c, d) R (e, f) 


=> a+d=b+c andc+f =d+e 
=> at+dtic+f =b+c+d+e>a+f =b+e= (a,b) R(e, f) 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


ae See ie aT mel a 
Answer each of the following questions in one word or one sentence or as per exact requirement of the 


question: 

1. IfA = (1,2, 41,8 = {2, 4,5} and C ={2,5}, write(A —C) x (B—C). 
2. Ifn(A) =3, n(B) = 4, then writen (A x A x B). 

3. if R is a relation defined on the set Z of integers by the rule (z, y) ¢R <> x” +y* =9, then 


write domain of R. 
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4, 


12. 


a A aE ee 


11. 


IfR = {(x, y):x,yeZ, x? 4+ y” < 4} isa relation defined on the set Z of integers, then write 
domain of R. 


. If Ris a relation from set A = {11, 12,13} to set B ={8, 10, 12} defined by y=x—-3, then 


write R 1 


. Let A = {1,2, 3} and R = {(a,b):| oo | <5,a,b € A}. Then write R as set of ordered 


pairs. 


- Let R = {(x, y):x,yeZ, y =2x —A4). If (a, —2) and (4, b*) eR, then write the values of 


aandb. 


. IfR = {(2,1), (4,7), (1, —2),...}, then write the linear relation between the components of 


the ordered pairs of the relation R. 


. IfA = {1,3,5)andB = {2, 4}, list the elements of R, if R ={(x, y):x,yeAx Band x>y}. 
10. 
11. 


IfR = {(x,y):x,yeW,2x+y = 8}, then write the domain and range of R. 

Let A and B be two sets such that n (A) = 3 and n(B) =2. If (x, 1), (y, 2), (z, 1) are in A x B, 
write A and B. 

Let A ={1, 2, 3,5}, B={4, 6, 9} and R bea relation from A to B defined by 

R ={(x, y): x —yis odd }. Write R in roster form. 


ANSWERS 
{(1, 4), (4, 4)} 2. 36 3. Domain (R) = {- 3,0, 3} 
Domain (R) = {-2,-1, 0,1, 2} 5. {(8, 11), (10, 13)} 
{(1,1), (2, 2), (8, 3),., 2),.(2,1), (2, ) one)! Toa = Oa: 
Y = 3x —5 9. {(3, 2), (5, 2), (5, 4)} 


Domain (R) = (0,1, 2, 3, 4}, Range(R) = {0, 2, 4, 6, 8} 
A ={x, y,z}, B={1,2} 12. R = {(1, 4), (1, 6), (2, 9), (3, 4), (3, 6), 5, 4), (5, 6)} 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. 


IfA={1,2,4},B={2,4,5},C={2,5}, then(A —B) x (B-—C) is 


(a) {(1, 2), (1,5), (2, 5)} (b) {(1, 4)} 
(c) (1, 4) (d) none of these. 

. If Risa relation on the set A = { 1, 2,3, 4, 5, 6, 7, 8,9} given by x R y => y=3 x, then R= 
(a) { (3, 1), (6, 2), (8, 2), (9, 3) } (b) { (3, 1), (6, 2), (9, 3) } 
(c) { (3,1), (2, 6), (3, 9) } (d) none of these. 

. LetA={1,2,3},B={1,3,5}. If relation R from A to B is given by R = { (1, 3), (2, 5), (3, 3) }. 
Then, R7lis 
(a) { (3, 3), (3, 1), ©, 2) } (b) { (1, 3), (2, 5), (3, 3) } 
(c) { (1,3), (, 2) } (d) none of these. 

. fA={1,2,3},B={1,4,6,9 } and Risa relation from A to B defined by ~x is greater than y. 
The range of R is 
(a) {1,4,6,9} (b) {4,6,9} (c) {1} (d) none of these. 


. IER =((x,y):x,y €Z, x7 + y” <4} is a relation on Z, then domain Gf Ris 


(a) {0,1,2} (b) {0,-1,-2} (c) {-2,-1,0,1,2} (d) none of these. 


. Arelation R is defined from { 2,3, 4,5} to{3,6,7,10}by:x Ry => xis relatively prime to y. 


Then, domain of R is 
(a) {2,3,5} (b) {3,5} (c) {2,3,4} (d) {2,3,4,5}. 
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7. Arelation $from C to R is defined by x oy <= | x| = y. Which one is correct? 


(a) (2+31) 913 = (b) 3 $(-3) (c) (1 +1) o2 (d) 71. 
8. Let R be a relation on N defined by x + 2 y = 8. The domain of R is 
(a) (2,4, 8} (b) {2,4,6,8} (c) {2,4,6} (d) {1,2,3,4)}. 
9. Risa relation from { 11, 12, 13} to { 8, 10, 12} defined by y =x — 3. Then, R™ is 
(a) { (8, 11), (10, 13) } (b) { (11, 8), (13, 10) } 
(c) { (10, 13), (8, 11), (12, 10) } (d) none of these. 
10. If the set A has p elements, B has q elements, then the number of elements in A x Bis 
(a) p+q (b) p+q+1 (c) pq (a) p? 
11. Let R be a relation from a set A to a set B, then 
(a) R=AUB (b) R=ANB (c) RC AxB (d) Ro BxA. 


12. If R is a relation from a finite set A having m elements to a finite set B having n elements, 
then the number of relations from A to B is 


(a), ot (b) 277" -1 (c) 2mn (d) m” 
13. If Ris a relation on a finite set having n elements, then the number of relations on A is 
(a) 2” (b) on (c) n? (d) rn’. 
ANSWERS 


Tea(oieeee2e(d) = Sia) 4. (0c) iB. (0) 6.(d) 7. (d) 8 (c) 9% (a) 
10. (c) 11. (c) 12. (a) 13. (b) 


SUMMARY 
1. An ordered pair consists of two objects or elements in a given fixed order. 
2. (a1, b;) =(a, b>) = & =a and b, =b5 
3. If Aand Bare two non-empty sets, then A x B={(a,b):ae¢A,b €B} is called the cartesian 
product of A and B. If A and B are finite sets having m and n elements respectively, then 
A x Bhasmn elements. 
4. RxR = {(x, y): x, y € R} is the set of all points in xy-plane. 
5. Rx RxR = {(x, y,2z):x, y,z € R} set of all points in three dimensional space. 
6. For any three sets A, B, C, we have 
(i) Ax(BUC) = (Ax B) U(AxC). (ii) Ax (BOC) = (Ax B)N(AxC) 
(iii) Ax(B-C)=AxB-AxC (iv) Ax B=BxA = A=B 
(v) (Ax B) N(Bx A) = (ANB)x(BOA) (vi) Ax(B' UC’) = (Ax B) N(AxC) 
(vii) Ax(B’'AC')’ =(AxB)U(AxC) (viii) Ax B=AxC => B=C 
7. Let A and Bbe two sets. A relation from A to Bis a subset of A x B. 
8. If A and Bare finite sets having m and n elements respectively. Then, 2”” relations can be 
defined from A to B. 
9. If R is a relation from set A to set B, then 
Domain (R) = {x:(x,y) eR}, Range(R) = {y:(x, y) eR} 
10. A relation from a set A to itself is called a relation on A. 
41. Let A, Bbetwosets and let R bea relation from set A to set B. Then the inverse of R, denoted 
by R~ _ is a relation from B to A and is defined by R~ 1 ={(b, a) :(a,b) € R}. 


Clearly, (a,b)ER = (b, a) ¢ R~ 1 
Domain (R) = Range(R~*), and Range (R) = Domain (R7 ). 


CHARTER 3 


FUNCTIONS 


3.1 INTRODUCTION 


In this chapter, we shall study about one of the most important concepts in mathematics known 
as a function. Functions form one of the most important building blocks of Mathematics. The 
word “Function” is derived from a Latin word meaning operation and the words mapping and 
map are synonimus to it. Functions play a very important role in differential and integral 
calculus which will be studied in XII class. In this chapter, we shall introduce the concept of a 
function as a correspondence between two sets. We shall also study function as a relation from 
one set to the other set. 


3.2 FUNCTION AS A SPECIAL KIND OF RELATION 
DEFINITION Let A and B be two non-empty sets. A relation f from A to B, i.e., a sub-set of A x B, is called 
a function (or a mapping or a map) from A to B, if 

(i) for each a €A there exists b € B such that (a,b) € f 

(ii) (a,b) e fand(a,c)ef=>b=c. 
Thus, a non-void subset fof A x Bis a function from A to B if each element of A appears in some 
ordered pair in f and no two ordered pairs in f have the same first element. 
If (a, b) € f, then b is called the image of a under f. 
ILLUSTRATION1 Let A={1,2,3},B={ 2,3,4}and fy, fo and f3 be three subsets of A x Bas given 
below: 

fh = {(1, 2), (2, 3), (3, 4)}, h — { Ce 2), (1, 3), (2, 3), (3; +)] i3 = {(1, 3), (2, 4)}. 

Then, f, isa function from A to B but f, and f3 are not functions from A to B. f, is not a function from A to 
B, because 1 € A has two images 2 and 3 in B and f3 is not a function from A to B because 3 € A has no 
image in B. 
If a function f is expressed as the set of ordered pairs, the domain of f is the set of all first 
components of members of f and the range of fis the set of second components of members of f 
i.e. Domain of f ={a:(a,b) ef}, and Range of f ={b: (a,b) € f} 
ILLUSTRATION 2 Ifx, y €{1, 2, 3, 4}, then which of the following are functions in the given set ? 


(a) ff ={(x, y): y=x+1)} (b) fo ={(x, y): x+y >4} 
(c) fz ={(x, y):y <3} (d) fg ={(x, y): x + y =5} 


Also, in case of a function give its range. 
SOLUTION If we express f,, fo, f3 and fy as sets of ordered pairs, then we have 

fi = (0, 2), (2, 3), (3, Ob 

fo = {Q, 4), (4, 0), (2, 3), (3, 2), (2, 4), (4, 2), (3, 4), (4, 3)} 

fs = ((2,1),(3,1), (4,1), (3, 2), (4, 2), (4, 3)} and fy ={(1, 4), (2, 3), (3, 2), (4, D}. 
(a) We have, fj ={(1, 2), (2, 3), (3S, 4)}. 


We observe that an element 4 of the given set has not appeared in first pl i 
of f;. So, fi is not a function from the given set to itself paceofany andeted aay 
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(b) We have, fp ={(1, 4), (4, 1), (2, 3), (3, 2), (2, 4), (4, 2), (3, 4), (4, 3)}. 


We observe that 2, 3, 4 have appeared more than once as first components of the ordered pairs in 
fo. So, fo is not a function. 


(c) Wehave, f3 ={(2, 1), (3, 1), (4, 1), (3, 2), (4, 2), (4, 3)}. 


We observe that 3 and 4 have appeared more than once as first components of the ordered pairs 
in f3. So, fz is not a function. 


(d) Wehave, f, ={(1, 4), (2, 3), (3, 2), (4, 1)}. 
We observe that each element of the given set has appeared as first components in one and only 
one ordered pair of f,. So, fy isa function in the given set. In this case, Range of f ={1, 2, 3, 4}. 


ILLUSTRATION 3 Let f bea relation on the set N of natural numbers defined by f ={(n, 3n) :n € N}. Is 
f a function from N to N. If so, find the range of f. 


SOLUTION Since for eachn é N, there exists a unique 3n € N such that(n, 3n) € f. Therefore, f isa 
function from N to N. 


Clearly, Range of f ={f ():n e N} =(3n:n EN}. 
ILLUSTRATION 4 Let f be a subset of Z x Z defined by f ={(ab,(a+b)):a,b €Z)}. Is f a function 
from Z into Z. Justify your answers. [NCERT] 
SOLUTION We observe that: 
1x6 = 6 and 2x3 = 6 
=> (1x 6,1+ 6) ef and(2x 3,2+ 3)ef 
=> (6,7) ef and (6,5) ef 
So, f is not a function from Z to Z. 


3.3 FUNCTION AS A CORRESPONDENCE 


DEFINITION Let A and B be two non-empty sets. Then a function ‘f’ from set A to set B is a rule or 
method or correspondence which associates elements of set A to elements of set B such that: 
(i) all elements of set A are associated to elements in set B. 
(ii) an element of set A is associated to a unique element in set B. 


In other words, a function ‘f° from a set A to a set B associates each element of set A to a unique element of 
set B. 


Terms such as “map” (or “mapping”), “correspondence” are used as synonyms for “function”. 
If fis a function from a set A to a set B, then we write f : A + Bor A > B, which is read as fis a 
function from A to B or f maps A to B. 


If an element a € A is associated to an element € B, then b is called ‘the f-image of a’ or ‘image of a 
under f or ‘the value of the function f at a’. Also, a is called the pre-image of b under the function f. 
We write it as:b = f(a) 

ILLUSTRATION Let A = {1, 2, 3, 4} and B ={a,b, c, d, e} be two sets and let f,, fo, fz and fz be rules 
associating elements (A to elements of) B as shown in the following figures: 
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A f; B A fy B 
en eS es) apo 
Es. ,—__/ 
| fo ia 
[ar PeEN 
Fig. 3.3 Fig. 3.4 


We observe that f; is not a function from set A to set B, because there is an element 3 € A whichis 
not associated to any element of B. 


Also, fp is not a function from A to B because an element 4 € A is associated to two elements c 
and ¢ in B. But, f3 and fy are functions from A to B, because under f3 and f, each element in A is 
associated to a unique element in B. 


3.3.1 DESCRIPTION OF A FUNCTION 


Let f : A — Bbea function such that the set A consists of a finite number of elements. Then, f (x) 
be described by listing the values which it attains at different points of its domain. For example, 
if A = {-1, 1, 2, 3} and B is the set of real numbers, then a function f : A — B can be described as 
f (-1) =3,f (1) =0, f(2) = 3/2 andf(3) =0. Incase, A is an infinite set, then f cannot be described 
by listing the images at points in its domain. In uc cases functions are generally slennee bya 
formula. For example, f : Z — Z given by f(x) = x? +1or f:R—R given by f (x) = e” ‘etc. 


3.3.2 DOMAIN, CO-DOMAIN AND RANGE OF A FUNCTION 

Let f: A > B. Then, the set A is known as the domain of f and the set B is known as the 
co-domain of f. The set of all f-images of elements of A is known as the range of f or image set of A 
under f and is denoted by f (A). 

Thus, f(A) = {f(x):x eA} = Rangeof f 

Clearly, f (A) c B. 

ILLUSTRATION1 Let A ={ —2,-1, 0, 1,2} and B ={ 0, 1, 2,3, 4, 5,6}. Consider a rule f (x) =x”. 
Under this rule, we obtain f(—2) =(—2) =4, f(-1) =(-1)? =1, f(0)= 07 =0, f (1) =1* =1 and 
f (2) =27 =4. We observe that each element of A is associated to a unique element of B. So, f : A > B 
given by f (x) = x? isa function. Clearly, domain (f)=A={ -2,-1,0,1,2 }and range (f)={ 0,1,4 }. 
ILLUSTRATION 2 Consider a rule f (x) =2x — 3 associating elements of N (set of natural numbers) to 


elements of N. This rule does not define a function from N to itself, because f (1) =2x1—3= -1¢Nte. 
1 EN (domain) is not associated to any element of N (co-domain). 


ILLUSTRATION 3 Let A = (-2,-1, 0, 1,2} and f : A —> Z be given by f (x) =x* —2x —3. Find: 
(i) therangeoff (ii) pre-images of 6, -3. and 5. 
SOLUTION (i) We have, f(x) = x? -2x-3. 
f (-2) =(-2)? -2(-2)-3=5, f (-1) =(-1)? -2(-1) -3=0, f (0) =-3, 
f(1) =12 -2x 1-3 =—4and f (2) =27 -2x2-3=-3. 
So, range (f) ={f (-2), f(-1), f(0), f (1), f(2)} ={0,5, —3, —4} 
(ii) Letx bea presmage of 6. Then, 
f (x) =6 => x*-2x-3=6 => x7 -2x-9=0 = x=14 10 


Since x =1+-10 ¢ A. So, there is no pre-image of 6. 
Let x be a pre-image of — 3. Then, 


f(x) =-3 = x*7-2x-3=-3 = x?-2x=05 x=0,2 
Clearly, 0, 2 ¢ A. So, 0 and 2 are pre-images of — 3. 
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Let x be a pre-image of 5. Then, 

f(xy =5=> x* —-2x-3=5 => x*-2x-8=0 => (x -—4)(x+2)=0 => x=4, -2. 
Since, — 2 € A bet 4 ¢ A.So, —2 is a pre-image of 5. 
3.4 EQUAL FUNCTIONS 


DEFINITION Two functions f and g are said to be equal iff 

(i) domain of f = domain of g (ii) co-domain of f = co-domain of g, 
and (iii) f (x) =g (x) for every x belonging to their common domain. 
If two functions f and g are equal, then we write f = g. 


ILLUSTRATION 1 Let A ={ 1,2], B ={3, 6} and f :A - B given by f (x) =x* +2andg:A—>B 


given by g(x) = 3x. Then, we observe that f and g have the same domain and co-domain. Also we have, 
f (1) =3 = (1) and f (2) =6 =9(2). Hence, f =g. 





2 — 

ILLUSTRATION 2 Let f:R—{2}—R be defined by f (x)= ee and g:R—-R be defined by 
X—2 

g (x) =x + 2. Find whether f = or not. 


2 
SOLUTION We have, f(x) = z =; x2. 


x-— 





= f(a) = SOE = +2 for all x # 2 
x = 

= f(x) =9(x) for all x # 2. 
Thus, f (x) = (x) for all x e R —{2}. But, f (x) and g (x) have different domains. 
Infact, domain of f = R —{2} and domain of g = R. Therefore, f # g. 
ILLUSTRATION 3 Let f:Z > Zandg:Z-»Z be functions defined by f ={(n, n*):n eZ} and, 
g={(n,| n|*):n eZ}. Show that: f = g. 
SOLUTION Clearly, 

Domain of f =Domain of g = Z and, Co-domain of f = Co-domain of g = Z. 
We have, f (n) =n” and g(n) =|n|7 = n? [- |n|? = n?] 


f (n) =g(m) forall ne Z. 
Hence, f =g. 


ILLUSTRATIVE EXAMPLES 
LEVEL-1 
EXAMPLE vee the following functions as sets of ordered pairs and determine their ranges 
(i) f: AR, f (x) =x? +1, where A ={-1, 0, 2, 4). 
(ii) g:A—>N, g(x) =2x, where A={x:x EN, x <10}. 
SOLUTION (i) We have, f(x) =x? +1. 


f (-1) =(-1)? +1=2, f(0) =0° +1=1, f (2) =2? +1 =5 and f (4) =4? +1=17 
So, f =((x, f (x): x € A} ={(-1, 2), (0, 1), (2,5), (4, 17)}. 
Hence, Range of (f) = {2,1,5, 17} 
(ii) We have, 9(x) =2x and A = {1, 2; 3, seapoen 10}. Therefore, 
g(l) =2x1=2 9(2) =2x2=4, 9(3) =2x 3=6, 9(4) =2x 4=8, (5) =2x5=10, 
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@(6)=2x6=12, 9(7)=2x7=14, 9(8)=2x 8=16, (9) =2x9=18 
and, 9(10) =2 x 10 = 20. 


g@ =((x, g(x): x eA} = {(1, 2), (2, 4), (3, 6), ..-, (10, 20)}. 
Hence, Range of g = g(A) =(g(x): x € A} ={2, 4, 6, 8, 10, 12, 14, 16, 18, 20}. 
EXAMPLE 2 /Find the domain for which the functions f (x) = 2x? —1 and g(x) =1 — 3x are equal. 


[NCERT EXEMPLAR] 
SOLUTION The values of x for which f(x) and 9(x) are equal are given by 
f (x) = g(2) 
= 2x7 -1=1-3x => 2x7 + 3x—-2=0 => (x+2)(2x-1) =0 > x=-2,1/2. 


Thus, f (x) and g(x) are equal on the set {— 2, 1/2}. 


EXAMPLE7 Is g={(1,1), (2, 3), (3,5),(4,7)} @ function? If this is described by the formula, 
Q(x) = ax + B, then what values should be assigned to a and B? [NCERT EXEMPLAR] 


SOLUTION Since no two ordered pairs in g have the same first component. So, g is a function 
such that 9(1) =1, 9(2) = 3, g(3) =5 and g(4) =7. 

It is given that 9(x) = ax + B. 

9(1) =1 and 9(2)=3 > a+f=1 and 2a+BP=3 > a=2,p=-1. 
EXAMPLE 4 Given A = {-1, 0, 2, 5, 6, 11], B = {-2, -1, 0, 18, 28, 108} and f (x) =x*-—x-2 Is 
f (A) = B? Find f (A). 
SOLUTION We have, f(x) = x? =x-2. 

f (-1) =(-1)? -(-1)-2=0, f(0)=07-0-2=-2, f(2)=27-2-2=0, 

f (6) =52 -5-2=18, f(6)=67-6-2=28 and f (11) =117 -11-2=108. 


Hence, f (A) ={f (x):x € A} = (f (-1), f (0), f (2), f ©) f (©, f AD} ={0, — 2, 18, 28, 108} 
We observe that —1 € B, but —1 ¢f (A). So, f (A) +B. 


EXAMPLE 5 Let f : R > R be given by f (x) = x? + 3, Find (i) {x : f (x) = 28} (ii) the pre-images of 39 
and 2 under f. 
SOLUTION (i) We have, f(x) =x7+3 
% f (x) =28 => x7 4+3=28 > x7 =25> x=45 
Hence, {x: f (x) =28} ={—5, 5}. 
(ii) Let x be a pre-image of 39. Then, 

f (x) =39 => x74+3=39 > x7 =36 > x=+6 
So, pre-images of 39 are — 6 and 6. 
Let x be a pre-image of 2. Then, 

f(x)=2> x7 43=2=> x7=-1 
We find that no real value of x satisfies the equation x? =-1. Therefore, 2 does not have any 
pre-image under f. 
EXAMPLE6 Let f : R — R bea function given by f (x) =x* +1. Find: 

(i) f ~* {5} (ii) f ~ * {26} ii) f —1{10, 37} 

SOLUTION Recall that if f : A — B is a function and y & B. Then, f ~* {y} ={x € A: f (x) =y}. In 
other words, f ~ 11 y} is the set of pre-images of y. 


(i) Let f ~ 1 (_5) =x. Then, 
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f(x)=-5 > x74+1=-5 => x* =-6 
Clearly, this equation is not solvable in R. Therefore, there is no pre-image of —5. So, f ~ Ay 5} =0. 
(ii) Let f ~ 1 (26) =x. Then, 
f (x) =26 => x7 41=26 => x=+5 
So, pre-image of 26 are —5 and 5. 
f ~* (26) ={-5, 5}. 
(iii) Let f ~ 1 (10) =x. Then, 
f (x) =10 > x74+1=10 > x7=9 > x=+3 
So, pre-image of 10 are —3 and 3. 
Let f —1(37) =x. Then, 
f(x) = 37 => x7 4+1=37 => x7 =36>5 x=+6 
So, pre-images of 37 are —6 and 6. 
Hence, f ~/{10, 37} ={3, —3, 6, —6}. 
EXAMPLE7 Let f ={(1,1), (2, 3),(0,—1), (—1,-—3)} be a function described by the formula 
f (x) =ax + b for some integers a, b. Determine a, b. [NCERT] 
SOLUTION Clearly, f (1) =1, f (2) =3, f (0) =—1and f (-1) =-3. 
It is given that f (x) =ax + b. Therefore, 
f (1) =1 andf (2)=3 > at+b=land2a+b=3 => a =2,b = -1. 
Substituting the values of a and b in f(x) = ax +b, we get f (x) =2x—1. 


Clearly, f (0) =—1 and f (—1) =— 3are true. 
Hence, a=2andb =~—1. 


EXAMPLES If f:R — R be defined as follows: 


fO={ 4 i220, 


Find (i) f (1/2),f (m,f (V2) (ii) Range of f (iii) pre-images of 1 and -1. 


SOLUTION (i) It is evident from the definition of f that at every rational point the function 
attains value 1 and at every irrational point attains value —1. 


iQ - (5) =1,n¢Q => f(n)=-1and V2 ¢Q = f (V2) =-1. 


(ii) Range of f ={f (x): x eR}. 
Also, by definition f (x) attains values 1 or =1 according as x is rational or irrational and a real 


number is either rational or irrational. Thus, all rational numbers have image 1 and all irrational 
numbers have image —1. Hence, Range of f ={1, —1}. 


(iii) Since f (x) =1 forall x €Q. Therefore, pre-images of 1 are rational numbersi.e f ~ 14) =Q. 
Also, —1 is the image of every real number which is not rational. 
: 1 (—1) = R —Q =Set of irrational numbers. 
EXAMPLE9 Let f: R — R be such that f (x) =2*. Determine: 
(i) Range of f (ii) {x:f (x)=1} (Gi) whether f (x + y) =f (x) f (y) holds. 
SOLUTION (i) Since 2* is positive for every x € R. So, f (x) =2* is a positive real number for 
x eR. Moreover, for every positive real number x, there exist logy x € R such that 


every 
f (log *) = BOER a [> ai8a*. = x] 
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Hence, we conclude that the range of f is the set of all positive real numbers. 
(ii) f(x) =1=> 2% =1 => 2% =29 > x=0. 
{x : f (x) =1} = {0}. 
(iii) We have, f(x) =2"*. 
f (x+y) =2*7 9 =2* x 2Y =f (x) f(y) 
Hence, f (x + y) =f (x) f(y) holds for all x, y ER. 


EXAMPLE 10 Let A be the set of two positive integers. Let f: A —> Z* (set of positive integers) be 
defined by 
f (1) =p, where p is the highest prime factor of n. 
If range of f ={3}. Find set A. Is A uniquely determined? 
SOLUTION Itis given that the set A consists of two positive integers. So, let A = {n, m}. Since range 


of f ={3}. 

f(n) =3 and f (m)=3 

— Highest prime factors of n and m both are equal to 3. 

— (n= 3 and m=6) or (n= 3 andm =9) or(n=3 andm=12) or (n=6 andm=12) etc. 
= A =({3,6}, or A={3, 9}, or A ={3, 12}, or A = {6, 12} etc. 


Clearly, A is not uniquely determined. 
EXAMPLE11 Let Ac Nand f:A— A be defined by: f (n) = the highest prime factor of n. 
If range of f is A. Determine A. Is A uniquely determined? 
SOLUTION For any € A, we have 
f(n) = Highest prime factor of 1 
= f (n) takes prime values only 
=> Range of f consists of prime numbers only 
But, it is given that range of f is A. Therefore, set A consists of prime numbers only. 
Hence, A = Set of some prime numbers. Clearly, A is not uniquely determined. 


. Define a function as a set of ordered pairs. 

. Define a function as a correspondence between two sets. 

. What is the fundamental difference between a relation and a function ? Is every relation a 
function ? 

4. Let A ={-2, -1, 0,1, 2} and f: A — Z bea function defined by f (x) = x* —2x — 3. Find: 


(i) range of fi.e. f (A) (ii) pre-images of 6, -3 and 5. 
5. Ifa function f : R — R be defined by 
() Ae Di. . 26 #2 
x) = , “= 
f 4x+1, x>0 


Find: f (1), f (1), f (0), f (2). 
6. A function f :R — R is defined by f (x) =x*. Determine 
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(i) range of f «6 ) &:f@~)=4 (iii) {y: f (y) =-1}. 
7. Let f:R* — R, where R* is the set of all positive real numbers, be such that f (x) = log, x. 
Determine 
(i) the image set of the domain of f (ii) {x: f (x) =-2) 


(iii) whether f (xy) =f (x) + f (y) holds. 
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8. Write the following relations as sets of ordered pairs and find which of them are functions: 
(i) (x, y): y=3x,xe{1, 2, 3}, y €{3, 6, 9, 12}}. 
(ii) (x, y): y>x+1,x=1,2 and y =2, 4, 6} (iii) {((x, y): x+y =3,x,y €{0,1, 2, 3}} 
9. Let f: R > R and g:C -C be two functions defined as f (x) = x” and g(x) = x”. Are they 


equal functions? 
10. If f, g, h are three functions defined from R to R as follows: 
(i) f (x) = x? (ii) g(x)=sinx = (iii) h(x) = x7 +1 


Find the range of each function. 
11. Let X =({1, 2, 3, 4} and Y ={1,5, 9,11, 15, 16} 
Determine which of the following sets are functions from X to Y 
(i) fy =((1, 2), (2, 11), (3,1), (4,15) i). fo = (1, 1), (2,7), (3, 5) 
(iii) fz ={(1,5), (2, 9) (3, 1), (4, 5), (2, 11)}}. [NCERT] 
12. Let A = {12, 13, 14, 15, 16, 17} and f : A — Z bea function given by 
f (x) =highest prime factor of x. 
Find range of f. 
13. If f: R > R be defined by f (x) =x +1, then find f~! {17} and f~! {— 3}. 
14. Let A ={p, q,r, s} and B={1, 2, 3}. Which of the following relations from A to B is nota 
function? 
(i) Ry=((p-1),(4,2),(r,1),(s, 2) i) Rp =(p- 1), (4 DD, (s, DI 
(iii) Rg =((p, 1), (q, 2), (p, 2), (s, 3} (iv) Rg =((p, 2), (, 3), (7, 2), (S, 2)}- 
15. LetA = {9,10,11,12, 13} and let f: A + N be defined by f (n) = the highest prime factor 


of. Find the range of f. [NCERT] 
2 
; ; = =Jx°,0Sx<3 
16. The function f is defined by f(x) =| 3<x<10 
2 
: : : Eee is te 
The relation gis defined by 9(x) = 3x/2 <x <10 
Show that f is a function and gis nota function. [NCERT] 
17. lff (x) = x’, Free er) [NCERT] 
(1.1) -1 
18. Express the function f:X— RK given by f(x) = x°+1 as set of ordered pairs, where 
X ={-1, 0, 3, 9, 7}. [NCERT EXEMPLAR] 
ANSWERS 





4. (i) f (A) ={-4, -3, 0,5} (ii) >, {0, 2,-2.5. f (1) =5, f (-1) =—5, f (0) =1, f (2) =9 
6. (i) R* (set of all real numbers greater than orequalto zero) _ (ii) {-2, 2} (iii) 


7, (i) R (ii) {e~7} (iii) Yes 
8. (i) {(1, 3), (2, 6), (3, 9)};Function (ii) {(1, 4), (1, 6), (2, 4), (2, 6}; Not a function 


(iii) {(0, 3), Q, 2), p27 1), (3, 0)}; Function. 
9. No, Since domain of f # domain of g. 


10. (i) R* ={xeR|x>0} Gi) {xeR:-1<x<]} (iii) {x eR: x>1}. 

11. (i) 12. {3,13,7,5,2,17} 13. f-1 (17) ={- 4,4), f * (-3) = 
14. (iii) 15. Range(f) =(3,5, 11, 13}. 17. 2.1 
18. f ={(-1, 9), ©, 1), (3, 28), (9, 730), (7, 344)} 
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11. (iii) fg = {(1,5), (2,9), (3,1), (4,5), (2,11)} is not a function because (2, 9) and 
(2,11) € fg, which means that 2 is related to two elements in y. 
12. Clearly, f (12) = highest prime factor of 12 = 3. Similarly, f (13) =13, f (14) =7, f (15) =5, 
f (16) =2 and f (17) =17. Hence, range (f) ={3, 13, 7,5, 2,17}. 
15. We have, 
A ={9,10, 11,12, 13} and f: A > N is defined by f (1) = the highest prime factor of n. 
f (9) =3, f (10) =5, f (11) =11, f (12) = 3 and f (13) =13 
Hence, range (f) ={f(9), f (10), f(11), f(12), f (13)} = {3, 5, 11, 13} 


? 
16. We observe that f (x) = au Hees = a associates all numbers in [0, 10] to numbers in R 


and no number in [0, 10] is associated to two or more numbers. Hence, f is a function. But, g 
is not a function because 2 is associated to two distinct elements viz. 4 and 6. 


17. We have, f (x) = x? 


J NED SINE aay MP WSR goa NS Vee pee 
(11) -1 (1.1) -1 (11 -1) 


3.5 REAL FUNCTIONS 

In this section, we will discuss functions having domain and co-domain both as subsets of the 
set R of all real numbers. Such functions are called real functions or real valued functions of the 
real variable as defined below. 

REAL VALUEDFUNCTION A function f : A — Bis called a real valued function, if Bisa subset of R (set 
of all real numbers). 

If A and B both are subsets of R, then f is called a real function. 

In section 3.3.1, we have discussed the description of a function. Generally, domain and 
co-domain both are infinite subsets of R in case of real functions of real variable. Therefore, a real 
function is generally described by some general formula. In other words, images of various 
elements in the domain of a real function are provided by some general formula. For example, 


f:R—R given by f (x) =x*4+x+1 or, f:A > B given by f (x) = a etc. In practice, real 





2 
x 
functions are described by giving the general expressions or formulae describing them without 
mentioning their domains and co-domains. Following are some examples of real functions. 


ILLUSTRATIVE EXAMPLES 


LEVEL-1 

EXAMPLE If f(x) = 3x4 —5x? + 9, find f (x —1). 
SOLUTION We have, f (x) = 3x* 5x7 +9. Replacing x by (x-—1), we obtain 

f(x-1) = 3(x-1)4 -5(x-1)7 +9 = 3x4 -12x3 413x2 -2%47 
EXAMPLE 2/1f f(x) =x+ ~ , prove that [F(x)]° = f(x3) + 3f (= 

x 
SOLUTION We have, 
1 
f(x) =X+ - 


3 
f(x3) =x? a and [f(x)]? = (x+2) 
x x 


Now, [1 -(x+4) 
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=> Yay? =x +543 (x42) 
x3 x 
— LF(x)]> = f(x9) + 3 f(x) i f(x?) =x3 + 2 and f(x) -x+] 
7 
1 
=> — [f(x] = f(x) + 3 f(+) ee fx) =x+—= f(a) -(4) 
1 2X + ; . ee 
igre he If f (x) = aes von ->, , then show eat ff ( 2) - Saas provided that x # oF 
SOLUTION We have, f (x) = ion ; 
= 1 Be 1 2 1 ee ee ae 
z s(t) 625) 1 24g) 242x410 2x43 
peg 2x +1 





Clearly, f |= oo 3 # Oie. AG (3) Jis defined for2x+3+#0ie.x# -=. 


Hence, iG «|= 2 EET - , provided that x # — >. 








EXAMPLE If f(x= , x #—1, then show that f ( i (>) =— , provided that x # 0. 


SOLUTION We nave: 











f(x) = ee = 
‘ Aro) 
=> f ( f @)=3 ait =H | Replacing x by 7 in the formula for f 09] 
at 
Peelexc-l —-2 1 
as f[¢@)= S—14x+1 Qe x’ 


Since -= is meaningful for x + 0. Hence, f ( if; () = == , provided that x + 0. 


2_16 
EXAMPLE5 Let f be defined by f (x) =x —4and g be defined by 9(x) = eee 

rv ,x=-—4 
Find A such that f (x) =g (x) for all x. 


SOLUTION We have, 
f(x) = g(x) forallxeR 


> FCA = 8-4 








ia a= -8. [. f(x)=x-4 ..f(-4)-4 =-8] 
; AS = 3f()+1 
wy xa then prove that: f (2x) = GLB” 
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SOLUTION We have, f (x) = esi 
x+1 
=. vie lb, 
f ( ) 1 1 1 
x) + x-l+x+ ; Ae: 
=> hs ee [Applying componendo and dividendo] 
ees 
f(x)-1 
_ f(x) +1 
= t= 1) .-(i) 
mn f@e2o2 
Again, f(x) = rT 
a feel 
= Aa es 2x+1 
2 [feet si 
: 1-f (x) ais 
—= f (2x) = 2[ ay [Using (i)] 
1 —f (x) 
jah eee Gd 
= fO0 = J eaya2ei— fo 
y — 3f(x)+1 
Ty. OS Fraess 
EXERCISE 3.2 
LEVEL-1 
1. If f(x) =x* — 3x + 4, then find the values of x satisfying the equation f(x) = f(2x +1). 
2. If f(x) =(x —a)? (x —b)?2, find f(a +b). 
3. Ify = f(x) = = = ,show that x = f(y). [NCERT EXEMPLAR] 
4. IE f(x) == = , show that f [f {f(x)}] =x. 
5. If f(x) = a , show that f [f (x)] =x. 
x, when x <0 
6. If f(x) = 4 x,when0<x<1 [NCERT] 


. If f(x) = 




















—,whenx>l 
x 


Find: (i) f (1/2) i) f(-2)_— ii), 1) (iv) f(V3) and = (w) f(J- 3). 


. If f(x) =x? =5 show that f(x) +f(2)=0. 


2x 
1+x? 





, show that f(tan 6) =sin 26. 
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9. If f(x) = cath , then show that 
x+1 
: 1 - 1 1 
i) f| —|=-f(x -— |=-—— 
@ s(2)=-F00 ai) f(-2)-- 
LEVEL-2 
10. If f(x) =(a—x")/",a>0andneN, then prove that f(f(x)) =x for all x. 
11. If for non-zero x, a f(x) +b f (=) -- -—5, where a # b, then find f(x). 
bah oe 
ANSWERS 
1. x=-1,2/3 Beas He 


al 


6. (i) ; (ii) 4 (iii) 1 (iv) * (v) doesnotexist 11. 3 a 4 bx --2 





HINTS TO NCERT & SELECTED PROBLEMS 





6. We have, 
x? , When x <0 
f(x) =4x , when0<x<1 
u , WwWhenx21 
x 
(i) (5) = ; [Using f(x) =x,0<x <1] 
@) fC)=C27%=4 Gi) fa) == =1 
Gv) f (3) = Fe (iv) f (-V3) = (-v3)? = 3 
11. We have, 
1 1 ‘ 
afey+s(2) = rea(1) 
=> af (=) +b f(x) = x-5 | Replacing x by | .-» (ii) 
Adding (i) and (ii), we get 
{f(a +s(2}} (a+b) =x+=-10 => f(x) +f(=) = —— {e+ ~ -10| Ga) 
Subtracting (ii) from (i), we get f(x) —f (=) = a {3 € x| ny) 


Add (iii) and (iv) to obtain f(z). 


3.6 DOMAIN OF REAL FUNCTIONS a 
Mathematically to define a function one has to provide its domain, co-domain and the images of 
elements in its domain either by giving a general formula or by listing them one by one. As the 
domai and co-domain of real functions are subsets of R. Therefore, conventionally, real 
eck ons are described by providing the general formula for finding the images of elements in 
“+e domain. In such cases, the domain of the real function f (x) is the set of all those real numbers 
pe en the expression for f(x) or the formula for f(x) assumes real values only. In 
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otherwords, the domain of f (x) is the set of all those real numbers for which f (x) is meaningful. 
3x — 


For example, a real function f (x) described by the general formula f (x) =—; a assumes real 
x _ 





3x - 
2s 


values for all x e R except for x = + 1, because denominator of becomes zero for x =+1. 





So, domain of f (x) is the set of all real numbers other than—1 and 1i.e. domain(f) = R —{-1, ]}. 


Following examples will illustrate the procedure for finding the domain of a real function of a 
real variable. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1_ Find the domain of each of the following real valued functions: 








at ey ook + eee 
@ f@) ==> Gi) Fa) = 
2x-3 x7 + 3x45 
iii) f (x) = ————_ iv) f (x) = —————— NCERT 
SIS) Seger US eae : 


SOLUTION (i) We have, f (x) =—— 
x+2 


Clearly, f (x) assumes real values for all real values of x except for the values of x satisfying 
x+2=Oi.e.x=-2. Hence, Domain(f) = R —{—2}. 


(ii) We have, f (x) = — 





z ‘ x 
We observe that f (x) is a rational function of x as 





is a rational expression. Clearly, f (x) 


assumes real values for all x except for the values of x for which x — 3 =O i.e. x = 3. 
Hence,Domain (f ) = R —{3}. 


2x—9 
(iii) We have, f (x) =—~————_ 
j x* — 3x 4:2 
: : 26 —On : 
Clearly, f (x) is a rational function of x as -————— is a rational expression. 
I shea, 7 


We observe that f (x) assumes real values for all x except for all those values of x for which 
x* —3x+2 = Oie.x=1,2. Hence, Domain (f )=R —{1, 2}. 


2 
x" +3x+5 
iv) We have, f (x) =—~————_- 
Gv) f x? —5x+4 
: x7 43x45. 
Clearly, f (x) is a rational function of x as -————— is a rational expression in x. We observe 


x~ —5x+4 


that f (x) assumes real values for all x except for all those values of x for which x7 —5x + 4=Oi.e. 
x =1, 4. Hence, Domain (f) = R —{1, 4}. 
EXAMPLE2 Find the domain of each of the following functions: 


() f(@) = fe=2 (i) f (2) = er ai f@) = fanz 
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SOLUTION (i) We have, f (x) = x-2 
Clearly, f (x) assumes real values for all x satisfying x -220 > x22 > xe[2,). 
Hence, Domain (f ) = [2, ©). 


(ii) We have, f (x) = es 


Clearly, f (x) assumes real values for all x satisfying 1-x>0=> 1>x>x<l>xeE(-%, 1). 
Hence, Domain (f) =(— ©, 1). 


(iii) We have, f (x) = H 4 —x? 





Clearly, f (x) assumes real values for all x satisfying 
4—x2>0= -(x*-4)20 => x*7-4<0 => (x-2)(x+2)<0 => xe[-2,2]. 
Hence, Domain (f ) = [-2, 2]. 


EXAMPLE3 Find the domain of the function f (x) defined by f(x) =./4-—x + : 


x? 1 





SOLUTION Clearly, f (x) is defined for all x satisfying 
4—x20 and x7-1>0 

=> x—4<0 and (x-1)(x+1)>0 

= x<4 and (x<-1 or x>1) 

=> x €(—o, —1) U(1, 4]. 

Hence, Domain(f ) = (—%,-—1) U(1, 4]. 


3.7 RANGE OF REAL FUNCTIONS 


The range of a real function of a real variable is the set of all real values taken by f (x) at points in 


its domain. In order to find the range of a real function f (x), we may use the following 
algorithm. 


ALGORITHM 
STEPI Puty=f (x). 
STEPI Solve the equation y =f (x) for x in terms of y. Let x = (y). 


STEP Find the values of y for which the values of x, obtained from x = (y), are real and in the domain 
of f. 

STEPIV The set of values of y obtained in step III is the range of f. 

Following examples will illustrate the above algorithm. 


ILLUSTRATIVE EXAMPLES 
~ LEVEL-1_ 











EXAMPLE1 Find the domain and range of the function f (x) given by f (x) = : aa ; 
—X 
x= 2 


3-x 
Domain of f: Clearly, f (x) is defined for all x satisfying 3 — x # 0i.e. x # 3. 
Hence, Domain (f ) = R — {3}. 


Range off: Lety = f (x). Then, 


SOLUTION We have, f (x) = 
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x —2 3yY+2 
= ——— => By —-xy=x-2 > xX(y+)1) =3Y4+2 5 X=— 
hai y —xy (y +1) =3y vid 


Clearly, x assumes real values for all y except y +1=Oie. y=—1. 
Hence, Range(f) = R —{-}}. 
EXAMPLE2_ Find the range of each of the following functions: 


(i) f(x) = eo (ii) f(x) = Jl6-x2 ii) F(X) = —~> iv) f@) = 


1+x7 2-x? 
1 


AE =—9 

Clearly, f (x) takes real values for all x satisfying x-5>0 > x>5 > xe(5,©). 
Domain (f ) = (5, ) 

For any x >5, we have 


1 
x-5>0 => /x-5 >0> >O0=> f(x) > 0. 
Jx-5 


Thus, f (x) takes all real values greater than zero. Hence, Range (f ) =(0, ©). 


(ii) We have, f (x) = (16 ae 
We observe that f (x) is defined for all x satisfying 
16—-x2>0 => x7 -16<0 = (x-4)(x+4) <0 => -45x%<54> xe [-4,4] 
Domain (f) = [-4, 4]. 
Let y =f (x). Then, 


y = 16 -— x? => y> =16 - x” => x? =16-y" => x=16 -y? 


Clearly, x will take real values, if 
16-y7>0 => y*-16<0 => (y-4) (y+ 4) <0 > -4sys4=> ye[-4,4] 











SOLUTION (i) We have, f (x) = 








Also, y=,16- x2 >0 for allx <[—4, 4]. Therefore, y €[0, 4] for all x e[—4, 4]. 
Hence, Range(f) = [0, 4] 
(iii) We have, f (x) = 





1+x? 


We observe that f(x) takes real values for all x e R. Hence, domain (f) = R. 


Let y =f (x). Then, 
2 
+,/1 — 
om x = ityin4y* 
2y 





y=f()> y=—z> VP y-xty = 
1+x 
Clearly, x will assume real values, if 
1-4y* >0 and y # 0 
= 4y* -1<0 and y#0 
aa y?-= <0 and y#0 


il 1 
= (y-F)(y+5]so and y#0 
zsh 
2 
= y €[-1/2 ,1/2] — {0} 


<y <> and y#0 


- 
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y=0 for x =0. 
’ Range (f) =[-1/2 ,1/2] 


(iv) We have, f (x) = a 








For f (x) to be real, we must have 
2-x7#0 > x + +2 
‘Domain (f) = R -{-~V2, V2} 
Let f (x) =¥- Then, 
| 2y—3 


=3=> x7y =2y-3>x=+ 7 








We observe that x Pelt cereslivalues other than — J/2 and V2, if 
evS2 >0=> ye(-—~,0) U[3/2, 0) [See Fig. 3.5] 


SS = + — + 


> . 
. > 7 
> 
“a a 
x ; 
ss ? , 
: P) 


=—3 


w 


Fig. 3.5 Signs of 





NO 
ra 
< 











XAMPLE 3 Find the domain and range of the function f (x) = 


hey oe 


Ea” og See = Sameer + | = 
Pas = xs 2 
-—souumon We nave, f(x) =- 
Be D pastors pie. f(@) tet define for x 3 =0i.e. x = 3. Therefore, Domain (f) = R — {3}. 
; =e ies = y 




















free 


—-=y > x+3 =y [ee 


It follows from the ye relation thi ty takes all real values except 6 when x takes values in the 
set R — {3}. Therefore, eee ) beaks ges me: 





function f(x) given by f(x) =—— : 
= 
a 


= 


a 
aay 


cept at x24 Atx= ete takes the — = 
R 4. pebuiies | PAST Stree vita stg . 

SN se —_ Lae = 
a Ste x bee 82 “yn ee 
oha ave ) Per Yr - : . oe 










. ra Seni ot 

, —-e 2" =_- j '* . y< sf x = \ d 

JomMain (7 )1.€. froranv x = 4 . 
BALA AY J 1.0. L001 ally vA = &, 


Yetermine thernnaont f 
LJELEG) mine tie ; ange TT 
bled o 


ss og 
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2 ‘9 
SOLUTION We have, f (x) = ~ Lag 
x“ +1 
Domain of f: Clearly, f (x) is defined for allx ¢ Ras x* +1 Oforanyx €R.So,Domain(f) = R. 
Range of f: Let f (x) = y.Then, 
fy 
x ‘Se: 2 = 2. = Uae = y 
= ——— Heya>xaxytyr>axd-y=yox = => x=t /— 
Clearly, x will take real values, if e = ~ 
we >0 — 00 0 1 oo 
y S F Fig. 3.6 Signs of a 
Z | 
= a 
— O<sy<1 
— y €[0, 1) [See Fig. 3.6] 
Hence, range(f) = [0, 1). 
EXAMPLE6 Find the domain and range of the function f =4| x: ae >xER,x#+£1>. 
—-x 
SOLUTION We have, f(x) = ——> 
1—<% 
Domain of f: Clearly, f (x) is defined for all x <¢ R except for which x* -1¥#0ie.x=+1. 
Hence, Domainof f = R —{-1,]}. 
Range of f: Let f (x) = y. Then, ) 
fa~=y> —Z aeUvE z=y> 1- ig tz: 
exe > 
Clearly, x will take real values, if : Ae a E, 
y-1 tf + 4 ° ot - ti 
y — 0 ; : ; - M 
=>  y<0or y21 dr pata Sate ae 


=> y €(—«, 0) U[1, 2) 
Hence, es (— 00, 0) VIL, ne 7 


BEE 
yrhe 
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Range of f: As discussed above 
1s 2-sin 3x <3 forall xeR 
=> Pas Sic forall xeR 
3 2-sin 3x 
= = Sf (2) <1 fomalibiek 
= f (x) € [1/3 ,1] 
Hence, range (f) =[1/3 ,1] 
EXERCISE 3.3 
 LEVEL-1 
1. Find the domain of each of the following real valued functions of real variable: 
; 1 5 ap iL 
() f@) == Gi) f(x) = — 
ee ox -—2 : 2x+1 
(ii) f (x) === PEE) = os 
2 
x~ +2x+1 
a) = [NCERT] 
i x? — 8x +12 


2. Find the domain of each of the following real valued functions of real variable: 


1 
(i) f (x) = Jx-2 Gi) f (x) = ——— 
\x —l 

















Gil) f (@) = 9-2? Gv) Ff) = | 
3. Find the domain and range of each of the following real valued functions: 
: _ ax+b # Hy ako 
@ f@=-— Gi) f() = == 
(iii) f (x) = Jx-1 [NCERT] (iv) f (x) = fx-3 
(v) f(x) = == (vi) f (x) =|x-1] [NCERT] 
(vii) f (x) =—|24 [NCERT] (viii) f (x) = 9-22 [NCERT] 
ANSWERS 
1. Domain 2. Domain Range 
(i) R -{0} (i) [2, ) [0, co) 
(ii) R -{7} (ii) (2, -1) U(1,) (—0, -1] U(0, «) 
(iii) R —{-1} (iii) [— 3, 3] [0, 3] 
(iv) R-{-3,3} (iv) [2, 3) [0, <0) 
(v) R- {2, 6} ; 
3. Domain Range Domain Range 
a z Gi) R-44 R - 1S} 
(i) R -{#} R- b c c 
eos i [3, 00) [0, 00) 
Git) [L,) [0,-) av) ° 


Pr a 0, 3 
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x7 +2x+1 a (x +1)? 
x2 —~8x4+12 (x-6)(x—-2) 
(x —6)(x -—2) #0 ie. x 42,6. 
Domain (f) = R — {2, 6} 
3. (iii) f (x)= yx-1 is defined for all x satisfying x —1 20 i.e. x 21. So, domain (f) =[1, 0). 
Let y = Jx-1. Clearly, y 2 0 for all x €[1, 0 ).So, range (f) =[0, «). 
(vi) We have, f(x) =| x —1]. Clearly, f (x) is defined for all x € R. So, domain (f) = R. 
Also, f (x) =| x —1| 20 for all x e R.So, range (f) =[0, ). 
(vii) We have f (x) =-| x| 
We observe that f (x) is defined for all x e R. So, domain (f) = R. 
Also,|x|2OforallxeR => —|x|<Oforallxe R= f (x) sOforallxeR. 
So, range (f) =(— ~, O]. 
(viii) We have, f (x) = V9 eee Clearly, f (x) takes real values if 
9 -x2 >0 > x7 -9<0 => (x-3)(x+3)50 => xe[-3, 3] 
Domain (f) =[- 3, 3] 
Also, f (x) =/9 ~x* >0 for all x e[- 3, 3]. 


1. (v) f(x= is defined for all x satisfying 


Let y = 9 —x*. Then, y? = 9—x7 => x7 4+ y7 =9 > x= 9-7 


Clearly, x € R if y e[- 3, 3]. But, y 20. Therefore, y €[0, 3]. 
Hence, range (f) =[0, 3] 
3.8 SOME STANDARD REAL FUNCTIONS AND THEIR GRAPHS 


In this section, we shall discuss some standard real functions which frequently occur in the 
study of calculus. 


CONSTANT FUNCTION [fk is a fixed real number, then a function f (x) given by f (x) =k for allxeR 
is called a constant function. 

Sometimes we also call it the constant function k. 

We observe that the domain of the constant function f (x) =k is the set R of all real numbers and 
range of f is the singleton set {k}. 


The graph of a constant function f (x) =k is a straight line parallel to x-axis (See Fig. 3.8) which is 
above or below x-axis according as k is positive or negative. If k =0, then the straight line is 
coincident to x-axis. 





Fig. 3.8 Constant function 
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IDENTITY FUNCTION The function that associates each real number to itself is called the identity 
function and is usually denoted by I. 


Thus, the function I : R — R defined by I (x) =x for all x € R is called the identity function. 
Clearly, the domain and range of the identity function are both equal to R. 


The graph of the identity function is a straight line passing through the origin and inclined at an 
angle of 45° with X-axis. . 





2 Y¥ 
Fig. 3.9 Identity function 


MODULUS FUNCTION The function f(x) defined by f(x) =| x| ={_3 , wer 3 ZG is called the 


modulus function. 

It is also called the absolute value function.’ 

We observe that the domain of the modulus function is the set R of all real numbers and the 
range is the set of all non-negative real numbers i.e. R* ={x eR: x > 0}. 


The graph of the modulus function is as shown in Fig. 3.10. for x > 0, the graph coincides 


with the graph of the identity function i.e. the line y = x and for x <0, it is coincident to the line 
=—X, 





y’ : 
Fig. 3.10 Modulus function 


PROPERTIES OF MODULUS FUNCTION ‘The modulus function has the following properties: 
(i) For any real number ~, Vx? litle 


cos x O0<x<= 
: x 

2+ =|/cos x| = 2 
For example, cos x =| | ~cosx, a StS 


FUNCTIONS 3.21 


(ii) If a, b are positive real numbers, then 


x7 <a” <= |x|/<a @ -asx<a 


2 2 


x“ >a" = |x| 2a —& xs-aor,x2a 
2 


2 
ce SG 


x7 >a7 © |x|) >a <> x<-aor,x>a 


a* <x* <b* © as|x|<b = xe[-b,-a] VU[a, b] 


a* <x* <b? © a<|x|<b <= xe(-—b,-a) U(a,b) 


= |x|<a & -a<x<a 


(iii) For real numbers x and y, we have 
[x+y] =|x|+|y| < (x20 and y 20) or, (x <0 and y <0) 
|x-y| =|x|-ly| = (*20,y20and|x|2|y|) or, (x<s0,y<0and|x| >| y|) 
|xty|s[x[+|y| 
|xtyl2|lx] -lyl| 
GREATEST INTEGER FUNCTION (FLOOR FUNCTION) For any real number x, we use the symbol [x] 
or, | x | to denote the greatest integer less than or equal to x. 


For example, [2.75] = 2,[3] = 3,[0.74] = 0,[—7.45] = —8etc. 


The function f : R — R defined by f (x) = [x] for all x €R is called the greatest integer function or 
the floor function. 


It is also called a step function. 


Clearly, domain of the greatest integer function is the set R of all real numbers and the range is 
the set Z of all integers as it attains only integer values. 


The graph of the greatest integer function is shown in Fig 3.11. 





Fig. 3.11 Greatest integer function 


PROPERTIES OF GREATEST INTEGER FUNCTION If n is an integer and x is a real number between n 
andn +1, then 


@) -n] = -f (ii) [x+k] = [x]+k for any integer k. 
Gii) [-x] = —[x]-1 (iv) [x]+[-x] = ee , ee 


ifxeZ 
(v) kI--4] = 1363 Ft fie capo We) else seawhe aR ee 
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(vii) [x] <k => x<k+1,wherek eZ (viii) [x] >k => x>k+1,werek €Z 


(ix) [x] <k => x<k, wherek eZ (x) [x+y] = [x]+[y+x-[x]] forallx,yeR 
(xi) bl+|r+3]+ [+2 ]+..4[ee2 = [nx],néEN. 
n n n 


SMALLEST INTEGER FUNCTION (CEILING FUNCTION) For any real number x, we use the symbol 
| x | to denote the smallest integer greater than or equal to x. 


For example, [4.7] =5,[-7.2]=-7,[5]=5,[075]=1 etc. 


The function f : R —> R defined by f (x) =[x] for all x € R is called the smallest integer function or the 
ceiling function. 


It is also a step function. 





We observe that the domain of the smallest integer function is the set R of all real numbers and 
its range is the set Z of all integers. 


The graph of the smallest integer function is as shown in Fig. 3.12. 
Y 





Fig. 3.12 Smallest integer function 


PROPERTIES OF SMALLEST INTEGER FUNCTION Following are some properties of smallest 
integer function: 


(i) [-n]=—[n], wheren eZ 
(ii) [-x]= -[x]+1, wherexeR-Z 
(iii) [x+n]=[x]+n, wherexeR-ZandneZ 
, ifx¢Z 
(iv) [x]+[—«]= {0 ; fx eZ 
2[x|-1, ifx¢Z 


(v) [x]-[-*]= (ee > ifeeZ 


FRACTIONAL PART FUNCTION For any real number x, we use the symbol {x} to denote the 
fractional part or decimal part of x. 
For example, [3.45] = 0.45, [- 275] = 0.25, [- 055] =0.45, [3] =0,[-7]=0 etc. 


The function f : R > R defined by f (x) ={x| for all x € Ris called the fractional part function. 
n : 
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We observe that the domain of the fractional part function is the set R of all real numbers and the 
range is the set [0, 1). 


It is evident from the definition that f(x) ={x}=x-—-[x] forallxeR 


The graph of the fractional part function is as shown in Fig. 3.13. 
Yi 


| (0, 1) 
ie fle 
Sear a ee ck ee sae xX 


Y’7 
Fig. 3.13 Fractional part function 


SIGNUM FUNCTION The function f defined by 


| x| lL, x>0 
Fi) =i ge 17S cor Ope eat 
0 , x=0 —1 7 aU 


is called the signum function. 

The domain of the signum function is the set R of all real numbers and the range is the set 
to 1, 0, 1} 

The graph of the signum function is as shown in Fig. 3.14. 





Fig. 3.14 Signum function 


EXPONENTIAL FUNCTION Ifa is a positive real number other than unity, then a function that associates 
each x € R to a® is called the exponential function. 


In other words, a function f : R — R defined by f (x) =a*, wherea>0 anda#1 is called the 
exponential function. 


We observe that the domain of an exponential function is R the set of all real numbers and the 
range is the set (0, 00) as it attains only positive values. 
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As a>0Oand a #1.5So, we have the following cases: 
CASEI Whena>1 
We observe that the values of y = f (x) =a” increase as the values of x increase. 


<1 forx<0 
Also, f(x) = a~ 4=1 forx=0 
>1 forx>0. 


Thus, the graph of f (x) =a* for a >1as shown in Fig. 3.15. 


y=a*,a>1 





YY’ 
Fig. 3.15 Exponential function f(x) = a* fora >1 
We also observe that: 
2* <3* <4* <...forallx>1 
2* = 3* =4* =...=1forx=0 


2* > 3* >4* >.... forall x <1 


So, the graphs of f (x) =2*, f (x) = 3%, f (x) =4* etc. are as shown in Fig. 3.16. 
y=" 


y=3* 
y=2 





. =< 


Fig. 3.16 Graphs of exponential functions 


CASEI When0<a<1 
In this case, the values of y =f (x) =a decrease with the increase in x and y > 0 for all x ER. 


¢ >1 forx<0 


ae? = = =0 
y =f) ¥ {23 eee D 
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Thus, the graph of f (x) =a* for 0 <a <1 is as shown in Fig. 3.17. 


y=a*,0<a<1 Yh 





y’ | 
Fig. 3.17 Graph of exponential function f(x) = a* for 0<a<1 


The graphs of f (x) =a*, 0 <a <1 for different values of a are shown in Fig. 3.18. 


y=(3) Y= (3): Ly 
r=) 








Y'! 
Fig. 3.18 


REMARK Wehave,2 <e < 3. Therefore, graph of f (x) =e* is identical to that of f (x) =a" fora >1and 
the graph of f(x) =e7 * is identical to that of f(x) =a” for 0 <a <1. 

LOGARITHMIC FUNCTION Ifa > Oanda #1, then the function defined by f (x) =log, x, x >Oiscalled 
the logarithmic function. 


Previously we have learnt that the logarithmic function and the exponential function are inverse 
functions i.e. log, x =y => x =a". 


We observe that the domain of the logarithmic function is the set of all non-negative real 
numbers i.e. (0, 0) and the range is the set R of all real numbers. 


Asa>Oanda¥#1.So, we have the following cases. 
CASEI Whena>1 


In this case, we have 
0 forO0<x<1 
0 forx=1 


=log,x 
Y Be 0 for x>1 


VIA 


Also, the values of y increase with the increase in x. 
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So, the graph of y = log, x is as shown in Fig. 3.19. 


f (x) =log, x, a>1 





Fig. 3.19 Logarithmic function f(x) = log, x fora>1 
CASEIN When0<a<l1 
In this case, we have 


>0O for 0<x<l 
y=log,x 4=0 forx=1 
<0 forx>1 


Also, the values of y decrease with the increase in x. 
So, the graph of y =log, x is as shown in Fig. 3.20. 





fix)=log,x,0<a<1 


Fig. 3.20 Logarithmic function f(x) = log,x,0<a<1 


PROPERTIES OF LOGARITHMIC FUNCTION Following are some useful properties of logarithmic 
function: 


(i) log, 1 = 0, wherea>0,a¥1 
(ii) log, a = 1, wherea>0,a¥1 
(iii) log, (xy) = log,a|x|+log,|y|, wherea>0,a#1 and xy >0 


x 
(iv) log, > pice) Sle oealeiawnere anal and: >0 
(v) log, (x”) = nlog,|x|, wherea>0,a#1 and x" >0 
m 
: el x, wherea>0,a#1andx>0 
(vi) log x” 5 O82 
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(vii) x!BaY = y\Ba* wherex>0,y>0,a>0,a#1 


(viii) If a>1, then the values of f (x) =log, x increase with the increase in x. 
ie x<y & log, x<log,y 


<0 for0<x<1 
Also, log, x 4= 0 forx=1 
>0O forx>l. 


(ix) If 0 <a <1, then the values of f (x) = log, x decrease with the increase in x. 
le x<y =& log,gx>log,y 
> 0 for0<x<1 


Also, loggx {= 0 forx=1 
<0 forx>1 





(x) log, x = fora>0O,a#landx>0,x#1l. 


1 
log, a 
REMARK Functions f (x) =log, x and g(x) =a” are inverse of each other. So, their graphs are mirror 
images of each other in the line mirror y = x. 


RECIPROCAL FUNCTION The function that associates a real number x to its reciprocal 1/x is 
called the reciprocal function. Since 1/x is not defined for x =0. So, we define the reciprocal 
function as follows: 


DEFINITION The function f :R —{0} +R defined by f(x) 2* is called the reciprocal function. 
x 
Clearly, domain of the reciprocal function is R — {0} and its range is also R — {0}. 


We observe that the sign of A is same as that of x and A decreases with the increase in x. 
x x 


So, the graph of f(x) = 2 is as shown in Fig. 3.21. 
x 





Fig.3.21 Reciprocal function 


SQUARE ROOT FUNCTION The function that associates a real number x to + Jx is called the 
square root function. Since Vx is real for x > 0. So, we defined the square root function as follows: 
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DEFINITION The function f : R* —> R defined by f (x) =+ Vx is called the square root function. 
Clearly, domain of the square root function is R™ i.e. [0, 0) and its range is also [0, »). 


We observe that the values of f (x) =+-/x increase with the increase in x. So, the graph of 
f (x) =+ Vx is as shown in Fig. 3.22. 


Y 





y? 
Fig. 3.22 Square root function 


SQUARE FUNCTION The function that associates a real number x to its square i.e. x* is called the 
square function. Since x* is defined for all x € R. So, we define the square function as follows: 
DEFINITION The function f : R —> R defined by f (x) =x? is called the square function. 

Clearly, domain of the square function is R and its range is the set of all non-negative real 
numbers i.e. [0, 00). The graph of f (x) = x? is parabola as shown in Fig. 3.23. 





Fig. 3.23 Square function 


CUBE FUNCTION The function that associate a real number x to its cube is called the cube 
function. We observe that x? is meaningful for all x e R. So, we define the cube function as 


follows: ‘ , 
DEFINITION The function f:R —>R defined by f (x) =x~ is called the cube function. 


i a that of x and the values of x? increase with the increase 

bserve that the sign of x~ is same as tha ) 7 increas 
i mer the graph of f= x° is as shown in Fig. 3.24. Clearly, the graph is symmetrical in 
opposite quadrants. ’ 
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Y'Y 
Fig. 3.24 Cube function 
CUBE ROOT FUNCTION The function that associates a real number x to its cube root x3 is 
called the cube root function. Clearly, x!/3 is defined for all x e R. So, we define the cube root 
function as follows: 
DEFINITION The function f : R — R defined by f (x) = x'/3 is called the cube root function. 
Clearly, domain and range of the cube root function are both equal to R. 
Also, the sign of x!/3 is same as that of xand x’/ 3 increase with the increase in x. So, the graph of 
f (x) =x/° is as shown in Fig. 3.25. 
Yi 





Fig. 3.25 Cube root function 


REMARK1 A function f : R — R is said to be a polynomial function if f (x) is a polynomial in x. For 
example, f (x) = x? —-x+4,9(x)= x? + 3x7 + J2 x-letcare polynomial functions. 
REMARK2_ A function of the form f (x) = ae where p (x) and q (x) are polynomials and q(x) # 0, 1s 


called a rational function. The domain of a rational function f (x) = a is the set of all real numbers, 
q(x 


except points where q (x) = 0. 


3.9 OPERATIONS ON REAL FUNCTIONS 


In this section, we shall introduce various operations, namely addition, subtraction, 
multiplication, division etc. on real functions. 


ADDITION Let f :D, — R and g:D2 — R be two real functions. Then, their sum f + g is defined as 
that function from D, A D2 to R which associates each x < D AD» to the number a S g ae 
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In other words, if f :D, > R and g:D, > R are two real functions, then their sum f + g isa 
function from D,; D> to R such that 
(f + 9) (x) =f (x) + 9(x) forall x ED, ND». 
PRODUCT Let f:D,; > R and g:D> > R be two real functions. Then, their product (or pointwise 
multiplication) f gis a function from D, Dp» to R and is defined as 
(f g)(x) = f(x) g(x) forallx eD, ND2 
DIFFERENCE (SUBTRACTION) Let f:D,-—R and g:D, —R be two real functions. Then the 
difference of g from f is denoted by f —g and is defined as 
(f —g) (x) =f (x) -—g@(x) forall x ED, ND, 
QUOTIENT Let f:D, — Randg:D, > R be two real functions. Then the quotient of f by g is denoted 


by f and it is a function from Dy A Dz —{x: g(x) =0} fo R defined by 
§ 


(E)e a5 for all x ED, AD> —{x:¢ (x) =0} 


MULTIPLICATION OF A FUNCTION BY ASCALAR Let f:D — R baa real function and a be a scalar 
(real number). Then the product a f is a function from D to R and is defined as 


(af) (x) = af (x) forall x eD. 
RECIPROCAL OF A FUNCTION [If f:D —R is a real function, then its reciprocal function ; is a 





function from D —{x: f (x) =0} to R and is defined as (2) (x) = : 
f f (x) 


REMARK1 Thesum, difference product and quotient are defined for real functions only on their common 
domain. These operations do not make any sense for general functions even if their domains are same, 
because the sum, difference, product and quotient may or may not be meaningful for the elements in their 
common domain. 


REMARK 2 For any real function f:D A RandneN, we define 
(f f f ...- f) (x) = f(x) f(x)... f(x) = UF (x)" forall x eD 
n—times n—times 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find thesum and difference of the identity function and the modulus function. [NCERT] 


SOLUTION We know that f : R — R defined by f(x) =x is the identity function and g:R —>R 
defined by g(x) =| x| is the modulus function. Clearly, f and g have the same domain. 


Therefore, f +g:R—Randf -g:R->R. 


Now, 

(f+3)(x) = f()+s 
=> (f +g) (x) = x+/2| 

X+X, if x 20 

= g+a={5t%: ifx <0 
; pis cam if x 20 
—2 (f + g) (x) “| 0; afx<0 
and, (f—-g)(x) = f(@)-s@) 
> (f —3) (x) = eee _ dfxeno 
= (f —g) (*) = ee , ifx<0 
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O17, 16 22.0 
=  (F-9)@) = Far! HF Zo 
Thus, f+g:R—R and f—g:R— Rare defined as 


: -> ® > 
gg = {75 X20 and, (f-9)() = fox’ ite co 


EXAMPLE2 Whatare the sum and difference of the identity function and the reciprocal function? 


[NCERT] 
SOLUTION Let f and g denote respectively the identity function and the reciprocal function. 


Then, f:R > R andg:R-{0}—>R such that f(x)=x forallxeR and, g(x) ae for all 
x 

xe R—-{0}. 

The domains of f and g are R and R — {0} respectively. Also, we have R A R —{0} = R — {0}. 

Therefore, f + ¢:R — {0} > R and f —g: R — {0} > R are given by 


(f+ a(x) = f(x) +9(X) = r+ and, (f -g)(x) = f(x)-g(x) = x-= 


EXAMPLE3 Let f :[2, ©) > R and g:[—2, «) > R be two real functions defined by f (x) ieee 
and g(x) =./x + 2. Find f + gand f —g. 
SOLUTION Let D, =[2, 0) and Dy =[—2, ~). Then,D; ND = [2, &). 
Thus, f+ 9:[2,«) —R and f —g:[2, ~) — R are given by 
(f + 2) (x) =f (x) + g(x) = —-2+ ix+2 for all x €[2, <0) 
and, (f —g)(x)=f (x) -—g (x) =,/x—2 —/x+ 2 for all x e[2, 0). 
EXAMPLE4 Find the product of the identity function and the modulus function. 
SOLUTION Let f and g denote respectively the identity function and modulus function. Then, 
f RR such that f(x) =x for all xand,g:R— R such that g(x) =|x| for all x. 


Clearly, f and g have the same domain. Therefore, the product f g is a function from R to itself 
and is given by 


2 oF 
(f 9) (x) = f (x) g(x) = slat=| Co eee 0 


ie ; if x <0 


EXAMPLES Find the quotient of the identity function by the modulus function. 


SOLUTION Let f and g denote respectively the identity function and the modulus function. 
Then, f:R — R is defined as f (x) =x and, g:R —> R is defined as g(x) = |x|. 

Clearly, f and g have the same domain. 

And, g(x)=0 > |x|=0 > x=0. 


Therefore, the quotient of f by ¢ i.e. ; is a function from R — {0} > R and is defined as 
-=1 
f) ig: Bla = me ple eae a 
g g(x) Ix] |= =-1, x<0 


EXAMPLE6 Find the product of the identity function and the reciprocal function. 

SOLUTION Let f and g denote respectively the identity function and the reciprocal function. 
Then, f : R — R is defined as f (x) =x for allx e Rand,¢:R —{0} — R is defined as g (x) i for 
all x e R —{0}. me 
Now, Domain (f) A Domain (g) = RAR —-{Q}=R -{(9} 

Therefore, the product fg is a function from R — {0} to R and is defined as 
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(fg) (x) =f (x) g(x)=xx—=1 for all x ec R —{0} 


Thus, fg: R —{0} > R is given by (fg) (x) =1 for all x e R —{0}. 

EXAMPLE7 Find the quotient of the identity function by the reciprocal function. 

SOLUTION Let f and g denote respectively the identity function and the reciprocal function. 
Then, f : R — R is defined as f (x) =x forallx eR and,g: R —{0} — R is defined as g (x) = = aN 


all x e R —{0} 
Now, Domain (f ) M Domain (g) =R OR —{0} =R —{0} 
And, g(x) #0 for any x eR —{0} 


~ is a function from R —{0} > R and is given by 
& 


(£) € _f(%) =—— — x2 
& 
Hence, TR —{0} > R is given ry( Z| (x)= x7 for allxeR- {0}. 
EXAMPLES Letcbe a non-zero real number and f:R—R be a function defined by f (x) =< 
forallx eR. Find (i) cf (ii) c2f (iii) (=) f. 
c 


SOLUTION Clearly, cf, c af and( * ) f are functions from R to itself. 


Now, 
(i) (cf) (x) =cf(a) =x =x for allxeR 





(ii) (c? f) (x) <0? f(x) =c? x = =x for allx eR 
re 1 es ee 2 
(iii) (2) s}@ -(+ }f@)=2. Pere. for allx ER. 
EXAMPLE9 Let f and g be two real functions defined by f (x) = - ; a and g(x) =(x + 4)3, 
Find the following: (i) f+g (i) f-g (ii) fg Gv) , (v) 2f (vi) ~ (vii) ~ 


SOLUTION We observe that f(x) = = is defined for all x + — 4. So, domain(f ) = R —{—4}. 


a g(x) = (x+ 4)3 i is defined for all x e R.So, domain (g) = 
o Domain (f ) © Domain (g) = R —{-4). 
) f+g:R- eee 

+(x+4)> = (x+4)* +1 


(f +9) (2) =f) +8@)-— vi 
(ii) f-g:R- a es Bee 
(f-g)(x) = f()-8@ ==> 


Gii) fg:R-{-4 at atic 
(fg) (x) =f (x) 30%) oa : ri (x + 4)? =(x +4)? 





1-(¢+4)" 
x+4 





mle Ss + 4)° = 
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(iv)  g(x)=0 = (x+ 4)? =0 > x=-4. 


Domain{ £}~ Domain (f ) A Domain (g) —{x: g (x) =0} = R-{-4} 
Thus, E:R-(-4 — R is given by (Es x) = an = zene 


(v) 2f:R—-{-4} > Ris eS by 
(2f)(x) = 2 (f (x) =—— g forallx eR —{—4}. 





(vi) We observe that f (x) # 0 for any x € R — {- 4}. Therefore, ‘ :R -—{-4} - R is given by 


f 
: Jo y= = —_ a(x + 4) 
f ne 1/ (x + 4) 


(vii) We observe that g (x) =(x + 4) 3 — 0 for x =—4. Therefore, A :R —{-4} > R is given by 
& 


ald bee eee 
(2 Jos g(x) (x+4)? 


EXAMPLE10 Let f and g be real functions defined by f (x) = x +2 and g(x) =4- x*. Then, find 
each of the following functions: 


G) fag (i) fog Gi) @w) 4 @) ff. Giles 


SOLUTION We have, f (x) = x +2andg@(x) = ¥4- x7. 

Clearly, f (x) is defined for all x satisfying 
x+220 > x2-2 > xe[-2,%) 

Domain (f ) =[— 2, ©) 

We observe Eat g (x) is nea for all x satisfying 

4—x2>0 => x7-4<0 => (x-2)(x+2)<50 => xe[-2, 2] 

in) Domain (g) = [—2, 2] 

Now, 
Domain (f ) © Domain (g) = [- 2, ) A[-2, 2] = [-2, 2] 

(i) f +@:[-2, 2] — R is given by 


(f + g) (x) = f (x)+g(x) = Jx+2+4- — x2 


(ii) f —g:[-2, 2] > R is given by 


(f —g)(x) = f(x) -g (x) = yxt2 Bi ald —x? 


(iii) fz:[-2, 2] > R is given by 

(fg) (x) = f(x) gg) = Jut2x4- —x? = \(x+2)2(2—x) = (x+2)/2—x 
(iv) Wehave, g(x) = 4-27 

g(x) =0> 4-27 =O > x= 42. 


So, Domain (£) = [-2,2]-{-2, 2} = (-2, 2) 
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2G 2, 2) > R is given by 


(E\on = EMCO) a 
& g (x) 4 — 2 2-x 
(v) Since domain (f) =[—2, ). Therefore, 

(ff) (x) = f(x) f(x) = Uf (x)? = (,/x +2)* = x+2forallx e[-2, «) 
(vi) Since domain (g) =[—2, 2). Therefore, 


2 
(99) (x) = g(x) g(x) = g(x? = (4-2?) = 4— x forall x <[—2, 2] 


EXAMPLE 11 Let f be the exponential function and g be the logarithmic function. Find: 
(i) ¢ +3) (ii) (fg) (1) (iii) (3 f) (1) (iv) 6 g) J) 
SOLUTION We have, 


f:R — R given by f(x) =e* and, g:R* — R given by g(x) = log, x. 
(i) Since Domain (f ) ~ Domain (g)=R ©R* = R*.Therefore, 
f+g@:R* > Ris given by 
(f + 9)(x) = f(x) +9(x) = e* + log, x forallx eR* 
(f +9)(1) = et +log,1 = e+0 = 
(ii) Domain (f ) A Domain (g) = RAR* = R*. Therefore, fg:R* — R is given by 
(fg) (x) = f (x) g(x) = e* . log, x 
(fz) (1) = etx log, 1 = ex0=0 
(iii) Clearly, (3 f) es, 3 (f (x)) = 3e* 
(3f) (1) = = 3e 
(iv) Clearly, (59) ne = 5(¢(x)) = 5 log, x 
: (5 g)(1) = 5log,1 = 5x0 = 0. 
LEVEL-2 
EXAMPLE 12 Fig the domain of each of the following functions given by 
: 1 
i = NCERT EXEMPLAR] (i = ———— 
@) f tel [ ] (ii) f (x) SESE [NCERT EXEMPLAR] 


(iii) f (x) = =a (iv) f (2) = a 











1 
SOLUTION (i) We have, f (x) = Je-12 

x —|x| 
We know that | x| = = ‘ ae, 


x-x=0 if x 20 
x-|*| = )y4x=2x, ifx<0 


> Aa| a1 =0 for all x 
=> does not take real values for any x eR 
/x-|21 


fiais me tee for any x € R. 
Bienes Domain (f) = 


(ii) We have, f(x) = Je+l=1 


= 
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We know that | x| = ee: 4 ot 
x+x, ifx20 
ee|x] = {Ft if x <0 
2x Ewe 0 
=o xtisl= {75% Gexeo @ 
Thus, f (x)= arse assumes real values, if 
x+|x| > 0 
=> x>0 [Using (i)] 
= x €(0, 0). 


Hence, Domain(f) = (0, ©). 
(iii) We have, f (x) = ——== 

iO) =" F-B 
We know that 0 < x —[x] <1 for all x e R. Also, x —[x] =0 for x € Z. 
Thus, f (x) = . is defined, if 

x — [x] 
x-[x]>O> xER-Z [ x -[x]=0 for x eZ and0 <x -—[x]<1 forxeR -Z]| 
Hence, Domain (f ) = R — Z. 
iv) We have, f (x) = 

We know that 


x+[x] > 0 forallx>0 
x+[x] = 0 forx=0 ...(i) 
x+[x]< 0 forallx<0O 


1 
that, Domain (f ) =(0, 0). 
EXAMPLE13_ Find the domain of definition of the function f (x) given by 











Also, f (x) = is defined for all x satisfying x + [x] > 0. Therefore, from (i), we obtain 


f(x) = log, 4 logs oes (18x — x? —77 
SOLUTION We have, 
f(x) = log, ¢ logs fogs (18x — x? -7) 


Since log, x is defined for all x > 0. Therefore, f (x) is defined if 
logs {log 3 (18x — x* —77)} > 0 and 18x —x* -77 >0 


log3 (18x — x2 -77) >5° and x* 18x +77 <0 
log 3 (18x -x -77) >1 and (x-11)(x-7) <0 
18x —x2 -77 >3! and 7 <x<11 
18x —x* —80>0 and 7 <x<11 
x2 —18x+80<0 and 7 <x<11 


(x —10) (x —8) <O and 7 <x<11 
8<x<10 and 7 <x<1l > 8<x<10=> x €(8, 10). 


Hence, the domain of f (x) is (8, 10). 


VY VEY YY 
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EXAMPLE 14_ Find the domain of definition of the function f(x) given by f(x) = a + x +2. 
CSi0iv=4 
1 
SOLUTION We have, f (x) = ———————- + /x +2 
logig (1 — x) 
Let g(x) = pe and ji(x) = iE: + 2. Then, f (x) =@ (x) +h (x) 
logio (1 = x) 

Domain (f ) = Domain (g) A Domain (/) 

Now, g(x) = a is defined for all x for which log jo (1 — x) is defined and 
logi9 (1 — x) 


logi9 (1—x) #0 => 1-x>0and1-x¥1 => x<landx#0 => xe(—, 0) U(0,1) 
os Domain (g) = (—%, 0) U(0, 1). 
And, h(x) = ./x +2 is defined for all x satisfying. 
x+220 > x2-2 > xe[-2,°). 
Domain (li) = [-—2, ©). 
Manica: Domain (f ) = (—%, 0) U(0, 1) N[—2, ©) = [—-2, 0) U(0, 1) 
EXAMPLE15_ Find the range of each of the following functions: 


(i) f(x) =|x- 3] [NCERT EXEMPLAR] 
(ii) f (x) =1-|x-2| [NCERT EXEMPAR] 
(iii) f (x) = te [NCERT EXEMPLAR] 


SOLUTION (i) We have, f (x) =|x-3]| 
Clearly, f (x) is defined for all x e R. Therefore, Domain (f) = 
: |x-—3|>OforallxeR 
0<|x-3|<oforallxeR 
— O<f(x)<o forallxeR 
=> f (x) € [0,0) forallxeR 
Hence, Range (f ) = [0, ©). 
(ii) We have, f (x) = 1-|x-2|. 
We observe that f (x) is defined for all x e R. Therefore, Domain (f) = R. 
0<|x-—2|<o forallxeR 
—o< —|x-—2|<0 forallxeR 
=> —o<1-—|x-2|<1 forallxeR 
=> —oo<f(x)<1 forallxeR 
=> f (x) €(-~, 1] 
Hence, Range (f ) =(-©, 1] 
|x-4| 
(iii) We have, f (x) = eae 


Clearly, f(x) is defined for all x < R except at x = 4. Therefore, Domain (f ) = R —{4} 
Now, 








x- 4) 
fay = 
o.. , ifx>4 
a 
* IO)H4=G@=9 _ 1, ifx<4 


x—-4 
Hence, Range(f) = {-1- y 
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EXAMPLE16 Find the domain and range of each of the following functions given by 





(i) f(x) = Ty (ii) f(x) = 1-|x-3| 
1 


Vx -[x] 
Domain of f: We know that 
O<x-[x]< lforallxeR 
And, x-—[x]=0 forx eZ. 
0<x-—[x]<lforallxeR-Z 


1 
— (x) = ———— exists forall x eR -Z. 
f Nx — [x] 


SOLUTION (i) We have, f (x) = 





Hence, Domain (f ) = R -Z. 

Range of f: We have, 
0<x-—-[x]<lforallxeR-Z 

= 0< {x —[x] <1 for allx eR -Z 


=. joe < oforallxeR-Z 
{x -[x] 

= 1<f(x)<o forallxeR-Z 

a Range (f) = (1, 0). 


(ii) We have, f(x) = 1-|x-3| 
Clearly, f (x) is defined for all x e R. Therefore, Domain (f) = R. 
Range of f: For any x € R, we have 
|x-3|/20 > -|x-3|<0 > 1-|x-3]<1=> f(x) s1=> f(x) €(-~,1] 
Hence, Range(f) = (—~, 1]. 




















EXAMPLE17_ Find the domain of the real function f (x) defined by f (x) = ai =] ‘ 
1-|x| 
SOLUTION We have, f (x) = 2 |x| 
We observe that f (x) is defined for all x satisfying arial 2 0. 
+ 2 + 
—o 1 2 + © 
Fig.3.26 Signs of welled 
2-|x| 
Now, Beles =0 
2—| x| 
|x| -1 
20 
Bese 
— |x| <1 or,|x|>2 [.- See Fig. 3.26] 
= x e[-1, 1] or, x e(—~, — 2) U(2, ~) 
=> x E(—0, —2) U(2, 0) U[-1, 1] 


Hence, domain (f) =(—~% , —2) U(2, ©) U[-1, 1]. 


EXAMPLE18 Find the domain of the function f given by f(x) = 1 [NCERT EXEMPALR] 
Vie? —[x]-6 
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SOLUTION We have, 


1 
Q)=_———$— 
: q, [x]* —[x]-6 


Clearly, f (x) is defined for all x satisfying 








[x]* -[x]-6 >0 %: ‘ m 
=> ({x]-3)([x]+2)>0 See a TG % 
— [x] <-2 or [x] >3 Fig. 3.27 Signs of [x]* —[x] — 6 for different values of x 
=> x €(-—oo,-—2) or x E[4, 0) 
— x €(—0o0, —2) U [4, 0) 
Hence, domain (f) =(—00, — 2) U[4, 0). 


EXERCISE 3.4 


1. Find f +g, f—g, cf (ceR,c#0), fg, : and : in each of the following: 


(i) f(x) =x? +1 and g(x) =x+1 (ii) f (x) =,/x —1 and g(x) =,/x +1. 
2. Let f(x) =2x+5 and Q(x) = x* +x. Describe (i) f+ (ii) f —g (iii) fe (iv) f/g. Find the 
domain in each case. 


3. If f(x) be defined on [— 2, 2] and is given by f(x) = { oy : E ‘ ah : 
and 9(x) = f(| x|) +| f(x) |. Find g(x). 
4. Let f, g be two real functions defined by f (x) = a +1 and g(x) = —x*. Then, describe 
each of the following functions: 
(i) f+g (ii) g—f (iii) f g (iv) f/g 
OF (vi) 2f-v5g (vii) f? +7f iit) > 
5. If f (x) =log, (1 —x) and g (x) =[x], then determine each of the following functions: 
OO if andy (ii) fg (iii) . (iv) ; 
a: f\(1)\ | sift 
Also, find (f +g) (-1), (fg) ,{£)(3) {8}(3). 


6. If f, g, hare real functions defined by f (x) = {fF +1, 2 (x) =—and h (x) = 2x? — 3, then find 


the values of (2 f + g —h) (1) and (2 f + g —h) (0). 
1-x,x<0 
7. The function f is defined byf (x) = f ne x= Tot Draw the graph of f (x). [NCERT] 
x+1,x> 


8. Let f, g:R—Rbe defined, respectively by f (x) =x + 1,9(x) =2x-—3.Find f+g, f—gand a 


[NCERT] 
9. Let f:[0,00)—>R and g:R-—>R be defined by f (x) =Jx and g(x)=x. Find 
f+ef-3 Sg and as [NCERT] 
10. Let f (x) = x2 and g (x) =2x+1betwo real functions. Find (f + Q) (x), Cf — g) (x), (fz) (x) and 
[ f) (x) [NCERT] 

& 
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ANSWERS 





1. (i) f +¢:R — R given by (f +g) (x) =x° +x+2 
f-g:R—-R given by (f —g) (x) = x —x 
cf: R > R given by (cf) (x) = c (x? +1) 
fg:R > R given by (fg) (x) =(x +1)? (x? —x+1) 

:R—{-1}— R given by(E}ia = = 


x" +1 
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R —-{-1} > R given ry(L]o =x? +x4+1 


© 







(ii) f+g¢:f1,0) ->R defined by (f + 9) (x) = yx-Ltyx+1 
cf :[1,0) +R defined by (cf ) (x) =c jx-1 


fg:[1,00) >R defined by (fg) (x) = 








ith «©)—R defined by = Joo = ei 
fs [1,«0) +R defined by (E hos By eS 
§ g x+1 


~—— 


(f +g) (x) =x? + 3x4+5;dom(f+g)=R (ii) (f —g)(x) =5 + x-x*; dom (f -g) =R 


(iii) (fg)(x) = 2x3 +7x* +5x;dom (f7)=R (iv) (£) (x) = Zia, dom (E) = R —{0, 1} 
§ x" +X & 


Z: 
4. (i) oper 
(ii) g—f:[-1, 3] > R defined by (¢ — f) (x) =/9 - —Jx+1 


(iii) fg:[-1, 3] > R defined by (fg) (x) = (9+ 9x—x7 -x? 


(iv) ee 3] > R defined ry(£) = os 
& \o—x2 — x? 

& ._ sx" x? 

(v) fi 1, 31+ R defined by| &](s oa 


(vi) 2f —V5 g:[-1, 3] > R defined by (2f —V5 g) (x) =2. fx +1 — 45 -5x” 
(vii) ails ele ce ce 


(vii) > :(— 3, 3) > R defined by(2 Jo ae 
9-x 


5. (i) erceas defined by (f + g) (x) = log, (1 —x) + [x] 
(ii) fg :(—0, 1) > R defined Mf 8) (x) = [x] log, (1 —x) 


(iii) é :(—0, 0) — R defined by Lc) We =a) 
x 


2, 


IA A IA 
IAA IA 
Ne © 


x 
x 
x 


3.40 


MATHEMATICS-XI 
iv) &.(- Sly, _ 
(iv) f :(—0, 0) U(0, 1) > R defined by 8) (x) ae 
(f + g)(-—1) = log, 2-1 and, (fg)(0) = 0, (£](2) aes not exist (£\(5)=0 


6. 0, does not exist. 
8. f +g:R—R defined by (f + g) (x) = 3x -2; f -g:R > R defined by (f — g) (x) =-x+4 
FR -{3} +R defined by| Ea see 
g 2 g 2x—3 
9. f +g:[0, 0) — R defined by (f + g)(x) =/x +x; f —g:[0,0) — defined by (f —g)(x)=vx -x 
fg :[0, 00) > R defined by (fg) (x) = x°/?; £0, 00) > R defined by (Eon = 
§ 


Vx 
f cm 
10. (f + g) (x) =(x +1)”, (f -g) (x) =x? -—2x —1, (fg) (x) =2x3 + pate = ——_., 
g 2x +1 


HINTS TO NCERT & SELECTED PROBLEMS 
7. Wehave, 


Dt, or x0 
f(x) =3 1, x=0 
x+1, x >0 
Let f (x) =y. Then, 
y =1-x or x+y =1 forx<0 
y =1forx =1 
and y = x+lor—x+y =1 forx>0. 


To draw the graph of f(x), draw the line x + y =1 and take its that part for which x < Oi.e. 
take that portion of the line which lies on the left side of y-axis. 

For x > 0, draw the line —x + y =1 and take its that portion which lies on the right side 

of y-axis. For x = 0, mark the point (0, 1). 
So, the graph of f (x) is as shown in Fig. 3.27. 





Fig. 3.27 


8. :R—» Rand g:R — Rare given by f(x) =x +1 and g (x) =2x — 3. 
fais (f) =R andD (g) =R. Therefore, 
(i) D(f+—g=DNOD@=R and, (f + 9) (x) =f (x) + g(x) =x+1+2x-3=3x-2 
(i) D(f-g) =D) ODB)=R and, (f —g) (x) =f (x) -g (x) =x+1-2x+3=-x+4 
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(iii) D (fg) =D (f) AD (g) =R and, (fg) (x) =f (x) g(x) =(x +1) (2x-3) = 2x*-x-3 
1 iA —Iry: vr) = = -{31 f i OO See 
(iv) (| D (f) AD (g) — {x: 8 (x) 0} R 3 and, (Eos a) ET 
9. Itis given that f:[0,«0) > R and g:R— Rare such that f (x) = Vx and g(x) =x. 
D(f +g) = [0,%) AR = [0, ») 
So, f + ¢:[0, ©) > R is given by (f + 9) (x) = f (x) +g¢(x) = Vx4+x 
D(f -g) = D(f) AD (g) = [0,~) NR = [0, ~) 
So, f —¢:[0, ©) > R is given by (f —g) (x) = f (x)-g(x) = Vx -x 
D (fg) = D(f) ND (g) = [0,%) AR = [0, ~) 
So, fz:[0, ©) > Ris given by (fg) (x) = f (x) g(x) =Vx x=x9/? 


p{ | = D(f) 1D (g) - {x:g (x) =0} = (0, ) 


< 


c 


E (Op 0) Risch Fa) LO eee 
Sheil ) » Ris given by {J Joo ae = EET 
10. We have, f (x) = x? and g(x) = 2x +1.Clearly, D (f) =R and D (g) =R. 
D(f+g) = D(f)AD(g) =RAR=R 
D (fg) = Di) AD(g) = RAR =R 
lise “Go G) 0 -{-3} u -{-3| 
o(£] = ppnow {x: ¢(x)=0} = RAR 5 R 5 


Thus, 
f +g:R — Ris given by(f +g) (x) = f (x) +g (x) = x7 +2x41 


f —g:R > Ris given by (f —g)(x) = f (x) -g (x). = x* -2x-1 
(fz): R > R is given by (fg) (x) = f (x) g(x) = x (2x +1) 


f).p_j1 f fo ix 
(£}: {3} + Risgiventy| £ L)a) - a0) nae 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 

1. Write the range of the real function f(x) = hx. 

2. If f is a real function satisfying f | x + i) = x74 = for all x e R —{0}, then write the 


x 
expression for f (x). 


3. Write the range of the function f (x) = sin [x], where = <x< i : 


4. If f(x) = cos [x*] x + cos[- n*] x, where [x] denotes the greatest integer less than or equal 
to x, then write the value of f (7). 


5. Write the range of the function f (x) = cos [x], where es <x< > 
6. Write the range of the function f (x) = e*~ I) x eR. 


7. Let f (x) =——— , x # —1. Then write the value of a. satisfying f (f (x)) = xforallx#-—-1. 
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9. 


10. 


11. 


12. 
13. 
14. 
15. 


16. 


17. 
18. 
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1 1 
If f (x) =1- =) then write the value of f ( if (=)}. 
x x 
Write the domain and range of the function f(x) = Se 


If f (x) =4x - x”, x eR, then write the value of f (a+1) —f (a—1). 


If f, g,h are real functions given by f (x) = x2, g(x) = tan x and, h(x) = log, x, then 


write the value of (hogof ) (E 


Write the domain and range of function f (x) given by f (x) = 


Be 
x —|a} 
Write the domain and range of f (x) = x — [x]. 


Write the domain and range of function f(x) given by f (x) =./[x] — x. 


Let A and Bbe two sets such that(A) = p and n(B) = q, write the number of functions from A 
to B. 


Let f and g be two functions given by 


f ={(2, 4), G, 6), (8, —1), (10, —3)} and g ={(2, 5), (7, 1), (8, 4), (10, 13), (11, —5)}. 
Find the domain of f + g. 


Find the set of values of x for which the functions f(x) = 3x7 -1 and e(x) = 3+x are equal. 
Let f and g be two real functions given by 


f ={(0, 1), (2, 0), (3,4), (4, 2), (5, 1)} and g ={(1, 0), (2, 2), (3, -1), (4, 4), G, 3)}. 
Find the domain of fg. 





ANSWERS 
1. [0, 00) 2. f (x) = <p) where|x| > 2 3. {—-sin 1, 0, sin 1} 
4.0 5. {1,cos1,cos2} 6. [1, e) 7. a=-1 
8. as 9. Dif) =R-{,R(f) =} 10. 4(2 —a) 
11. 0 12. D(f) = o¢=R(f) 13. Dif) =R, R (f ) =[0,1) 
14. Dif) =o=R(f) 15. g? 16. {2, 8,10} 


17. {-1, 4/3} 18. {2, 3, 4,5} 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. 


Let A ={1, 2, 3},B ={2, 3, 4}, then which of the following is a function from A to B? 


(a) {(1, 2), (1, 3), (2, 3), (3, 3)} (b) {(1, 3), (2, 4)} 
(c) {(1, 3), (2, 2), (3, 3)} (d) {(1, 2), (2, 3), (3, 2), (3, 4)}- 
2. If f:Q > Qis defined as f (x) =x”, then f ~* (9) is equal to 
(a) 3 (b) -3 (c) {-3, 3} (d) o 
3. Which one of the following is not a function? 
(a) (x, y):x,yeR, x? =¥ (b) (x, y):x,yeR,y* =4 
(c) (x, y):x,yeR, x=y} (d) {(x, y):x,y eR, y=x"} 


as 


4. Hf) =con(log ten fo) 07-2} 55] es 2 #)} athe va 


(a) -—2 (b) -1 (c) 1/2 (d) none of these 
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5. 


6. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 











If f (x) =cos (log x), then f(x) f(y) -5 je (= f ox] has the value 
(a) —1 (b) 1/2 (c) —2 (d) none of these 
Let f (x) =| x -1|. Then, 
(a) f (x?) =[f (x)? (b) f (x+y) =f (x) f(y) 
(c) f (|x|) =| f (x)| (d) none of these 
. The range of f (x) = cos [x], for—-n/2<x<x/2 is 
(a) {-1,1, 0} (b) {cos1, cos 2,1} (c) {cos 1,—cos1, 1} (d) [-1,1] 
. Which of the following are functions? 
(a) (x, y):y* = x,x,yeR} (b) (x, y):y =|a4, x,y ER} 
(c) (x, y):x7 + y? = 1,x,yeR} (d) (x, y):x* —y? =1,x, y € R} 
gree 
. If f (x) =log 3 * Jana g (x) = = =? then f (¢(x)) is equal to 
(a) f (3x) (b) fF (x9 (c) 3f (x) (d) -f (x) 
If A ={1, 2, 3}, B={x, y}, then the number of functions that can be defined from A into Bis 
(a) 12 (b) 8 (c) 6 (d) 3 
Gh Lex 2xas ale 
If f (x) =log ES *%) then Tee is equal to 
(a) {f (x)? (b) {F(x} ° (c) 2f (x) (d) 3f (x) 


If f (x) =cos (log x), then value of f (x) f (4) -5 ‘7 (= +f (4x) is 











(a) 1 (b) —1 (c) 0 (d) +1 
If f (x) = 2" ‘= cs then f (x + y) f (x —y) is equals to 
(a) = ff (2) + f 2} (b) = ff (2x) -F (2y)} 
(©) 2 ff (23) + f (2y)} (d) = ff (2x) -f (2y)} 
If 2f (x) — 3 (=) = x* (x # 0), then f (2) is equal to 
(a) -7 (b) 2 (c) -1 (d) none of these 
Let f : R — R be defined by f (x) =2 x +| x|. Then f (2 x) + f (—x) —f (x) = 
(a) 2x (b) 2| | (c) -2x (d) —2| x| 
Chee ce 
The range of the function f (x) = aD oti is 
(a) R (b) iB — {1} (c) R-{£1/2,1} (qd) none of these 
x+1, ‘ 
If x #1 and f (x) = 4 is a real function, then f (f (f (2)) is 
(a) 1 (b) 2 (c) 3 (a) 4 


If f(x) =c0s (loge 2), then f(>) f (2) -> {f (xy) + f 2} is equal to 
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(a) cos (x — y) (b) log (cos (x —y)) (c) 1 (d) cos(x + y) 
19. Let f(x) =x, 9(x) = =~ and h (x) = f (x) g(x). Then, h(x) =1 for 
(a) xER ; oe (c) xe R-Q (d) xe R,x#0 
2 
20. If f (x) = a ere for x € R, then (2002) = 
sin? x + cos* 
(a) 1 a 2 (c) 3 (d) 4 
21, The function f : R = R is defined by f (x) = cos* x + sin* x. Then, f (R) = 
(a) [3/4 ,1) (b) (3/4,1] (c) [3/4,1] (d) (3/4,1) 
22. Let A = {xe R:x4#0,-—4<x<4} and f:A—-R be defined by f (x) = ae for x EA. 
Then A is 
(a) {1, -—1} (b) {x:0<x <4} (c) {1} (d) {x:-4<x <0} 


23. If f:R + Rand g:R => Rare defined by f (x) =2x + 3and g(x) =x” +7, then the values 
of x such that g (f (x)) =8 are 
(a) 1,2 (b) =, 72 (c) =e 72 (d) 2 


24. If f :[-2, 2] > R is defined by f (x) = eet peg”. then 


{x e[- 2, 2]:x <Oand f (|x|) =x}= . 
(a) {- es (b) {0} (c) {-1/2} (d) > 


25. Ifef (*) = oes = ~ ,x €(-10, 10) and f (x) = Ks ee aie thenk = 





(a) 0.5 (b) 0.6 (c) 0.7 (d) 0.8 
26. If f is a real valued function given by f (x) =27x°> + = and a, B are roots of 3x + x = 12. 
x x 
Then, 


(a) f(a)*f(B) (>) f(o)=10 (c) f(B) =-10  (d) none of these 
27. If f (x) = 64x° + +, and a, B are the roots of 4x + - = 3. Then, 
x 


(a) f (a) =f (B) =—-9 (b) f(a) = f (B) = 63 
(c) f (a) +f (B) (d) none of these 
28. If 3 f (x) +5 f(= == — 3 for all non-zero x, then f (x) = 
(a) als +5x—- 6) (b) — a (-2+5*- 6] 
(c) — i(- 2) +5x+ 6] (d) none of these 
x 





29. If f: R -> R be given by f(x) =] Se a! 


= 1 —x) (b) f (x) +f (1-x) = 0 
a aa + os x) = 1 (a) f (x) +f (x-1) =1 
30. If f (x) =sin [x7] x + sin [- nr] x, where [x] denotes the greatest integer less than or equal to 


x, then 
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(a) f(x/2) = 1 (b) f(x) = 2 (c) f (x/4) = -—1 (d) none of these 





31. The domain of the function f (x) =.j/2 -—2x — x? is 

(a) [- V3, V3] (b) [-1-V/3,-1+ V3] 

(c) [—2, 2] (d) [-2-V3, -2+~3] 
32. The domain of definition of f (x) = x See: is 

\ (2 — x) (x -5) 

(a) (—%, — 3] U(2, 5) (b) (—20, — 3) U(2, 5) 

(c) (-—%, — 3] U[2, 5] (d) none of these 
33. The domain of the function f (x) = a is 

x — 

(a) [-1, 2) U[3, oo) (b) (—1, 2) V[3, 00) 

(c) [—1, 2] U[3, «) (d) none of these 
34. The domain of definition of the function f (x) =,/x -1+ ./3 -x is 

(a) [1, ~) (b) (—=, 3) (c) (1, 3) (d) [1, 3] 
35. The domain of definition of the function f (x) = ue sabi is 

x+2 1+x 

(a) (= oO, — 2] U (2, 00) (b) [-1, 1] 

(c) o (d) none of these 
36. The domain of definition of the function f(x) =log| x| is 

(a) R (b) (—%, 0) (c) (0, 2) (d) R —{0} 
37. The domain of definition of f (x) = 4x axis 

(a) R —[0, 4] (b) R —(0, 4) (c) (0, 4) (d) [0, 4] 
38. The domain of definition of f (x) = \x -3- 2,/x -4- x —-3+2 Vx -—4 is 

(a) [4, oo) (b) (— a, 4] (c) (4, 00) (d) (- a, 4) 
39. The domain of the function f(x) = \5 |x|- x? —6 is 

(a) ( 3, = 2) U (2, 3) (b) [- 3, = 2) YU [2; 3) 

(c) [—- 3, —2] U[2, 3] (d) none of these 
40. The range of the function f (x) = ai is 

(a) R —{0} (b) R —{-1,]} (c) {-1, 1} (d) none of these 
41. The range of the function f (x) =e ,xX#-—2is 

(a) {-1, 1} (b) {-1, 0, 1} (c) (d) (0, 0) 
42. The range of the function f (x) =| x —1 |is 

(a) (— 0,0) (b) [0, 2) (c) (0, 00) (d) R 
43. Let f(x) = Vx? +1.Then, which of the following is correct? 


45. 


(a) f(xy) =f(x) f(y) (b) f(xy) =fFY) (©) f(xy) < f(x) f(y) (d) none of these 


. If [x]* —5 [x]+ 6 =0, where [-] denotes the greatest integer function, then 
(a) x €[3, 4] (b) x (2, 3] (c) x €[2, 3] (d) x e[2, 4) 
The range of f(x) = SE is 
(a) (1/3, 1] (b) [-1, 1/3] 


(c) (-«0, -1) U[1/3, ~) (d) [-1/3, 1] 
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ANSWERS 
1. (c) 2. (c) 3. (b) 4. (d) 5. (d) 6. (d) 7. (b) 8. (b) 
9. (c) 10. (b) = 11. (c) 12. (c) 13. (a) 14. (a) 15. (b) 16. (c) 
17. (c) 18. (d) 19. (da) 20. (a) 21. (c) 22. (a) 23. (c) 24. (c) 
25. (a) 26. (c) 27. (a) 28. (b) 29. (c) 30. (a) 31. (b) = 32. (a) 
33. (a) 34. (d) 35. (c) 36. (d) 37. (d) 38. (a) 39. (c) 40. (c) 
41. (a) 42. (b) 43. (c) 44. (b) 45. (b) 
SUMMARY 

1 


P= 


. Let A and Bbe two non-empty sets. Then a relation f from A to B is a function, if 


(i) for each a € A there exists b e Bsuch that (a, b) € f 

(ii) (a,b) ef and(a,c)ef => b=c. 
In other words, f is a function from A to Bif each element of A appears in some ordered pair 
in f and no two ordered pairs in f have the same first element. 
If (a, b) € f, then b is called the image of a under f. 


. A function f from a set A to a set Bis a rule associating elements of set A to elements of set B 


such that every element in set A is associated to a unique elments in set B. 
The set A is called the domain of f and the set B is called its co-domain. 


. The range of a function f is the set of images of elements in the domain. 
. A real function has the domain and co-domain both as subsets of set R. 
. If f:D,; > Rand g:D, — R are two real functions and c € R, then 


(i) f+¢9:D,; ND> - R is defined as (f + g) (x) =f (x) + g(x) 
(ii) fg:D, AD2 — R is defined as (fg) (x) =f (x) g (x) 


(iii) Lip, D> —{x: g (x) =0} > R is defined as f (x) J) 
g g g(x) 
(iv) cf :D, AD» > Ris defined as (cf) (x) = c f (x). 


CHARTER A. 


MEASUREMENT OF ANGLES 


4.1 INTRODUCTION 


The word ‘Trigonometry’ is derived from two Greek words : (i) trigonon and, (ii) metron. The 
word trigonon means a triangle and the word metron means a measure. Hence, trigonometry 
means the science of measuring triangles. In broader sense it is that branch of Mathematics 
which deals with the measurement of the sides and the angles of a triangle and the problems 
allied with angles. 


4.2 ANGLES 


ANGLE Consider a ray OA. If this ray rotates about tts end point O and takes the position OB , then we 
say that the angle Z AOB has been generated. 


Thus, an angle is considered as the figure obtained by rotating a given ray about its end-point. 





Initial side A 
Fig. 4.1 


The revolving ray is called the generating line of the angle. The initial position OA is called the 
initial side and the final position OB is called terminal side of the angle. The end point O about 
which the ray rotates is called the vertex of the angle. 


MEASURE OF ANANGLE The measure of an angle is the amount of rotation from the initial side to the 
terminal side. 


SENSE OF ANANGLE The sense of an angle is determined by the direction of rotation of the initial side 
into the terminal side. The sense of an angle ts said to be positive or negative according as the initial side 
rotates in anticlockwise or clockwise direction to get to the terminal side. 


RIGHT ANGLE If the revolving ray starting from its initial position to final position describes one 
quarter of a circle, then we say that the measure of the angle formed is a right angle. 
B Negative angle 
O 
-@ A 


O"~ Positiveangle A 


B 
Fig. 4.2 Fig. 4.3 


4.2 MATHEMATICS-xI 


4.3 SOME USEFUL TERMS 
QUADRANTS Let X'OX and YOY' be two lines at right angles in the plane of the paper. These lines 
divide the plane of the paper into four equal parts which are known as quadrants. The lines X'OX and 
YOY' are known as x-axis and y-axis respectively. These two lines taken together are known as the 
coordinate axes. The regions XOY , YOX', X' OY' and Y' OX are known as the first, the second, the third 
and the fourth quadrant respectively. 
ANGLE INSTANDARD POSITION An angle is said to be in standard position if its vertex coincides with 
the origin O and the initial side coincides with OX i.e. the positive direction of x-axis. 


v6 








II QUADRANT I QUADRANT 


X’ Xx 
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Fig..4.4 Fig. 4.5 


ANGLE INA QUADRANT An angle in standard position is said to be in a particular quadrant, if the 
terminal side of the angle in standard position lies in that quadrant. 


QUADRANT ANGLE An angle in standard position is said to be a quadrant angle, if the terminal side 
coincides with one of the axes. 


TRIANGLE OF REFERENCE If from any point P on the terminal side of an angle in standard position a 
perpendicular PM is drawn on x-axis, then the right angled triangle OMP, thus formed, is called the 
triangle of reference of the 4 XOP. (See Fig. 4.5) 


CO-TERMINAL ANGLES Two angles with different measures but having the same initial sides and the 
same terminal sides are known as co-terminal angles. 


4.4 SYSTEMS OF MEASUREMENT OF ANGLES 
There are three systems for measuring angles, viz. (i) Sexagesimal or English system, (ii) 
Centesimal or French system, (iii) Circular system. 


SEXAGESIMAL SYSTEM In this system a right angle is divided into 90 equal parts, called 
degrees. The symbol 1° is used to denote one degree. Thus, one degree is one-ninetieth part of a 
right angle. Each degree is divided into 60 equal parts, called minutes. The symbol 1’ is used to 
denote one minute. And each minute is divided into 60 equal parts, called seconds. The symbol 


1’’ is used to denote one second. 
Thus, 1 right angle = 90 degrees (90°) 
1°= 60 minutes (= 60’) 
1' = 60 seconds (= 60’’) 
CENTESIMAL SYSTEM In this system aright angle is divided into 100 equal parts, called grades; 
each grade is subdivided into 100 minutes, and each minute into 100 seconds. 
The symbols 18 , 1’ and 1” are used to denote a grade, a minute, and a second respectively. 


Thus, 1 right angle = 100 grades (= 1008) 
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1 grade = 100 minutes (= 100’) 
1 minute = 100 seconds (=100'') 
CIRCULAR SYSTEM In this system the unit of measurement is radian as defined below. 


RADIAN One radian, written as1°, is the measure of an angle subtended at the centre of a circle by an arc 
of length equal to the radius of the circle. 


Consider a circle of radius r having centre at O. Let A bea point on the circle. Now, cut off an arc 
AP whose length is equal to the radius r of the circle. Then by the definition the measure of 


Z AOP is 1 radian (=1'). 


Fig. 4.6 


Since a radian is chosen as the unit of measurement of an angle, therefore it should be a constant 
quantity. This we shall show in the following two theorems. 
THEOREM 1 Radian is a constant angle. 


PROOF Consider a circle with centre O and radius r. Take a point A on the circle and cut off an 
arc AP whose length is equal to the radius r. Join OA and OP. Then, by definition Z AOP =1°. 


Produce AO to meet the circle at B so that 
4 AOB =a straight angle = 2 right angles. 


Since the angles at the centre of a circle are proportional to the arcs subtending them. 
ZAOP _ arcAP 











ZAOB arc APB P 
— BaOe pees i arc APB = x (2 xr) = nr] 

Z AOB Tr 2 

B /\ A 

ZAOP * 1 
= =— 

ZAOB tft 
= ZAOP =~. ZAOB = 2 Stzaight angle 

™ Te Fig. 4.7 
ate 1¢ = 2 Straight angle [-- ZAOP =1°] 
1 

= 1° =constant [.- A straight angle and both are constants] 
Hence, radian is a constant angle Q.E.D. 


THEOREM 2 The number of radians in an angle subtended by an arc of a circle at the centre is equal to 
arc 


radius 
PROOF Considera circle with centre O and radius r. Let 7 AOQ = 0 and letarc AQ =s. Let Pbe 
a point on the arc AQ such that arc AP=r. Then, 2 AOP =1°. 
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Since angles at the centre of a circle are proportional to 


Q 
the arcs subtending them. _ 
: ZAOQ _ arc AQ : 





S 


ZAOP arc AP A 
arc AQ ; 
=> AOQ = | ———~x1 [: Z AOP =1°] 
arc AP 
Fig. 4.8 
=> 9 = = radians. Q.E.D. 
r 


4.5 RELATION BETWEEN DEGREES AND RADIANS 


Consider a circle with centre O and radius r. Let A be a point on the circle. JoinOA and cut off an 


arc OP of length equal to the radius of the circle. Then, Z AOP =1 radian. Produce AO to meet 
the circle at B. 


Z AOB =a straight angle = 2 right angles 


We know that the angles at the centre of a circle are proportional to the arcs subtending them. 
ZAOP _ arc AP 


ZAOB arc APB 


rye P 
= eases C aa ali E arc APB = Z (Circumference) ; 
2rightangles mr 2 





= > = rightangles B A 
T 
= if = 180° 
1 


° Fig. 4.9 
Hence, One radian = 180° => tradians =180°. s 
v1 5 ’ 


REMARK 1 When an angle is expressed in radians, the word radian is generally omitted. 


REMARK2 Since180° = radians. Therefore, 1° = ae radian. 


Hence, 30°= ae) radians, 45° = ESA AG radians, 
180 6 180 
60°= —-x 60= Le radians, 90° = "x 90 == radians etc. 
180 3 1 
REMARK3 Wehave, mn radians =180° 


lieadianiee = (= 7) = 57°16! 22" (approx). 
7 


REMARK4 Wehave, 180° = mradians 


1° = 7a radian = 2. radian = 0.01746 radian. 
4.6 RELATION BETWEEN THREE SYSTEMS OF MEASUREMENT OF AN ANGLE 
Let D be the number of degrees, R be the number of radians and G be the number of grades in an 
angle 0. 
a 90°=1 right angle 
ft 3 

1°=— right angle 

=> oa gh 
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D 
=> D° = — right angles 

99 °8 & 
=> 6 = ia right angles 

90 8 & 
Also, radians = 2 right angles 
= 1 radian = bs right angles 
Te 
=> R radians = “= right angles 
T 
=> §= wis right angles 
Tt 

And, 100 grades = 1 right angle 
=: 1 grade = a right angle 
— G grades = = right angles 


§= = right angles 


From (i), (ii) and (iii), we get 
DG oR 


This is the required relation between the three systems of measurement of an angle. 


SOME USEFUL POINTS 
(i) The angle between two consecutive digits in a clock is 30°(= / 6 radians). 


(ii) The hour hand rotates through an angle of 30°in one hour i.e. (1/2)° in one minute. 


(iii) —The minute hand rotates through an angle of 6° in one minute. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE }~ Find the degree measure scnnesponiline to the following radian measures: 


(i) (22) ai) (2 x) cai) (4 1) (v)-2 wv) 6 (Wil) (2) 


SOLUTION We have, radians = 180° 

1° -(=) 

™ 

0 (BY «(Sate y =a 

15 15 ‘1 

n\ (x 180) ey ( le 1 

li — =— | —x» —— | = |} —| = |] 22 — Ol a ° 
(ii) (=) & = 5 = 22 (5 * 60) 22° 30’ 


(Y= tt)- Ga) -)- (ad) 


7 1 1 
= 14°] —x60; = 14° (19 ene a ee = 14° ” 
(Z* ) ry 14° 19 ( =» 60) = 14°19' 5 


4.5 


.. (ii) 


.. (ii) 


.. (iii) 


4.6 MATHEMATICS-XI 
(iv) (-2)° (= x -2) -(= x7 x -2)) -(- 1142 -114°( 6 x 60 | 
3 f. 22 11 11 
=- 114°( 32 =) = -|114° 32 (= x 60 | 
11 11 
(v) 6° -( x 6) -(F~ x7 x <6) -(=—* aoe 2 Teel -( 343 Z) 
Tt 22 11 1 11 


420 
11 


1 
meee) au22 16) 8 8 


39°( = x 60 = 39° 29’ (= x “) = 39° 22’ 30" 


— (114° 32’ 44'’) 


1 
7 Lf 2 ’ La 
34s( 7 <0) = 343°( SP a)” 343’ 38’ | — x <0) = 343° 38' 11 


= 
& 

Cae 

mie 

|S 

SS. 
La | 

| 


EXAMPLE Find the radian measures corresponding to the following degree measures : 
(i) 340° (ii) 75° (iii) —37°30' (iv) 5°37’ 30’" (v) 40°20’ (vi) 520° 
SOLUTION We have, 


Cc 
180°= n°. Therefore, 1° = (<=) 
180 


Cc Cc 
(i) 340°= (340. =) = (2) 
180 9 
Cc Cc 
(ii) 75° = (75 x ia, = (a) 
180)  \12 
(ii) Clearly, 30° = a) 
ae) sarap) (ap 
2° 180 24 me 
(iv) Clearly, 30’ = (S sy = (2 
’ ‘= 1 = 75 — 75 BN 5 
see - (273) (=) ert (5) 
peer te D - (8) - (2.4) -(4) 
So, 5°. 37" 30’ - (52) - (2) -(4 x=) -(4 
20 \eals 
(v) Clearly, 20' = =) =3 
° yi Es 121 = 121 =) -(2e) 


. x \° (26n\ 
(vi) Clearly, 520 = (520 x x) (=) 
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EXAMPLE 3 Find the length of an arc of a circle of radius 5 cm subtending a central angle measuring 15°. 
SOLUTION Lets be the length of the arc subtending an angle 0° at the centre of a circle of radius r. 
c c 
Then, @=~. Here,r=5cm and @=15° -(15 x x) = (=) 
r 180 12 
S T S 51 } 
Q@=—- > — =-—-> 8s = —cm. 
r 12" 259 12 


EXAMPLE Find in degrees the angle subtended at the centre of a circle of diameter 50 cm by an arc of 
length 11 cm. 


SOLUTION Here,r =25cm and s=1l1cm 


Cc ° °c ° ° ' 
> 90 -(5) -(5 x 2) : (= 5, 180). 7 | : (2°) -(25 =| = 25°( = x 60 = 25°12! 
25 25). 1 25 422 5 5 ~) 
EXAMPLE § / In a circle of diameter 40 cm the length of a chord is 20 cm. Find the length of minor arc 
corresponding to the chord. 


SOLUTION Let arc AB =s. It is given that OA = 20 cm and chord AB = 20 cm. Therefore, A OABis 
an equilateral triangle. Hence, 


B 
Tt “ Tt a 
ZAOB = 60° =( 60% =) Z (=) 20 em 
180 3 
A a 





are 

~ radius 

Litat perme 0 Pe 

3 20 3 re Fig. 4.10 


EXAMPLE 6, The angles of a triangle are in A.P. The number of degrees in the least is to the number of 
radians in the greatest as 60 : 7. Find the angles in degrees. 
SOLUTION Let the angles of the triangle be (a—d)°,a° and (a+ d)° Then, 
(a—d)+a+(a+d) = 180° => 3a = 180°=> a = 60° 
So, the angles are (60 — d)° , 60°, (60 + d)?°. 
Clearly, (60-d)° is the least angle and (60 + d)° is the greatest angle. 


c 
Now, Greatest angle = (60+ d)°= {60 + d) x} 


It is given that: 
Number of degrees in the least angle 60 


Number of radians in the greatest angle —_ 


eee ee 3(60-d) = (60+d) => 120=4d = d=30. 
(60 + d) ” 


Hence, measures of the angles are (60 — 30)°, 60°, (60 + 30)° i.e. 30°, 60°, 90°. 

EXAMPLE 7, The angles of a triangle are in A.P. The number of grades in the least, is to the number of 

radians in the greatest as 40 : x. Find the angles in degrees. 

SOLUTION Let measures of the angles of the triangle in degrees be (a—d)°, a°and (a+ d)°. Then 
(a—d)+a+(a+d)=180 > 3a=180 > a=60 The 

So, measures of the angles are (60 — d)°, 60° and (60 + d)°. 
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Clearly, measure of the least angle is (60° — @)° and that of the greatest angle is (60 + d)°. 
Now, 
Measure of the least angle =(60 —d)° 


= is ,, 100 =e. & ,, 10 8 e8 o_ & 
={ (60 d) | ={ (60 d ai [.* 90°= 1008] 


c 
Measure of the greatest angle =(60 + d)°= {(60 +d)x it 


It is given that: 
Number of grades in theleast angle _ 40 
Number of radians in the greatest angle Tt 
10 
—- = ae 
60 + d) —— 
” 180 
600 —10d 180 40 
—_ —_———_ EX - 
9 (60 + d) x 1 


= 600 -10d = 120+2d => 12d=480 => d=4o0. 
Hence, measures the angles of the triangle are 20°, 60° and 100°. 


EXAMPLES Express the angular measurement of the angle of a regular decagon in degrees, grades and 
radians. 





SOLUTION We know that the angle of an n sided regular polygon is equal to (= = =| right 
angles. 
Let 6 be the angle of a regular decagon. Then, 
2x10-4) 8. 8 r : 
6 =| ———— |=— right angles =| —x 90} = 144 [." 1 right angle = 90°] 
10 5 D 
' 8). 8 i g 
Again, 0 = = right angles = ee 100 | =160 [1 right angle = 1008] 
Bi 8) (=) m 
And, =— tangles =| =x —| =| — ‘* 1 right angle = — 
ea angles (Ex) right angle : 


EXAMPLE9 Ifthe arcs of same length in two circles subtend angles of 60° and 75° at their centres. Find 
the ratio of their radii. 

SOLUTION Letr, and 7, be the radii of the given circles and let their arcs of same lengths subtend 
angles of 60° and 75° at their centres. 


Cc Cc Cc Cc 
se my) _(% d 75° = (7s =| - (=) 
Now, 60 (6ox =) (z). and 75 rT Bi 


T~™ S 5x s o-(8) 
—_—=-, an ee [5 
3 Le 12 1p r 
=> an=s, and —%= 
1 ot : 
an =m => 471 =5m > HM =5:4 
zs 3/1 -7o"2 Hose) 


Hence, 4:% = 5:4 
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EXAMPLE 10_ Find in degrees the angle through which a pendulum swings if its length is 50 cm and the 
tip describes an arc of length 10 cm. 


SOLUTION Here,r =50cm and s =10 cm. 


0 -(£) 
- 


Cc Cc ° . 2 ? 
0-(2) -(<) -(5x=) -($x7) -( 2) -(11 2} =11°( 2-60) =11°27' 16" 
SOU sy Use 22 1 i 1 


EXAMPLE 11 A horse is tied to a post by a rope. If the horse moves along a circular path always keeping 
the rope tight and describes 88 metres when it has traced out 72° at the centre, find the length of the rope. 
SOLUTION Let the post be at point P and let PA be the length of the B 

rope in tight position. Suppose the horse moves along the arc AB so 

that Z APB =72°and arc AB = 88 m. Let r be the length of the rope i.e. 

PA =r metres. 


Cc Cc 
Here, 9 = 72°= (72 x =| -(=) and s=88m 


180 5 
arc 
9 =——— 
radius ps 
on 88 5 R a 
= “—"-=—— => r = 88x — = 70 metres. Fig. 4.11 
5 r 21 


EXAMPLE12_ A circular wire of radius 7.5 cm is cut and bent so as to lie along the circumference of a 
hoop whose radius is 120 cm. Find in degrees the angle which is subtended at the centre of the hoop. 
SOLUTION It is given that the radius of the circular wire is 7.5 cm. 

Length of the circular wire =2xx 7.5 = 15cm [.- Circumference = 2 rr] 

Radius of the hoop = 120 cm. 
Let 8 be the angle subtended by the wire at the centre of the hoop. Then, 

c c ss 
9=——_ => 0 -(3*) -(=) -(Ex =) = 22° 30’ 
radius 120 8 Sie It 

EXAMPLE13 The moon’s distance from the earth is 360,000 kms and its diameter subtends an angle of 
31’ at the eye of the observer. Find the diameter of the moon. 
SOLUTION Let AB be the diameter of the moon and let E be the eye of the observer. Since the 
distance between the earth and the moon is quite large, so we take diameter AB as arc AB. Let d 
be the diameter of the moon. Then, d = arc AB. 











We have, 
31) (3te a \ 
6 = 31’ =| — | =| —x — |, andr = 360000 kms 
(S) (F«%) e 
= are 
radius 

31 TC d 
=> — x — = —— 

60 180 360000 
os d - (3 x & x 360000) km 

60 180 


Fig. 4.12 


=> d = 3247.62 kms 
Hence, the diameter of the moon is 3247.62 km. 





4.10 MATHEMATICS-XI 


EXAMPLE 14 = If the angular diameter of the moon be 30', how far from the eye a coin of diameter 2.2 cm be 
kept to hide the moon ? 


SOLUTION Suppose the coin is kept at a distance r from the eye to hide the moon completely. Let 
E be the eye of the observer and let AB be the diameter of the coin. 
Then, arc AB = diameter AB = 2.2 cm. 


30 1 nx \° Tt ) 
Wyeinavenneanre mo) = fe 2.) Af 
ta abe (>) Ga = 








ware 
radius 
yh Seu 
SOU 7 
2.2 x 360 2.2 x 360 x 7 
=> r = —\—cm =" | Serer alo ha 
1 


Fig. 4.13 
EXAMPLE 15 Assuming that a person of normal sight can read print at such a distance that the letters 


subtend an angle of 5' at his eye, find what is the height of the letters that he can read at a distance of 12 
metres. 


SOLUTION Leth be the required height in metres. Here h can be considered as the arc of a circle 
of radius 12 m, which subtends an angle of 5’ at its centre. 


be Cc 
Hereaior 5'=(=) -(5x=) Wandin. 
60) \42 * i180 


. Oc) h=(=%) metre meer 
radius 12x180 12 180 


EXAMPLE 16 The perimeter of a certain sector of a circle is equal to the length of the arc of a semi-circle 
having the same radius. Express the angle of the sector in degrees, minutes and seconds. 
SOLUTION Letr be the radius of the circle and 0 be the sector angle. Then, 
Perimeter of the sector = 2r+r6 
Length of the arc of a semi-circle of radius r = nr 


It is given that 
2r+7r0@ = mr 
= 2+O8=n7 
= 8 =(x—2) radians = {(n=2) x I =180°- (22) =180°-114° 32’ 44'"’ = 65° 27’ 16" 
EXAMPLE 17 The minute hand of a watch is 1.5 cm long. How far does its tip move in 40 minutes? 


(Use x = 3.14) 
SOLUTION In 60 minutes, the minute hand of a watch completes one rotation i.e., it rotates 
through 360°. 


-. Angle traced by the minute hand in 1 minute (=) =6 


c c 
=> Angle traced by the minute hand in 40 minutes = (40 x 6)° = 240° =( 240 os x) -( =) 


Now, 


arc” _, 4n me AlG Ts are = (4 «15)cm=2ncm=2. 3.14 cm = 6.28 cm 


radius 3 15 
Hence, the tip of the minute hand travels 6.28.cm in 40 minutes. 
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EXAMPLE18_ Find the angle between the minute hand of a clock and the hour hand when the time is 
7:20 AM. 
SOLUTION We know that the hour hand completes one rotation in 12 hours while the minute 
seine completes one rotation in 60 minutes. 

Angle traced by the hour hand in 12 hours = 360° 


= Angle traced by the hour hand in 7 hrs 20 min. i.e > hrs = (= x =i = 220°. 
Also, the angle traced by the minute hand in 60 min = 360°. 
=> Angle traced by the minute hand in 20 min = (= x 20) = 120° 


Hence, the required angle between two hands = 220°—120° = 100°. 


EXAMPLE 19 _ Find in degrees and radians the angle between the hour hand and the minute-hand of a 
clock at half past three. 
SOLUTION The angle traced by the hour hand in 12 hours = 360° 


The angle traced by the hour hand in 3 hrs 30 min. i.e. ° hrs -( oe 4 = 105° 
The angle traced by the minute hand in 60 min = 360° 

— The angle traced by the minute hand in 30 min = (= x 30) = 180° 

Hence, the required angle between two hands =180°—-105° =75° = (75 x =| = s radians. 


EXAMPLE 20 For each natural number k, letC, denote the circle with radius k centimetres and centre at 
the origin. On the circle C;., a particle moves k centimetres in the counter-clockwise direction. After 
completing its motion on Cx, the particle moves on Cy, ,. in the radial direction. The motion of the particle 
continues in this manner. The particle starts at (1, 0). If the particle crosses the positive direction of the 
x-axis for the first time on the circle C,, , then find the value of n. 

SOLUTION The path of the particle is shown by bold line segments and arcs. It is given that on 
the circle C, of radius k centimetres the particle moves k centimetres. Therefore, angular 
displacement on kth circle is given by 
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§ = — radian = 1 radian. 


a | > 


Thus, angular displacement on each circle is 1 radian. 
If the particle crosses the x-axis for the first time on circle C,, then 
Total angular displacement = n radians. 


As the particle crosses the positive direction of the x-axis for the first time on then" circle C,,. 


Total angular displacement > 27 radians 


=> n>2t 
=> ie -7. [. nis the natural number such that 7 > 27] 


EXERCISE 4.1 


1. Find the degree measure corresponding to the following radian measures (Use n = 22/7 : 


c 
OF ww -F wy (FZ) wea wn (vi) 1° 
2. Find the radian measure corresponding to the following degree measures: 
(i) 300° = (ii) 35° = (iii) —56° (iv) 135° (v) — 300° (vi) 7° 30’ 
(vii) 125° 30’ (viii) — 47° 30' 


3. The difference between the two acute angles of a right-angled triangle is = radians. 


Express the angles in degrees. 
4. One angle of a triangle is ax grades and another is =x degrees while the third is a 


radians. Express all the angles in degrees. 
5. Find the magnitude, in radians and degrees, of the interior angle of a regular 


(i) pentagon (ii) octagon (iii) heptagon (iv) duodecagon. 
6. The angles of a quadrilateral are in A.P. and the greatest angle is 120°. Express the angles in 
radians. 


7. The angles of a triangle are in A.P. and the number of degrees in the least angle is to the 
number of degrees in the mean angle as 1 : 120. Find the angles in radians. 
8. The angle in one regular polygon is to that in another as 3 : 2 and the number of sides in first 
is twice that in the second. Determine the number of sides of two polygons. 
9. The angles of a triangle are in A.P. such that the greatest is 5 times the least. Find the angles 
in radians. 
10. The number of sides of two regular polygons are as 5 : 4 and the difference between their 
angles is 9°. Find the number of sides of the polygons. 
11. A rail road curve is to be laid out on a circle. What radius should be used if the track is to 
change direction by 25° in a distance of 40 metres? 
12. Find the length which at a distance of 5280 m will subtend an angle of 1' at the eye. 
13. A wheel makes 360 revolutions per minute. Through how many radians does it turn in 1 
second? ae Sen 
Find the angle in radians through which a pendulum swings if its length is 75 cm and the 


: tip describes an arc of length (i) 10cm = (ii) «15cm . . (iii) 21cm. 
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15. The radius of a circle is 30 cm. Find the length of an arc of this circle, if the length of the 
chord of the arc is 30 cm. 

16. A railway train is travelling on a circular curve of 1500 metres radius at the rate of 66 
km/hr. Through what angle has it turned in 10 seconds? 

17. Find the distance from the eye at which a coin of 2 cm diameter should be held so as to 
conceal the full moon whose angular diameter is 31’. 

18. Find the diameter of the sun in km supposing that it subtends an angle of 32’ at the eye of an 
observer. Given that the distance of the sun is 91 x 10° km. 


19. If the arcs of the same length in two circles subtend angles 65°and110°at the centre, find the 
ratio of their radii. 

20. Find the degree measure of the angle subtended at the centre of a circle of radius 100 cm by 
an arc of length 22 cm (Use x = 22/7). 








ANSWERS 
1. (i) 324° (ii) —150° (iii) 648° (iv) -171° 49' 5" 
(v) 630° (vi) 57° 16’ 21" 
51 = fe 14x : 3K 
5 Ts O70 ., 14x 3n 
(i) 3 Gi) 5 (iii) rc (iv) r 
5x Jan DOL On 
(v) a (vi) oa (vii) 360 (vill) 
3. 81°, 9° 4. 24°, 60°, 96° 
5. (+ ay 108° cay (= =); 135° (iii) (SY, 128° 34'17"' 
Te tw 4 On 2t az nm 209 
iy) (2) appa te, ee SE ee Ae 
av) (22) qa Oo) a 360’ 3’ 360 
m™ uw ON 
8. 8,4 Qi Toons 11. 91.64m 12. 1.5365 
Guang 
c 
13. 127 14. (i) & Gis Ge 45. 10ncm 
90 5 25 
Cc 
16. () 17. 2.217m 18. 847407.4km 19. 22:13 20. 12°, 36' 


HINTS TO NCERT & SELECTED PROBLEMS 
(2 i ( De tog ) (=) =) ( rt ce) [22 
4. =x! =|—xx—/ =] — | and, |/—!] = | —x —] =| — 
3 3° 100 5 75 75 ok 5 


3 : 3 ‘ 12x * 
(2) +(32) +(2) — x 40 


A heptagon has seven sides and the number of sides of a dudecagon is twelve . 
Let the measures of angles in degrees be a—3d,a—d,a+d,a+ 3d. Then, 

Sum of the angles = 360°°=> 4a=360° > a=90°. 

Also, Greatest angle =120° > a+ 3d=120° => d=10°. 


Cc 
11. Here, 0 = 25°=(25x 5) and arc = 40 meters. 


Dyn 


MULTIPLE CHOICE QUESTIONS (MCQs) 





Mark the correct alternative in each of the following: 


1. IfD, Gand R denote respectively the number of dees grades and radians in an angle 
- then 


4.14 


MATHEMATICS-xXI 
D G 2R D G R 
a) —_—_—- = —_—- = — Db), SS | 
@) 100 890 Te ») 90 100 T 
D G 2R D G R 
2 oS d a SS es ee 
f°) 90 100 T ) 908 9100% <G2n 
2. If the angles of a triangle are in A.P., then the measures of one of the angles in radians is 
Tt T Tt 27 
et b)) = = 1) — 
(a) 7 hex (Ms (eo) 
3. The angle between the minute and hour hands of a clock at 8:30 is 
(a) 80° (b) 75° (c) 60° (d) 105° 
4. At3:40, the hour and minute hands of a clock are inclined at 
2n° 71° 13x° 3n° 
ae en sekls aoe 
Ober 19) 5 (c) 3 CS 


5. If the arcs of the same length in two circles subtend angles 65° and 110° at the centre, then 
the ratio of the radii of the circles is 


(a) 22:13 (D)milecsLo (c) 22:15 (d) 21:13 
6. If OP makes 4 revolutions in one second, the angular velocity in radians per second is 
(a) x (b) 2x (c) 42 (d) 8x 


7. Acircular wire of radius 7 cm is cut and bent again into an arc of a circle of radius 12 cm. The 
angle subtended by the arc at the centre is 


(a) 50° (b) 210° (c) 100° (d) 60° (e) 195° 


8. The radius of the circle whose arc of length 15 cm makes an angle of 32/4 radian at the 
centre is 


(a) 10cm (b) 20 cm (c) 11 : oa (d) 22 5 ant 


ANSWERS 
Tata) ewes (beas. (bn. 14: (ce) 5: (a) 6. (da) 7. (b) 8. (b) 





SUMMARY 
1. The measure of an angle is the amount of rotation from the initial side to the terminal side. 
2. The sense of an angle is positive or negative according as the initial side rotates in 
anti-clockwise or clockwise direction to get the terminal side. 
3. Three systems of measuring angles are: 
(i) Sexagesimal system (ii) Centesimal system (iii) Circular system 
In sexagesimal system: 
1 right angle = 90 degrees (= 90°) 
1°= 60 minutes (= 60’) 
1’ = 60 seconds (= 60’’) 
In centesimal system: 
1 right angle = 100 grades (=1008) 
18 = 100 minutes (= 100’) 
1’ = 100 seconds (=100’’) 
Incircular system, the unit of measurement is radian. One radian is the measure of an angle 
subtended at the centre of a circle by an arc of length equal to the radius of the circle. 
m radians = 180° , | 
4. The relation between three BYERS a messeeent of an angle is 


CHARTER SD 


TRIGONOMETRIC FUNCTIONS 


5.1 INTRODUCTION 
In the present chapter, we will first introduce trigonometric ratios which are also known as 
trigonometric functions and then the identities involving them. 


5.2 TRIGONOMETRIC RATIOS OR FUNCTIONS 

Consider an angle 9 = ZXOA as shown in Fig. 5.1. Let P be any point other than O on its terminal 
side OA and let PM be perpendicular from P on x-axis. Let length OP = r, OM =x and MP = y. 
We take the length OP = r always positive while x and y can be positive or negative depending 
upon the position of the terminal side OA of Z XOA. 








P'(x,! y’') 





Y 
Fig. 5.3 Fig. 5.4 


In the right angled triangle OMP, we have 
Base = OM = x, Perpendicular = PM = y, and Hypotenues = OP =r 
We define the following trigonometric ratios which are also known as trgonometric functions. 
Perpendiculan =. , and is written as sin 0 
Hypotenuse fr 
Base 


Cosine 8 = == and is writt 
a ~ Hypotenuse r ritten as cos 0 


Sine 8 = 


5.2 MATHEMATICS-xXI 


Perpendicular 


Tangent 6 = = + ,and is written as tan 0 
Base x 
Hypotenuse r ; : 
Cosecant 6 = eee ES ee = —,and is written as cosec 0 
Perpendicular y 
Hypotenuse r 
Secant @ = —YPO'EnUSE = —, and is written as sec 6 
Base x 
Base x 
Cotangent 6 = z = —,and is written as cot 0 


Perpendicular y 
NOTE1 The triangle OMP is known as the triangle of reference. 


NOTE2 It should be noted that sin ® does not mean the product of sin and 0. The sin 0 is correctly read 
as sine of angle 0. 


These functions depend only on the value of the angle 6 and not on the position of the point P 
chosen on the terminal side of the angle @ as proved in the following theorem. 
THEOREM The trigonometric ratios are same for the same angle. 


PROOF Let P’ (x’, y') be any point other than P(x, y) on the terminal side OA with OP’ =r’. Let 


P' M' be perpendicular on x-axis. Clearly, triangles OMP and OM' P’ are similar. Therefore, 
Tie, y_y 
So aT ,_- = a and - — = 
fe 1 ine A Cae x 


=> sno=2=2, cosQ@ = = = > and tngo=4%=4% 

r 
Thus, sine, cosine and tangent are the same whatever point be taken on the terminal side OA. 
Similarly, it can be proved for the other ratios. 


Hence, the trigonometric ratios or trigonometric functions are independent of the choice of the 
size of triangle of reference. 


Q.E.D. 
REMARK1 If the terminal side coincides with x-axis, then cosec @ and cot @ are not defined. If it 
coincides with y-axis, then sec 8 and tan @ are not defined. 


REMARK2 The following relations are obvious from the definitions of trigonometric ratios : 
(i) sin @x cosec@ = 1 => sin®@ = 





and cosec@ = 




















cosec 9 sin 0 
(ii) cos@xsec8 =1 => cos@ = z and sec@ = 
sec 8 cos 9 
1 1 
iii ets) =I => cot8 = —— and tan6 = 
n/ deme x'co tan 6 cot 6 
(iv) tan @ = aunee and cot@ = cosid 
sin 0 


REMARK3 The trigonometric ratios may be positive or negative depending upon x and/or y as discussed 
in section 5.4. 


5.3 TRIGONOMETRIC IDENTITIES 


IDENTITY An equation involving trigonometric functions which is true for all those angles for which the 
functions are defined is called a trigonometric identity. 








- . 9 etc. are trigonometric identities as they hold for all 
sin 
those values of 0 except those values for which sec 6 and cosec 6 are not defined. 
But, sin @ =cos 0 is a trigonometric equation not a trigonometric identity because it does not 
; = 


hold for all values of 9. 


1 
= , cosec § = 
For example, sec 9 Sar 


TRIGONOMETRIC FUNCTIONS 5.3 


5.3.1 FUNDAMENTAL TRIGONOMETRIC IDENTITIES 


In this subsection, we shall state and prove some fundamental trigonometrical identities. 
THEOREM Prove that: 























(i) sin® = : or, cosec9 = 2 (ii) cos8 = d or, sec® = d 
cosec 9 sin 8 sec 9 cos 8 
(iii) cot® = male or, tan@ = ! (iv) tan 9 = smn 
tan 8 cot 0 cos 9 
(v) cot® = coy (vi) sin? 0+ cos? @ = 1 
sin 9 
(vii) 1+ tan? @ = sec* 0 (vill) 1+ cot? @ = cosec” 0 


PROOF Let a revolving ray start from OX and revolve into the position OP to trace out any 
angle 9 in any of the four quadrants. From P drawn PM perpendicular to x-axis. In the right 
angled triangle OMP, we have 


OP? = OM2 + PM2, 


sin= =", cos 0=<—, tan ye ate éisedane sec § = = (OF and colo 


P OP OM PM OM : PM 





Fig. 5.5 


Clearly, identities in (i) to (v) are sane So, at us prove identity (vi). 
tsi). Mam @onradetie = (My (My PM? +OM? _ OP? 
OP OP OP? OP? 


Hence, sin? @+cos* 6 = 1 
(vii) We have, 


1+ tan? 0= a ey =1+ EM _OM* + PM? = OPE (SEY a sect e 
OM OM OM? OM? \OM 
Hence, 1+ tan? 0 = sec” 0. 
ae we OM OM? _PM?+OM2 op2 (op 2 
1+cot* 6= fs (OY =1+ ve “aictetpy(2 aoe mie -($) EE 8 
Hence, 1+ cot? @= cosec* 6 Q.E.D. 


NOTE It should be noted that (sin 9)? is written as sin” 8, (cos 9)? is written as cos” @ etc. 


We shall now discuss more identities involving the trigonometrical functions in the following 
examples. 


5.4 MATHEMATICS-XI 


ILLUSTRATIVE EXAMPLES 
LEVEL-1 


EXAMPLE1 Prove the following identities: 
(i) sin® 6 —cos® 9 = (sin? 0 — cos” 0) (1-2 sin? 0 cos2 0) 
(ii) cot* 6+ cot? © = cosec! 0 — cosec* @ 
(iii) 2 sec” 0 —sec* @ — 2 cosec? @+cosec* 6 = cot* @~tan4 ) 
(iv) (sin 0 + cosec 0)? + (cos 0 + sec @)* = tan? @ + cot2 0+7 
SOLUTION (i) We have, 
LHS = (sin® @~cos® 9) = (sin @)? — (cos? @)2 
= (sin* @ —cos* 6) (sin* @ + cos* 6) 
= (sin? 8 — cos” 0) (sin? 6 + cos2 0) (sin* 6 + cos* 0) 
= (sin? @ ~ cos” 6) (sin* 6 + cos* 6) 
= (sin? 6 ~ cos? 6) (sin4 0 + cos# 6 + 2 sin2 @ cos2 0-2 sin 0 cos” 6) 


= (sin @ — cos? 0) {ein ® + cos* 6)? — 2 sin? @ cos” | 


= (sin? 8 — cos” 8) (1 —2 sin? 6 cos 8) = RHS 
(ii) LHS = cot? @+cot?9 = (cot? 9)? + cot? 6 
= (cosec* @ Say + (cosec* @ —1) [- 1+ cot? @ =cosec? Q] 
= cosec* @ —2 cosec” 0+14+cosec* §-1 = cosec* @ —cosec? 0 = RHS 
(iii) LHS = 2 sec” 0 —sec* 9 — 2 cosec* 6 + cosec# ) 
2 sec” 6 ~ (sec? 9)2 —2 cosec* 0 + (cosec* 9)? 
2 (1 + tan? 6) —(1 + tan? 6)? ~2(1 + cot2 0) + (cot? 6 +1)2 
2+ 2 tan* 6-(1+tan* 6 +2 tan2 6-2-2 cot2 68 + (cot* 6 — 2 cot? 6 +1) 
cot* §-tan* @ = RHS 
(sin 8 + cosec 9)? + (cos 8 + sec 9)? 


(iv) LHS 
sin? @ + cosec” 6 + 2 sin 0 cosec 0 + cos 0 + sec” 6+ 2 cos 0 sec 0 


(sin? 8 + cos” 6) + (cosec* 0 + sec” 6)+2+2 
= 1+(1+ cot? 6)+(1+ tan? 6)+4 = tan? @+cot? 947 = RHS 
EXAMPLE2 Prove the following identities: 
(i) (1 + cot 6 —cosec 6) (1 + tan 0+ sec 6) = 2 
(ii) tan@+secO-1 1+sin6 
tan 6—-sec6@+1 cos 6 
SOLUTION (i) We have, 


LHS = (1 + cot 8 —cosec @) (1 + tan @ + sec @) 
E cos Os de |( sin 


[NCERT EXEMPLAR] 











sin 8 sin 0 cos@ cos@ 
(sin 6 + cos 6 —1) (sin @+cosO+1)_ 
* sin 8 cos 9 
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_ (sin 8 + cos 9)? —] _ sin? @ + cos*6+2 sin 8cos8—-1 2sin 0 cos 8 


: = $$ = — = 2 = RHS 
sin 0 cos 0 sin 8 cos 0 sin 0 cos 8 
(ii) LHS = tan 0 + sec 0-1 _ (tan 0 + sec 0) —(sec” 0 — tan” 9) Brey nee 2 9 <1] 
tan 80 —sec0+1 z tan 80 —sec0+1 Se ee 3) 
_ (sec 0 + tan 8) {1 —(sec 6 — tan 6)} _ (sec 0 + tan 0) (tan 6 —sec 6 + 1) 
tan 0 —sec0+1 tan 8 —sec9+1 
+ seo0 tan oe cat) 2 DSI SRG 
cos§8 cos9@ cos 8 


EXAMPLE3 /ftan 0 + sin 0 =mand tan 0 —sin 0 =n, show that m2 —n* =4Jmn. 











SOLUTION We have, [NCERT EXEMPLAR] 
LHS = m* —n? = (tan 0+ sin 0)? —(tan 0—sin 0)? =4 tan @sin 0 (i) 
RHS = 4VJmn = 4 (tan 0+ sin 9) (tan 8—sin 0) = 4 tan? 0-sin? 0 
Eel =i gin omens 2 ye eee 
= RHS = 4 sm © _ sin? 9 _ 4 {sin *) nt 8 cos Jay sin~ 8 (1 —cos* 6) 
2 2 
cos~ 0 \ cos~ 8 cos~ 6 
rE 6) 
= RHS = 4 es ee OS tan ORE ...(ii) 
\ cos* 0 cos 6 


From (i) and (ii), we obtain that LHS = RHS. 

EXAMPLE4 Ifcos@+sin @ = V2 cos @, prove that cos 0 —sin 0 =2 sin 0. 
SOLUTION We have, 

cos 8+ sin @=-+2 cos 0 

(cos 0 + sin 9)? = (/2 cos 9)? 


cos? 0 + sin? 0+2sin @ cos 0 =2 cos? 0 
cos* @ — sin? 6 =2 sin 8 cos 8 


(cos 8 + sin 9) (cos 8 — sin 0) =2 sin 9 cos 8 
2 sin 8 cos 8 
cos 8 + sin 9 


i *) 
cos @~sin @==——~S® [.« cos 6 + sin 6 = V2 cos 6] 


Y J UU JY 


cos 8 —sin 90 = 


y 


=> cos @—sin 0=2 sin 6 
ALITER We know that 
(cos 0+sin 0)? +(cos @—sin 6)? =2 





= (/2 cos 9)? + (cos—sin 9)? =2 [.« cos 6+sin 6 =/2 cos 6] 
—- (cos 8—sin 9)? =2-2 cos 6 

=> (cos 0—sin 6)” =2 sin? @=> cos@—sin @ =-/2 sin 0. 

EXAMPLES Ifacos6+b sin @=xandasin 0 —b cos 0 =y, prove that a~ +b? =x" +y°. 


[NCERT EXEMPLAR] 
SOLUTION We have, 


x=acos +b sin 8 and y=asin 8—D cos 0. 


5.6 MATHEMATICS-XI 


x? +y? =(a cos 0 +b sin 0)? + (asin 6 —b cos 9)? 


= (a cos? 0+b7sin2 6 + 2ab sin 0 cos 6) +(a* sin? 0 +b? cos? @ —2ab sin 0 cos 8) 
= a’ (cos? 0+ sin? 0) +b? (sin? 0 + cos” 0) = a*~ +b? 
EXAMPLE6 Ifacos 8 —b sin 0 =c, show that asin @ +b cos 0 =+ a? theo. 


SOLUTION Clearly, 
(a cos 8 —b sin 9)? +(asin 8+b cos 9)? 


= a’ (cos? 0+ sin? 6) +b? (sin? 0+ cos” 8) — 2ab sin 8 cos 0 + 2ab sin 0 cos 0 


= a* +b? 
(a sin 8+b cos 9)? = a” +b* —(acos @—b sin 9)? 
=> (a sin 8 +b cos 6)” = a? +b —¢? [.: acos 0 —b sin 0=c] 


=> asin @+bcos@ = +a +b? —¢? 


EXAMPLE7 Ifsec 0 + tan 0 =p, obtain the values of sec 0, tan Oand sin 0 in terms of p. 
SOLUTION We know that: sec* 0 —tan2 9 =1. 








(sec 6 + tan 8) (sec 8 —tan 6) = 1 => p(secO—tan 0) = 1 = secO—tan 0 == 
Now, sec9+tan 6 = p and, secO—tin 6 = = 
p 
=> (sec 6 + tan 6) + (sec 0 — tan 6) spe 
p 
2 
= 2 sec 8 = p+— = seco =? +! ..(i) 
P 2p 
Again, sec@+tan® =p and sec@—tan 0 = 
p 
=> (sec @ + tan 0) (sec - tan @) = p—1 
P 
ries 
=> 2tan 0 = p—t => ails) oem ...(ii) 
P 2p 
p> -1 
Dividing (ii) by (i), we get: sin 6 = EE 
P 


EXAMPLE8 Prove that: 2 sec” 0 —sec* @ — 2 cosec” 0+ cosec* 6 = ee es 
SOLUTION We have, 
2 sec? @ —sec* 0 —2 cosec” 6 + cosec* @ 

2 (1 + tan? 6) —(1 + tan” 6)? —2(1 + cot? 6) + (1 + cot? 6)? 
2(1 + tan2 0-1 -—cot? Q) + (1 + 2 cot” 6 + cot# @) —(1+2 tan” 6+ tan4 @) 
= 2(tan2 @ —cot” 6) +(2 cot” @—2 tan? 6) + cot’ @— tan* 6 
1—tan® 9 

tan4 9 








1 49 _ 
= cot*6—tan*0= ps alae oF 


EXAMPLE9 Prove that: 3 (sin 8 —cos Q)* + 6 (sin 6 + cos 6)? + 4(sin® 6 + cos® @) -13 =0. 
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SOLUTION Wehave, 
3 (sin 6 — cos 0)* + 6 (sin 0 + cos 6)? + 4(sin® 0 + cos® 6) —13 


2 
=3 (sin 0 — cos oP} + 6 (sin 0 + cos 9)? 


+4 (sin @ + cos” 0)° — 3 sin? 0 cos” @ (sin? 6 + cos? | - 


= 3(1—2 sin 0 cos 0)” + 6(1+2 sin 0 cos 0) + 4(1—3 sin2 0 cos” 6) -13 
= 3(1-4 sin @ cos 0+ 4 sin” 0 cos” 6) + 6(1 + 2 sin 0 cos 0) + 4(1—3 sin 0 cos? 6)-13 
=3+6+4-13=0 
EXAMPLE 10 Given that: (1 + cos a) (1 + cos B) (1 + cos 7) =(1 — cos a) (1 —cos f) (1 — cos 7): 
Show that one of the values of each member of this equality is sin « sin B sin y. 


SOLUTION We have, 

(1 + cos a) (1 + cos B) (1 + cos y) = (1 —cos a) (1 — cos B) (1 —cos y) 
Multiplying both sides by (1 + cos a) (1 + cos 8) (1 + cos 7), we get 

(1 + cos a)? (1 + cos B)2 (1 + cos ¥)* = (1 —cos a) (1 —cos f) (1 — cos y) 

(1 + acOs a) (1 + cos B) (1 + cos y) 

— (1 + cos a)? (1 + cos B)? (1 + cos y)* = (1 - cos” s (1 - cos* B) (1 - — cos” Y) 
a (1 + cos a)? (1 + cos B)2 (1 + cos ¥)? = sin? a sin 28 sin” Y 
— (1 + cos a) (1 + cos B) (1+ cos y) = +sin a sin Bsin y 
Hence, one of the values of (1 + cos a) (1 + cos B) (1 + cos y) is sin a sin B sin >. 


Similarly, by multiplying both sides by (1 — cos a)(1 —cos B) (1 —cos y), we find that one of the 
values of (1 — cos a) (1 — cos f) (1 — cos y) is also sin a sin B sin ¥. 


EXAMPLE11 Prove that: sec* @ + cosec” @ > 4. 
SOLUTION We have, 
sec* 0 + cosec* @= (1 + tan? 0) +1 + (cot? 6) = 2+ tan” 0 + cot? @ 
2 + tan? 6+ cot? 0-2 tan 0 cot @ + 2 tan @cot 0 
2 +(tan 0 —cot 6)? +2 
4 +(tan @—cot 6)? > 4 [‘. (tan 6 —cot 6)? >0] 
EXAMPLE12 [If 10 sin* a +15 cos* a = 6, find the value of 27 cosec® a +8 sec® a. 
SOLUTION We have, 


10 sin* «+15 cos* a = 6 
=> 10 sin* a +15 cost a = 6 (sin? a + cos” a)? 
a 10 tan* a +15 = 6 (tan? o +1)? [Dividing boths sides by cos* a] 
=>  (2tan2a-3)2 =0> tan? a = = 


27 cosec® a + 8 sec® a = 27 (1 + cot” a)? +8(1 + tan2 a)3 


9\3 3 
= 27(1+2) +8(1+3) = 27 x +. 8x > = 250. 
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EXAMPLE 13_ If ston =p and ore =q, find tan A and tan B. 
sin B cos B 

SOLUTION We have, 

sin A cos A 

=p and =q 

sin B cos B 

sin A cosB_ p 
—— ee CL 

sin B cosA q 
cn tanA _ P tan A tan B 





tanB gq p eee Say) tan = pa and tanB =). ..(i) 


Now, sinA = psinB 
tan A 


tan B 
1+tan“~A 1+ tan* B 
pir a qr 


1 + yp? 22 j 1 + q” re 


=> pp (149? 22) = p? g? (1 + p? 22) 
> Bq? =p? q?) = g?-1 











2 
=> v= =a ere ttt 
q’ (1 —p*) q\1l—p 
p |q-1 1 
tn Als yaa? and, tan B = + ‘ 5 [Using (i)] 
=p =p 


EXAMPLE 14 If tan? 9 =1 =a prove that sec 0 + tan® 0 cosec 0 =(2 —a7) 3/2. 


Also, find the values of a for which the above result holds true. 
SOLUTION We have, 


sec 0 + tan? @ cosec @ = sec 8 {2+1an? ose 


sec 8 


= 1 + tan? 6 {2 tan’ @x cot of 


= (1+ tan” 9) 3/2 


= (1+1-a*)9/2 — (2 —a*)3/2 [3 tan? 9 =1-1] 
Now, 
tan* 6>0 for all@ => 1-a*>0=> a*-1<0 = -1<a<1 .-.(i) 
Since LHS of sec @ + tan @ cosec @ =(2 —”)3/? is real for all 0 ER. So, RHSmustalso be real. 
2 =a" > 0 => a*-2<50=> -V2 <a<J2 ...(ii) 


From (i) and (ii), we find that the given relation holds true for all a e[—1, 1]. 
EXAMPLE15 Ifa cos? 0 + 3acos 0 sin? 89 =mandasin® 0 + 3a cos? Osin @ =n, then prove that: 
(m +n)2/9 +(m—n)2/3 = 22/3. 
SOLUTION We have, 

a cos? @ + 3a cos @sin*@ =m and asin® 6+ 3a cos* Osin®@ =n 
— a cos? 6+ 3acos @sin* 0+asin® 0+ 3acos* @sin® = m+n 
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5.9 








and, acos? 0+ 3a cos @ sin? @—asin3 8 — 3a cos? @ sin 6 = m-n 
> a(cos 0+sin 0)? = m+n and, a(cos@—sin 6)? = m—n 
1/3 ENT 
=> cos 0+sin.@ = (“*) and, cos @—sin 9 = (* ") 
“: a 
2/3 N2/8 
=> (cos @ + sin @)* + (cos @—sin 9)? = (==") +(* | 
a a 
2/3 2/3 
2 2, _ (m+n) (m —n) 
> 2(cos“ 8+ sin* 9) = Tog = yaa 
=e (m+ n)2/3 +(m—n)2/3 = 92/3 


EXAMPLE 16 If 2 tan? & tan2 B tan? y+ tan? o tan2 B+ tan? B tan? y + tan? y tan? =], 


prove that sin? o + sin2 B + sin? y=1. 
SOLUTION We have, 


2 tan? o tan2 B tan? y+ tan? o tan2 B+ tan? B tan? y+ tan? y tan? a =1 


Dividing throughout by tan? « tan? B tan y, we get 


=> 2+ cot? 7+ cot? a + cot? B = cot? a cot? B cot? Y 
= 2 + cosec? ¥—1+cosec? a -1+ cosec” B—1 =(cosec*a, —1)(cosec?pB —1)(cosec*y —1) 
=> cosec* o + cosec? B + cosec? yY-1 


= cosec* o cosec* B cosec” Y —cosec? o cosec* B — cosec” B cosec” Y 


— cosec* y cosec? a + cosec* o + cosec” B + cosec” Y-1 


> cosec* 


























> 1 = sin? y+sin2 a+sin2 
=> sin? a+sin?B+sin2y =1 
EXAMPLE 17 faa = Uy aie ~b2 ang Sin ) _ by cos 8 
cos§@ sin @ cos? @ = sin2 9 
(ax)?/3 + (by)?/3 —(q2 _42)2/3 
SOLUTION We have, 
axsin®@ bycos@ 
ee ar eI 
cos" @ = sin* @ 
= ax sin? 6 —by cos? @=0 
sin?@  cos?6 
=> —_—_ «> — 
by ax 
2/3 2/3 
[se [= ) 
= = 
by ax 
sin*@ _ cos? 9 
= (by)2/3 te (ax)2/3 
= sin?@ cos? 9 sin? 0 + cos? 9 
oor A as os 
(by)?/3 (ax)2/8 (by)?/8 + (ax)2/3 


a cosec? B cosec* Y =cosec* a cosec” B + cosec* B cosec” Y + cosec” Y cosec* « 


[Multiplying throughout by sina sin? B sin? y] 


=0, prove that 


[Using ratio and Proportions] 





) 
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2s sin” 0 3 cos” @ ig 1 
(by)?/ 3 (ax)2/ 3 (ax)2/3 + (by)?/ 3 
2/3 2/3 
=> sin? 0 = — ih and, cos? 9 = ae 
(ax)°/ + (by)?/* (ax)*!? + (by)?/ 
1/3 \1/3 
=> sin § = oy) and, cos@ = = EN) ie 
((ax)?/3 + (by)?/ V(ax)?/3 + by?/ 
Substituting these values in —“_ + yh oes a* —b*, we get 


cos@_ sin @ 


(azy/3 I(aay?/? + oy)?/ + ey)?/3 flaay2/? + by? = 2 0? 
os { (ax)2/3 + oy)?! | {cass + oye} ee 2 


3/2 
=> {a5 + ys = q* —h? 


= (ax)2/3 + (by)?/ = (a? —p2)2/3 
EXAMPLE 18 If m2 +m'2 4 2mm' cos 8 =1, n> + n'2 4 2nn' cos 8 =1, and 
mn + m' n' + (mn' + m'n) cos 0 =0, prove that (i) m? +n =cosec” @ (ii) m’'*+n’'2 = cosec” 0 


SOLUTION (i) We have, 
m2 +m'? + 2mm'cos®@ =1 and n*+n'2 +2nn'cos®@ = 1 


=> m'? + 2mm! cos 8 +m? cos? 0 —m? cos? 0+m2 =1 

and, n'2 + 2nn' cos 0 +n” cos 9 —n* cos” 0+n* =1 

=> (m' +m cos 9)? +m? (1 - cos” 8)=1 and (n'+ncos 0)? +n? (1 — cos” 8) =1 

— (m' +m cos 9)? = 1-7? sin? 6 (i) and, (n’+ncos 9)2 = 1-n?* sin? @ ...(ii) 
Now, (m' +m cos 8) (n’ +ncos 8) = m' n' + (mn' +m’ n) cos 0+ mn cos2 6 

= (m' +m cos 6) (n’ +n cos 8) = —mn+mn cos? 0 [. mn+m n' + (mn +11 n) cos 0 =0] 
= (7' + m cos 8) (n' +1 cos 8) = —mn (1 — cos” 0) 

=> (7' + m cos 6) (n' +n cos 8) = —mn sin2 6 

=> (m!' +m cos 6)" (n' +ncos 0)? =m? n? sin4 9 [On squaring both sides] 
=> (1 —m? sin? 6) (1 —n* sin? 6) = m? n? sin4 0 [Using (i) and (ii)] 
=> 1 —(m? +n?) sin? 0+ m? n? sint © = m2 n2 sin* 6 

=> = (m* +n”) sin? 0 

= m* +n? = cosec* @ 


(ii) As the given relations do not alter by replacing m by m' andnby rn’. Therefore, on replacing 
m by m' and nby n'inm* +n” =cosec” 0, we get m’' +1” = cosec? 0. 





_ 4 4 
sin" 9 cos'® _ 1 ove that 
EXAMPLE 19 Least b Pep eke 


- 4n An 
sin® 6” *cos’0 1 .. sin~ 8 cos~™ 6 1 


. aie — wn) —- + -—-—_———_- = MCAT ey 
(i) 22 ar de Sr qt-1 pt (q@4h)-1 
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SOLUTION We have, 








sin" 0 cos* @ _ 1 
a b a+b 
Pa: 5 4 
= (a+b) [es 8 | cos ) 24 
a b 
- 4 4 
= oxo ( SE 2) = (sin? @ + cos” 6)2 
a 
= sin’ 6+ cost 0+ sin4 0+ 2 cost @= sin* @ + cos? 6 + 2 sin” @ cos 0 
a 
=— * sin’ 6+ 4 cost 9-2 sin? 0 cos 0 =< 
a 


2 
= [2 sin? 0 - [4 cos? @ ==: () 
Va Vb 
— [esin2o = | costo 
a b 





























= tan? @ = x 
b 
sin? 0 cos? 0 
—- — 
a b 
=x sin 0 a cos? 6 “ sin? 0 + cos? 0 
a b a+b 
sin? 0 cos* @ 1 
— = = 
a b a+b 
— sin? 9 = —4— , cos? @ = y mm 69) 
a+b a+b 
- 8 
sin” 0. cos”. 0). 1. wis ia 2 m4 
(i) — — (sin~ 8)* + —(cos* 8) 
a? b? a? b? 
1 a - 1 b 2 
— + — ° e 
3 (2, b3 [7 | [Using ()] 
a b _ a+b 1 


~ Gat® Gene ~ (ann? ‘Gene 
sin*” 9 cos*™” 6 a (sin? 6)2” % (cos* 9)?” 





O) Gael t je = pa soe 
: lees) +s Bale 
qui-i a+b p2n-1 a+b 
a b a+b 1 


SS i — ee 


cos4 a 2 sin4 a 











EXAMPLE 20 If —; —5— = 1, prove that 
cos~B = sin 
‘ ) oe ey 
(i) sint a+sin’B = 2sin2 asin? Gye oat EE 





costa sin* a 
=a + went 
cos" B sin“B 

4 4 


cos a sin? B + sin a cos’ B = cos? B sin? B 


cos* a. (1 — cos” B) + cos” B (1 cos” a)? = cos* B (1 — cos? p) 
cos* a —cos4 


a cos* B + cos” B — 2 cos” a cos” B + cos4 a cos” B = cos* B —cos* B 
4 


0 —2 cos* a cos” B + cos* B = 0 


— 

=> 

=> 

=> cos 

=> —— (cos* a-cos*p)? = 0 
=> 

=> 

=> 


2 a —cos” B = 0 
cos? a = cos? B 


(i) 
2 


1-sin? o =1-sin7p 


in* a+sin*B = (sin? a —sin? p)? +2 sin? a sin? p 
2 & sin” B 
gos" B , sin* B _ cos” B cos” B 2 sin*B sin?B 


sa sin* a cos? o sin” 





= Gia [-- sin? a = sin? §] 


Bs C08 B cos* a. , sin? B sin? a 


AS Bee Oa See a a cos* sin~ a 





is any non-zero real number, show that cos @ and sin @ can never be equal to x + L 


os | 
Se 
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EXAMPLE 22 IfA = cos” 6+ sin‘ 0, prove hat sa $1 for all values of 6. 


SOLUTION We have 
A =cos* 0+ sin* @ = cos? @ +(sin2 6)2 
Now, -1<sin @<1 for all0 


=> 0 <sin? 0 <1 for all 0 
=> (sin? 0)? <sin? 0 
a cos* 0+ (sin? 6)? <cos* 0 + sin? @ for all 0 
=> As1 forallé 
Again, 
A =cos*6+sin* 6 
=> A =1-sin? @+(sin2 6)? 


ois A=1-3+]5-sin?0+(sin9)*| 


2 
=> A=2+(5-sin6) 
4 \2 


Now, 
1 2 e 
(5 -sin 8) =0 for allé 
| 2 
| 2 
= 3 +(5-sin?0) >> for all 0 
4 \2 4 


— Az= for all 8 


3 


From (i) and (ii), we obtain Fi <A <1 forall 


Prove the e folowing identities (1-16) 
1. sec* es —sec* oa = ant Oran? 





cis © 


5.13 


[For 0 <x <1, x" <x for allne N—-{1}] 


...(i) 








5.14 
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10 tan? 6 cot? 0 Sd 1-—2sin2 0 cos? 0 
1+tan70 14cot?6 sin 8 cos 0 
2, 2 
11, 1-2 _8_ Be cos 6 
l1+cot® 1+tané@ 
Ee 2 

12. ope a sin? @ cos? 0 = oe ee 

sec” 8-—cos~ 6 cosec* 8-—sin~ 6 2+ sin~ 0 cos* 0 


13. (1 + tan @ tan B)? + (tan a — tan B)? = sec” a sec” B 
14. (1 + cot 6 oon 6) ene — cos 6) Bsn DcGaeO 
sec~ 6 —cosec™ 8 


15. 2 sin 8 cos 8 —cos 8 coo 


1 —sin 6+ sin? 0 —cos* 6 


16. cos 6 (tan 6+ 2)(2 tan 8+1) = 2sec0+5sin 0 





17. Ifx= S22 then prove that pencos 0 dsin: 6 is also equal to x. 
1+cos 8 +sin 6 1+sin 0 
[INCERT EXEMPLAR] 
az —b2 
18. If sin 86 = , find the values of tan 8, sec 8 and cosec 0 
az +b? 
TOF fan ice, Hen Bind the value of, = +, 2a [INCERT EXEMPLAR] 
a a— at 


a sin @-bcos@ a*—p? 
asin@+bcos@ 2+ 52 


21. If cosec 6 —sin 0 =>, sec 8 — cos 8 =p? then prove that a* b (a2 + b*) =i 


20. If tan 6 = 7 show that 


22. If cot 8(1 + sin 8) = 4 mand cot 6(1 —sin 6) =4n, prove that (m2 —n*)* =mn. 
23. If sin 8 + cos 6 =m, then prove that 


=< 2 _4\2 
sin ® 8+cos® 9 = coe a where m? <2 


24. Ifa=sec 8—tan 6 and b = cosec 0+ cot 6, then show that ab+a—b+1=0. 
[NCERT EXEMPLAR] 


Poa 6 1+ sin 8 =---*_ where <0<n 
1l+sin® Y1-sin@ cos 8 2 


26. IfT,, =sin” 6 + cos” 0, prove that 


25. Prove that: 





(i) Boe al? (ii) 2% -3T+1=0 (iii) 6 Typ -15 Tg +10 -1=0 
1 3 





: NSWERS 
a —p? a> +b2 az +b2 2 cos x 
tan 9 = , sec@ = , cosec® = — 19. 
18. 6 ab 2ab a —p?- Fea ee 
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HINTS TO SELECTED PROBLEMS 
21. We have, cosec 8 —sin 0 go sec 0 — cos 8 =p? 


Map eee 
a 1—sin Oo 278 1—cos G48 








sin 0 ‘  cos0 
.2 aay 
=> CORY = a°, sin* 0 =hb 3 
sin 8 cos 9 
sin7@ cos*@ b® 
= ORS Batt et A 
cos@ sinO gq? 
ne 
= tan39=", => tan0=~=> sind =——" and cos 0 = : 
a 4 Va~ +b* a> +b? 
: - cos*0 3 
Substituting these values of sin 8 and cos @ in net a~ , we obtain 
sin 
SJ = 
ae ES Va2+b* =1 => a? b? (a? +b?) =i) 
b (a? +b?) 
22. Wehave, cot@(1+sin 8) =4m and cot 6(1 —sin 0) = 4n 
= cot 0 + cos 8 = 4m and cot 8 — cos 8 =4n 
= (cot8 + cos 9)? —(cot8—cos 9)? = 16m” —16n? and (cot 8 + cos 8) (cot 8 —cos 8) =16 mn 
a 4cot 6 cos 8 =16 (m? —n*) and cot? 0 —cos* 6 =16 mn 
2 4 
= £088 = 4 (m* —n) and cosine 16 mn 
sin 0 sin2 @ 
cos? 6 2 2.2 cos* @ 
= a: 16 (m* —n~)~ and a a 16 mn 
sin~ 6 sin~ 6 
— 16 (m =n) =16 mn 
=> (m? —n*) =mn 


5.4 SIGNS OF THE TRIGONOMETRIC RATIOS OR FUNCTIONS 


In the previous section, we have introduced six trigonometric ratios. Their signs depend on the 
quadrant in which the terminal side of the angle lies. We always take the length OP = r (see 
Fig. 5.1 — 5.4) to be positive. 


Thus, sin 6 =~ has the sign of y, cos 8 == has the sign of x. The sign of tan 6 depends on the 
r 

signs of x and y and similarly the signs of other trigonometric ratios are decided by the signs of x 

and/or y. Thus, we have the following : 

In first quadrant: We have, x >0 and y>0 


*. sin @=2>0,cos == >0, tan @=~>0, cosec @=" >0, sec @ =" >0and cot 0=~>0. 
y x 


r 


Thus, in the first quadrant all trigonometric functions are positive. 
In second quadrant: We have, x <0 andy>0 


. sin @=4>0,cos @== <0, tan 0=~ <0,cosec@=">0, secO=" <Oand cot@=* <0. 
y x 
Thus, in the second quadrant sine and cosecant functions are positive and all others are negative. 


In third quadrant: We have, x <0 and y <0 
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sin 0=~ <0, cos 0 =~ <0, tan 6 =~30, cosec 0 =" <0, sec 0 = <0 and cot 0=~>0. 
r r x y x 1 


Thus, in the third quadrant all trigonometric functions are negative except tangent and its reciprocal 
cotangent. 
In fourth quadrant: We have, x >0 and y <0 


sin 0=~>0,cos 0=~>0, tan 9=/>0, cosec 0 =~ <0, sec 0=-->Qand cot @=~ <0. 
r r ye y x 


Thus, in the fourth quadrant all trigonometric functions are negative except cosine and its reciprocal 
secant. 


It follows from the above discussion that the signs of the trigonometric ratios in different 
quadrants are as under : 


II QUADRANT] I QUADRANT 
sine, cosec are | All positive 


positive & the 
rest negative 





Yx 


IT QUADRANT | IV QUADRANT 


tangent, cotangent | cosec, secant are 
are positive & the | positive & the 
rest negative rest negative 
y’ 
Fig. 5.6 


SIMPLE RULE TO REMEMBER A crude aid to memorise the signs of trigonometrical ratios in different 
quadrants is the four-word phrase “ALL SCHOOL TO COLLEGE”. The first letter of the first word in 
this phrase is ‘A’. This may be taken to indicate that all trigonometric ratios are positive in the first 
quadrant. The first letter of the second word is ‘S’. This indicates that sine and its reciprocal are positive in 
the second quadrant. The first letter of third word is ‘T’. This may be taken as to indicate that tangent and 
its reciprocal are positive in the third quadrant. The first letter of the fourth word in the phrase is ‘C’ which 
may be taken as to indicate that only cosine and its reciprocal are positive in the fourth quadrant. 


5.9 VARIATIONS IN VALUES OF TRIGONOMETRIC FUNCTIONS IN DIFFERENT 
QUADRANTS 


DIFFERENT QUADRANTS LetX’ OX and Y OY’ be the coordinate axes. Draw a circle with centre 
at origin O and radius unity. Suppose the circle cuts the coordinate axes at A, B, A’ and B' as 
shown in Fig. 5.7. Let P (x, y) be a point on the circle such that Z AOP = 8. Then, x = cos 6 and 
y =sin 0. 





B'(0, -1) 


Fig. 5.7 
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It is evident from the Fig. 5.7 that 
—-l1<x<land-1s<y<l 
= —1<cos 8 <1and-—1 <sin 6 $1 for all values of 0. 


In the first quadrant as the angle 0 increases from 0° to 90°, we observe that the values of y 
increase from 0 to 1. Consequently sin 9 increases from 0 to 1. In the second quadrant as 6 
increases from 90° to 180°, y decreases from 1 to 0. Consequently, sin 6 decreases from 1 to 0. In 
the third quadrant as 0 increases from 180° to 270°, sin 8 (= y) decreases from 0 to—1 and finally in 
the fourth quadrant sin 0 increases from —1 to 0 as 8 increases from 270° to 360°. Similarly, we 
can observe the variations in the values of other trigonometric functions. The following table 
exhibits the variations in the values of all trigonometrical ratios. 


I QUADRANT If QUADRANT 

sin 0 increases from 0 to 1 sin 8 decreases from 1 to 0 
cos 9 decreases from 1 to 0 cos 8 decreases from 0 to —1 
tan 0 increases from 0 to oo tan 0 increases from — © to 0 
cot 8 decreases from « to 0 cot 8 decreases from 0 to — 00 
sec 8 increases from 1 to % sec 6 increases from — © to —1 
cosec 9 decreases from to 1 cosec 9 decreases from 1 to co 

Il QUADRANT IV QUADRANT 
sin 0 decreases from 0 to —1 sin 6 increases from —1 to 0 
cos 0 decreases from —1 to 0 cos 9 increases from 0 to 1 
tan 8 increases from 0 to oo tan 6 increases from — oo to 0 
cot 8 decreases from © to 0 cot 6 decreases from 0 to — oo 
sec 8 decreases from —1 to — 0 sec 8 decreases from © to 1 
cosec 8 decreases from — to —1 cosec 9 decreases from —1 to 00 


REMARK Note that + © and — care two symbols. These are not real numbers. When we say that tan 0 
increases from 0 to coas Ovaries from Oto 2/2, it means that tan 0 increases in the interval (0, r/2) and 
it attains arbitrarily large positive values as © tends to n/2. Similarly, we interpret for other 
trigonometrical functions. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1~ Find sin 9 and tan 9 if cos 8 =— and 6 lies in the third quadrant. 


SOLUTION We have, 


! 


cos* 6+ sin? 9=1 => sin 9=+,1—cos* 6 
In third quadrant sin 0 is negative. 


2 
sin @ = —[1—cos? @=> sin@ = — -(-2) a0) 





13 
sin 9 5 13 5 
Now, tané@ = => tan@ = ——x— = — 
ow mee 13° -12 


EXAMPLE, Find the values of cos @ and tan 0, if'sin 0 =~ Zand aioe 08 sli 
2 
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SOLUTION We have, 


cos* 0+sin2 6 = 1 — cos @=+4/1-sin? 6 


In the third quadrant cos 0 is negative and tan 0 is positive. 


cos § = ~f1—sin? @ — cosO=- 1-2 =-4 


5 
and, tan 8 = 








EXAMPLE 3~ Find all other trigonometrical ratios if sin ® = — 26 and 6 lies in quadrant III. 


SOLUTION We have, 


cos? 0+ sin? @=1 => cos@=+,1 in? 


a 
5 
@D 


In the third quadrant cos 0 is negative. 


cos § = ~,1-sin? 6 => cos§@=-— 1-= = -= 


In the third quadrant tan 0 is positive. 








Se => Say 2 ae 
cos 8 5 1 
1 5 
Now, cosec@ = —— = cosec@ = —-——— 
sin 6 2/6 
sec 8 Ste sneer sec Q@= —5 
cos 8 
1 1 
and, cot@ = —— => cot0 = ——. 
tan 8 2/6 


EXAMPLE 4, If cos @=-—andn<0 << find the value of 4 tan” 0 — 3 cosec? 0. 


SOLUTION Since 6 lies in the third quadrant. Therefore, sin @ is negative and tan 0 is positive. 


Now, | sin @=+J1-cos” 6 = sin g=--1--%3 = eeeco oe 


13 





Nav Falte 
cos 8 


Hence) Aten? 0— Sicosee 04 > 3-3x==8, 


1 + tan 8 + cosec 9 


37 
EXAMPLE 5- If sec @ = V2 and —— <® <2n, find the value of Reno Laeee or 


SOLUTION We have, 


1 
sec0=/2 = cos@ = Ta 


. es fre 29 = es ie 
sin 8 = +./1-cos* 0 tls Ta 


But, @ lies in the fourth quadrant in which sin 6 is negative. 
1 a 
in @ = - = cosec@ = —V2 
sin 6 Tp 
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sin 0 


Now, tané@ = = ani Q: a ease =-1l1 => cotd = -1 
cos 9 V2 





ols 


1 + tan 8 + cosec 9 7 abeib V2 | 
1+cot@—cosec® 1- Tatas 


=—1 


EXAMPLE bf Prove that : 


Tosino |sec@-tan@ /if-><0<2 
1+ sin 0 —sec@+ tan 6, if <o<= 


SOLUTION Wehave, 


1-—sin 0 - ae eae 1 —sin 6 a 1 —sin 6 
1+ sin 0 1—sin2 0 alee | cos 8| 


1 —sin 9 if aoe 
a 1 —sin 0 ” cos 9 2 
1+ sin 0 a 
—cos 8 2 2 
T= sino sec 8 — tan 6 if-><0<5 
— ss 
1+ sin 0 —sec@+tan 0, if <0<=* 


EXAMPLE Z~ Prove that : A+cos@ | ese ee ,if0<60<zx 


SOLUTION We have, 


1+cos® _ (1 + cos 6)? 
1-—cos 8 1 —cos* @ 


1+ cos 0 = _ 1+ cos 6 


recat pied 
2 1+cosO _ sin 6 
\1 —cos 0 At COS. i eOecOe 
—sin 8 
1+cos®@_ fcosecO+cot6 ,if0<O0<zx 
= 1—cosQ  |—cosec@-—cot 0, ifm<0<2n 


EXAMPLE 8 /Prove that : 


< Eh 

1-—- 1-sin@ | 1l+sin® _ ue BA 

1+sin@ \1-—sind a 5 <OSn 
SOLUTION Wehave, 


1-sin 8 1+sin6_ (1- Ba is 
l+sn@ | Y1—sind Teeaine ee re 
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—_ acl _S SSHEELG 2 _ ay a [-." slag — | x] 
1+ sin 0 1-sin 6 cos? @ | cos 0| 

Ds Dee T 

Neem linen | cso? *° <5 

=> —————e if —_—_—_—_—_—_—— 1 = 

1+ sin 6 1—sin 8 





os 0 
2 


cos 9 





,if = <O<n 
2 


EXERCISE 5.2 





Poevent |. 


1. Find the values of the other five trigonometric functions in each of the following: 


(i) cot 8 = = , 8in quadrant III (ii) cos 8 = -> , 8in quadrant II 
(iii) tan 8 == , 9in quadrant III (iv) sin 0 -= , 8in quadrant I 
2. Ifsin 8 = = and 9@ lies in the second quadrant, find the value of sec @ + tan 8. 


3. If sin o==, tan b=Sand = <0<n<g<5, find the value of 8 tan 0 — V5 sec 9. 
4. If sin 8 + cos 8 =0 and 6 lies in the fourth quadrant, find sin @ and cos 0. 


5. If cos 8 --= and 1 <6 <=, find the values of other five trigonometric functions and 


cosec 8 + cot 9 


hence evaluate : 
sec § —tan 0 


ANSWERS 





12 5 13 


1, (i) sin Gees cos 8 =—-—, tan 0=—, posee DiS sec 9 =——~ 
12 5 12 


13 13 
(ii) sin 9-3, tan 6=-/3, cosec 0 =, cot =e, sec §=-2 


(iii) sin pee! cos. cose =a an ne. cot @=~ 
5 5 3 4 3 


= 

1 
° —5 3. Sear, 4. —-——y, 
g 2 2 


5 4 3 3 


ae 
6 


sl 


HINTS TO SELECTED PROBLEM 


4. Wehave, 
sin 8+ cos8=0 => sin 8=-—cos8@ => tan 0=-1 . 


-- sect @=1+ tan? 0 => sec* 0=1+(-1)?=2 => secO=J/2=> cos @=—— 


/2~ 
5.6 TRIGONOMETRIC RATIOS OF ALLIED ANGLES 
Two angles are said to be allied when their sum or difference is either zero or a multiple of 90°. 


The angles — 0, 90° + 8, 180° + 8, 360° + 6 etc are angles allied to the angle 6 if @ is measured in 
degrees. However, if @ is measured in radians, then the angles allied to 6 are 


9, = +0, n+ 0,2 n+ Oetc. Using trigonometric ratios of allied angles we can find the trigono- 
— U0, — v7 7 
2 


metric ratios of angles of any magnitude. 


7 
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5.6.1 TRIGONOMETRIC RATIOS OF (— 6) IN TERMS OF THAT OF 0 


Leta revolving ray starting from its initial position OX, trace out an angle Z XOA = 6. Let P(x, y) 
bea point on OA such that OP =r. Draw PM perpendicular from P on x-axis. Let there be another 
revolving ray OA’ which starts from the initial position OX and describes an angle Z XOA’' =— 6 
in the clockwise sense. Let P’ be a point on OA' such that OP’ =OP. Draw P' M’ perpendicular 
from P’ on x-axis. Clearly, M and M' coincide and AOMP is congruent to AOMP’. Then the 
coordinates of P’ are (x, — y/). 





Fig. 5.8 


Taking the reciprocals of these trigonometric ratios, we have 
cosec (— 8) = —cosec 8, sec(—9) = sec® and cot(-—8) = —cot 8. 


5.6.2 TRIGONOMETRIC RATIOS OF (90°— 6) IN TERMS OF THAT OF 6 

Leta revolving ray starting from its initial position OX, trace out an angle Z XOA = 6. Let P(x, y) 
be a point on OA such that OP = r. Draw PM perpendicular from P on x-axis. Let another 
revolving ray OA’ starting from the initial position OX, trace out angle of 90° to coincide with OY 
and then it rotates in the clockwise direction through an angle 9. Then, OA’ in its final position 
traces out an angle Z XOA' = 90° — @. Let P’ be a point on OA’ such that OP’ =OP =r. From P’ 
draw perpendicular P’ M' on x-axis. Then, AOMP and OM! P’ are congruent. 


Clearly, M' P’ = OM = x and OM’ = MP = y 


So, the coordinates of P' are (y, x). 





P' M' x 

90 -—6 _ PYM’ _X _ cose 

sin ( ) OP" 

OM!' y 

6) = ——- == = sin8 
cos (90 — 0) OP x 
P’ M' x 

t 90-0) = —— =-— = cot8 
ace = omy 


Fig. 5.9 


‘Similarly, we obtain that 
cosec (90 — 6) = spat O: sec (90 - — 8) =cosec 6 and, cot (90 — 6) = tan 0. 
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5.6.3 TRIGONOMETRIC RATIOS OF (90°+ 6) IN TERMS OF THAT OF 0 
Leta revolving ray OA starting from its initial position OX, trace out an angle Z XOA = @and let 
another revolving ray OA’ starting from the same initial position OX, first trace out an angle 0so 
as to coincide with OA and the it revolves through an angle of 90° in anticlockwise direction to 
form an angle Z XOA' = 90° + 0. Let P and P’ be points on OA and OA’ respectively such that 
OP =OP' =r. Draw perpendiculars PM and P’M' from P and P’ respectively on OX. Let the 
coordinates of P be (x, y). Then, OM =x and P'M’'=y. 
Clearly, A P’M'O is congruent to A OMP. Y 
S OM' = PM = y and P’M' = OM = x. 
So, the coordinates of P’ are (-y, x). 









Hence, P'(-y, x) P (x, y) 
, M! P'’ x ; 
Se) = Sap S08 8. c 
Os ae : :. Sa 
cos (90 + 6) ap > sin 0 . ry, 
anche) — a ae 
OM ota Fig. 5.10 
Similarly, we obtain 
| cosec (90° + 6) =sec 8, sec (90° + 6) =— cosec 8 and cot (90° + 8) = —tan 0. 


5.6.4 TRIGONOMETRIC RATIOS OF (180°— 6) IN TERMS OF THAT OF 0 


Let a revolving ray OA starting from its initial position OX, trace out an angle Z XOA = ®. Let 
another revolving ray OA’ starting from its initial position OX, trace out angle of 180° to coincide 
with OX’ and then rotates in clockwise sense through an angle 0. Let P and P’ be points on OA 
and OA’ respectively such that OP = OP’ = r. Draw perpendiculars PM and P’ M’ from P and P’ 
on OX and OX’ respectively. 

Clearly, triangles OMP and OM’ P’ are congruent. 

M'P' = MP = y and OM’ = OM. 

Hence, the coordinates of P’ are (-—x, y). 





‘ PEM! ; 
Now, 180-6) = —— = # = 0. 
ow, sin ( ) A ; sin 
OM! x 
180-8) = — =--=- 
cos ( ) api : cos @ 
P’' M' y 
,  tan(180-—8) = —— = — = -tan0 
ang ( OM' —Xx 


Fig. 5.11 


Similarly, we obtain 
cosec (180° — 6) = cosec 8, sec (180° — 8) =—sec @ and, cot (180° — 6) =—cot @ 
5.6.5 TRIGONOMETRICAL RATIOS OF (180° + 0) IN TERMS OF THAT OF 0 


Let a revolving ray OA starting from its initial position OX, trace out an angle ZXOA = 0. Let 
another revolving line OA’ starting from its position OX, trace out an angle ZXOA’ = 180° + 6, 
Let P and P’ be points on OA and OA’ respectively such that OP = OP’ =r. Draw perpendiculars 
PM and P’ M’ from P and P" respectively on OX and OX’. Clearly, triangles OPM and OP’ M’ are 


congruent. 
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OM’ = OM =x, PM = P'M' =y 


Hence, the coordiantes of P’ are (— x, — y). 


Clearly, sin (180 + 0) = 2M elven 
OP' r r 
OM -x x 
3(180 + 0) = —— =——=--=-cos0 
cos ( + @) OP" 3 : cos 
tan (180 4 6) = 2 ees 
OM' x 





Fig. 5.12 


Similarly, we obtain 
cosec (180° + 8) =—cosec 6, sec (180° + 8) =—sec 8 and cot (180° + 8) =cot 6. 
5.6.6 TRIGONOMETRIC RATIOS OF (360°-— 6) IN TERMS OF THAT OF 6 
The terminal sides of co-terminal angles coincide, so their trigonometrical ratios are same. 
Clearly,360°— 8 and —8@ are co-terminal angles. 
sin (360° — 6) = sin (— 8) =—sin 9, cos (360° — 6) = cos (— 8) = cos 9, 
and, tan (360° — 0) = tan (— 8) =— tan 8 
Similarly, we have 
cosec (360° — 6) =—cosec 8, sec (360° — 8) = sec 8 and cot (360° — 8) =— cot 8. 


We know that the terminal sides of co-terminal angles always coincide and 8 and 360°+ 6 are 
co-terminal angles. Therefore, 


sin (360° + 8) =sin 6, cos (360°+ 8) =cos 8, tan (360° + 6) = tan 9, 
sec (360° + 8) =sec 8, cosec (360° + 6) =cosec 8 and cot (360° + 8) =cot 6 


In fact, for any positive integer n, angle (360° x 1 + 6) is coterminal to angle 0. Therefore, for any 
positive integer n, we have 


sin (360° x n + 8) =sin 8, cos (360°x n+ 6) =cos 8, tan (360°x n+ 6) = tan 0, 

cosec (360° x 1 + 6) = cosec 9, sec (360° x n+ 8) =sec 8 and, cot (360°x n+ 8) =cot 0. 
If 6 is in radians, then the above results may be written as 

sin (2n7+ 9) =sin 6, cos (2nx+ 8) = cos8, tan (2nx+ 8) = tan 0, 

cosec (2n7 + 8) = cosec 9, sec (2n7 + 8) = sec 6 and cot (2nx+ 6) =cot 8 


5./ PERIODIC FUNCTION 


A function f (x) is said to be a periodic function if there exists a real number T > 0 such that 
f (x +T) =f (x) for all x. 


If T is the smallest positive real number such that f (x + T) = f(x) forall x, then T is called the 
fundamental period of f (x). 


Since sin (2nz + 6) =sin 8, cos (2nn + 8) =cos 6 for all values of QandneN. 
Therefore, sine and cosine functions are periodic functions. 

We find that 27 is the smallest positive real number such that sin (2x + 6) =sin 0, and 
cos (2 7+ 6)=cos @ forallvaluesof6. __ 

So, sine and cosine functions are periodic.with period 27. . 


——————————eE—EEI~ 
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We also know that tan (z+ 6) = tan 0 and cot (+ 0) =cot 0. Therefore, tan 0 and cot @ are 
periodic with period r. 

Similarly, cosec @ and sec 9 are periodic functions with period 2 r. 


Following table provides periods of all trigonometric functions as a ready reference. 


Cosine Vk Cotangent | 
Atcoked he cia LN cats 





Tt 


swe ee +e -- 


5.8 EVEN AND ODD FUNCTIONS 

EVENFUNCTION A function f(x) is said to be an even function, if f (— x) = f(x) forall x in its domain. 
ODD FUNCTION A function f(x) is an odd function, if f (— x) =— f(x) for all x in its domain. 

We have seen that sin (— 9) =— sin 9, cos (— 8) = cos 9 and tan (— 6) =— tan 0. 


Therefore, sin 6 and tan @and their reciprocals cosec 6 andcot 0 are odd functions whereas cos 8 
and its reciprocal sec 8 are even functions. 


In earlier classes, we have learnt about the values of trigonometrical ratios for 0°, 30°, 45°, 60° 
and 90°. The values of trigonometric functions for these angles are same as that of 
trigonometrical ratios studied in earlier classes. In fact, the value of a trigonometrical ratio for 


any angle is same as the value of trigonometrical function for the same angle. Thus, we have the 
following table: 


|. a | a 
Function 








not not 
a defined defined 
not re ae not 


In order to find the values of trigonometrical functions for any angle in terms of those of positive 
acute angle, we may follow the following algorithm: 


ALGORITHM 
STEP I See whether the given angle o. is positing or regartoe if it is s negative, make it positive by using 
the following : 


sin (— 9) = —sin 9, cos(—6) = iO) emia) = — tan 6 etc. . 
STEPH © Express the positive Bais a voeaac in step Iin the si la a =90°x n+ 0, where Oi isan acute 
angle. nee (eedikv's a a nae ial 
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STEP IIf Determine the quadrant in which the terminal side of the angle a lies. 
STEPIV Determine the sign of the given trigonometrical function in the quadrant obtained in step III. 
STEP V_ [fn in step II is an odd integer, then sin a =+ cos 8, cos a =+ sin 9, tan a =+ cot 0, 
sec a =+ cosec 0 and cosec 8=+ sec 0. The sign on RHS will be the sign obtained in 
step IV. 
If n in step II is an even integer, then sin a =+ sin 8, cosa=+cos® tana=+tan 0, 
sec o& = + sec 8 and cosec « =+ cosec 9. The sign on RHS is the sign obtained in step IV. 
Following examples will illustrate the above algorithm. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 /Find the values of the following trigonometric ratios: 
(i) stm 315° (ii) cos 210° (iii) cos (— 480°) (iv) sin (—1125°) 
SOLUTION (i) Clearly, 
sin 315° =sin (90°x 3 + 45°) 
Since 315° lies in the IVth quadrant in which sine function is negative and 3 is an odd integer. 


1 
sin 315°= sin (90°x 3+45) = —cos45°= ——— 
( ) J/2 


(ii) Clearly, 

cos 210° = cos (90° x 2 + 30°). 
Since 210° is in the III quadrant in which cosine function is negative. Also the multiple of 90° is 
even. 

cos 210° = cos (90°x 2 + 30°) =—cos 30° =-— fo 
(iii) Clearly, 

cos (— 480°) = cos 480° = cos (90° x 5 + 30°) 
Since 480° is in the II quadrant in which cosine function is negative. Also the multiple of 90° is 
odd. 


cos (— 480°) = cos 480°= cos (90°x 5 + 30°) =—sin 30° = -= 


(iv) We have, 
sin (—1125°) =— sin 1125° =— sin (90° x 12 + 45°) 
Clearly, 1125° lies in the first quadrant. The multiple of 90° in this expression is even. 


sin (-1125°) = —sin (90°x 12+ 45°) = —sin 45° = 


EXAMPLE Find the values of the following trigonometric ratios. 
(i) cosec 390° (ii) cot570° (iii) tan 480° (iv) cos 270° 


(v) tan =" (vi) sin (=) (vii) cot (=15) 


SOLUTION (i) We have, 
390°= 90°x 4+ 30° 
Clearly, 390° is in I quadrant and the multiple of 90° is even. 
cosec 390° = cosec (90° x 4 + 30°) = cosec 30° =2. 
(ii) We have, : SS ‘ 
| 570° =90°x 6 + 30° ots 7 
Clearly, 570° is in the Iird quadrant and the se wsiftiets of 90° is even. 
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cot 570°= cot (90°x 6 + 30°) =cot 30°=J3 
(iii) We have, 
480° = 90°x 5 + 30° 
Clearly, 480° is in the second quadrant and the multiple of 90° is odd. 
° tan 480° = tan (90°x5+ 30°) = —cot 30° = -J/3 
(iv) We have, 
270° =90°x 3+ 0° 


Clearly, 270° is in the negative direction of y-axis i.e. on the boundary line of II and III quadrant. 
Also, the multiple of 90° is an odd integer. 


; cos 270° = cos(90°x 3+ 0°) =+sin 0° = 0 
(v) We have, 
19m _ (19 

f2(5 
Clearly, this angle lies in first quadrant. 
tan — = tan (90°x 12 + 60°) = tan 60°=/3 


(vi) We have, 


‘= = (=) = 660° =90°x 7 + 30° 


« 180) = 1140° = 90°x 12+ 60° 


sin (=) =—sin a =—sin (90°x 7 + 30°) =—(—cos 30°) --(-3)- 


(vii) We have, 


SHES (= | = 675° =90°x 7 + 45° 


cot (-S7) = - cot") — cot (90°x 7 + 45°) = —(-—cot 45°) =—(-—1) =1. 


m1 





EXAMPLE3- Prove that: cos 510° cos 330° + sin 390° cos 120° = —1. 
SOLUTION We have, 
LHS = cos 510° cos 330° + sin 390° cos 120° 
= cos (90°x 5 + 60°) cos (90°x 3 + 60°) + sin (90°x 4 + 30°°) cos (90°x 1 + 30°) 

(— sin ia (sin 60°) + (sin 30°) (— sin 30°) 

V3 _ V3 (3 I es ee 
al 5) =-3-3- 1 = RHS 

EXAMPLE@ Prove that : sin (— 420°) (cos 390°) + cos (— 660°) (sin 330°) =—1. 

SOLUTION We have, 

LHS = sin (— 420°) (cos 390°) + cos (— 660°) (sin 330°) 

—sin 420° cos 390° + cos 660° sin 330° [." sin (— 8) =—sin 8, cos (— @) =cos 6] 
—— sin (90°x 4 + 60°) cos (90° 4 + 30°) + cos (90° 7 + 30°) sin (90° 3 + 60°) 
=—(sin 60°) (cos 30°) + (sin 30°) (— cos 60°) --3, ~ 5(-$)=-2 = RHS 

EXAMPLE rove that: 
ads 2 pth See (i) 2sin? = +:cosec? cog? = = w 

(i) sin? Z gic Bar 4 2 6 6 a. 2 
«sn Moe ip sa feehay a2 OM ty, 2 mie 
(iii) cot? © + cose + 9 tan’ 5 6 (iv) 2sin Fi + 2'cos a * 2 sec = 10 
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SOLUTION (i) LHS= sin? : + cos 5 —tan2 = 
( g) +(c03) (un 2) 

=;sSin—]| +] cos—]| -—| tan — 

6 3 4 


(ii) LHS = 2 sin? = + cosec* 4” im cos? = 
6 6 3 


(sin £) + (conse 2) (cos 8) 
2} sin —| +] cosec — cos — 
6 6 3 
(sin £) + {cosec(n+)}" (cos 8) 
2| sin —| +<¢ cosec| r+ — cos — 
6 6 3 
2 


> 
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(iii) LHS = cot? = + cosec an +3tan?= 
6 6 6 


=( cot sh +cosec{ x-=)+ 3{ tan 2) 23)" +2+ {+.) - 3+2+1=6=RHS 
6 6 6 V3 


(iv) LHS = 2 sin? F + 2.cos* E42 sec? = 


2 2 2 
2{ sin =} + 2{ cos 4 + 2{ sec 4 
4 4 3 
ee 2 T 2 r1 2 s. On : i ou at 
2| sin—| +2] cos—| +2] sec— *" Sin — = sin| r—-—] = sin — 
4 4 3 4 4 4 


T\- eve 2 re: 
2(—) +2(—) + 2(2)* =1+1+8=10=RHS 
cos (90° + 6) sec (— 6) tan (180° — 6) 


EXAMPLE 6 /P that: =-—1. 
ee 2c:(360° ~ 6) sin (180° + 6) cot (90° —6) 
SOLUTION We have, 
LHS = —°°8 (90° + 8) sec (— 8) tan (180° — 6) _ (=sin 6) (sec 6) (— tan 6) -_1=RHS 
sec (360° — 8) sin (180° + 6) cot (90° — 6) (sec 6) (— sin 6) (tan 6) 

EXAMPLE 7 7/ Prove that : 

(i) cos (1 + x) cos (— x) corals 

Sin (1 — x) cos (F +x 
ze 3 3r 
(ii) cos (= + x) cos (21 + x) {cot (= —- x + cot (2x + »} = 
= = 2 
SOLUTION (i) LHS= = (= cos x) x (cos x) _ Sp et Cote RES 
sin (1 — x) cos cs zi (sin x)(—sinx)  _sin2 x 


(ii) LHS = cos (= + x) cos (2 + x) { cot (= = x) + cot (27+ 2} 
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a, 
*" COS| —+x 
2 


cot (= ==) 
2 


sin x, cos(2x%+ x) =cosx 
= (sin x) (cos x) (tan x + cot x) 


tan x and cot (27 + x) =cotx 








: sin X cosx 
= sin x cosx 
{sn =| 
‘ sin? x + cos* x . 1 
= sin x cos xX ; —_———_——__;. = sin x cos x x ———____ = ] 
sin x cos x sin x cos x 


EXAMELE 8/4 A, B, C, D are angles of a cyclic quadrilateral, prove that 
cos A + cos B+ cosC + cos D =0. 
SOLUTION We know that the opposite angles of a cyclic quadrilateral are supplementary i.e. 
A+C=nandB+D=n. 
: A = n-C and B = x-D 


=> cos A = cos(m—C) = —cosC and, cos B = cos(x—D) = —cosD 
cos A + cos B+ cosC +cosD = —cosC —cosD +cosC +cosD = 0 
EXAMPLE oyin any quadrilateral ABCD, prove that 
(i) sin (A + B) + sin (C + D) =0 (ii) cos (A + B) =cos(C +D) 


SOLUTION We have, 
(i) A+B+C+D=2n 
= A+B=2n-(C +D) 
=> sin (A + B) =sin {2x—(C + D)} 
= sin (A + B) = —sin (C +D) 
= sin (A + B)+sin(C +D) = 0 [.. sin (2% — 6) =—sin 6] 
(ii) We have, 
A+B+C+D =2n 
= A+B = 2x-(C+D) 
=> cos (A + B) = cos {2x—(C +D)} 
=> cos (A + B) = cos(C +D) [‘.- cos (2m — 8) =cos 6] 


EXAMPLE10 Find the value of the expression 


Sok 3 {sint( 5-0) sin* (3n+ 0| -2 {sin6 (Es @)+sin’ Gn-o)| 


SOLUTION _ The given expression is [NCERT EXEMPLAR] 
3 {si 2-0} sin* (3+ a)| = {sin(Z 4 0) sin® Gn—9)| 


= 3{ (cose) +(-sin a*} —2 {(c0s 9° + (sin a} 
= 3 (cos* @ + sin* @)—2 (cos° 6+ sin® 6) 
= 3{ (cos @+sin7 6)? —2 sin? @ cos” oh 
-24 (cos? 0+sin* 0)°—3 cos” @sin2 6 (cos? 6+ sin 2 a} 


= 3(1—2 sin? 0 cos @)—2 (1-3 cos” @ sin” 6) 
_ 3—6 sin? 0 cos*@—2+ 6 sin” 6 cos” 6 =1. 
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EXERCISE 5.3 
LEVEL-1 
1. Find the values of the following trigonometric ratios: 
(i) sin a (ii) sin 3060° (iii) tan — (iv) cos (—1125°) 
(v) tan 315° (vi) sin 510° (vii) cos 570° (viii) sin (— 330°) 
(ix) cosec (—1200°) (x) tan (—585°) (xi) cos 855° (xii) sin 1845° 
(xiii) cos 1755° (xiv) sin 4530° 
2. Prove that: 
(i) tan 225° cot 405° + tan 765° cot 675° = 0 
bse Be 7 31 18%, ob 1 
(ii) sin —— cos —— + cos —— sin —— = — 
3 6 3 6 2 
(iii) cos 24° + cos 55° + cos 125° + cos 204° + cos 300° = 5 
(iv) tan (— 225°) c-.t (— 405°) — tan (—765°) cot (675°) = 0 
(v) cos 570° sin 510° + sin (— 330°) cos (— 390°) = 0 
ll dial? sg 21 217x 3-43 
(vi) tan —— -—2 sin — —— cosec~ — + 4 cos* —— = ———— 
5 Gi. 234 4 6 2 
(vii) 3sin “sec ™—4sin cot a1 
6 3 6 4 
3. Prove that: 
(i) cos (27 + 8) cosec (27 + 9) tan (7/2 + 8) ae 
sec (17/2 + 0) cos 8 cot (7 + 8) 
(ii) cosec (90° + 8) + cot (450° + 6) - tan (180° + 6) + sec (180°— 6) _ 5 
cosec (90° — @) + tan (180° — 6) tan (360° + 8) — sec (— 8) 
(iii) sin (180° + 8) cos (90° + 6) tan (270° — 6) cot (360° — 6) se 
sin (360° — 8) cos (360°+ 8) cosec (— 6) sin (270° + 0) 
(iv) {1 + cot 6 -sec( = + 0)| {1 + cot 6+ sec{ 2 + >} =2 cot 8 
(v) tan (90° — 8) sec (180° — 8) sin (— 6) =1 
sin (180° + 8) cot (360° — 8) cosec (90° — @) 
4. Prove that: sin? = + sin? 7 + sin? wa + sin” 22 = 
18 9 18 
5. Prove that: sec( 5 - 0] sec( 0 4 tan (= + 0] tan} 6 OME =—1. 
2 2 2 2 
6. Ina A ABC, prove that : 
a A+B : 
(i) cos(A+B)+cosC=0 (ii) cos = }=sin ; (iii) tan ame B = cot = 


7. If A, B, C, D be the angles of a cyclic quadrilateral, taken in order, prove that : 
cos (180° — A) + cos (180° + B) + cos (180° + C) — sin (90° + D) =0 
8. Find x from the following equations : 
(i) cosec (90° + 6) + x cos 6 cot (90° + 6) =sin (90° + 6) 
(ii) x cot (90° + 6) + tan (90° + 8) sin @ + cosec (90° + @) =0 
9. Prove that: 
1 


(i) tan 720°—cos 270°—sin 150°cos120°= z 


Eee eee eee eee ee - 
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(ii) sin780°sin 480°+cos120°sin 150° =- 
(iii) sin 780° sin 120° + cos 240° sin 390° =5 


(iv) sin 600°cos 390°+cos 480°sin 150°=—-—1 
(v) tan 225° cot 405° + tan 765° cot 675° = 0 





ANSWERS 
1. (i) -<5 (ii) 0 (iii) -+s (iv) +5 (v) -1 (vi) 5 
ae AD ee A 2 itl el 
(vil) 0% (viii) 5 (ix) ay (x) -1 (xi) re (xii) ap 
(xiii) 1/42 (xiv) -1/2 8. (i) tan ® (ii) sin 0 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. Write the maximum and minimum values of cos (cos x). 

2. Write the maximum and minimum values of sin (sin x). 

. Write the maximum value of sin (cos x). 

. Ifsin x = cos* x, then write the value of cos” x (1 + cos* x). 

- Ifsin x + cosecx = 2, then write the value of sin” x + cosec” x. 
2 2 0 
2 


8 6 


. Ifsin x + sin“ x = 1, then write the value of cos!” x + 3 cos!9 x + 3 cos® x + cos® x. 


. Ifsinx+sin* x = 1, then write the value of cos® x + 2 cos® x + cos* x! 


- Ifsin 6; + sin 02 + sin 83 = 3, then write the value of cos 6; + cos 05 + cos 03. 

. Write the value of sin 10°+ sin 20° + sin 30° +... + sin 360° 

- Acircular wire of radius 15 cm is cut and bent so as to lie along the circumference of a loop 
of radius 120 cm. Write the measure of the angle subtended by it at the centre of the loop. 


11. Write the value of 2 (sin® 6 + cos® 6) — 3 (sin* @ + cos* 6) +1. 


12. Write the value of cos 1° + cos 2° + cos 3° +... + cos 180° 
13. If cot(a +) = 0, then write the value of sin (a + 28). 
14. Iftan A+cotA = 4, then write the value of tan* A + cot‘ A. 


15. Write the least value of cos? @ + sec” 0. 
16. Ifx = sin 14 9 + cos”? 8, then write the smallest interval in which the value of x lie. 
17. If 3 sin 8 +5 cos 6 =5, then write the value of 5 sin 9 — 3 cos 0. 


ANSWERS 
1. 1,cos1 2. sin 1, —sin 1 3. sinl 41 5. 2 6. 1 


1 poe | 8. 0 9. 0 10. 45° 11.0 12. 0 13. sin a or cos B 
14.194 15.2 16. (0,1] 17. 3or-—3 


SOW O N A OH SP W 


MULTIPLE CHOICE QUESTIONS (MCQs) 
Fo a ss See Pd 


Mark the correct alternative in each of the following: 
1 If tan 0 =x- then sec 0 — tan Os equal to 
; x 
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10. 


11. 


12. 


13. 


14, 


; If0<0<—, andi if 


1 1 1 
(a) — 2x , — (b) ==, 2 (c) 2x (d) 2x, 


; If sec 0=x + — , then sec 0 + tan 0 = 
x 


(a) x, 2 (b) 2x, () -2x, + (d) —2 2 
x 2x 2x x 
: If =<0<=*, then ze SIN F eatialito 
2 1+ sin 9 


(a) seccO-tan® (b) secO+tanO (c) tan O0-secO (d) none of these 
1+ cos 8 


. Ift<6<2n7,then_|/———— is equal to 


1 —cos 0 
(a) cosec6+cot®@ (b) cosecO@—cot®@ (c) — cosec 8 + cot 8(d) —cosec 8 —cot 6 
y+1_ /1+sin 0 
1-y a sin 6 





, then y is equal to 


(a) cot = (b) tan = — (c) cot ; + tan - (d) cot ; — tan ; 


; If > <0 <n, then pavee Dee is equal to 
Cae sin 0 1-sin 0 





(a) 2 sec 0 —2sec 0 (c) sec 8 (d) —sec 0 
- Ifx=rsin 6 cos oes sin 6 sin dandz=r cos 8, then x? + y* +z? is independent of 
(a) 8, > (b) r,0 (c)r,9 (d) r 
; ma oer sen, 0 = 3, YB eS ee eae 
ci uw a) = 
(a) 2 (b) =* (c) = F (d) 3 
. If tan ele sic eee then the value of cos @ is 
v5 2 1 1 
Ne Se se a 
(a) Te (b) Te Es (d) Te 
(poe ane then 2 cot a + : is equal to 
4 sin” a 
(a) 1-—cota (b) 1+ cota (c) -—1+ cota (d) -—1-—cota 
sin® A +cos® A+ 3sin2 Acos* A = 
(a) 0 (b) 1 (c) 2 (d) 3 
If cosec ® — cot @== ,0<8<~, then cos 8 is equal to 
5 3 3 5 
=e —_— c¢-— —_—— 
(a) 2 b) = () -= (d) -2 
If cosec 8+ cot @ = =, then tan @ = 
21 15 44 | = 
@) 3 ©) © T7 ) a 
sec? @ =~ "Y __ ig true if and only if 
(x+y)? 


(a) x+y #0 (b) x=y,x #0 (c) x=y (d) x#0,y40 
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2 2 
15. If 8 is an acute angle and tan 6 = ay then the value of ROG et Wi BERG i 
7 











cosec? 0 + sec” @ 
(a) 3/4 (b) 1/2 (c) 2 (d) 5/4 
16. The value of sin? 5° + sin? 10° + sin? 15° +... + sin? 85° + sin2 90° is 
(a) 7 (b) 8 (c) 9.5 (d) 10 
17. sin? + sin? = eine + ane - 
18 9 18 9 
(a) 1 (b) 4 (c) 2 (d) 0 
18. If tan A + cot A =4, then tan* A + cot‘ A is equal to 
(a) 110 (b) 191 (c) 80 (d) 194 
2 ° ° 
19. If x sin 45° cos? 60° = eee then x = 
sec 45° cot~ 30° 
(a) 2 (b) 4 (c) 8 (d) 16 
20. If cosec 6 — cot 0 == ,0<86 7 then cos @ is equal to 
(a) -3/5 (b) -—5/3 (c) 5/3 (d) 3/5 
21. If cosec A + cot A => ,thentan A = 
(a) 21/22 (b) 15/16 (c) 44/117 (d) 117/43 
22. If tan 8 + sec 6 =e%, then cos @ equals 
ee" * 2 et —e7 ~ eo ea 
q) Ree pee EER Gj a. 
(a) 9 (b) erie = (c) y) Um =e 
23. If sec 8+ tan @=k, cos 60 = 
k* +1 2k k k 
(a) (b) —— (c) (d) 
2k k? +1 k? +1 be 
24. If f(x) = cos* x + sec” x, then 
(a) f(x) <1 (b) f(x) =1 (c) 2<f(x) <1 (d) f(x) 22 
25. Which of the following is incorrect? 
(a) sn 8=-1/5 (b) cosO=1 (c) sec 8 =1/2 (d) tan 8=20 
26. The value of cos 1° cos 2° cos 3°...cos 179° is 
(a) 1/42 (b) 0 (c) 1 (d) -1 
27. The value of tan 1° tan 2° tan 3°... tan 89° is 
(a) 0 (b) 1 (c) 1/2 (d) not defined 


28. Which of the following is correct? 


(a) sin1°>sin1 (6b) sin1°®<sin1  (c)sin1°=sin1 (d) sin 1°=— sin 1 


29. IfA lies in second quadrant and 3 tan A+4=0, then the value of2 cot A—5 cos A+sin A 
is equal to 
(a) -53/10 (b) 23/10 (c) 37/10 (d) 7/10 
oo —CCCCCCCtCCCCCANSWERS 
1. (a) 2,(¢) 3(c) 4) 5) 66) 2) 8&6 
9. (a) 40. (d) 11.(+) 1226) 13.) 146) 15. (a) 16. (c) 
17. (c) 1s. (d) 19. (c) 20.(d) 21.(c) 22(b) 23. (6) 24. (d) 
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SUMMARY 
1. Following are some of the fundamental trigonometric identities: 
(i) sin ® = or, cosec 9 = ——— 
cosec 8 sin 8 
> 1 1 ove 1 
(ii) cos@ = or,sec 9 = (iii) cot 8 = or, tan 8 = 
sec 0 cos 9 tan 6 cot 6 
(iv) tan @ = Sn COnG = cose (v) sin? 0+cos* @ = 1 
os 6 sin 0 
‘ 2 ”) 1 
(vi) 1+ tan“ 0 = sec“ Qor,sec 0-—tan 9 = ————_— 
sec 6 + tan 8 
(vii) 1+ cot? © = cosec* @ or, cosec 8 -—cot 8 = 18 oes 
cosec 0 + cot 8 
2. (i) sin(—6) = —sin Oor, cosec(—0) = —cosec 0 
(ii) cos(—®) = cos or, sec(—9) = sec®@ 
(iii) tan (—8) = —tan Oor, cot (—@) = —cot 0 


(iv) sin (90°-—6) = cos 9, cos(90°—6) = sin 0 
tan (90°— 6) = cot 8, sec(90°—6) = cosec 8 
cosec (90°— 6) = secO, cot (90°-—8) = tan 0 

(v) sin (90°+ 8) = cos 8, cos (90°+ 0) = —sin 8 
tan (90° + 6) = —cot 6, cot (90°+ 6) = —tan 0 
sec (90° + 8) = —cosec 9, cosec (90° + 8) =sec 8 

(vi) sin (180°—6) = sin 0, cos (180°—6) = —cos@ 
tan (180° — 8) = — tan 8, cot (180° —6) = —cot 0 
sec (180°-— 6) = —sec 0, cosec(180°—6) = cosec 8 

(vii) sin (270°—8) = —cos 6, cos(270°—@) = —sin 0 
tan (270°—®) = cot 8, cot(270°-—6) = tan 0 
cosec (270°— 6) = —sec®@, sec(270°—6®) = —cosec 0 
(viii) sin (270°+ 8) = —cos 0, cos (270°+ 6) = sin @ 

tan (270° + 8) = —cot 8, cot (270°+ 6) = —tan 8 
cosec (270° + 0) = —sec@, sec(270°+ 0) = cosec 9 

(ix) sin (360°—6) = —sin 6,cos(360°-—6) = cos 80 
tan (360°— 0) = —tan 6, cosec(360°—6) = —cosec 0 
sec (360°-— 6) = sec 8, cot (360°—86) = —cot@ 

(x) Sine and Cosine functions and their reciprocals i.e. Cosecant and Secant functions are 
periodic functions with period 2x. Tangent and Cotangent functions are periodic with 


period t. 
(xi) Odd functions Even functions 
sine, tangent cosine, secant 


cotangent, cosecant 
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CHARTER 6 


GRAPHS OF TRIGONOMETRIC 
FUNCTIONS 


6.1 INTRODUCTION 


We have already studied in the previous chapters that all trigonometric functions are periodic. 
For example, sine and cosine functions are periodic with period 27, while tangent and cotangent 
functions are periodic with period m. We know that if f (x) is a periodic function with period T 
and a>O, then f (ax +b) is periodic with period T/a. Therefore, sin (ax +b) and cos ax are 


periodic functions with period “* If the graph of a periodic function with period T is to be 
a 


drawn in a given interval, then it is sufficient to draw its graph only in an interval of length T. 
Because, once it is drawn in one such interval, it can be easily drawn completely by repeating it 
over the intervals of lengths T. The amplitude of a function is defined as the greatest numerical 
value which it can attain. 


Using the knowledge acquired in the above discussion let us now draw the graphs of various 
trigonometric functions. 


6.2 GRAPHS OF TRIGONOMETRIC FUNCTIONS 
6.2.1 GRAPH OF y = sin x 


Since sin x is a periodic function with period 2 x. So, we will draw the graph of y =sin x in the 
interval [0, 27]. In order to draw the graph of y = sin x in the interval [0, 2 1], we first draw it in 
[0, x/2]. The values of sin x for different values of x in the interval [0, 1/2] are given in the 
following table. 


0° 30° Ce ce | eee eee ee 
snx | 0. | /2=05 || ayo 0707 |e ve/2—08e6 


Using the above table and the fact that sin x is an increasing function we obtain the graph of 
y = sin xin the interval [0, x/2]as shown in Fig. 6.1. In the interval [x/2, 7], we draw the graph of 
y = sin x by using the fact that sin (x — x) =sin x. Finally, we draw it in the interval [x, 27], using 
the fact that sin (x + x) =— sin x which means that the graph of y = sin x in [x, 27] is the mirror 
image of the graph of y = sin x in [0, x} The graph is now sketched in Fig. 6.1. 





Fig. 6.1 Graph of y=sinx 


6.2 MATHEMATICS-XI 


Since sin x is a periodic function with period 2 7. Therefore, we use the following algorithm to 
draw the graphs of y = c sin ax. 
ALGORITHM 

TEP I Obtain the values of a and c. 


STEPIT Draw the graph of y = sin x and mark the points where it crosses x-axis. 


STEPII Divide the x-coordinates of the points where y = sin x crosses x-axis by a and mark maximum 
and minimum values of y = c sin ax as c and —c on y-axis. 


The graph so obtained is the graph of y = c sin ax as shown in Fig. 6.2. 





Fig. 6.2 Graph of y=c sin ax 
EXAMPLE1 Sketch the graph of y = 3 sin 2x. 
SOLUTION [To obtain the graph of y =3 sin 2x we first draw the graph of y = sin x in the interval 


[0, 2m]and then divide the x-coordinates of the points where it crosses x-axis by 2. The maximum 
and minimum values are 3 and —3 respectively as shown in Fig. 6.3. 





Fig. 6.3 Graph of y= 3 sin 2x 


EXAMPLE2 Sketch the graph of y = 3 sin (2x —1). 
SOLUTION Wehave, 

y = 3 sin (2x —1) s 

=> (y-0)=3 sin 2(x-7)] 


Shifting the origin at (1/2, 0), we obtain 
LAPS and y = Y+0 


Substituting these values in (i), we get 
Y = 3sin 2X 
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Thus, if we draw the graph of Y = 3 sin 2X and shift it by 1/2 unit to the right, we get the required 
graph as shown in Fig. 6.4. 






y=3sin 2x 
y =3 sin(2x — 1) 


Fig. 6.4 Graph of y= 3 sin(2x— 1) 


EXAMPLE3 Sketch the graph of y = sin x and y = sin 2x on the same axes. 

SOLUTION Clearly sin 2x is a periodic function with period 2x/2 = whereas sin x is periodic 
with period 2 1. The graphs of y = sin x and y = sin 2x on different axes are shown in Figs. 6.5 and 
6.6 respectively. 





Fig. 6.5 Graph of y=sinx Fig. 6.6 Graph of y = sin 2x 


If these two graphs are drawn on the same axes, then the graphs are drawn in Fig. 6.7. 





Fig. 6.7 Graphs of y = sin x and y= sin 2x on the same scale 


6.4 MATHEMATICS-xI 





EXERCISE 6.1 
1. Sketch the following graphs: 
(i) y=2 sin 2x (ii) y=3 sin x (iii) y=2sin(x-Z) 
(iv) y =2 sin (2x —1) (v) y=3 sin (3x +1) (vi) y=3sin(2x-4) 


2. Sketch the graph of the following pairs of functions on the same axes : 


(i) y=sin x, y=sin x+7 (ii) y=sin x, y=sin 3x 


6.2.2 GRAPH OF y =cos x 


Since cos xisa periodic function with period 2 nx. So, it is sufficient to draw the graph in the 
interval [0, 27]. We first draw the graph in the interval [0, x / 2]. For this we use the table given 
below and the fact that cos x is a decreasing function in this interval. 


[ Se 0° 30° 45° 60° 90° 
| cosx 1 J3/2 1/2 1/2 oe 


Now, to draw the graph of y = cos x in the interval [x/2, x2] we use the relation 
cos (7 — x) =—cos x. If we give values of x between 0 and 1/2, then this relation shows that the 
values of cos x between x/2 and mare negative of its values in the interval [0, z/2]. Thus, the 
graph of y=cosx between 1/2 and ris below x-axis. Now, cos (m+ x) =—cos x shows that the 
graph of y = cos x between mand 2 ris the mirror image in x-axis of its graph between 0 and x 


Making use of all these results we obtain the sketch of the graph of y = cos x as shown in Fig. 6.8. 





Fig. 6.8 Graph of y= cosx 


In order to draw the graph of y = ccos ax from the graph of y = cosx, we may use the following 

algorithm. 

ALGORITHM 

STEP I Obtain the values of a and c. 

STEP Draw the graph of y=cos x and mark the points where it 
crosses x-axis. 


STEP Im Divide the x-coordinates of the points where y = cos x 
meets x-axis by a and also mark maximum and 


minimum values of y = c cos ax as cand —c on y-axis. 
The graph so obtained is the graph of y = c cos ax as shown in 
Fig. 6.9. 





Fig. 6.9 Graph of y= c cos ax 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Draw the sketch of the graph of y = 3 cos 2x. 


SOLUTION Replacing c by 3 and a by 2 in the graph of y=c cos ax, we obtain the graph of 
y = 3 cos 2x as shown in Fig. 6.10. 





Y'V 
Fig.6.10 Graphof y= 3 cos 2x 


EXAMPLE2 Sketch the graph of y = cos € - 4 ; 
SOLUTION We have, 
y = cos € -=)= y—0O = cos (= -=) ...(i) 
+ 4 
Shifting the origin at (1 / 4, 0), we obtain 
x =X+ a y = Y+0 


Substituting these values in (i), we get 
Y = cosX. 


Thus, to draw the graph of y = cos (= - 4 we first draw the graph of y = cos x and then shift it 


through 1/4 units to the right. The graph is drawn in Fig. 6.11. 






y=cos(—F) 





lA 


ie] Se 


Fig. 6.11 Graph of y= cos x- =) 


EXAMPLE3 Sketch the graphs of y = cos 2x and y =cos (2x _ *) on the same scale. 
SOLUTION We have, 


TT TT 
y= cos (2x ~ =) = cos 2(x-5) => —-0 = cos 2{ -3) 
4 8 y x 8 


6.6 MATHEMATICS-XI 


Shifting the origin at(/ 8, 0), we have 
x Soar and y = Y +0 


Using these relations y—0 = cos 2 (= - 4 reduces toY = cos 2X. 


It follows from the above discussion that the graph of y =cos (2x - 4 is similar to the graph of 


y =cos 2x but it lags the graph of y = cos 2x by x/8. Thus, if we draw the graph of y = cos 2x and 


shift it through 1/8 units to the right, we obtain the graph of y =cos (2x — 2/4) as shown in 
Fig. 6.12. 


Yi 







A 
t 
1 ys = sf 

y = cos 2x y = cos(2x “) We 


cd 


We ee ee ee ee ee 


Fig. 6.12 Graph of y = cos 2x and y = cos (2x - 4 on the same scale 


——_—_—————..0  —————_—————CEXERCISE 6.2 


1. Sketch the following graphs: 
(i) y=cos(x+ 4 (ii) y = cos(x—*) (iii) y = 3cos(2x-1) (iv) y = 2 cos{ x -3) 
2. Sketch the graphs of the following functions on the same scale. 


(i) y = cosx and y cos x=) (ii) y = cos2x and vp = cos 2(x-2) 


(ili) y = cosx and y = cos 2) 


6.2.3 GRAPH OF y = tan x 


Since tan x is a periodic function with period rz. So, it is sufficient to draw the graph over an 
interval of length 7, in particular [— 1/2, x/2] . First we will draw the graph in the interval 
[0, 2/2]. For this we use the table given below and the fact that tan x is increasing in this interval. 
Also, as x > «/2, tan x —> .5So, the graph gets closer and closer to the line x = x/2 as x > n/2. 
But it never touches the line x = 1/2. 





Since tan (— x) =— tan x, therefore, if (x, tan x) is any point on the curve y = tan x, then 
(- x, — tan x) will also be a point on it. This means that the graph is symmetric in opposite 
quadrants. 
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Using all the above points we obtain the sketch of the curve y= tan as given in Fig. 6.13. 





Yh 














! 
x X x’ X 
at > ——_—_—__ .~——————__ > 
—3r! —T 17 
2! 
I t 
nx 
ty =cotx 
Fig.6.13 Graphof y= tan x Fig.6.14 Graph of y=cot x 


Proceeding as above we obtain the graphs of other trigonometric functions as shown in Figures 
6.14, 6.15, and 6.16. 






2x 


y = cosec x 


wee ee ee ee -—- feel Oe eee ewe 








Fig.6.15 Graph of y=secx Fig.6.16 Graph of y = cosecx 


It should be noted that cosec x and sec x are also periodic functions with period 2 m while cot x is 
periodic with period n. Asx + + 1 / 2, sec x + ~, So, the curve comes closer and closer to 00 as 
x —> + 1/2. These lines are known as the asymptotes to the curve. Similarly, x = 0, x = metc. are 
asymptotes of y = cosec x. 





EXERCISE 6.3 
Sketch the graphs of the following functions: 
1. y=sin? x 2. y = cos* x 33 Y = sin?(x-Z) 
4. y=tan 2x 5. y = 2 tan 3x 6. y = 2 cot 2x 
Sketch the graphs of the following functions on the same scale: 
7.yY = cos 2x, y = cos (2x-) 8 y = sin? x, y = sinx 


tan x, y = tan? x 10. y=tan 2x, y=tanx 


9. y 


ay 
68 MATHEMATICS-XI 
SUMMARY a 
The curve y =sin x is symmetric in opposite quadrants and —1 <y <1. ' 
_ The curve y = cos x is symmetric about y-axis and —1 <y $1. 
The curve y = tan x is symmetric in opposite quadrants and — 0 <y <0. 


4, The curve y =sec xis symmetric about y-axis and y 21 ory <—1. The values of ydo not exist 
for x = (2x +1) > ,neZ. 


1h 
3. 


5. The curve y =cosec x is symmetric in opposite quadrants such that y 21 or y <—1. The 
values of y do not exist for x =nn,n € Z. 


y 
¥ 5 


The curve y = cot x is symmetric in opposite quadrants such that — 00 < y <0. The values of 
y do not exist for x =nn,n € Z. 
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TRIGONOMETRIC RATIOS OF 
COMPOUND ANGLES 


7.1 INTRODUCTION 


The algebraic sums of two or more angles are generally called compound angles and the angles 
are known as the constituent angles. 


For example, if A, B, C are three angles, then A+ B, A+B+C, A-—B+C etc. are compound 
angles. 


In this chapter, we shall derive formulae which will express the trigonometric ratios of 
compound angles in terms of trigonometric ratios of constituent angles. 


7.2 TRIGONOMETRIC RATIOS OF SUM AND DIFFERENCE OF TWO ANGLES 
7.2.1 COSINE OF THE DIFFERENCE AND SUM OF TWO ANGLES 
THEOREM For all values of angle A and B, prove that 
(i) cos(A-—B) = cosAcosB+sinAsinB (ii) cos(A +B) = cosAcos B—sin A sin B 


PROOF (i) Let X’OX and YOY’ be the coordinate axes. Consider a unit circle with O as the 
centre. 









Y 







P,(cos(A-B), sin(A-B)) 


(cos A, sin ane (cos B, sin B) 
Py P, (cos B, sin B) (cos A, sin A) 
lon eee 
as i 
3 
(cos(A-B), sin(A-B)) 
yr 


Fig. 7.1 Fig. 7.2 






P. 


Let P,, P, and P3 be three points on the circles such that ZXOP,;=A, ZXOP,=B and 
Z XOP3 =A — B. As we have seen in section 5.5 that the terminal side of any angle intersects the 
circle with centre at O and unit radius at a point whose coordinates are respectively the cosine 
and sine of the angle. Therefore, coordinates of P,, P, and P3 are (cos A, sin A), (cos B, sin B) 
and (cos (A — B), sin (A — B)) respectively. 

We know that equal chords of a circle make equal angles at its centre and chords Pp P3 and P; P> 
subtend equal angles at O. Therefore, 


Chord Po P3 = Chord P, P 


cK {cos (A - B) -1}? + {sin (A - B) — 0}? =,/(cos B— cos A)2 + (sin B—sin A) 


7.2 MATHEMATICS-XI 


=> {cos (A — B) -1}* + sin? (A —B) = (cos B—cos A)? +(sin B—sin A)2 
=> cos* (A —B) —2 cos(A — B) +1 + sin2 (A — B) = cos* B+ cos? A—2 cos A cos B 
+ sin? B+ sin? A-2sin Asin B 
=> 2-—2cos(A-B) = 2—2cosAcos B—2sin A sin B 
— cos (A —B) = cosAcos B+sinA sin B 


Hence, cos(A—-B) = cos A cos B+sin A sin B 
(ii) Clearly, 
cos (A + B) = cos(A —(-B)) 
=> cos (A + B) = cos A cos (-—B) + sin A sin (- B) [Using (i)] 
=> cos (A +B) = cos A cos B—sin Asin B [-.» cos (— B) = cos B, sin (— B) =—sin B] 
Hence, cos(A + B) = cos A cos B-sin A sin B 
Q.E.D. 


REMARK This method of proof of the above formula is true for all values of angles A and B whether 
positive, zero or negative. 


7.2.2 SINE OF THE DIFFERENCE AND SUM OF TWO ANGLES 
THEOREM For all values of angles A and B, prove that 


(i) sin (A-—B) = sin Acos B—cosA sin B (ii) sin (A + B) = sin A cos B+ cosA sin B 
PROOF (i) We have, 


sin (A — B) = cos (90°—(A — B)) [.- cos (90° — 8) =sin 6] 
=> sin (A —B) = cos ((90°— A) + B) 
=> sin (A -—B) = cos (90° — A) cos B — sin (90°— A) sin B 


[ cos (A + B) =cos A cos B-sin A sin B] 
=> sin (A —B) = sin A cos B-cosA sin B 
(ii) Clearly, 


sin (A + B) = sin (A —(—B)) 


= sin (A + B) = sin A cos (— B) —cos A sin (— B) [Using (i)] 
= sin (A + B) = sin Acos B+ cosA sin B [.. sin (— B) =—sin B] 
Q.E.D. 


7.2.3 TANGENT OF THE DIFFERENCE AND SUM OF TWO ANGLES 
THEOREM For those values of angles A and B for which both sides are defined, prove that 


tan A + tan B tan A —tan B 
. _ tanA+tanB Pe A—B) = wm AntanB 
eae © 8 (A-B= 
PROOF (i) We have, 
sin (A + B) 
A+B) = ————— 
fan “ cos (A + B) 
sin A cos B+ cos A sin B 
am ASE Dns aaa ain A an B 
Agen tan A + tan B lpr dividing the numerator and space | 
2 ap ee en Adan prc Cos 8 
(ii) We have, 


— = tan(A ( -B)) 
| tamu oy ES 
=> tan (A= 3) = "7 tan A tan (5) 





[Using (i)] 
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= mn (A=B) 2 eee Q.E.D. 
1+ tan A tan B 


Similarly, it can be proved that 


cot (A -+ B) = cot A cot B-1 and, cot (A — B) = cot A cot B+1 
cot B+ cot A cot B—cotA 


7.3 MORE USEFUL RESULTS 
THEOREM Prove that: 
(i) sin (A + B) sin (A —B) 
(ii) Cos(A + B) cos(A—B) = cos? A —sin? B = cos? B —sin? A 


sin A ~ sin? B= cos B ~ cos” A 


(iii) sin(A+B-+C) =sin A cos BcosC +cos A sin B cos C+cosA cosB sinC-—sinA sin BsinC 


(iv) cos(A +B+C)=cos A cos B cos C —cos A sin B sin C -sin AcosBsinC —sin Asin BcosC 
tan A + tan B+ tan C —tan A tan B tanC 
(v) tan(A+B+C) = 


1—tan A tan B—tan BtanC —tanC tanA 
PROOF (i) sin (A + B) sin (A —B) 
= (sin A cos B + cos A sin B) (sin A cos B—cos A sin B) 
= sin? A cos” B—cos2 A sin? B 
sin? A (1 —sin? B) —(1—sin? A) sin? B 
= sin* A-sin? A sin? B-sin2 B+sin2 A sin? B 
= sin? A —sin? B= (1 ~cos* A) -(1 —cos* B) = cos? B—cos? A 
(ii) cos (A + B) cos(A — B) 
= (cos A cos B —sin A sin B) (cos A cos B+ sin A sin B) 
= cos* A cos* B—sin? A sin? B=cos2 A (1 ~ sin? B) -(1 — cos” A) sin? B 
cos? A —sin? B=(1 —sin? A) —(1 —cos2 B) = cos? B—sin2 A 
(iii) sin (A + B+C) 
= sin ((A + B) +C) =sin (A + B) cosC + cos(A + B) sinC 
(sin A cos B + cos A sin B) cos C +(cos A cos B-—sin A sin B) sin C 
= sin A cos BcosC + cos A sin BcosC + cos A cos Bsin C —sin Asin BsinC 
(iv) cos (A + B+C) 
= cos ((A + B) + C) =cos(A + B) cosC —sin (A + B) sinC 
= (cos A cos B—sin A sin B) cos C —(sin A cos B + cos A sin B) sin C 
= cos A cos BcosC —sin A sin BcosC —sin A cos Bsin C —cos A sin BsinC 
(v) tan(A+B+C) = tan((A+B)+C) 
tan (A + B) + tan C 
1 —tan (A + B) tanC 
tan A + tan B 
1 —tan A tan B 
5 Caceres 





= tan(A+B+C) = 


Jian c 
= tan (A + B+C) 


1—tan A tan B 
_ tan A+ tan B+ tanC —tan A tan BtanC 
1—tan A tan B— tan B tan C —tanC tan A 


Jan c 
=> tan (A +B+C) 


Q.E.D. 





7.4 MATHEMATICS-xI 


ILLUSTRATIVE EXAMPLES 
LEVEL-1 


TypeI ONFINDING THE VALUES OF sin (A + B), cos (A + B)ANDtan (A + B) WHEN ONE OFTHE 
TRIGONOMETRIC RATIOS OF EACH OF ANGLES A AND B is GIVEN 





EXAMFLE)- If sin A= : and cos B= a 7 SA < , O<B< < _ find the values of the following: 


(i) sin (A —B) (ii) sin (A + B) (iii) cos (A — B) (iv) cos(A + B) 
SOLUTION We have, 


sin A==and, cos B = — 


41 
cosA = 1 —sin? A and, sin B =,/1 —cos? B 


=> cosA = ee Sand) dinsBi = 1—- 81 40 


25 «5 1681 41 
(i) sin (A -B) = sin Acos B—cos Asin B = >x—2--4, 40 __158 
5 4) line 41 205 
(ii) sin (A + B) = sin Acos B+cos Asin B = 2x —-+ 4 40 _187 
5 41 5 41 205 
(iii) cos (A — B) = cos A cosB+sin Asin B ==x—2-+2x 40 _ 156 
41 5 41 205 
(iv) cos(A+B) = cosAcosB—sin Asin B= =x —-->» 40 __ 84 
5 41 5 41-205 


EXAMPLE fsin A==, 0<A << and cos B=——, n<B<=", find the following: 
(i) sin (A —B) (ii) cos (A + B) (iii) tan (A — B) 
SOLUTION We have, sin A == , Where0 <A < — 


cosA = +J1- —sin? A => cosA = os —sin? A = ji-= = 2 


In the first quadrant tangent function is positive. Therefore, tan A = Bink — - : 
cos 
It is given that: cos B=-—= and ~<B <=. 
sin B = + i= —cos* B 
= sin B = — J — cos” [.- Sine is negative in the third quadrant] 
2 
—12 5 

i B —_- = el ed 

i a5 : ( 13 5 13 
: sn B 5 

In the II quadrant tangent function is positive. Therefore, tan B= pane es: 
pai : | ; 9.12.4 -5  -16 
(i) sin (A —B) = sin A cos B—cos A sin B = — x —77- iB 5% 43 Vorrs 


| ere ee PS 83 
cos A cos B—sin A sin B = 5 13 5 13 65 


(ii) cos (A + B) 
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Sie> 
(iii) tan (A — B) _ tan A—-tan BD oe a RRR 16 
l+tanAtanB 4,3,5 63 
4.12. 
4 IZ ot : 
EXAMPLE 3 If cos A= 5! cos B= 13 ry <A, B<2r, find the values of the following: 
(i) cos (A + B) (ii) sin (A —B) 


.SOLUTION Since A and B both lie in the IV quadrant, it follows that sin A and sin B are 
negative. Therefore, 


sin A = ~ 41 —cos? A => sin-A = -yi-22 = -= 


Now, 
(i) cos(A +B) = cosAcos B-sin Asin B = ox 2 -(=*)(=) _ 33 
5 13 65 
—-3 12 4 -5 —16 
x x — 


5 13,25. 16) = v45e 


(ii) sin (A —B) = sin Acos B—cosA sin B 


EXAMPLE 4 If cot a=, secB=-2, where ™<a@ <> and 5 <B<m. Find the value of 


tan (a + B). State the quadrant in which a + B terminates. 
SOLUTION We have, 


cot a == =>) fan oO —2 


Since f lies in the second quadrant. Therefore, tan B is negative. Consequently, 


1+ tan’ B = sec” B => tan B = ~Jsec? B-1 = - 2-1 = -+ 


Hence, tan(a+f) = _tan o + tan B Se 


Now, n<a<—"and=<B<n — <a +B<= 
We know that tangent function is positive in I and II quadrants. 
' cat p< and tan (0 +P) = 20 = a +8 lies in I quadrant. 


Type II ON FINDING THE TRIGONOMETRIC RATIOS OF ANGLES WHICH ARE MULTIPLES OF 15° 


EXAMPLE 5 Find the values of the following: ” 
(i) sin75° [NCERT] (fi) cos75° [NCERT] (iii) sin15° _—_(iv) cos15° 
SOLUTION (i) sin 75° = sin (45°+ 30°) = sin 45° cos 30° + cos 45° sin 30° 
1448 ,1,1 _ ¥3+1 
2:2 #22 92 DF ID 
(ii) cos 75° = cos (45°+ 30°) = cos 45° cos 30° —sin 45° sin 30° 
= cos 75° = A 8 ae ey ABE 
oe aaee ae ae 2/2 


— sin 75° 





N|[e 
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(iii) sin 15°= sin (45°- 30°) = sin 45° cos 30°— cos 45° sin 30° 
= GS a ee ES 
Seana 2 Pp 24/9 
(iv) cos 15°= cos (45°— 30°) = cos 45° cos 30° + sin 45° sin 30° 
=> eeipte oS, 1 : aa v3 +1 
co 2 2 «(2 
EXAMPLE 6 /Find the values of the following: 
(i) tan 15° [NCERT] (ii) tan 75° (iii) tan 105° (iv) tan = [NCERT] 


1 
2 ee ese . 
SOLUTION (ji) tan 15°= tan (45° — 30°) = tan 45° — tan 30 J3  W3-1 












































1 + tan 45° tan B08 i Teel 
3 
1+ a 
Gi) tan 75°= tan (45° + 30°) = <8 + fan 90° ee ey 2 8 V3 +1 
1 —tan 45° tan 30° ,- V3 -1 
HAS 
ses 1 V3 +1 
lil tan 105° = tan (90°+15°) = —cot15°=— =— Usi 
(ii) ( ) = -co Bade? "5 [Using (i) 
132 T X J3-1 
lv tan —— = tan/ 1+ —/= tan —= tan 15° = Usi 
(iv) 2 ¢ a Pato V3 +1 [Using (i)] 
EXAMPLE Y Prove that: tan 75° + cot75° = 4 
SOLUTION We have, 
tan 75° = — [See Ex. 6] 
cot75° = —1__ = v3 -1 
tan75° J3+1 
V3 +1 ,N8= 1 (V3 +1)* +(/3 -1)2 
Now, LHS = tan 75°+ cot 75° = = 
je Jee (V3 -1) (V3 +1) 
= ESS A208) == 4 = RHS 


Type IIIT ON THE APPLICATIONS OF THE FOLLOWING FORMULAE: 
(i) sin A cos B+ cos A sin B= =sin (A + B) 


(ii) cos A cos B+ sin A sin B =cos (A $B) 
EXAMPLE 8, Evaluate the following: 


7% 1 71 ™ Pe 1 Tose IG 
— cos — — = — cos — + cos — sin — 
() sin cos 2 cos sin + a) St COS Og a5 
and ess” cine ene 
ge Beer A 
Ee (OE TT. in (2 *) . %_V3 
SOLUTION (i) sin 508 Sls sin7 sin mee Sr 
sin epee # =sin(#+4)- Se ein BS. 
Gi) sin [eos + coe Fain 7 main (s 12 aes 2 


mh 
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i 21 i of ete TG 21 1 ll «x 
(iii) Se ee SS — sin Fi = cos | — + — Tsay = cos 165° 


ot 
_V¥3+1 
2/2 


EXAMPLE 9, Prove that: cos{ = -A) cos{ * - B) -sin( = -A) sin( = > B| =sin(A+B) [NCERT] 


= cos (180° —15°) =—cos15° = [See Ex. 5 (iv)] 





SOLUTION We have, 
LHS cos( =~ A) cos( = -B) sin (=—A)sin(-B) 
4 4 4 4 
cos {(#-a)+(4-5)| cos |=-(A+B)| = sin(A +B) = RHS 


EXAMPLE 10 Prove that: sin (n+1) A sin (n+ 2) A+cos(n+1) A cos (n+2) A=cosA 
SOLUTION LHS = sin (n+1)A sin (n+ 2) A+cos(n+1) Acos(n+2)A 
= cos(n+2)A cos(n+1)A+sin(7+2)A sin (n+1)A 
= cos{(n+2) A—(n+1) A} = cosA = RHS 
Type IV ON APPLICATIONS OF THE FORMULAE: 
(i) sn(A+B) = sin AcosB+cosAsin B (ii) cos(A +B) = cosAcos BFsin A sin B 


(iii), fant (AEB) tan A + tan B 
17 tan A tan B 


[NCERT] 


EXAMPLE 1y Prove that: ” 
(i) cos ( + x) + cos ( - x) =/2 cos x [NCERT] 
(ii) cos & + x) — cos Se - x) =—/2 sinx [NCERT] 


SOLUTION (i) We have, 


1 Tt 
cos} — +X ]|+ cos =x) 
4 4 


4 x ae a ( 1 SeaTCs,.c: 
cos — cos xX — Sin — sin x |+] cos — cos x + Sin — sin x 
( 4 4 4 4 
Tt 1 
= 2cos— cosx=2x —=x cosx=V2 cosx 
4 42. 


(ii) We have, 
cos ( 3 + x] ~c0s( 3% -x]=-W2 sin x 


= (cos 3 cos 2 ~ sin SF sin x) + ( cos SH cos x + sin 3 sin x 
4 4 4 4 


1 ho 1 1 
a. = 2 ee tome i 
( pia ee legs + gem) 
~ Jy sin xy sin x= sin x =—W/2 sin x a 
sin (x+y) _tanx+tany 
sin(x—y) tanx-—tany 


EXAMPLE o Prove that: [NCERT] 
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SOLUTION We have, 
LHS = sin(x+y sin x cosy+cosx sin y 
sin (x-y) sin x cos y-—cosxsin y 
sin X cos y + cOs x sin y 
COS X COS Y se ; 
= gin x cos y—cos xsiny [Dividing the numerator and denominator by cos x cos y] 
COS X COs Y 
_ tanx+tany _ RHS 
tan x — tan y 
sin (B —C) - sin (C — A) ie sin(A-B) _ 


EXAMPLE 13/ Prove that: 
of cosBcosC cosCcosA cosAcosB 


SOLUTION We have, 
sin (B —C) is sin (C — A) _ sin (A — B) 


LHS = 
cosBcosC cosCcosA cosAcosB 
_ sin BcosC —cos B sin C , Sin C cos A —cosC sin A | sin A cos B —cos A sin B 
cos B cos C cos C cos A cos A cos B 
_ sinBcosC cos BsinC sinC cosA _cosC sin A sin A cosB_ cosA sin B 
cosBcosC cosBcosC cosCcosA cosCcosA cosAcosB cosAcosB 
= tan B—tanC + tan C —tan A+ tan A—tan B= 0 = RHS 
tan ate 2 
EXAMPLE ay Prove that; ____——_ [es | [NCERT] 
tan (7-2) 1—tan x 
4 
tan La 1 T 
aie = tan—+tanx 1+ tan —tan<x 
SOLUTION LHS = = ——¢_—__ x ___4__ 


tan [—z] 1- -tan 7 tan x tan 7 —tan x 


YX 2 


1+ tan x 1+tanx Aegan. 4 
= ———x = | ————_ | = RHS 
1—tan x 1-tanx tan x 1 -—tan x 
EXAMPLE 15, If tan A —tan B=xand cot B—cot A = =y, prove that cot(A—B) = 1 4 
x y 


[NCERT EXEMPAR] 
SOLUTION Wehave, tan A-—tan B = xandcot B—cotA = y 


Now, 
cot B—cotA = y 
1 1 tan A —tan B x x 
SS) es Se —_"*____ = y=> tanAtanB = =~ 
~ tmB tnA ° tanAtmB ”~ tanAtanB ” y 
x 
1+— 
x+ 1 
in Aes ee en Ate ¥_4t 
tan (A — B) tan A —tan B x xy x y 
1 Vx [3 yg 2 ue 
= = d tan = 
EXAMPLE%6 Jf tana 5 , tanB 7 an Y=yx tx ex, 
x(x“ +x+1) x“+x+1 
prove that 0 + B=y. } 
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SOLUTION We have, 
tan a + tan B 


tan (a + = 
( P) 1- a 
a eee 
x (2 +x+1) ere Leet (x +1) x (x2 +x +1) 
=> tan (a + B) - Ves eee ea 
rE ll a er x (x? +x+1)-x 
x (x? FT ay ae +xX+ 
+1 1 +1) 
Er mar (x ) yx (x" +X+ Ja — +X E x (x? is ee) 
x~ (x +1) x 
= -3 2 -1 _ 
=> tan(a+B) = yx ~+x “+x = tany 
= a+p = 
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EXAMPLE 17 If a and B are acute angles such that tan a = ate and tan B= ! , prove that 
m+ 


2m +1 
T 
a+p=—. 
B 4 


SOLUTION We have, 
tan a + tan B 











tan (a + = 
( P) 1—tan a tan B 
m 1 
+ 2 2 
m+1 2m+1 2m* +m+m+1 2m* +2m+1 
= fan (a+) = ——____—_ — = a a en 
pe eg Oe om Pl am On am I 
m+1 2m+4+1 
TT 
=> a+Bp = — 
B 4 
EXAMPLE18 If A+ B= Z , prove that: 
(i) (1 + tan A) (1 + tan B) =2 (ii) (cot A —1) (cot B-1) =2 
SOLUTION (i) We have, 
A+B = — 
4 
=> tan (A + B) =tan 7 
tan A + tan B 


— OO 

1-—tan A tan B 

=> tan A+tan B = 1-tanA tan B 

=> tan A + tan B+tan A tan B = 1 

=> 1+tan A+ tan B+ tan A tan B = 

=> (1 + tan A) + tan B(1+ tan A) = 2 => (1+ tan A) (1 + tan B) = 
(ii) We have, 


A+B=— 

=> tan (A +B) =tan 7 
tan A + tan B 

=> 


1—tanAtanB ~ 
~. 44tan R=1-—tan A tan B 


= tan 


the 
4 
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— tan A + tan B+ tan A tan B = 1 
a tan A + tan B+ tan A tan BL 1 
tan A tan B tan A tan B 
=> cot B+ cot A+1=cotAcotB 
— cot A cot B-—cot A-—cot B = 1 
=> cot A cot B—cot A-—cot B+1 = 2 
— cot A (cot B-1) —(cot B—1) = 2 
— (cot A —1) (cot B—1) =2 
- ‘ 
EXAMPLEY IftanB = se show that tan (a —B) = (1—7) tan a. 
1-—nsin“~ a 
SOLUTION We have, 
t —t 
erin an a —tan B 
1+ tan ao tan B 
sina nsin acosa 
can ne ‘ 
COs AS 
24 enon p= %  1-nsin“ a E tanp = "ae 
eee OE COS oh 1—nsin“~a 
cosa 1-—nsin2 a 
§ c Ss | eee 2 
me end —p) = sin @ —” sin 2 n sin a ro [On taking LCM] 
cos a (1—nsin“~ a) +nsin~ a cosa 
: = _ 3 = ° S gene 
= enll@ a= sin a oe a—nsin a (1 aan a) 
cos ®@ —nN sin~ a cos a+nsin~ acosa 
=> ane ap ee = (A tenn 
COs O COS O& 
EXAMPLE 20/ Prove that: 
(i) tan 3A tan 2A tan A =tan 3A —tan 2A —tanA [NCERT] 


(ii) cot A cot 2A —cot 2A cot 3A —cot 3A cot A =1 
SOLUTION (i) Clearly, 


3A = 2A+A 
= tan 3A = tan (2A + A) 
= Sy tan 2A + tan A 
1-—tan 2A tan A 
=> tan 3A (1 —tan 2A tan A) = tan2A+tanA 
=> tan 3A —tan 3A tan 2A tan A = tan 2A+tanA 
—e tan 3A —tan 2A —tan A = tan 3A tan 2A tan A 


(ii) Dividing both sides by tan A tan 2A tan 3A, we get 
tan 3A tan2AtanA _ tan 3A—tan2A-tanA 
tan 3Atan2AtanA tan 3A tan 2A tanA 

1 ar 1 Ole eae 
tan2AtanA tan 3AtanA tan 3Atan2A 


= 1 =cot A cot 2A —cot 3A cot A —cot 3A cot 2A 


=> 1= 


TRIGONOMETRIC RATIOS OF COMPOUND ANGLES 7.11 


Type V ON THE APPLICATIONS OF TH Daioh 
(i) sin (A + B) sin (A —- B) = sin” a B (i) cos (A + B) cos (A — B) = cos? A —sin? B 


tan (A+B sin? A-sin” B 
EXAMPLE 21, Prove that: an ( ) So AE ae, 


Jv cot(A-B) cos? A—sin2 B 
ShDry 4: Mpa 
SOLUTION LHS= tan (A + B) _ Sin (A + B) sin (A —B) _ = se Ste _ RHS 
cot(A-B) cos(A +B) cos(A —B) cos? A —sin2 B 
EXAMPLE 22, Prove that : sin? 6x — sin? 4x =sin 2x sin 10x [NCERT] 


SOLUTION We know that sin? A —sin? B=sin (A + B) sin (A — B) 
sin? 6x —sin? 4x = sin (6x + 4x) sin (6x —4x) = sin 10x sin 2x 
EXAMPLE 23, Prove that : cos* 2x —cos* 6x =sin 4x sin 8x [NCERT] 


SOLUTION We have, 
LHS = cos” 2x —cos* 6x 
=(1 —sin? 2x) —(1 -sin? 6x) 
=sin? 6x —sin? 2x = sin (6x + 2x) sin (6x — 2x) =sin 8x sin 4x = RHS 
2 Oi, 2570 
EXAMPLE 24/ Prove that £08 553 cess =—/2 
me) eal . 2 69 
sin~ —— —sin~ —— 
2. 2 
SOLUTION We SO, ‘ 
LHS = cos sc — cos De 
. 221 . 2 69 
sin~ —— —sin~ — 
2. 2 
_ a — sin? 33°) —(1 —sin 257°) 
in 2 ZALES in2 69° 
=o. 
ie 57° — dg 33° 


ep QL ee oOe 
sin? gin? © 


2 
sin (57° + 33°) sin (57° — 33°) 


com GC es & es 
sin | —— + —— |sin ~ 
Oy Meee 

sin ane sin 24° < sin 24° 








EXAMPLE 25/ Prove that: sin” X( + : — sin” (z -*)- = * sin A 
SOLUTION Using sin? A—sin* B = sin(A+B)-—sin(A-— B), we obtain 


x A >(z-2) 
LHS = sin? (2+ +4)- sin a5 


{5-2} G-a)oG+3)-G-4) 


1 Pee 
oA) ae =, eose A= 
sin [sin A pike RHS 


EXAMPLE 26 “Prove that: cos 2a. cos 2B + sin? (a —B) —sin? (a + B) = cos 2(a +8) 
SOLUTION We have, 
LHS = cos 20. cos 2B + sin” (a —B) —sin2 (a +8) 





7.12 


MATHEMATICS-XI 


= cos 2a cos 28 + sin (a —B + a +f) sin (a —B —a —f) he ag ane aI 


= cos 2a cos 28 + sin 2a sin (— 28) 
= cos 2a cos 28 —sin 2a sin 2B = cos (2a + 2) 


EXAMPLE 27/7 Prove that: sin? A =cos* (A —B) + cos* B—2 cos (A —B) cos A cos B. 
SOLUTION We have, 


RHS = cos? (A — B) + cos” B—2cos(A —B) cos A cos B 
= cos* B+ cos” (A —B) —2 cos(A —B) cos A cos B 
= cos” B+ cos (A —B) {cos(A —B) —2 cos A cos B} 
= cos* B+ cos (A —B){cos A cos B+sin A sin B—2 cos A cos B} 
= cos* B + cos (A —B) {sin A sin B—-—cos A cos B} 
= cos* B—cos(A —B) (cos A cos B —sin A sin B) 
= cos* B—cos (A —B) cos (A + B) 
= cos* B—(cos* A —sin B) 


= cos* B+sin” B—cos? A = 1-—cos* A = sin? A = LHS 


EXAMPLE 28 If 3 tan A tan B=1, prove that 2 cos(A + B) =cos(A —B). 
SOLUTION We have, 


a 


3 tan A tan B 
3sinAsinB _ 
cosAcosB 
cosAcosB_ 3 
sn AsinB 1 
cosAcosB+sinAsinB 3+1 
cosAcosB-snAsinB 3-1 
cos (A — B) 
cos (A + B) 


1 


[Applying componendo-dividendo] 


= 2 => 2cos(A+B) = cos(A-B) 


EXAMPLE 29 If cos (a —f) + cos (B—y) + cos (y—a =-=, prove that 


cos a + cosB+cosy = sina+sinB+siny = A 


SOLUTION We have, 


y 


3 
cos (o. —B) + cos (B—y) + cos(y—a) = oi 
2 cos a cos 8B + 2 sin a sin B+ 2 cos B cos y + 2 sin B sin 7 
+2cosycosa+2sin ysina=-—3 
(2 cos a cos B + 2 cos f cos y + 2 cos y cos a) + (2 sin a sin B + 2 sin B sin y 
+2 sin y sin a) +3=0 
(2 rcosia.\cos' Pinos Pitos'y + 2icoa'y costs) + (2 sin a sin B5'2 sin Bain y 
+2sin ysin a +(cos? a +sin2 a) +(cos* B + sin* B) + (cos? y + sin* y) =0 


(cos? 0. + cos” B + cos” 7 +2 cos a cos B + 2 cos B cos y + 2 cos 7 Cos @) _ 
+(sin? « + sin? B+ sin? y+2sin a sinB+2 sin sin y+ 2 sin y sin a) =0 
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=> (cos a + cos B + cos y)2 +(sin a + sin B + sin y)” = 0 
=> cos a +cosB+cosy = 0 and sina+sinf+siny = 0 
EXAMPLE 30 I/fsin B=3 sin (2A + B), prove that 2 tan A + tan (A + B) =0. 


SOLUTION Wehave, 
sin B = 3 sin (2A + B) 
sin(2A+B) 1 


sin B oS 
sin {(A + B) + A} 1 
= a el 
sin {(A +B) — A} 3 
=. sin (Ap 8) Assi aE a = 1+3 [Using componendo — dividendo] 
sin {(A + B) + A} —sin {(A+B)-A} 1-3 


{sin (A + B) cos A + cos(A + B) sin A} + {sin (A + B) cos A—cos(A+B)sin A} _1+3 





= = 
{sin (A + B) cos A + cos(A + B) sin A} —{sin (A + B) cos A —cos(A + B) sin A} 1-3 
2 sin (A + B) cosA 

= pases dN ce Ee Fp) 
2cos(A+B)sin A 

=> tan (A+B) cot A=—-2 => tan(A+ B)=-2 tan A => 2tan A+ tan(A+ B)=0 


EXAMPLE 31 I[f2 tan B+ cot Bh=tan a, prove that cot B =2 tan (a —f). 
SOLUTION Clearly, 
2 tan (ai—A) = mee ne 


1+ tan a tan B 


-2| an hs cohen e [Using : tan a =2 tan B + cot B] 
1 + (2 tan B + cot B) tan B 


5 tan B + cot B 
1+2tan7B+1 


_ 2(tan B+ cot Bp) _ 2 tan Be aA 1 


2+2tan7 Bp 2(1+tan7p)  tanB 
Hence, cotB = 2 tan (a —f). 
EXAMPLE 32 If cos(a +) sin (y +6) =cos (a —f) sin (y — 9), prove that cot a cot B cot y =cot 6. 


SOLUTION We have, 


cos (a + B) sin (y + 8) = cos (a —f) sin (y —4) 
cos(a—B) _ sin (y+9) 


cos(a+B) sin (y—4) 

cos(a—f)+cos(a+fP) _ sin (y+4)+sin (y—5d ay 

i cos (a —B) — cos (a + B) ~ sin (y + 8) —sin (y a 8) [Using componendo — dividendo] 
2cosacosB 2sinycosd6 


> —_— = ————_ > cotacotB = tanycotd t Ke 
2sinasinB 2cosysin6 B Y = cot a cotB cot y = cotd 


EXAMPLE 33. Prove that: sin (x + 8) 
sin (x + 9) 


= cot B 





=> 


= cos (6 — 9) + cot (x + 9) sin (0 — 9). 


SOLUTION Wehave, 
sin(x+6) sin (x+ 4 +(0-9} 
sin (x+¢) sin (x + 4) 
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= sin (x + q) 
= cos (8 — >) + cot (x + ¢) sin (8 — 4) 


EXAMPLE 34 If cos (a+P)==, sin (a. -B) =>. and a, B lie between O and 7 prove that 


tan 2a = = [NCERT EXEMPLAR] 


SOLUTION It is given that a, B lie between 0 and 1/4. Therefore, —-x/4<a—-B<7/4 and 
0<a+B<727/2. 


So, cos (a —f) and sin (a + f) are positive. 


Now, _ sin (a + ) = 4/1 —cos* (a +) => sin(a+f) = Tae = s 


25 5 
and, cos(a—f) = j1-sin*(a-f) = cos(a-f) = h - -= 
aCe S/5)_ 8 Te CE 
tan (a +B) = (Ga e as 4 and, tan (a —f) See 
Now, 
a+o 56 
~ ieee KP _ 4 12 oe 
tan 2a = tan {(a + 8) + (a —B)} Pechen(ch 13.5 3 
4 12 


EXAMPLE35 Prove that: tan 70° =tan 20° + 2 tan 50°. 
SOLUTION We have, 

tan A —tan B = tan (A —B) (1 + tan A tan B) 

tan 70° — tan 20° = tan (70° — 20°) (1 + tan 70° tan 20°) 
tan 50° (1 + tan 70° cot 70°) 

= 2 tan 50° [.. 1+ tan 70° cot 70° = 2] 

EXAMPLE 36 If tan (a + 8) =n tan (a — 6), show that: (n +1) sin 2 0=(n—-1)sin2 a. 
SOLUTION We have, 


tan (a +8) = n tan (a — 6) 
tan(a+8) 7 




















=> poate eee es a 
tan(a-—8) 1 
tan(a+6)+tan(a—-6) n+1 ‘ sibs 
=> —$<$<—<—$—$— Appl componendo-dividendo 
tan (a + 6) — tan (a — 6) n—-1 [Applying a 
an sin (a + 8) cos (a — 8) + cos (a + @) sin (a — 8) = n+1 
sin (a + 8) cos (a — 6) —cos (a + 6) sin (a — 9) n—-1 
a sin(a+6)+a-8)  n+1 
sin(a+®)-(a-86)) n-1 
= Ee EE ety ein 90 © (n=1) sin 20. 
sin 20 n—-1 
EXAMPLE 37 Prove that: cot © cot 26+ cot 20 cot 30+2 = cot 8 (cot 8 —cot 36) 
SOLUTION 
. LHS = cot 9 cot 26+ cot 20 cot 36+ 2 


= (cot @ cot 20 +1) +(cot 26 cot 36 +1) 
cos 0 con 28.) [cosa cosas 
“| sin@sin20) | sin2@sin 30 
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sin 9 sin 26 sin 28 sin 36 
cos (26 — 8) 4 £98 (38 — 26) 
sin 9 sin 28 sin 20 sin 30 

cos 9 cos 9 


~ gin Qsin 20 sin 20sin 30 


pe cos@+sin 20 sin 2}. 0882 cos 20+ sin 30sin 22) 


1 1 
cos 8 <¢ —_—__—_—. +. —_____—__ 
F- 8sin 20 sin 20 sin =| 
cos 9 sin 9 sin 9 
sin 8sin 20 sin 20 sin 380 





sin 9 


sin (280-8) sin (38 — 26) 
cot 8 <¢ —$————- +. ————— 
sin 8 sin 20 sin 20 sin 39 


ey. sin 26 cos 8 —cos26sin 8 + sin 38 cos26 —cos 38 sin 28 
sin Osin 20 sin 26 sin 30 


= cot 6 {cot 8 —cot 26 + cot 20 — cot 36} = cot 8 (cot 8 —cot 38) = RHS 


1 
EXAMPLE 38 [ft 8) =cot in 9), prove that cos 9-2) =. 
[f tan (1 cos 8) = cot (x sin 98), pr co ( 4 Je 


SOLUTION We have, 


y 


Y UYY 


y 


y 


=> 


=> 


EXAMPLE39 Ifatana+bD tan B =(a +b) tan{ 


tan (cos 6) = cot(zsin 8) 

sin (mcos 8) _ cos(msin 8) 

cos (7 cos 8) sin (7 sin 8) 

sin (7 cos 8) sin (1 sin 8) = cos (zm sin 8) cos (x cos 8) 
cos (1 cos 9) cos (7 sin 8) — sin (z cos 9) sin (m sin 8) = 0 
cos (mt cos 8+ asin 8) = 0 


mm cos 8 + sin 0 =e E cos( +2)=0] 
2 2 


cos 8+ sin 8 = ae 


aioe et 5 Su ar [Multiplying both sides by 1/2 ] 
cos 8 cos — + sin 8 sin — = ah 
2/2 


TT 1 
@-—|; = +— = 
cos 4 212 
a+B 
2 





) where # B, prove that a cos B=b cos a. 


SOLUTION We have, 





atana+btanB = (a+b) tan (==#) 


ofenenen( See) =? {vat 
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a sin (« eee e) b sin ez = 
2 2 








— ee = rep F tan A — tan B = ee 
COs & COs ( 3) cos (==F) cos B cos A cos 
2 2 
asin (==) b sin (==*) 
2 2 
— —— eee 
cos & cos B 
. (a-B 
= acosB = bcosa E a+fB .. sin( =F) 49) 
EXAMPLE 40 [fsin a + sin B =aand cos « + cos B =b, show that 
(i) cos(a +f) = bY =a" (ii) sin (a+) = oak 
b* +07 a> +b? 


SOLUTION (i) We have, 
b? +07 = (cos a + cos B)? + (sin a + sin B)? 


b2 +07 = (cos? a + sin? a.) + (cos* B + sin? B) + 2 (cos a cos B + sin a sin 8) 





— 
=> b> +07 = 1+1+2cos(a-—f) = 2+2cos(a—f) .»-(1) 
and, b*-q* = (cos a + cos 8)? —(sin a + sin B)2 
=> b? —a* = cos* a + cos” B — sin” a — sin? B + 2 (cos a cos B— sin a sin ) 
= b? —a? = (cos* « — sin? B) + (cos? B — sin? a) +2 cos (a +B) 
=> b? —g* = cos (a + B) cos (a. —B) + cos (B + a) cos (B — a) + 2 cos (a +B) 
=> y? —q_? = 2 cos (a + B) cos (a —B) + 2 cos (a +f) 

[.- cos (B — a) =cos {—(a —f)} = cos (a —f)] 
=> be 2" = cos (a + B) {2 cos (a —f) + 2} 
=> b* -n* = cos (a +B) (b2 + a2) [ Using (i)] 
Thus, b*~a? = (67 +07) cos(a+f) => cos(a+f) = Ye 

b* +a 


(ii) sin (a +f) = 1 — cos” (a +B) 








2 
: b? —a* 4aq7b2 
= sin (a+) = ,/1— Sh | eae 
b* +a (a2 +67)? b? +a? 
EXAMPLE 41 yf, a. and B are the solutions of the equation a tan 9+bsec@=c, then show that 
tan (a +B) ==—> [NCERT EXEMPLAR] 
a —c 


SOLUTION We have, 

atan 0+bsec8=c ...(i) 
c—atan 8 = bsec8 

(c—a tan 6)? = b” sec” 6 


c2 + a2 tan* 0 —2ac tan 0 = b* (1 + tan? 6) 


Yuyy 


tan2 0 (a2 —b*) —2ac tan 0 +(c? —b*) = 0 .»»(ii) 
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It is given that a & B are the solutions of (i). Therefore, tan a and tan Bare roots of equation (ii). 











2 24 
2ac c~ —b 
tana+tanp = and tana tan B = ———— 
Pye. aap 
weiss 
2 aD 
> tan(aep) = anotianB (a? —b7) Dae 
1—tan o@ tan B ; cz —b2 = gq? — 2 
a” —b 
EXAMPLE 42 If a and Bare the solutions of a cos 0 + b sin 0 =c, then show that 
2 _p2 A oe 
(i) cos (a +p)=5 a (ii) cos(a —B) = pee ae) 
a~ +b a” +b [NCERT EXEMPLAR] 


SOLUTION We have, 
acos8+bsinO0 =c --(1) 


= acos9 = c-—bsin 0 
— a* cos? @ = (c —b sin 9)? 
= a” (1 -sin? 6) = c* —2be sin 0 +b? sin? 0 
=> (a* +b”) sin? 6 —2be sin @ + (c? —a2) =0 ..»(ii) 
Since a, Bare roots of equation (i). Therefore, sin a and sin Bare roots of equation (ii). 
2 
sin asinB = oe _..(iii) 
Again, acos@+b sin @=c 
= b sin 8=c—acos 0 
=> b? sin? 0 =(c—acos 9)? 
= b? (1 - cos” 0) =(c —a cos 9)? 
— (a2 + b?) cos? 0 —2ac cos 9+ c2 —b? =0 ...(iv) 
It is given thata, Bare ine roots of equation (i). So, cos a, cos Bare the roots of equation (iv). 
cos a cosB = oot ...(V) 


Now, cos(a+f) = cosa cosB-—sin a sin B 
7 ae a 
=> cos (a + B) = 5p pie 


and, cos(a—f) = cosacosf+sina sin B 
c2—b2 ¢? — a? ¥ 2c? ~(a? +2) 


— cos (a —8) = ———- + ——-_= = 
{ P) a +b? a? +b? a +b2 


EXAMPLE 43 Prove that: 
sin x z sin 3x sin 9x 
cos 3x cos9x cos27x 
SOLUTION Wehave, 
sinx sin 3x _ sin 9x 
———— + + ——_—_ 
cos 3x cos9x cos27x 





= = (tan 27x — tan x) 





~“ 
= 
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pe ™! nN | N | 











2 sin X cos x 42 sin 3xcos 3x 2sin 9x cos 9x 
cos 3x cos : cos 9x cos 3x cos 27x cos 9x 


sin (x + _sin (x + x) , Sin (3x + 3x) ‘ sin (9x + 9x) 
cos cos 3x cos x cos eo cos 9x cos 3x cos 27x cos 9x 


cos 3x cos Ni cos 9x cos 3x cos 27x cos 9x 
sin (3x — BOOTS). «. sin (9x — 3x) _ sin (27x — 9x) 


{See sin 2x sin 6x i sin 18x 


cos cos 3x cos x cos is cos 9x cos 3x cos 27x cos 9x 


{Se Secee—cossrsins 3x cos x —cos 3xsin x " sin 9x cos 3x —cos9xsin 3x 
cos 3x cos x cos 9x cos 3x 
sin 3xcosx _Cos3xsinx  sin9xcos3x _ cos9xsin 3x 
cos3xcosx cos3xcosx cos9xcos3x cos9xcos 3x 


_ sin 27xcos9x —cos27xsin 9x 
cos 27x cos 9x 
sin27xcos9x _cos27xsin | 
cos27xcos9x cos27xcos9x 
a5 {(tan 3x —tan x) + (tan 9x — tan 3x) + (tan 27x —tan 9x)} = (tan 27x — tan x) 





EXERCISE 7.1 


1. Ifsin A -: and cos B= = , Where0 <A, Be< ue , find the values of the following: 


(i) sin (A + B) (ii) cos (A + B) (iii) sin (A — B) (iv) cos (A —B) 
2. (a) Ifsin A =~ and sin B==, where = <A <tmand0< B<-, find the following: 
(i) sin (A + B) (ii) cos (A + B) 
(b) Ifsin A = ,cos B =a , WhereA and B both lie in second quadrant, find the value 
of sin (A + B). 
3. IfcosA = ~ Fp and cos B= 5, where n<Acon 


(i) sin (A + B) (ii) cos (A + B) 
4. Iftan A=— 


[NCERT] 
5 Rand 2 <T<B< 2x, find the following: 


3 cos B=—_ , where n <A ae tan (A + B). 


ip | Go 


5. Ifsin A=—, cos B= = where = <A <x and —* < B <2r, find tan (A — B). 


st § 


6. Ifsin A=—, cos B=*3.,, where ® <A<nt and 0<B <= , find the following : 


(i) tan(A+B) (ii) tan(A—B) 
7. Evaluate the following: 
(i) sin 78° cos 18° — cos 78° sin 18° 
(iii) sin 36° cos 9° + cos 36° sin 9° 
1 24 
=—— d cot B= —, 
8. If cos A ao = 


N 


(ii) cos 47° cos 13° — sin 47° sin 13° 
(iv) cos 80° cos 20° + sin 80° sin 20° 
where A lies in the second quadrant and B in the third 
quadrant, find the values of the following : 
(i) sin(A+B) (ii) cos(A+B) (iii) tan (A + B) 
. Prove that: cos 105°+ cos 15° = sin 75° — sin 15° 
tan 


A + tan B _ Sin(A +B) 


10. ot ck tanB  sin(A—B) 
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11. Prove that: 


o ~4 ° o bs °o 
(i) cos 11 eit 11° _ tan 56° (ii) cos 9 rene = tan'54° 
cos 11° —sin 11° cos 9° —sin 9° 


(iii) tice = tan 37° 
cos 8° + sin 8° 
12. Prove that: 
(i) sin (60° — 0) cos (30° + 8) + cos (60° — 0) sin (30° + OG) =1 
eet 9 ATE ™ 4n (ae V3 
(ii) sin| —+7 |cos| —+7 |—cos| —+7 |sin| —+7 |=— > 
9 9 9 9 2 
(iii) sin (= 5] cos (= +5)+ cos (= -5] sin (= +5] =] 
8 8 8 8 
tan 69° + tan 66° 


13.. rove that: ———_—_$_$_—_—_—_—_——— 
1 — tan 69° tan 66° 


14. (i) IftanA =: aiid tan B=—, prove that A + B= 








(ii) If tan A = a and tan aa : 


, then prove that A — B= ay 
m— m—1 4 


15. Prove that: 


(i) cos? 45° — sin? 15° = 


v3 


(ii) sin? (1 +1) A—sin? nA =sin (2n+1) Asin A 
16. Prove that: 

(i) sin (A + B) + sin (A —B) _ 
cos (A + B) + cos(A — B) 
sin (A — B) ni sin (B —C) 4: sin (C — A) F 
cosAcosB cosBcosC cosC cosA 
sin (A — B) “ sin (B —C) F sin (C — A) = 
sin Asin B sin BsinC sinCsinA 


tan A 
(ii) 
(iii) 
(iv) sin* B=sin? A + sin? (A —B) —2 sin A cos Bsin (A —B) 
(v) cos? A + cos* B—2 cos A cos B cos (A + B) =sin” (A + B) 
tan(A+B) tan? A-tan” B 
cot(A—B) 1-—tan2 Atan’B 
17. Prove that: 

(i) tan 80 — tan 66 — tan 26 = tan 86 tan 66 tan 20 

(ii) tan 15°+ tan 30°+ tan 15° tan 30°=1 

(iii) tan 36°+ tan 9° + tan 36° tan 9°=1 

(iv) tan 130 — tan 96 — tan 40 = tan 136 tan 96 tan 46 

tan” 20 —tan? 0 


18. Prove that: ———_~—_— = tan 38 tan 6 
1 —tan~ 20 tan~ 8 


(vi) 





sin (x+y) a+b tanx a 
19. If ————_~— =——_, show that a : , 
9 sin (x—y) a—b Snow tany b [NCERT EXAMPLAR] 


sin(A-B)_x~-1 
sin(A+B) x+1 . 





20. If tan A =x tan B, prove that 
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21. If tan (A +B) =x and tan (A —B) =y, find the values of tan 2A and tan 2B. 
22. If cos A + sin B=mand sin A + cos B=n, prove that 2 sin (A + B) = m +n? —2. 


——— . .- 


4 


i 
4 
; 


: 
, 





23. If tan A + tan B=aand cot A + cot B=b, prove that: cot (A + B) = 


sI+ 
mete 


24. If O lies in the first quadrant and cos 0 = = , then prove that 


cos (= 4+0 + cos(=-@) + cos( 27-0] - ¥3-1 1)23  WcERT EXEMPLAR] 
6 4 3 9) a2.) 17 


3 
ace Iftan x+tan(x+ =). tan(x+ 22) — 3, then prove that te | 
5 3 3 1-3 tan? x 


26. IE sin (a +8)=1 and sin (a — =—, where 0 <a, Bs-, then find the values of 


tan (a. + 28) and tan (20 +). 


= 4 If a, B are two different values of 0 lying between 0 and 2n which satisfy the equation 
+ 6cos 0+8sin 0 =9, find the value of sin (a +). 
: 28. Ifsin oa + sin B=a and cos a + cos B =b, show that 



















aieae 2ab b2 — a2 
(i) ears (ii) cos +B) = 5 
@ | 1 _ cot (x —a) — cot (x —b) 

pe sin (x —a) sin (x —b) sin (a —b) 

gals _ cot (x —a) + tan (x —b) 
cos (a —b) 
_ fan (x —b) — tan (x —a) 
sin (a —b) aa 


Waproxe that 1 + cot a tan B =0. 


- ts such that the tangents of one partis i. times the tangentof 


oo sin o-5 sin 9. 


— 
- 7 
~ Fx 
or ~— 
~ Se 
ns — 


[NCERT EXEMPLAR] 
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: 
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7. (i) = Gi) = (ii) +5 (iv) 5 
= . = or 36 x+y xy 
. a’ — -— 18. ——, ——*+ 
8. (i) (i) = (ii) - er 
24 
26. =-/3: —— 27. —— 
7 25 
HINTS TO SELECTED PROBLEMS 
9. LHS = cos (90° + 15°) + cos (90° —75°) =—sin 15° + sin 75° = RHS 
cos 11°+sin 11° 
cos 11° 1+tan11° tan 45°+tan 11° 
11. LHS = —__.——= ES 45°+11°) = tan 56°= 
>= cos 11°—sin 11° 1—tan11° 1-tan 45° tan 11° ( Up eee 
cos 11° 
29. (i) We have, 
1 2 1 sin (a —b) 
sin (x — a) sin (x —b) sin (a —b) | sin (x —a) sin (x —b) 
- 1 _ | sin (=) =@= ay) 
sin (a—b) | sin (x —a) sin (x —b) 
a 1 sin (x —b) cos (x — a) — cos (x —b) sin (x — a) 
sin (a —b) sin (x —a) sin (x —D) 
* 1 sin (x —b) cos(x—a) _ cos (x —b) sin (x —a) 
sin (a—b) | sin(x—a) sin(x—b) sin (x —a) sin (x —b) 
= —+_ {cot (x - a) — cot (x -b)] 
| sin (a —b) 
| Similarly, we can prove other two parts. 
: $3). tan Oe ce 
sin @ + cosa 
tan 0 = —_ se eratorand deno omtnatost sie ae 
cos a 2 bz | : x: ik Se “ ss 
myc tno tana—-1 ea) 
tana+1 2 
, 8 
=>  tan@ =i ( 7 





a ‘ 





‘ re : fae » ee 
Seilcts nr, & pa 
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ee tia Byles 
1 geod Eos 
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In this section, we will find the maximum and minimum values of trigonometrical expressions 
of the form a cos 9 + b sin 6 for varying values of 0. 





Let f (9) = acos 0 +b sin 6 Further, leta = r sin aandb = r cosa. Then, 
: a rsinag 
a? +b* =r2 sin? a +r” cos? a and, — = 
b rcosa 
: a 
=> a* +b* =r? (sin? a + cos” a) and, ; =tan a 


a 
— r =a? +b? and, En oa 


Substituting the values of a and b in f (8), we obtain 

f (8) = rsin acos8+rcosasin 0= r(sin a cos 0+ cos a@ sin 0)= r sin (a + 8) 
We know that 

—1<sin(a+96)<1 _ forall@ 


=> —r sr sin (a + 8) <r forall @ [Multiplying throughout by 7] 
— = 5) Pe < f (0) <a? +b? for all 8 
= — a? +b? <acos0+b sin 0 <a +b? forallé 


2 7 : 2 
Hence, maximum and minimum values of acos0+bsin 0 are a? +b* and — 2b? 
respectively. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the maximum and minimum values of 7 cos 8 + 24 sin 0. 
SOLUTION We know that the maximum and minimum values of a cos 8 + b sin @are a" +b? 
and — a +b? respectively. Hence, the maximum and minimum values of 7 cos 0 + 24 sin @ 


are 72 + 24% =25 and — \7? +247 =-25 respectively. 


EXAMPLE2 Find the maximum and minimum values of the following expressions: 


@) 3.cos 6+5sin(e-=) (ii) 4sin 8-3 cos0+7 


SOLUTION (i) Let f (8) = 3cos@+5sin (6 -#} Then, 


f(® = 3 cos 0+5 {sin 0.cos = —cos Osin Z}= 3 cos 0+ 255 sin 9-3 cos 0 
= f(@) = 400s. 0+ 243 sin 0 
2 
(3) +( + eal <> 03 0+ 245 sin 0 < (3Y +{ (ss) for all 0. 
2 
2 
va (5) = < f(®) < E y+ (28) for all 8 
fl 75 : ‘ Bee bese for all 0 
=> -. Figgas Ss 3 cos +5 sin 0 =) < ii 


= —J19 Ss 3 cos 0+5sin(o-) <J19 for all 0 
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Hence, —V19 and 19 are respectively the minimum and the maximum values of 
T 

3 cos 8+5 sin (o-2) 


(ii) Let f (0) = 4sin 9-—3cos0+7 
We know that 


— 4? +(—3)? < 4sin 8—3-cos 9 <4? +(- 3)? for all 6 


— —5<4sin 0-3 cos 0 <5 forallé 
=> —-5+7<4sin0—3cos0+7 <5+7 forall™ 
=> 2< f (9) < 12 forall® 


Hence, minimum and maximum values of 4 sin 8 — 3 cos 8 + 7 are 2 and 12 respectively. 


EXAMPLE3 Prove that 5 cos 8+ 3 cos (0 ~ =| + 3 lies between — 4 and 10. 


SOLUTION Let f(0)=5cos8+3 cos{ 0 + =| + 3.Then, 











f (8) =5 cos 0+ 3{ cos © cos = —sin 0 sin 243 =5 cos 0+ = cos Eee sin 0+3 
= f(9) = 13 cos 9-388 sin 6+ 3 (i) 
| 2 2 2 2 
— (=) + 3V3 <8 eee 9 ete < (=) + 3V3 
V2 2 2 2 2 2 
[3 
= -7 <= cos 0-=3> sin§ <7 for all@ 
— -7 +353 cos 0-33 sin 0+ 3 <7+3 for all® 
= —-4<5 cos 0+ 3.cos(0+=]+3<10 for all 8 [Using (i)] 
EXAMPLE4 Find a and b such that the following inequality holds good for all 9: 
a<3.cos 0+5:sin( 0-2) <b 
SOLUTION Let f(0) =3 cos 0+5sin(o-= Then, 
f(@)=3 cos 0+5( sin @ cos ~ —cos @ sin *)= 3.05 0+5( 42 sin 0-5 cos 6] 
= f(0)= 4 cos 0+ 25 sin 0 
We have, 
2 2 2 2 
1 5/3 1 5/3. (2) 5/3 
—| +|——] < —cos8+—simO <,]/— setae 
M3) ( 2 2 2 2) pele 
=> - Vi <3 cos 0+5sin(@-2) < VAP for allo 


Hence,a =—V19 and b = V19 


7.5 TO EXPRESS a cos 0+) sin 9IN THE FORMr sin (8 + a) ORr cos (0+ a) 


Sometimes we need to express trigonometrical expressions of the forma cos 0 +b sin @in terms 
of sine or cosine of single term. We may use the following algorithm to do so. 
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ALGORITHM 
STEPI Multiply and divide f (0) =a cos 0+b sin 0 by a? +b? to get 


a 


b 
f (0) =? +b? ator ‘ina a 


sin 9 








STEPIT Inorder to express f (0) in terms of sine of some term, replace — i.e. coefficient of 
a~ +b 


cos 8 by sin a and — i.e. coefficient of sin 0 by cos a. This gives the following : 
a” +b 
f (8) =a? +b? {sin a cos 8 + cos a sin 0} = a? +b? sin (0+ a) 


= = . . . a 
To express f (8) in terms of cosine of some term, replace coefficient of cos 0 i.e. eae 
a” +b 


by cos a and coefficient of sin 0 i.e. ie by sin a. This gives the following: 
a” +b” 
f (8%) = a> +b? {cos a cos 8 + sin a sin 6} = a2 +b cos (6 — a). 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Reduce -/3 sin 0 + cos @asasingle term consisting (i) sine only (ii) cosine only. 


SOLUTION Let f (6) = V3 sin 0 + cos @. Then, 
f (0) = V3 sin 0+ cos 0 


V3 .. 1 it salt 73)2 «12 | 
= 7 (8) = 2 2 sin Bin cos 6 | Multiplying and dividing by ,|(/3)* +1° ie. by 2| 


= f (8) = 2 sin © cos © + cos 8 sin =| “° Nbc. aul = sinks 
6 6 72 6 2 6 

=> f(®) = 2sin(o+=) 

Again, 


f(® =2 {72 si 0-5 cos 0} = 2 sin © sin 0 + cos 7 cos 0| 


=> f (8) = 2 | 0080 cos +sin Osin =} = 2.os(0-*). 


EXAMPLE2 Express 3 cos 8 —4 sin 0 as sines and cosines of a single expression. 
SOLUTION Let f (6) = 3cos®—4sin 0. Multiplying and dividing by 1 37 + (— 4)? ie. by 5, we 


get 





@) = 3? +(-4) g Q- : sin 0 
£0) 37 +(—4)2 a 3* +(-4)? | 
4. 


3 
f (0) = 5(sin a cos @—cos a sin 6) , where sin a = ee = 


\ 
Or] > 


f (0) = 5sin (a — 0), where tan a = - 
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Again, 4 
4 
8) =5 2 cos 0-3 sin 0} 
fo =5 (2 : 
= f (8) = 5(cos a cos 8 —sin a sin 8), wherecosa = = and sin a == 
= f (0) = 5cos(a+ 9), where tana = : 


EXAMPLE3_ Find the sign of the expression sin 100° + cos 100°. 
SOLUTION We have, 


1 1 
sin 100° + cos 100° = /2 Ga sin 100° + —— cos 100°) 
nie 2 


= /2 (cos 45° sin 100° + sin 45° cos 100°) 
= J/2 sin (100° + 45°) 
= /2 sin 145°, whichis a positive realnumber. [- sin 145° is positive] 


EXERCISE 7.2 





1. Find the maximum and minimum values of each of the following trigonometrical 


expressions: 
(i) 12 sin 8-5 cos 9 (ii) 12cos8+5sin 0+4 
ii) 5 cos 0+ 3sin(Z-0]+4 (iv) sin 8—cos 0 +1 
2. Reduce each of the following expressions to the sine and cosine of a single 
expression: 
(i) V3 sin @—cos 0 (ii) cos@—-sin@ (iii) 24 cos +7 sin 6 


3. Show that sin 100° — sin 10° is positive. 
4. Prove that (2 V3 + 3) sin 0+ 2/3 cos 0 lies between —(2V3 + V15) and (273 + /15). 





ANSWERS 
1. Minimum Maximum 
(i) —13 13 
(ii) -—9 17 
(iii) —3 11 


(iv) 1-V2 1+/2 
2. (i) 2sin(o-2),-2.cos( +0] (ii) V2 sin(=~0), V2 cos{ = +6) 


(iii) 25 sin (0. + 0), where tan a ===, 25 cos (8 ~ a), where tan a = 


VERY SHORT ANSWER QUESTIONS (VSAQs) 
Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 
1. Ifa+B—y=7,and sin? a +sin” B—sin” Y =A sin a sin B cos j, then write the value of 7. 
2. Ifxcos® = ycos(o+ 2%) = zcos( 0+ 42), then write the value of +144. 
3 3 LY, 
3. Write the maximum and minimum values of 3 cos x + 4 sin x +5. ) 
4, Write the maximum value of 12 sin @ —9 sin? 9, 


5. If12 sin 8-9 sin @ attains its maximum value at® = a, then write the value of sin a. 





mite tse 


— 


a we 


tee 


et 
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6. Write the interval in which the values of 5 cos 0 + 3. cos (0 + =) + 3 lie. 


7. If tan (A + B) = pand tan (A —-B) = gq, then write the value of tan 2B. 


cos (x -1 ; 
8. If Soy) = 7 , then write the value of tan x tan y. 
cos (x + y) n 


9. Ifa = bcos = = C COS = , then write the value of ab + bc + ca. 


10. If A+B = C, then write the value of tan A tan B tan C. 
11. Ifsin a —sinB = aandcosa+cosf = b, then write the value of cos (a + ). 





12. If tana = : and tan B = 
1+2 1 


== then write the value of a +f lying in the 


4 xt’ 


interval (0 , 1/2). 








ANSWERS 
1 bag? 2. 0 3. Maximum = 10, Minimum = 0 4,4 5: Es 
6. [-4, 10] 77, LSS aoe a 10. tan C —tan A —tan B 
1+ pq m+n 
7.7 
11. a+b" -2 172, = 
2. 4 


MULTIPLE CHOICE QUATIONS (MCQs) 





Mark the correct alternative in each of the following: 
1. The value of sin” 75° — sin? 15° is 


(a) 1/2 (b) ¥3/2 (c) 1 (d) 0 
2. If A+ B+C =180° then sec A (cos B cos C — sin B sin C) is equal to 
(a) 0 (b) -1 (oc) (d) none of these 
3. tan 20°+ tan 40°+ /3 tan 20° tan 40° is equal to 
3 3 
(a) is (b) Bae (c) 43 (d) 1 
4. If tan A=—“~ and tan B Be ihe the valle obA+: Bis 
a+1 2a+1 
v5 TT 7 
(a) 0 ) 5 (= (@) = 
5. If 3 sin 8+ 4 cos 8=5, then 4 sin 8-—3cos0 = 
(a) 0 (b) 5 (c) 1 (d) none of these 
6. IfinaA ABC, tan A + tan B+ tan C =6, then cot A cot BcotC = 
(a) 6 (b) 1 (c) 1/6 (d) none of these 
7. tan 3A — tan 2A — tan A is equal to 
(a) tan3 A tan2A tanA (b) —tan3Atan2AtanA 


(c) tan A tan2A—tan2A tan3 A-tan3 A tanA 
(d) none of these. - 


2 tan A+ tan B+tanC , 
8. IFA + B+C =180% hen" A tan B tanc equal to 
(a) tan A tan B tanC (b) 0 


(c) 1 (d) none of these. 
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9. Ifcos P = = and cos Q = = , where P and Q both are acute angles. Then, the value of P—Q is 





(a) 30° (b) 60° (c) 45° (d) 75° 
10. If cot (a + B) =0, then sin (a + 2 B) is equal to 
(a) sin @ (b) cos 28 (c) cos a (d) sin2a 
cos 10° + sin 10° idetunitts 
a cos 10° — sin 10° 4 
(a) tan 55° (b) cot 55° (c) —tan 35° (d) —cot 35° 
12. The value of cos” (= ++ 0] ~ sin? ; - 0) is 
(a) ; cos 2.0 (b) 0 (c) -= cos2@ = (d) 5 
13. If tan 0; tan 05 =k, then SBA Oo) es 
cos (0; + 85) 
1+k 1-k k+1 k-1 
debit wens a) so 
@) ON TR Oty eal 
14. If sin (x cos 0) = cos (z sin 8), then sin 29 = 
(a) + - (b) + a (c) + = (d) none of these 
15. If tan® = i and tan $= = then the value of 6+ dis 
(a) < (b) x (c) 0 (d) 7 
16. The value of cos (36° — A) cos (36° + A) + cos (54° + A) cos (54° — A) is 
(a) sin 2A (b) cos 2A (c) cos 3A (d) sin 3A 
17. If tan (x/4 + 0) + tan (x/4 — 6) =a, then tan? (x/4 + 6) + tan? (x/4—6) = 
(a) a> +1 (b) am +12 (c) a —2 (d) none of these 
18. If tan (A —B) =1, sec(A + B) = + then the smallest positive value of Bis 
25 1 19 x 13 « ll 
fects bt de eee a) oe 
(a) oa (b) Tr (c) >A (d) oA 
19. If A—B=7/ 4, then (1 + tan A) (1 — tan B) is equal to 
(a) 2 (b) 1 (c) 0 (d) 3 
20. The maximum value of sin? (120° + 6) + sin? (120° — 6) is 
(a) 1/2 (b) 3/2 (c) 1/4 (d) 3/4 
21. If cos (A — B) ==and tan A tan B =2, then 
(a) cos A cos B = = (b) cos A cos B = ~= 
(c) sin A sin B = -2 (d) sin A sin B = ~~ 
22. If tan 69° + tan 66° — tan 69° tan 66° = 2k, then k = 
(a) -1 (b) 1/2 (c) -1/2 (d) none of these 


x 1 
eae = ———,, th ; 
23. If tan a Sees ean Deel en a+ Bis equal to 


(a) 5 0) 2 () = (@ = 
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. ANSWERS 
1. (b) 2. (b) 3. (c) 4. (d) 5. (a) 6. (c) 7. (a) 8. (c) 
9.(b) 10. (a) 11. (a) 12. (a) 13. (a) 14. (a) 15. (d) 16. (b) 
17. (c) a8ia(b))) 19.)(a) 20. (b) 21. (a) 22. (c) 23. (d) 


SUMMARY 


sin A cos B+ cos A sin B 
sin A cos B-—cosA sin B 
(iii) cos(A +B) = cos A cos B—sin Asin B 
(iv) cos(A—-B) = cosAcos B+sin A sin B 
tan A + tan B 
tan (A = 
tary (AB) 1 -—tan A tan B 
tan A —tan B 
1+ tan A tan B 
(vii) sin (A + B) sin(A—B) = sin? A -—sin2 B 
(viii) cos (A + B) cos(A —B) = cos? A —sin? B 
2. (i) sin(A+B+C)=sinA cosB cosC +cos A sin BcosC +cosA cosB sinC 
—sinA sin B sinC 
(ii) cos(A+B+C)=cosA cosB cosC —cosA sin B sinC —sinA cosB sinC 


—sin A sin B cosC 
(ii) tan(A4+ B40) = tan A + tan B+ tan C —tan A tan BtanC 


1—tan A tan B—tan B tan C -tanC tan A 
3. (i) If A+B = 12,thensinA = sin B,cosA = —cosB and tanA = —tanB 
' (ii) If A+B = 2x, thensin A = —sin B,cosA = cosB and tanA = —tanB 


1. (i) sin(A+B) 
(ii) sin (A —B) 


(vi) tan(A-B) = 


le it 
Ete. ee 
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TRANSFORMATION FORMULAE 


8.1 INTRODUCTION 


In this chapter, we will establish two sets of transformation formulae: One to transform the 
products of two sines or two cosines or one sine and one cosine into the sum or difference of two 
sines or two cosines and the other to convert the sum or difference of two sines or two cosines in 
the product of two sines or two cosines or one sine and one cosine. These two sets of formulae 
are of fundamental importance and one should have thorough acquaintance with these 
formulae. 


8.2 FORMULAE TO TRANSFORM THE PRODUCT INTO SUM OR DIFFERENCE 
In the previous chapter we have derived the following formulae: 


sin A cos B+ cos A sin B = sin (A + B) ...(i) 
sin A cos B—cos A sin B = sin (A —B) ..-(1i) 
cos A cos B—sin A sin B = cos(A + B) ...(ili) 
cos A cos B+ sin A sin B = cos(A —B) ...(iV) 


Adding (i) and (ii), we obtain 

2 sin A cos B = sin (A+B) +sin (A —B) 
Subtracting (ii) from (i), we get 

2 cos A sin B = sin (A + B) —sin (A —B) 
Adding (iii) and (iv), we get 

2 cos A cos B = cos(A + B) + cos(A —B) 
Subtracting (iii) from (iv), we get 

2 sin Asin B = cos(A —B) —cos(A + B) 
Thus, we obtain the following formulae : 
(a) 2sin Acos B = sin(A+B)+sin(A-B) (b) 2cosAsin B = sin (A + B) —sin (A —B) 
(c) 2cos Acos B = cos(A+B)+cos(A-—B) (d) 2sin Asin B = cos(A —B) —cos(A + B) 
These four formulae convert the product of two sines or two cosines or one sine and one cosine 
into the sum or difference of two sines or two cosines. 


ILLUSTRATIVE EXAMPLES 


LEVEL-1 
EXAMPLE1 Convert each of the following products into the'sum or difference of sines and cosines: 
(i) 2 sin 58 cos 0 (ii) 2 cos 48 cos 36 (iii) 2 sin 38 sin 6 
(iv) sin 75° cos 15° (v) cos 75° cos 15° 


SOLUTION (i) Using 2 sin A cos B=sin (A + B) + sin (A —B), we obtain 
2 sin 50 cos 6 = sin (56 + 8) + sin (50 —6)= sin 66+ sin 40 
(ii) Using 2 sin A sin B =cos (A — B) — cos (A + B), we obtain 
2 cos 46 cos 30 = cos (48+ 36) + cos (48-36) = cos70+ cos 0 
(iii) Using 2 sin A sin B=cos (A — B) —cos (A + B), we obtain 
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2 sin 30 sin 8 =cos (30 — 0) —cos (30 + 0) = cos 20 — cos 40 
(iv) sin 75° cos 15° = ; (2 sin 75° cos 15°) 


= = (sin (75° + 15°) + sin (75° —15°)} = 5 (sin 90° + sin 60°) 


(v) cos 75° cos 15°= 5 (2 cos 75° cos 15°) 
= ; {cos (75° + 15°) + cos (75°—15°)} = (cos 90° + cos 60°) 
EXAMPLE2 Prove that: 2 cos <td cos atk + cos 28 + COS aK = 0 [NCERT] 
13 13 13 13 
SOLUTION We have, 
On 3 51 
LHS = Bicos icbs 4608 +. cos 2 
13 13 13 13 
( 9n 4 ( On ) 3n 51 
= cos} —— + — |+cos| — —— |+ cos — + cos — 
13. 13 13 13 13 13 
8 1 31 51 
= cos —— + cos — + cos — + cos — 
13 13 ae 
( 3 =) ( 5 =) 5x 
= cos| m——— |+ cos| mn —-—— |+ cos —— Tt COB 
13 3 13 13 
5 i 3m 5 i 
= — COS ~~ — cos —— + cos —— + cos ——- = 0 = RHS__si[- cos(x-— 0) =—cos 6] 
13 13 13 
EXAMPLE3 Prove that: cos 20° cos 40° cos 60° cos 80° = 
SOLUTION We have, 
LHS = cos 20° cos 40° cos 60° cos 80° 
=> LHS = cos 60°(cos 20° cos 40°) cos 80° 
=> LHS = = 5 (2 cos 20° cos 40°) cos 80° E cos 60° -;| 


= THs = 4 | foo (40° + 20°) + cos (40° — 20°)} cos 80°| 


[ 2 cos A cos B =cos(A + B) + cos(A — B)] 


= LHS = i | (cos 60° + cos 20°) cos 80° 
1jfl 
=> LHS = £1(G + 20520") 20° | cos } cos aoe] 
=> LHS = a cos 80° + cos 80° cos 20°) 
> LHS = 2 { cos 80° + 2 cos 80° cos 20° 
= LHS = 1 | cos B0° + {cos (80° + 20°) + cos (80° — 20°) |] 


[- 2. cos A cos B =cos (A + B) + cos(A -B)] 
as LHS = = {c0s 80° + cos 100°+ cos 60°} 


= LHS = ; {cos 80° + cos (180° — 80°) + cos 60°} 


- 
ra 
oe 
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LHS 


LHS 


=a 2 = 5 *" cos (180° — 8) =—cos 8 
mF {cos 80° — cos 80° + cos 60°} cos (180° — 80°) = —cos 80°| 
= 5 {0° 80° — cos 80° + >} = be: ut = i = RHS 
8 2 S42 16 
EXAMPLE4 Prove that: sin 10° sin 30° sin 50° sin 70° = = 


SOLUTION We have, 


— 


—> 


ALITER 


—- 
—-> 


—> 


LHS = sin 30°(sin 10° sin 50°) sin 70° 
IMS) = 5 (sin 50° sin 10°) sin 70° 
Ghis'= 5% 5 = (2 sin 50° sin 10°) sin 70° 
LHS = r1@s sin 50° sin 10°) sin 70°| 
LHS = ; { os (50° —10°) — cos (50° + 10°)} sin 70°| 
[." 2sin A sin B =cos(A —B) —cos(A + B)] 
LHS = $ | (cos 40° — cos 60°) sin 70°] 
LHS = : sin 70° cos 40° — sin 70° cos 60°| 
Abi 1 bee 

LHS = ri sin 70° cos 40° — 5 sin 70° 
LHS = ; 2 sin 70° cos 40° — sin 70°| 
LHS = + | sin (70° + 40°) + sin (70° — 40°) —sin 70°| 

[.- 2sin A cos B= sin (A + B) +sin (A —B)] 
LHS = - {sin 110° + sin 30° —sin 70°| 
LHS = + {sin (180° —70°) + sin 30° —sin 70°| 
LHS = F {s sin 70° +S = —sin 70°} E sin (180 — 6) =sin 0 -.sin (180° —70°) = sin 70°| 
LHS ie ig = RHS 

§ 72 16 

We have, 
LHS = sin 10°sin 30° sin 50° sin 70° 
LHS = sin (90° — 80°) sin (90° — 60°) sin (90° — 40°) sin (90° — 20°) 
LHS = cos 80° cos 60° cos 40° cos 20° 
LHS = cos 20° cos 40° cos 60° cos 80° = = = RHS [See Ex. 3] 


EXAMPLES Prove that: sin 20° sin 40° sin 60° sin 80° = = 


SOLUTION We have, 
= sin 20° sin 40° sin 60° sin 80° 


LHS 





J a 


8.4 


—> 


MATHEMATICS-XI 


LHS = sin 60°(sin 20° sin 40°) sin 80° 
la 1 


LHS = —x=— A sin 20° sin 40°) sin 80° 
LHS) = fs if cos (40° — 20°) — cos (40° + 209) sin 0 
[.- 2sin Asin B = cos(A —B) —cos (A + B)] 
LHS = ne (os 20° — cos 60°) sin >| 
Lis = 23 (co 20° - 4 sin 50° 
4 2 
LHS = 8 2 cos 20° sin 80°—sin 80 | 
jLlaks) = 8 sin (80°+20°) + sin (80°—20°) —sin 0 
[.- 2sin A cos B=sin (A + B) + sin (A —B)| 
LHS) = a {sin 100° + sin 60°—sin 80° 
tion S {sin (180° — 80°) + = —sin co 
LHS) = uf f sin 80° + = — sin so [sin (180° — 80°) =sin 80° 
tus = 3,23 _ 3 ~ pHs 
8 2 16 


EXAMPLE6 Prove that: 4 cos 12° cos 48° cos 72° =cos 36° 
SOLUTION We have, 


VUYVUNIYY 


LHS = 4cos12° cos 48° cos 72° 


LHS = 2(2 cos 12° cos 48°) cos 72° 
LHS = 2(cos 60° + cos 36°) cos 72° 
LHS = 2 cos 60° cos 72° + 2 cos 36° cos 72° 


LHS = cos72°+ cos 108° + cos 36° 

LHS = cos 72° + cos (180° —72°) + cos 36° 
LHS = cos72°-—cos 72° + cos 36° 

LHS = cos 36° = RHS 


EXAMPLE7 Prove that: tan 20° tan 40° tan 80° = tan 60° 
SOLUTION We have, 


LHS = tan 20° tan 40° tan 80° = 51% 20" sin 40° sin 80° 
cos 20° cos 40° cos 80° 
(2 sin 20° sin 40°) sin 80° _ (cos 20° —cos 60°) sin 80° 
(2 cos 20° cos 40°) cos g0° (cos 60° + cos 20°) cos 80° 
sin 80° cos 20°—(1/2) sin 80° 2. sin 80° cos 20°— sin 80° 
(1/2) cos 50° + cos 80° cos 20° cos 80° + 2 cos 80° cos 20° 





LHS = 





LHS = 
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sin 100° + sin 60°—sin 80° __ sin (180° — 80°) + sin 60° —sin 80° 








=> LHS = $$ $$$$_$____—_—__—___ = 

cos 80° + cos 100°+ cos 60° cos 80° + cos (180° — 80°) + cos 60° 
= LHs = 5 §0° + sin 60° —sin 80 _ sin 60° _ tan 60° = RHS 

cos 80° — cos 80° + cos 60° cos 60° 
EXAMPLE8 Prove that: sin A sin (60° — A) sin (60° + A) = ; sin 3A 


SOLUTION We have, 


LHS = 


sin A sin (60° — A) sin (60° + A) 
; ey 2 sin (60° — A) sin(60° + A)} 


Nie 


sin A oo {so — A) —(60° + a) — cos {(co — A) + (60° + a} 
sin A cos (— 2A) — cos 20°} 


sin A {cos 2A + >} 


sin A cos 2A +—sin A 


Ble Nie NMI Nie 


(2 sin A cos 2A) += sin A 


| 


= {sin (A+ 24) +8in(A-24)) +L sin 


u sin 3A + sin (—A) pins 
4 4 


| sin 3A =a. sit Aegina eens 
4 4 4 4 


EXAMPLE9 Prove that: cosA cos (60°—A) cos (60°+A) = cos 3A. 


SOLUTION We have, 


LHS = 


cosA cos (60°—A) cos (60°+A) 


=< cos A {2 cos (60°-A) cos (60° + A)} 


eA co (60°—A) + (60° +A) + cos { (60° —A) - (60+) 


cos A {c0s120" + cos (-2)} 


cos A {5 + cos2.4} 


ia cosA fae cosA cos2A 
4 2 


——cosA 7 (2cos2A cosA) 


ne 


=-1 cos +1 { os (2A +A) +cos @a-a)} 


EOE 


ot eee eo eee 


eee) cee ees 
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= -7 cosA + ; (cos 3A + cosA) 
=7 cos 3A = RHS. 
EXAMPLE10 Prove that: 4 sin 6 sin (= + 0) sin (2 + 0) = sin 30 


SOLUTION We have, 
ists) Steal @sin( = +0)sin (2% + 8] 


= isin 0 2sin(22+.0)sin(Z+-0}h 
3 3 
; 21 18 2r ‘1 
= 2sin 0 cos |(2¢+0)-(Z+0)| -cos |(2#+0)+(Z+0)| 
3 3 3 3 
= 2sin 8 {c08 = —cos (n+ 26)} 
. 1 
= 2sin 015 + cos 20} 
= sin 8+2 sin 80 cos 20 


= sin 6+ {sin (0+ 26) + sin (6 —26)} 
= sin 8+ sin 36 + sin (— 6) = sin 6+ sin 30—sin 0 = sin 30 = RHS 


EXAMPLE11 Show that: tan (60° + 6) tan (60°-@) = 2°05 29+1 
2 cos 20-1 
SOLUTION We hav 
LAF 
| 
‘60° — @)} 
- (60° — 6)} 


_ cos 28 —cos 120° peer eer iS 2 cos 20 +1 


_ ———$————$—$$— es Se = RHS 
cos120°+cos260 1 59 §3=6 2. cos 20-1 
2 


EXAMPLE12 Ifa+B = 90°, find the maximum and minimum values of sin a sin B. 
SOLUTION Lety = sin a sin B. Then, 
y 7 (2 sin @ sin f) 


= y = ; {cos (a —B) —cos (a + 8)} = ; {cos (a. —B) — cos 90°} = = cos (a ~B) 


We know that 
—1 < cos(a-—f) <1 


my lees | 1 
5 <5 ( 5 
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r =e 
2 ae 
-1.., ; 1 
= — <sin a sin B<— 
2 2 


1 1 sen 
Hence, — = and 5a respectively the minimum and maximum values of sin a sin f. 


EXERCISE 8.1 





1. Express each of the following as the sum or difference of sines and cosines: 
(i) 2 sin 30 cos 0 (ii) 2 cos 30 sin 20 
(iii) 2 sin 40 sin 30 (iv) 2 cos 78 cos 30 
2. Prove that: 





@) Qsin =" ein a Cy 2 tes ue ae 
12 12 2 12 12 2 
sé = KT 8 Al 32 
(iii) 2 sin — cos — = 
12 12 2 
3. Show that: 
1-2 sin 35° 1 
i) sin 50° 85° = ——____{_- li) sin 25°cos 115° = —(sin 140° -1 
(i) sin cos wD) (ii) =k ) 


4. Prove that: 4 cos 8 cos (= + 0] cos (= — 0) = cos 30 


5. Prove that: 


(i) cos 10° cos 30° cos 50° cos 70° = Fe (ii) cos 40° cos 80° cos 160° = -5 
(iii) sin 20° sin 40° sin 80° = af (iv) cos 20° cos 40° cos 80° = ; 
(v) tan 20° tan 40° tan 60° tan 80°=3 (vi) tan 20° tan 30° tan 40° tan 80° = 1 
V3 


(vii) sin 10° sin 50° sin 60° sin 70° = (viii) sin 20° sin 40° sin 60° sin 80° == 


16 
6. Show that: 
(i) sin A sin (B—C) + sin B sin (C — A) + sinC sin (A —B) =0 
(ii) sin (B —C) cos (A —D) + sin (C — A) cos (B-D) + sin (A — B) cos (C —D) =0 
LEVEL-2 
7. Prove that: tan 6 tan (60° — 9) tan (60° + @) = tan 30. 


8. If a + B = 90°, show that the maximum value of cos « cos B is = 


ANSWERS 
1. (i) sin 40+ sin 20 (ii) sin50-sin 6 (iii) cos@-—cos7@ (iv) cos100 + cos 40 





HINTS TO SELECTED PROBLEM 





; 5n 5% 4 T x 1 
Ze LHS = — —— |-—cos| —-+—]| = << NE Scie 
Aes cos (32 7 B 12.) Og ees 
a6 oy on OT T x 1 
18s wooe(S4s pee) mee Roc ale 
(ii) S cos (7% + =) 2 Db peri 5 RHS 


eee e 51 TT — OT T es TT v15 3 
LHS = —— - —— |+ Sin (= -=) = = in — = —_ = 
(iii) S sin (72 +) sin — + sin = 1+ = 


wee me ee 
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8.3 FORMULAE TO TRANSFORM THE SUM OR DIFFERENCE INTO PRODUCT 

In the previous section, we have used the following formulae: 
sin (A + B) + sin(A —B) = 2sin A cos B, sin (A + B) —-sin(A-—B) = 2cosA sin B 
cos (A + B) + cos(A — B) = 2cos A cos Band, cos(A — B) —cos(A + B) =2 sin A sin B. 


Let A+B=Cand A~B=D. Then, A =~ and B=<—> 





Substituting the values of A, B, C and D in the above formulae, we get 


2 sin in(S 5 cos (< ) (i) 
2 2 

2sin(S—? : <*)< 0s < ts >) (ii) 

2 cos S = cos (“5 =) ...(iii) 


sin C + sin D 








sin C —sin D 





cos C + cos D 

















2 
cos D —cosC = 2sin (=?) sin (“2 ) 
Or, cos C —cosD = -2sin (<2 | sin [<= = ...(iv) 
Or, cosC —cosD = 2sin (5?) sin( PS) 


These four formulae are used to convert the sum or difference of two sines or two cosines into 
the product of sines and cosines. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE Y Express each of the following as a product: 














(i) sin 40 + sin 20 (ii) sin 68 —sin 20 
(iii) cos 46 + cos 80 (iv) cos 68 — cos 80 
SOLUTION (i) sin 46 + sin 20 
. (46+26 46 —20 : : eer G34 D, C-D 
= 2sin cos *." sin C + sin D =2 sin cos 
2 2 2 2 
= 2 sin 30 cos 8 


(ii) sin 69 —sin 20 


_2 = 
= 2 sin P> =) cos( 272) f sin C—sin D =2 sin <5.) cos(S*? } 


= 2sin 28 cos 460 
(iii) cos 48+ cos 86 


86 + 46 88 — = 
= 2-cos( #254) cos/ — E cos C + cos D =2 c0s(<2?) cos (<=?) 


= 2 cos 68 cos 20 
(iv) cos 60 — cos 80 


2 sin( OE) in (PS) E cos C ~c0s D =2 sin 52D gin 2=C) 























2 sin 7@ sin 9 


TRANSFORMATION FORMULAE 8.9 


EXAMPLE 2/ Prove that: cos 18° — sin 18° = /2 sin 27° 


SOLUTION We have, 
LHS = cos 18°-sin 18° 
= cos 18° —cos 72° [.- sin 18° =sin (90° —72°) = cos 72°] 


2 sin a) sin (a 2 sin 45° sin 27° =-/2 sin 27° = RHS 





EXAMPLE 3 /Prove that: 
sin 5A —sin 3A sin A+sin 3A 
fe ee TE ii) ——_——__—___—_. = tan 2A NCER 
() cos 5A + cos 3A zr (ii) cos A + cos 3A a ul 
sin A + sin B A+B cos 7A +cos5A 
i) ——__—____. = fg iv) ——_—__- = tA NCER 
MA) a AER ( 2 WW) ay Aeneas ! 7 
sin 5A —sin 3A 


SOLUTION (i) LHS = ——————— 
cos 5A + cos 3A | 



































we JA — 3A aes 5A+3A | 
s : 2 ?) = SUNG COD AA ener 
bike (° + =f) cos ( > : *) 2 cos 4A cos A 
(i) LHS = sin 3A+sin A | 
cos 3A+cosA | 
. (3A+A 3A-A 
Zieh 2 aie ae sin 2A cos A 
SAE = tan 2A = RHS 
5 (244) (a4) cos 2A cos A 
cos cos 5 
2 sin( “= cos(4—*) 
Gi) LS) = Se ee a aah tan (AS | - Res 
cosA+cosB 4. AF} cos (“=*) 2 
2 2 
(AA) o{ 4 “| 
2cos | ————— |cos}; ————— 
(iv) Lys = 087A + C08 5A > 2 9 _ 2 cos 6A cos A = cot A = RHS 
sin 7A—sin 5A asin (74-94 cos (74 +24) 2 sin A cos 6A 
2 2 
EXAMPLE4 Prove that: 
(i) Gog ok OOS 5x __ sin 2x [NCERT] (ii) sin 5x + sin 3x La nide [NCERT] 
sin 17x —sin 3x cos 10x cos 5x + cos 3x 
(iii) (sin 3x + sin x) sin x + (cos 3x — cos x) cos x =0 [NCERT] 


cos 9x — cos 5x 
sin 17x —sin 3x 


(7==**) (=5**) 
—2 sin Se) ene 
—2sin7xsin 2x —sin 2x _ 


ape 5 cos eS) 2 sin 7x cos 10x ~~ eos 10x 


SOLUTION (i) LHS = 





2 2 
sin 5X + sin 3x 


(ii) LHS = 
cos 5x + cos 3x 


8.10 MATHEMATICS-XI 


(= + ==) (== _ =) 
2 sin | ——— cos | ———— 
a 4 2 sin 4x cos x 


i eanGkia eos 7 = tan 4x =RHS 
2 cos (>= 2 =) Cos (Ps =) 2 cos 4x cos x 


(iii) LHS = (sin 3x + sin x) sin x + (cos 3x —cos x) cos x 


(22**) (==) (22+) (=*)| 
2 sin | ——— | cos sin x + < —2 sin sin cos x 
2. 2 2 2 


= 2 sin 2x cos x sin x —2 sin 2x sin x cos x =0 = RHS 
EXAMPLES Prove that: cot 4x (sin 5x + sin 3x) =cot x (sin 5x —sin 3x) [NCERT] 
SOLUTION LHS = cot 4x (sin 5x + sin 3x) 


. (5x+ 3x 5x -—3x 
cot 4x x 2 sin 5 cos 5 


cos 4x 
sin 4x 
RHS = cot x (sin 5x —sin 3x) 
. (5x-3x 5x + 3x 
= cotxx2sin 5 cos ores 

















x 2 sin 4x cos x = 2 cos 4x cos x seh) 








= OS* x 2sin x cos 4x =2 cos 4x cos x .+ (ii) 
sin x 
From (i) and (ii), we obtain that LHS = RHS. 
EXAMPLE6 Prove that:sin x + sin 3x + sin 5x + sin 7x =4 cos x cos 2x sin 4x [NCERT] 


SOLUTION LHS = sin x+sin 3x+sin5x+sin7x 
= (sin 7x + sin x) + (sin 5x + sin 3x) 


: P| (7==*) ; [5 *) A 
= 2 sin} ———|cos + 2 sin | ———— | cos| —————_ 
2: 2 2 2 


= 2 sin 4x cos 3x + 2 sin 4x cos x 
2 sin 4x (cos 3x + cos x) 


2 sin 4x x 2 cos( == *) cos ( = =| 


2 sin 4x x 2 cos 2x cos x = 4 cos x cos 2x sin 4x = RHS 
EXAMPLE 7 Prove that: 1+ cos 2x + cos 4x + cos 6x =4 cos x cos 2x cos 3x 
SOLUTION LHS = 1+ cos 2x + cos 4x + cos 6x 
(cos 0x + cos 2x) + (cos 4x + cos 6x) 

= 2cosxcosx+2cos5x cosx 

= 2 cos x (cos x + cos 5x) 

= 2 cos x(2 cos 3x cos 2x) = 4 cos x cos 2x cos 3x = RHS 
EXAMPLES Prove that: 

(i) (sin 3A + sin A) sin A +(cos 3A —cos A) cosA = 0 


(i) cos 20 cos = —cos 38 cos = sin 50 sin 2 [NCERT] 











. 21 ee An’ 
(iii) sin a+sin(a+2%)+sin(a +8) 


LUTION (i) Wehave, 
SO LHS = (sin 3A + sin A) sin A +(cos 3A —cos A) cos A 


TRANSFORMATION FORMULAE 8.11 


= {2 sin (244) c05( 24-4) sin o{-2sin(424) an(24=4)} cos A 


=2 sin 2A cosA sin A —2 sin 2A sin A cos A =0 = RHS 














(ii) LHS = cos 20 cos > —cos 36 cos “ 


— LHS = 5 542 cos 20 cos : —2 cos 38 cos I 


=) 145 4 | cos {(26 + 4 + cos 26 a a} f {cos 30 + -) + cos (2-30) 


[Using: 2 cos A cos B=cos (A + B) + cos (A — B)] 








= LHS = 5 {608 5 + £08 $? ~cos 52 — cos 3? 
2 2. 2. 
— LHS = sere 
2 2 
1 wee ede ** cos C —cos D 
= LHS = — 2 __2_ | sin | —2 _2 Wet GD 5. DG 
9 2 =2 sin Ss 
2 2 
— LHS = s sin 50 sin >> = = RHS 
(iii) LHS = sina +sin(a +22) 4sin(a+ 2) 
=> LHS = sina +|sin(a+22)4sin(a+4)] 
2% Ar Ar 2m 
a +—+a+— a+—-a-—-— 
a LHS = sin a +|2 sin Ma Sh fe a 
2 2 
=< LHS = sin a + 2sin(a + 7)cos= = sin a + 2(—sin a) (>) =sina-—sina =0=RHS 
EXAMPLE 9 Prove that: 
(i) (cos a + cos B)2 + (sin a + sin B)? = 4cos” (=5*) [NCERT] 
we 2 : ° 2. Si. ot Oe — 
(ii) (cos a — cos B)* + (sin a —sin B)~ = 4sin (==) [NCERT] 


a+B ene PEN. oot to 


(iii) cos a + cos B+ cos y+ cos(a+B+y) = 4cos—_* 5 3 


SOLUTION (i) LHS = (cos a + cos f)” + (sin « + sin p)2 


> {acl SP) SY fom (232 





8.12 


= 


EXAMPLE10 Prove that: 


SOLUTION LHS = 


= 


MATHEMATICS-XI 
4 cos” ( ag: °) cos” € =f )s 4 sin? PY cos” (==) 
2 2 2 2 
-{- 


4 cos? (S=P) | cos" (a+). sin? (2 Pit = 4cos” (==*)- RHS 


LHS = (cos a —cos p)? + (sin a —sin p)? 

= 2 ss +B 

LHS = {-2sin( SP) sin ( 2} {2 sin ( * P) cos { © } 
2 2 2 

LHS = asin? (SP) sin? [5 P) +4 sin” (S 


Q 


LHS 











LHS 


























Q 

+ NI] 
pe a Ne 
ra) 

© 

mn 

Nm 
——s 
Q 
NN} + 
TW 
a 








LHS asin? ( B {sin?(* B) + cos? ( +P} 

BES) = 4 sin?(2=F) = RHS E sin? (=P). cos?( SF) -1| 
2 2 2. 

LHS 


= cos a + cos + cos y + cos (a +P + 7) 
LHS = ne 2P an ®=8) 2002 


YI 
LHS = ou cos( =P) + 2.cos{ $= P11) cos( 2 +P 1=1) 





2 























LHS = 2.cos| = °) +2 c0s( SF SP) co5( 2 *E* 21) 
LHS = 2 cos ) cos( a cos(**8*21)} 
ee a+B+2y a—f 
LHS = aon 2 cos 50 a 
2 eM ish ia 2 
iar wa e “(2h 
LHS 





Il 

rs 
| eT 

: 
s 
es 

a 

(2) 

a 
ae 
n| 
Gua 
aS 

B 
oo 
+ 
wae, 
Ww 


5 


eos exet £08 3X + Eee 2x Ee aa [NCERT] 
sin 4x + sin 3X + sin 2x 

cos 4x + cos 3X + cos 2x 

sin 4x + sin 3x + sin 2x 

(cos 4x + cos 2x) + cos 3x 





ska (sin 4x + sin 2x) + sin 3x 
(=5*) (=5**) 
2 cos| ———— | cos} ——_—— | + cos 3x 
ar 2 2 _ 2cos 3x cos x + cos 3x 
2 sin a) cos 4x ~2x 4sin 3x 2 SIN. Sx cos x + sin 3x 
4 
LHS = cos 3x(2cosx+1) _ cos3x _ cot 3x = RHS 


~ Sin 3x(2cosx+1) sin 3x 


TRANSFORMATION FORMULAE 8.13 


EXAMPLE11 Prove aps See EOS Seale = tan 4A 
cos A + cos 3A + cos5A + cos7A 


SOLUTION We have, 
LHS = (sin 7A + sin A) + (sin 5A + sin 3A) 
(cos 7A + cos A) + (cos 5A + cos 3A) 


._ (7A+A 7A-A . (9SA+3A SA —3A 
2 sin ASA) c0e rs + 2 sin pee cos ia Ae 


- | (TAA) LA TASA \uee nn (DACHOA ml (DAS GAN 
2 cos a cos es + 2 cos = cos} — P 





cos 4A cos 3A+cos4AcosA_ cos 4A (cos 3A + cos A) 


EXAMPLE12 Prove that: 608,84 COs 5A =2008 IAAicos 24. =tan 4A 


sin 8A cos5A + cos12A sin 9A 


SOLUTION We have, 
2 cos 8A cos5A —2 cos12A cos 9A 


LHS = WW 
2 sin 8A cos5A + 2c0s12A sin 9A 
me LHS = {cos (8A +5A) + cos (8A —5A)} —{cos (12A + 9A) + cos (12A —9A)} 
{sin (8A +5A) + sin (8A —5A)} + {sin (9A + 12A) + sin (9A —12A)} 
= LHS = {cos 13A + cos 3A} —{cos 21A + cos 3A} 
{sin 13A + sin 3A} + {sin 21A + sin (-3A)} 
+ LHS = (cos 13A + cos 3A) —(cos 21A + cos 3A) _ cos13A —cos 21A 
(sin 13A + sin 3A) +(sin 21A—-sin 3A) sin13A+sin 21A 
. (183A+21A) ,. (21A-13A 
2 sin | —————— | sin =a 5 cial steal 
sin sin 
re eS (24x24) (4284) ~~ gin rE iss Boe 
2 sin | —--———- | cos a a 


EXAMPLE13_ Prove that: £08124 COSISA > COS BAC e maces ea cosnO = cot 6A cot5A 
sin 4A sin 3A —sin 2A sin5A +sin 4A sin7A 


SOLUTION We have, 
LHS = 2 cos 3A cos 2A —2 cos7A cos 2A +2 cos10A cos A 
2 sin 4A sin 3A —2sin 5A sin 2A +2sin7A sin 4A 
_ (cos5A + cos A) —(cos 9A + cos 5A) + (cos 11A + cos 9A) 
~ (cos A —cos 7A) —(cos 3A — cos7 A) + (cos 3A — cos 11A) 


2 cos( WA +A) cos (HA =4) 
_ cosA+cosllA _ 2 2 


cos A —cos11A 9 sin a) sin 11A—-A 
2 2 
cos 6A cos5A 
= ——— — —————- = COL6A Cot5A = 
aint 6A ain 5A RHS 
sin (A —C) +2 sin A + sin (A +C) _ sind 


EXAMPLE 14 Prove that: 7. 5) = 
rove sin (B—-C) + 2 sin B+ sin (B+C) sin B 


8.14 MATHEMATICS-XI 


SOLUTION We have, 
sin (A —C)+sin(A+C)+2sin A 








LHS = — RE ne a 
sin (B—C) + sin (B+C)+2sin B 
2sin( “ aie HS) cos(4*C=A*C), 2sin A 
~ enn BCs BoC BEG=B PC 
2 sin | ———— — |cos| ——— +2sin B 
2 2 
i LHS = 2SinAcosC+2sinA_ 2sin A (cosC +1) _ sinA - RHS 


2sin BcosC +2sinB 2 sin B(cosC +1) sin B 


l+n 


EXAMPLE 15 I/fsin 6 =nsin (0+ 2a), prove that tan (0+ a) = j tan a. 
— 7 





SOLUTION We have, 
sin 8 = nsin (6 + 2a) 
sin(0+2a) 1 

sin 8 7H 
sin(6+2a)+sin® lin 











> = Applyi do-dividend 
SOM DG)=sin0, lon [Applying componendo-dividendo] 
on 2sin(9@+a)cosa  1l+n 
2 sin a cos (8 + a) 1-n 
=> tan (6+a) = —" a 


EXAMPLE16 Prove that: 
(= A + cos zy & A+sin | 2 cot” (43?) , ifnis even 
————_ | +| —~—" “| = 2 
sin A —sin B cos A —cos B 0 , ifnisodd 


SOLUTION We have, 




















A+B IB Ne a n 

2 cos = tai B Digi cas 2 

Boe aA u 4s oa 
2 sin cos —2 sin sin ——— 

2 2 2 2 


=> LHS 





ets) 


=> LHS = cot" ( A=") + (ay cot” (457) 


a A-B nit as 
=> LHS = cot” (4° f cos he 2 cot"( 5 n 1s even 
0 r if n is odd 








sin A —sinC 


If three angles A, B and C are in A.P., prove that: cot B = : 
EXAMPLE 17 If 8 P cosC —cos A 


TRANSFORMATION FORMULAE 8.15 
SOLUTION We have, 
. A-C A + C 
2 sin > - COS - 5 
RHS" =a Gea Ces cot( 
2 sin Pe! _——- 


A+C 





ee C arein A.P. 


+C 


EXAMPLE 18 I/fsin 0+ sin d= V3 (cos ¢—cos 8), prove that sin 38+ sin 36 = 








SOLUTION Wehave, [NCERT EXEMPLAR] 
sin 0+ sin 6 = /3 (cos —cos 0) 
= Disin d+ cost” = NBs es 
. 2 2 2 


y 





{cos 24 =3 Rapes eh = si in(“=*) - 0 
— in(22) = 0 or, cos (2=*) -V3 sin (2=*) = 0 
2 2 


= sin(2*®) - 0 or tan (9=8) = 7 = tan Z 














2 3 
a 0+9 = 0 or, 9-9 = x 
2 2 6 
Tt 
=> 6 = -o or, 6-o = — 
3 
CASEI When 0 = —-9: In this case, we have 


sin 30+ sin 36 = sin 3(—4) + sin 36 = —sin 36+ sin 39= 0 
CASEIIT When 0-6 = 3 In this case, we have 





O-$ = 7 => 30-3 = 1 => 30 = r+ 36 


sin 30+ sin 36 = sin (x+ 36) + sin 36 = —sin 39+ sin 39 =0 


sin (0 + a) = Legit , prove that tan (= - 0) tan (= - a =m 


EXAMPLE 19 If 
cos(0-—a) l+m 





SOLUTION Wehave, 
sin(@+a)  1l-—m 
cos (8 — a) 1l+m 
sin (6 + a) + cos (6 —a) 2 


= sin (@aa) cos OG aa [Using componendo-dividendo] 


sin (8 + a) + sin {=-(e-a)| i 


ms {3 ine 
sin (0+ a) —sin = _@-o)} 





O+a+—-0+a 6+a—-—+6-a 
9 sin | ____4_— || cos 
2. 2 






@+a—-—+0-a 
2 sin | - a : 
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=> m 


I 
E 
eS 
lA 
I 

me 
V—",_—l' Pla 
5 

| 

| 
joo) 
SS 


EXAMPLE 20 Ifasin 8=b sin(o+ 27) = sin (0+ =), prove that ab + bc + ca =0. 


SOLUTION We have, 
asin 8 = bsin(o+ 2) = esin(o+) = 1 (say) 


=> * asin 0, t=sin(0+22)and * = sin{o+ =) 
a b 3 c 3 

> Z4t4% = sino+sin(o+22)4sin(o+ 2) 
Ried’ tac 3 3 
A A AX : 4n : : 2n 

=> —+—+— = 4sin| 6 +—/+sin 0; +sin| 6+ — 
abe 3 3 

— Kata = 2sin(o+ 22) cos = +sin(o +22) 
a bc 3 3 3 

=> x4 %4% --sin(o+2)+sin(o+22) = 0 
a boc 3 3 

= » (SAEs) = 0 => ab+bc+ca =0 

abc 


EXAMPLE 21 If sin (y +z —x), sin (z+ x—y), sin (x + y —z) are in A.P., prove that tan x, tan y, 
tan z are also in A.P. 

SOLUTION It is given that sin (y +z —~), sin (z + x —y) and sin (x + y —z) are in AP. 

: sin (z+ x —y) —sin (y+Z—x)= sin (x + y—z) —sin (z+ x-y) 

2 sin (x —y) cosz = 2sin (y —2) cos x 

sin (x —y) cosz = sin (y —Z) cos x 

sin x cos y coSsz—cos x sin ycosz = sin y cosz cos x —cos y sin z cos x 

2 sin y cos x cosz = sin x cos y cosz + cos x cos y sin z 

2tany = tanx+tanz [Dividing throughout by cos x cos y cosz] 
tan x, tan y, tan zare in A.P. 


VUUUYY: 


|= 


TRANSFORMATION FORMULAE 8.17 


Ea AO Oo a ge cena 
b Cc 
a+b . 94 em 


sin* (a — pro sin "Gays 
a—b —C 


EXAMPLE 22 If 








+4 sin? (y-—a)=0 
—a 


SOLUTION We have, 
tan(0+a) tan (0+) 




















a b 
a tan (0 + a) 
— = og 
b tan (0 + B) 
a+b tan (8 + a) + tan (6 + B) - ay 
= Appl C do-dividend 
— met an (04 a) Stn (O0) [Applying Componendo-dividendo] 
Me a+b — sin(20+a+f) _.. tanA+tanB _ sin(A+B) 
a—-b _ sin (a —f) ' tanA-tanB  sin(A—B) 
— a sin (a —B) = sin (26+a +8) sin (a —f) 
a-— 
=> a sin? (a —B) - £4 2sin (20-+a.+6) sin (ap) 
= a sin? (a —) = 5 { cos (20 + 26) ~ cos (20+ 2a) | 


Similarly, we obtain 


Be ine) = {£08 (20 + 2y) ~cos (20+ 29) | 
b-—c 2 


-/- 
: ~ sin? (y -— a) 
=—=' (7 





and, 





: {cos (20+ 2a) —cos(20+ 2 


+ 
Ot ee (a — Spi ee cin? 19 ot aoa sin? (y — a) 
a—b b—c c-—a 





3 cos (28 + 28) — cos (20 + 2a) + cos (28 + 2y) —cos(26 + 28) + cos (20 + on) cos (20+ 20| 


eet 


11) = 10) 


I 
Ni] 


cos 68 + 6 cos 48 + 15 cos 28+ 10 
: b | ———  __ = 2 
EXAMPLE 23 Prove tha nos BO cos 30u=10 cos cos 8 


SOLUTION Wehave, 

cos 60 + 6 cos 46 + 15 cos 28 +10 

= (cos 66 + cos 46) + (5 cos 48 + 5 cos 26) + (10 cos 28 + 10) 
(cos 60 + cos 48) +5 (cos 48 + cos 28) + 10 (cos 26 + cos 06) 
2 cos 58 cos 8+5x 2 cos 38 cos 8+ 10x 2 cos 9 cos 9 


2 cos 8 (cos58 +5 cos 38+ 10 cos 6) 
LHS — £08.60 + 6 cos 40 +15 cos 20 +10 
~ cos 50 +5 cos 30+10 cos 6 


2 cos 6 (cos 58. +5 cos 38 + 10 cos 6) 
cos 58 +5 cos 38 +10 cos 6 


= LHS =2 cos 8= RHS 


= LPs § atlases °* 
ee. - 
. 


7. i 


— - ca 
SS + Mernaiieg, ain 
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EXERCISE 8.2 


1. Express each of the following as the product of sines and cosines: 


(i) sin 126 + sin 40 (ii) 
(iv) cos 120 —cos 40 
2. Prove that: 
(i) sin 38°+ sin 22° = sin 82° 
(iii) sin 50°+ sin 10° = cos20° 
(v) sin 105°+ cos105°= cos45° 
3. Prove that: 
(i) cos 55° + cos65° + cos175° = 0 


(iii) cos80° + cos40° —cos20° = 
4n 18 


(v) Sa 2 Bees = 73 sin — 
18 9 9 
(vii) sin 80°—cos70° = cos50° 


4. Prove that: 


(i) cos (+x) ~ cos ( 3 - x) = —./2 sin x 


(ii) cos(T4+xx)+ cos ( = - x)= /2 cos x 


5. Prove that : 

(i) sin 65° + cos 65° 
6. Prove that: 

(i) cos 3A + cos5A + cos7A + cos15A 


=./2 cos 20° 


(ii) cos A+ cos 3A+cos5A+cos7A = 


(iii) sin A + sin 2A + sin 4A + sin 5A 


(iv) sin 3A+sin2A-sinA = 4 sin A cos = cos =4 


(v) cos 20° cos 100° + cos 100° cos 140° — cos 140° cos 200° = — 


(vi) Sie sein eee. sine = 
2 2 2 2 


(vii) cos 0 cos = —cos 38 cos = =sin 76 sin 86. 


7, Prove that: 
sin A + sin 3A 


@) cos A —cos 3 
.. sin9A—sin7A _ LBA 
ite aeaaoA. 

ay SESE an AB 


=cot A 


sin 50 —sin 0 
(v) sin 20+ cos 40 


(iii) cos 120 + cos 80 


(ii) cos 100° + cos20° = cos 40° 
(iv) sin 23°+ sin 37° = cos7° 
(vi) sin 40° + sin 20° = cos10° 


(ii) sin 50°—sin 70° + sin 10° = 0 
0 (iv) cos20° + cos100° + cos140° = 0 


C ] 


vi ose sin — = —— 
(vi) 12 pee /9 


(viii) sin 51°+ cos81° = cos21° 


[NCERT] 
[NCERT] 
(ii) sin 47° + cos 77° =cos 17° 
= 4cos 4A cos5A cos 6A 
4 cos A cos 2A cos 4A 
~ Avene & Gog sin 3A 
2 2 
3A 
3 
4 
sin 26 sin 58. 
[NCERT EXEMPLAR] 


TRANSFORMATION FORMULAE 8.19 


sin A + sin B (4+) (=~) 
—_—________—. = tan cot 
sin A —sin B 2 


cos A + cos B (“) (**) 
—- = cot cot 
cos B—cosA 2 








(iv) 








(v) 


8. Prove that: 

(i) sin A +sin 3A +sin5A 
cos A + cos 3A + cos5A 
cos 3A +2cos5A+cos7A _ cossA 


= tan 3A 


1) eee eee 
(i) cos A+2cos 3A +cos5A cos 3A 
(iii) cos 4A + cos 3A + cos 2A pA iy [NCERT] 


sin 4A +sin 3A+sin2A 


sin 3A +sin5A+sin7A+sin 9A ey 
cos 3A + cos5A +cos7A +cos 9A 


(iv) 


sin 5A —sin 7A + sin 8A —sin 4A = EGA 
cos 4A + cos7A —cos5A —cos 8A 


sin 5A cos 2A —sin 6A cosA 


(vi) ——————___—_——_————- = tan A 
sin A sin 2A —cos 2A cos 3A 
sin 11A sin A +sin7A sin 3A Sansa 


(vit) ———__—____ 
cos 11A sin A +cos7A sin 3A 


(viii) ain 3A Ste 4A —sin A cos2A ry 
sin 4A sin A+cos6AcosA 
sin A sin 2A + sin 3A sin 6A 


sin A cos 2A + sin 3A cos 6A 

sin A+2sin 3A+sin5A _ sin 3A 
sin 3A+2sin5A+sin7A sin5A 
sin (68 + ¢) —2 sin 6+ sin (8-9) S"Ete5 
cos (8 + $) —2 cos 8 + cos (6 — 9) 


(ix) = tan5A 





(x) 


(xi) 


9. Prove that: 


(i) sin a +sinB+sin y—sin(a+B+y) = 4 sin ($5 F) sin (P41) sin (142) 


(ii) cos (A + B+C) + cos(A -B+C) + cos(A + B—C) + cos(-A + B+C) 
= 4cos Acos BcosC 








10. If cos A + cos B=> and sin A +sin B =~, prove that: tan (457) -2 
+B 


11. If cosec A + sec A =cosec B + sec B, prove that: tan A tan B = cot 4 
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tan(A-B) A-1 





13. Prove that: 


(i) cos (A + B+C) + cos(—-A + B+C)+cos(A —-B+C)+cos(A+B-C) | cote 
sin (A + B+C)+sin(—A+B+C)+sin (A —B+C) -sin(A + B-C) 
(ii) sin (B —C) cos(A —D) + sin (C — A) cos(B—D)+ sin (A —B) cos(C —D) = 0 
14. if COS (4 — B) , cos (C +D) 
cos(A+B) cos(C —D) 
If cos (a + B) sin (y + 5) =cos (a —f) sin (y — 9), prove that cot a cot B cot y =cot 6 
If y sin 6=x sin (20 + 9), prove that (x + y) cot (0 + $) =(y — x) cot 0 
If cos(A + B)sin(C —D) =cos(A —B) sin (C+D), prove that tan A tan B tanC + tan D =0 


18. Ifx cos O=y cos (0452) =z cos (0+) , prove that xy + yz+zx =0. 


= 0, prove that tan A tan B tanC tan D =—1 


15. 
16. 
17. 


[NCERT EXEMPLAR] 
19. Ifmsin @ =nsin (0+ 2a), prove that tan (0+ «) cota =" [NCERT EXEMPLAR] 
nN 





1—n 
ANSWERS 
1. (i) 2sin 86 cos 46 (ii) 2 sin 26 cos 30 (iii) 2 cos 108 cos 20 


(iv) —2 sin 86 sin 40 (v) 2 cos (= + 0] cos (= - 30 


HINTS TO NCERT & SELECTED PROBLEMS 
4. (i) LHS=cos = +X |—cos ene —x 


sin 
2 2 


=-2sin = sin x= -2x— sin x =—./2 sin x =RHS 
(ii) LHS = cos (E+x]+00s (Z-*] 
4 4 


9 cos 7 


=2.c0s £008 x= 2x cos x =1/2 cos x = RHS 
cos 4A + cos 3A + cos 2A 
sin 4A + sin 3A +sin 2A 

(cos 4A + cos 2A) + cos 3A 
~ (gin 4A + sin 2A) + sin 3A 

2cos 3AcosA+cos 3A _ cos 3A(2cos A +1) 
9 sin 3A cosA+sin 3A sin 3A(2cosA +1) 


8. (iii) LHS= 


=cot 3A =RHS 
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VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. If(cos a + cos p)? + (sin a + sin p)? = cos” (s=*), write the value of 2. 


2. Write the value of sin a sin on ; 


12 





3. Ifsin A+sin B = aandcosA+cosB = 8, then write the value of tan (4 5 =). 


A-B 
ae 








, A+B 
4. Ifcos A = mcos B, then write the value of cot cot 


1-4 sin 10° sin 70° 


5. Write the value of the expression 
2 sin 10° 





6. IfA+B = 3 and cos A + cos B = 1, then find the value of cos Le 


7. Write the value of sin 12° sin 48° sin 54°. 


8. If sin 2A =A sin 2B, then write the value of ah 


+ 
AW—-1 





sin A+sin 3A 
cos A + cos 3A 
10. If cos (A + B) sin (C —D) =cos (A — B) sin (C + D), then write the value tan A tan B tan C. 


9. Write the value of 





ANSWERS 
14a a 1+m 1 
1. 4 2: ~~ 3. Ppa 4, 5. 1 6. a 
2 B 1-—m V3 
7. i : fan (4 + B) 9. tan 2A 10. —tan D 
8 tan (A — B) 


MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 


1. cos 40° + cos 80° + cos 160° + cos 240° = 


(a) 0 (b) 1 (c) 1/2 (d) -1/2 
2. sin 163° cos 347° + sin 73° sin 167° = 
(a) 0 (b) 1/2 (c) 1 (d) none of these 
3. Ifsin26+sin 26 = = and cos 20+ cos 2¢ = =, then cos” (8-9) = 
(a) 3/8 (b) 5/8 (c) 3/4 (d) 5/4 
4. The value of cos 52° + cos 68° + cos 172° is 
(a) 0 (b) 1 (c) 2 (d) 3/2 
5. The value of sin 78° — sin 66° — sin 42° + sin 6° is 
(a) 1/2 (b) -1/2 (c) =2 (d) none of these 


6. Ifsin a + sin B=aand cos a —cos B =b, then tan S—F = 
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(a) a (b) - (c) a* +b? (d) none of these 
7. COs 35° + cos 85° + cos 155° = 
(a) 0 (b) 5 (c) +5 (d) cos 275° 
8. The value of sin 50° — sin 70° + sin 10° is equal to 
(a) 1 (b) 0 (c) 1/2 (d) 2 
9. sin 47° + sin 61°—sin 11°—sin 25° is equal to 
(a) sin 36° (b) cos 36° (c) sin 7° (d) cos7° 
10. If cos A =m cos B, then cot le cot z = = 
(a) im (b) dec, (c) sided (d) none of these 
m+1 m—2 m—1 


sin A-sinC _ 


11. If A, B,C are in A.P., then = 
cosC —cosA 


(a) tan B (b) cot B (c) tan2B (d) none of these 
12. Ifsin (B+ C —A), sin (C + A —B), sin (A + B—C) areinAP., then cot A, cot B, cot C arein 
(a) GP (b) HP (c) AP (d) none of these 
13. If sin x + sin y = V3 (cos y — cos x), thensin 3x + sin 3y = 
(a) 2sin 3x (b) 0 (c) 1 (d) none of these 
14. Iftana =~ and tan (ae then a +f is equal to 
x+1 2x+1 
(a) 7/2 (b) x/3 (c) 2/6 (d) 2/4 
ANSWERS 





1. (d) 2.(b) 3.(b) 4. (a) 5. (b) 6.(b) 7. (a) 8 (b) 
9.(d4) 10. (c) 11.() 126) 13.(b) 14. (a) 


SUMMARY 
1. (i) 2sin A cos B = sin (A + B) + sin (A —B) 
Gi) 2 cos A sin B = sin (A + B) -sin (A —B) 
(iii) 2 cos A cos B = cos(A + B) + cos(A — B) 
(iv) 2 sin A sin B = cos(A —B) —cos(A + B) 
BED. -C-D 


2. (i) smC+sinD = 2sin : 
(ii) sinC -sinD = 2 sin <— con £*D 
(iii) cosC + cosD = 2 cos <=? eng £=P 
(iv) cosC —cosD = ~2 sin <2 sin C=D 


mz S 


TRIGONOMETRIC RATIOS OF 
MULTIPLE AND SUBMULTIPLE 
ANGLES 


9.1 INTRODUCTION 


In this chapter, we intend to express the trigonometric ratios of multiple angles 2A, 3A, 4A, ... etc. 
in terms of the trigonometric ratios of angle A and the trigonometric ratios of angle A in terms of 
the trigonometric ratios of sub-multiple angles A/2, A/3, A/4... etc. These results will be used to 


find the trigonometric ratios of some important angles viz. 18°, 36°, 54°, 7 > Palen ih etc. 


9.2 TRIGONOMETRIC RATIOS OF ANGLE 2A IN TERMS OF THAT OF ANGLE A 
THEOREM 1 For the values of angle A for which the two sides are meaningful prove that: 
(i) sin2A = 2sin AcosA (ii) cos2A = cos* A-sin? A 
(iii) cos2A = 2 cos* A-1 or, 1+cos2A = 2 cos? A 


(iv) cos2A =1-2sin2A or, 1-cos2A = 2sin7A 


(v) tan 2A = eee (vi). sim DAs = cee 
1—tan“A 1+tan~ A 
7 2 
(vii) cos2A = ae 
1+tan“~ A 


PROOF (i) We know that 
sin (A + B) = sin Acos B+cosA sin B 
— sin 2A = sin AcosA+cosAsin A [Replacing B by A] 
=> sin 2A = 2sin AcosA 
(ii) We know that 
cos (A + B) = cos A cos B-sin A sin B 
=> cos2A = cosAcosA-sinAsinA [Replacing B by A] 
=> cos 2A = cos* A-sin* A 
(iii) We have, 
cos2A = cos* A-sin? A 


=> cos 2A = cos* A- (1 - cos” A) 
=> cos2A = 2cos* A-1 
Again, cos2A = 2cos* A-1 
Ss 1+cos2A = 2cos*A 
(iv) We have, 
cos 2A = cos? A-sin” A 


=> cos 2A (1 —sin? A) -sin? A 


9.2 


=> cos2A =1-2sin7A 
Again, cos2A = 1-2sin2 A 
=> 1—cos2A = 2sin7A 
(v) We know that 
enikArt B)r= tan A + tan B 
1-—tan A tan B 
=x tan 2A = ton Attan A 
1-—tan A tanA 
=> tan 2A ene 
1-—tan“ A 


(vi) We have, 
sin 2A =2sin AcosA 











* sin 2A = 2sin AcosA 
= Sip Ale sees 
sin~ A+cos* A 
2sin AcosA 
2 
=> sin 2A =, 2 5 
sin“ A+cos* A 
cos A 
2sinA 
= sin2A =, cosA___ 
sin~ A cos“A 
Teoh eo 
cos“A cos~A 
= aA = melee 
1+tan“ A 
(vii) We have, 


cos 2A = cos* A-sin? A 
cos? A -sin?A 
1 
cos? A -sin? A 
cos* A+sin7A 
cos? A—sin? A 
cos? A 
cos* A+sin? A 
cos? A 
cos*A_sin*A 


2 2 
= cos 2A = £08, A__cos” A 
cos A , sin A 
cos? A cos? A 
: 1-tan? A 
=> cos 2A = ———~— 
1+tan7A 


— cos2A = 


=> cos 2A 
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[Replacing B by A] 


[ sin? A + cos” A=1] 


[Dividing Numerator and Denominator by cos” A] 


[Replacing 1 by cos? A + sin? A] 


[Dividing Numerator and Denominator by cos A] 
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REMARK In the above formulae it should be noted that the angle on the RHS is half of the angle on LHS. 
2 tan 30° Bike 


1 —tan 30 





sin 60° = 2 sin 30° cos 30°, cos 120°= cos? 60 — sin? 60°, tan 60° = 


9.3 TRIGONOMETRIC RATIOS OF THE ANGLE A IN TERMS OF THAT OF ANGLE $ 


The relations in section 9.2 are true for all values of the angle A for which the two sides are 
meaningful. Replacing A by A/2 in the above relations, we obtain the following relations: 


(i) sin A = 2sin (=) cos (=) (ii) cos A = cos” (=) sin? (=) 
(iii) cos A =2 cos (f )-1 or, 1+cosA = 2 cos” (+) 
(iv) cosA =1—-2sin (4 or, 1-cosA = 2sin” (+) 
2 tan (F 2 tan (=) 
(v) tan A = (vi) sin A = 


1 + tan” (5) 
2 


=) 
1 -tan2( =) 
1+ tan? 1+ tan?(4) 


9.4 TRIGONOMETRIC RATIOS OF THE ANGLE A/2 IN TERMS OF COS A 
We have, 


cos A =2 cos “1 => 2 cos? © =1+cosA > cos £ = p proces 


The sign on RHS depends upon the quadrant in which angle . lies. 


cos A = 1-2sin? & —- 2 sin? = - 1-—cosA > sin = 4 Poe 


The sign on RHS depends upon the quadrant in which angle ¢ lies. 


5 tA. 1-—cosA 
sin — > fa = A 
Now, Be 2 = + _—— =+ ose 
2 cos F | — +cos A 


The sign on RHS depends upon the quadrant in which angle $ lies. 


(vii) cosA = 


Also, 





REMARK These relations are very useful to find the eae ratios of the angles 
22 : Pe’ 1 , il 1 etc. 
2 ead 2 
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ILLUSTRATIVE EXAMPLES 


Type I ON FINDING THE VALUES OF sin 2A, cos 2A, tan 2A ETC WHEN VALUES OF sin A OR cosA 
OR tan A ARE GIVEN 


EXAMPLE1 Ifsin A = =, where 0° <A < 90°, find the values of sin 2A, cos 2A, tan 2A and sin 4A. 


SOLUTION Wehave, sinA = 2 , Where 0° <A <90°. 


cos? A = 1-sin2 A 





—w cos A = +1-sin? A = 1-5 -= [." cosA >0 for0<A<90°] 
Ertl = sin A 2 3 
cos A 4 
Now, 
pees AcossA = 2x 2 = 2t 
5> 25 
2 
cos2A = 1-2sin2 A=] — ~2x( =) = Ze 
5 25 
Die: 6 
ap) = ee a E | 
1—tan? A (3) eee 4 
ri 16 
and, sin 4A = 2sin 2A cos2A = Deen ¥ a = 336 is sin 2A _ 24 and cos 2A ie 
25.25 625 25 25 | 


1 1 TC 1 T 

EXAMPLE2 Iftana = —,sin®B = ——. Prove thata+2B = —,where0 <a <—and0<B<-. 
y 7 B /10 P 4 2 B 2 

SOLUTION Inorder to prove that a + 2B = zit it is sufficient to prove that tan (a + 28) = tan 5 alg 


We have, sin B=, where a 


ut 1 
cosB = ‘fee — sin? p= f-2 Cay sla tanp = “SE = V0 = 2 
410 


In order to find the value of tan (a + 2B), we require the values of tan a and tan 28. The values 
of tan a is given. So, let us find tan 28. 


Now, tan 28 =e 
1-—tan~* B 


1 
2a 
ee pe ee 





Thus, we have ; 
tana = ; and tan 26 = a 
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Ps: 
tan (a + 28) = tana +tan 2B _ = 
1-tanatan2B 4,_, 28 —3 
7 4 
Tt 
= a+2B = — 
B 4 


Type II ON PROVING RESULTS AND IDENTITIES BASED UPON THE FOLLOWING FORMULAE: 
sin 20 =2 sin 0 cos 0, 1+ cos 20=2 cos“ 0, 1—cos 20=2 sin2 6 

sin 0 = A et he 1 + cos 8= 2 cos” 8 ,1—cos8= 2 sin? — 0 

O44 oe 2 * 2 


EXAMPLE3 Prove that: 


1 + cos 20 1 —cos 20 
(iii) Drrigin Ze gacus28 = cold Gig) cose, ene Oie0s Dees 
1 + sin 20 —cos 20 1+ sin 8+ cos 9 2 
(v) mas = tan (F-8) (vi) cos = tan (=-3) 
1 + sin 20 4 1+ sin 8 Ain) 


SOLUTION (i) We have, sin 20 =2sin 0 cos0 and 1 + cos20 = 2cos7 0. 


LHS = sin 20 _ 2 sin @ cos @ ~ tan 0 = RHS 
1+ cos 20 2 cos” 0 


(ii) LHS = Ee ae RHS 


1 —cos 20 2 sin2 6 


1+sin 20+ cos 20 (1+ cos 26) + sin 20 





(iii) LHS =———___—_——__ = - 
1+sin 20—cos28 (1 -—cos 26) + sin 20 
2 . : 
_ 2 cos 8 + 2 sin 8 cos 8 29) Se COS ESOS re) C08 OG -RHS 
2sin26+2sin@cos@ 2sinO(cos@+sin@) sin O 
(iv) LHS = 1+sin9-cos@ _ (1-—cos 6) +sin 6 
1+sin8+cos@ (1+ cos 8)+sin 6 
2 sin Sie isin ices 2 sin 5 sin 5 + cos =) 
2 2 2 pXCae 2 2 Di}: a. Q) = 
= i .—_—_————i—_— ss = = tan — = RUS 
Dich? Oaaisin wueoas 2 cos $(sin 2 + cos 2 2 
2 2 2 2 2 2 
(v) LHS = —°08.28_ 
1+ sin 20 
sin (5-20 
— LHS = ————_——_~ E cos A'=sin(>—A), sin A =cos(E—~A)} 
1 + cos( = -28) 2 2 
2 
2 sin (0) cos( £—0 be 
> LHS = [sin A =2sin4 cos 4 661+ cos =2eas* 4] 


2 =) 
2 cos (3 
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= LHS = tan(~9) = RHS 








DeRBiD 1+cos(F—0) 2 cos? (2) 
ty - 4 2 
EXAMPLE 4 Show that: [2+ J2+./2+2 cos 80 = 2 cos 0, 0<O<— 
SOLUTION We have, 
LHs = [2+,J2+ od sas 8 

AP + {2 + |2 (2 cos” 40) E 1 + cos 80 =2 cos” ~ =2 cos40] 
: 2+ 42+ (4 cos? 40) 

LHS = 2+ 2 (2 cos? 26) [-- 1+ cos 40 =2 cos? 26] 





wi) sac ae cos sin (—6) G2) al 5 = 


No 


te ty 
BOB 
Il Il 











[NCERT] 


ot ge? 


_ LHS =cos 4x =cos 2 (2x) =1-2 sin? 2x = 1-2(sin 2x)? 


+ = Poet oa oN tee “A 3 y ‘Ouese 5 
=1—-2(2sin x cos x ) =1-8 sin? x cos? x=RHS 





cp ae” 4 
ft wrr 
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SOLUTION We have, 


LHS = Sec 88-1 
sec 48 —1 
dees 24 
oy) PETS as cos 88 _1—cos 80 | cos 46 
1 _,  cos8@ 1 -cos 40 
cos 48 
F py Ge R200 one wea 
2 sin2 40 ns 46 - 1-—cos 86=2sin ke; =2 sin~ 40 
=> LHS = —_- *§ ae 
cos 88 = 2 sin* 20 arid: cos 40'=2 sin 29 Bin? 20 
é 2 
=s HS = (2 sin 46 cos 46) sin 48 
cos 88 2 sin? 20 
+ LHS = 2 sin 48 cos 40 s 2 sin 28 cos 28 
cos 880 2 sin? 20 
-. LHS = sin 2 (46) . coz’ # sin 80 . cose? = tan 80 cot20 = tan 88 _ prs 
cos 88 sin 20 cos 86 sin 20 tan 26 
EXAMPLES Prove that: (1 + cos £)(1 + cos $)(1 + cos 08 SE (1 + cos =)-+ 
8 8 8 8 8 
[NCERT EXEMPLAR] 
SOLUTION We observe that 
cog = cos n-=) =~ cos 7 and, cos 5 = cos(n-32) = eon 
8 8 8 8 8 . 8 
3m 5x 7k | 2 
» LHS =/14 z)(1+ 5B)(14 cos }(1+20s =) | 
( ea eal: 8 a) | 
3r 3 . 3s mee DEN t? 
= LHS = 1 +cos (1+ os 58 )(1-cos } ae i= =a, | é 
( 8 C g J ~ Bb 8 i | i LX Bs 


4 
~~ 


LHS Rh \C4 2 aad 3x Eo | z 
= = {(1+2083)(1-cos 5} {(2+0m : 3)(1- cos. ) | tik Sale: =< HE 
= _ ne ane ‘3 a a2 £5 . ct. F as | AX 
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SOLUTION (i) We know that 


7% T 51 3n 
— = n-— and — = t-— 
8 8 8 8 

3m 


7% T 5x 
:: — =- — and cos— = —cos — -* cos (m—0) =—cos 8] 
cos 3 coer n 5 Cc 3 [ ( ) 
= cos* Lik = cos* ® and cos* 2 = cos* on 
8 8 8 8 
sA7 
8 


3m 4 30 47 
= LHS = cos* r+. cos* —+cos*’ —+cos — 
8 8 8 8 


2 Wek) = cos* +cos* > +cos* = + co 


=> LHS = 2 cos! © +2 cost 


a 
4 
2 2 
2 1 1 
LHS = —4;1+—= (aes 
= 24( ) +| 5) 
STTHS ici 
2 


sint = = sin*(n—4) = sin* = and, sin’ >= = sin* (n- 5) = need 


8 8 8 
LHS = sin’ 24 sin* 52 + sin# 2 + sint & 
= LHS = sint T+ sint “+ sin4=*+sin*2 
=> LHS = { sin’ +sint SI 
2 2 
=> LHS = (ss 4 +(sin? =) 
8 8 
2 2 
31 
1 —cos— 1 —cos— pa 
“4 v3) Alacer’ fy aoe 
2 2 
2 1 31 
= — _ — 1- — 
= LHS -( cos *) +( cos 22) | 
: 1 - : y +(0+ J ) =1{(1+b-2)+(1+5 +2) =3 —RHS 
= WHS =>)" a) tm a\t*2 2 2 


TRIGONOMETRIC RATIOS OF MULTIPLE AND SUBMULTIPLE ANGLES 9.9 
EXAMPLE10 Prove that: 
(i) cos* A + cos” [A + 22) + cos” [A -=)=5 


(ii) cos* A + cos (A +: 4 + COS (A - =) : [NCERT EXEMPLAR] 


SOLUTION (i) We have, 


LHS i= cos” A + cos (A + = ) cos” [4 -=) 


= LHS = 2 2 cos? A +2 cos” (A+ 2) +2 cos” (4-2) 
2 3 3 
1 2 tt \| 
= LHS = 3/14 00s 24 +4 {1+ cos 2 egg +41+cos2 re 
=> LHS = 4 1+cos2A +14-cos(2A +32) +1 + cos(2A -S%) 
2 3 \ 3 
= CHS = 3 | 3+ co 2A + {cos(2A +42) +.cos(2a-S2) | 
— Sto) — 5| 3+ 0s 2A +2 cos 2A cos =] [. cos (A + B) + cos(A — B) =2 cos A cos B] 
= LHS = 5| 3+ 008 2A +2(c0s 2A)(-5)]=5 (3+ cos 2A — - cos 2A) == =RHS 


(ii) We have, 
LHS = cos* A + cos [4 + =| + cos” [A -=) 


= LHS = 52 cos? A +2 cos” (4+2)+20057(a-5)| 
2 3 3 
1 2n 2 
a R= 5 (1 + cos 2A) +1 + cos 2A + +1+ cos PONS 
— 1 Jilats = ss 3 + cos 2A +-| cos(2A +=") + cos(2A ~2%)} 
2 3 3 
— rss : an = [ cos (A + B) + cos(A — B) =2 cosA cos B ] 
=> GElon— ; {3-+.cos 2A + 2(cos 2A) x—5| 
= LHS = ; {3 + cos 2A —cos 2A}=— =RHS 


EXAMPLE11_ Prove that: 


(i) sin 5x —2 sin 3x+siNX _ ny [NCERT] 
cos 5x —cos x 


(ii) sin 2x +2sin 4x + sin 6x=4 cos’ x sin 4x [NCERT] 
.... Sin X—Sin 3x : 
(iii) eG Soa Ss a 2 sin x [NCERT] 


sin~ x —cos* x 
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SOLUTION (i) We have, 
LHS sin 5x —2 sin 3x + sin x 
cos 5x —cos x 
(sin 5x + sin x) —2 sin 3x 
cos 5x — cos x 


. (5x4+x 5x-x : 
2 sin =m cos 5 —2 sin 3x se 
= LHS = _ 2sin 3x cos 2x —2 sin Sx 


~2sin (>=**) sin (>==*) —2 sin 3x sin 2x 





2 


=o LHS = 2sin 3x(1—cos2x) 1-—cos2x_ 2sin“ x 
—2 sin 3x sin 2x sin 2x 2 sin cos x 

(ii) We have, 
LHS = sin 2x +2 sin 4x + sin 6x 

= LHS = (sin 6x + sin 2x) + 2 sin 4x 

=> ~~ LHS 2 sin( E52) cos ==) +2sin 4x 

2 sin 4x cos 2x + 2 sin 4x 

2 sin 4x (cos 2x +1)= 2 sin 4x x 2 cos* x =4 cos? x sin 4x = RHS 


. (=*) (= =) 
2 sin | ———— | cos| ————_— 
_ sinx-sin 3x _ 2 2 


a 





tl 














Ree x > —(cos* x — sin” x) 
. et sin x cos 2x 


. =2 sin x = RHS 
— cos 2x 


_ EXAMPLE12 Show that 2s! 7B +4cos (a +B) sinia'sin Bt cos2 (a+) =cos2a 
SOLUTION Wehave, _ : ae [NCERT sea! 


- « — —™ os i Sf | y yx = 
Lip = Zsin 5+ 4co 


» 
= = aren ~ + 
THS tls a fe £ 
ame » = S~+) 0 on \ 
. 
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| V3 cos 20°—sin 20° 











= LHS = 

sin 20° cos 20° 

2) cos 20°} sin 20 
— LHS = 
sin 20° cos 20° 

. ° Oo) . ° 

oe LHS = 2 (sin 60 SZ cos 60° sin 20°) 
sin 20° cos 20° 

; o_ °o : ° s -4No . ° 

- LHS = 2sin (60°-20°)_ 2sin40°  — 4sin 40 4 sin 40 = 4=RHS 


sin 20° cos 20° sin 20°cos 20° 2 sin 20° cos 20° zr sin 40° 
4 tan 0(1 — tan? 6) 


5 ri [NCERT] 
1 —6 tan~ 0+ tan~ 8 


EXAMPLE 14 Prove that: tan 40 = 





SOLUTION We have, 
LHS = tan 40 = tan (2 20) 
2 tan 20 
1 —tan? 20 
2 tan 8 
1-—tan? @ 


— LHS = 


2 


=> LHS = 
2 tan 9 


1—tan? 0 
sean fer 
= LHS = ton: tan uJ ss Sno tan 2 * 
) (1—tan* 6)“—4tan“@ 1-6 tan* 0+ tan* 0 








Type III ON FINDING THE VALUES OF sin=, = meg VALUES ae dane ah 
tanx ARE GIVEN 


EXAMPLE15 If 0 jee 





ae | 


9.12 














and, tan - 





(ii) It is given that x lies in the III quadrant. 


, 3r 
i.e. T<x<— 
2 

Te OT 

=> —<—<— 
) aay ele: 
x 

=> — 


5 lies in IInd quadrant => cos 5 <0, sin 5 >0 and tan~<0 


x 1+cosx 
cos — = frees 
2 2 





x [itss* 
=> cos — = —./———_ 
2 2 
= cos% = —L = - 7 
2 2 V3 
and, sin X = 2 [POS 
2 2 
wae s 1-—cosx 
—> sn-—- = —_—— 
2 1 2 
= ae 1+1/3 - 2 
2 2 3 


and, tan 2 a SI X/2 Pe nnlG 


2 cosx/2 3 


(iii) It is given that x lies in IVth quadrant in which cos x is positive. 


sin x = -+ => cosx = 1 -sin? x = fr-4 = = 


Now, 
x lies in IVth quadrant 
> ecx<2n 
ey ae ¢ 
= —<—<n" 
4 2 
peepee x Paar! x 
= 7 lesunilnjeiauactant => cos = <0, sin 5 >0 and tan <0 


2 


2 2 
Bee 1 + cosx 
ma 2 ' 2 


MATHEMATICS-xI 


ve | 
"*" cos — 1S-Ve)} 
2 5 

1] 

°°" COSxX=-~— 

| 3) 
tee 

E sin ~>0) 
2. 


ee 
“* COS X¥=— 
3 
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Sin rap 1 —cos x 
2 \ 2 
ae [1 = cos x 2 IX 
= sin — = ,/————_ -" sin—>O 
2 2, 2 
= ain = 1-V3/2 _y2-V3 “9 eee) 
o Nie i 2 2 
x _sin(x/2)_ 2-V3_ -2 EN) 
and, t ht a So a ee pe es 
2 cos(x/2) 2 Debits IAs 
3 3r web x x 
EXAMPLE 16 Ef tan Aig ind the values of sin Bi? Coane tan > [NCERT] 
SOLUTION It is given that 
31 
tan x =— and, t<x <— 
4 2 
1 3x A ' 
cos X= = ." @1<X<—— .. COS X Is negative 
1+tan? x 2 
4 
a cos X = — ————— = - — 
9 5 
1+— 
16 
a ec gs % 2 OT, cos x <Q and sin x >0 
25 Dh eae 
x 1+cosx Pah) 1 —cos x 
cos =-| and, sin 2 =| 
2 2 2 
tse 
=> peepee a | a = 
2 2 2 
— nS a and Sin 3 
2 10 ‘ 2 10 
x 
go AES 8 /A0. 
2 COS =f 
1 x 3 x 
Hence, cos — = ,sin — =—= and tan—= -3 
10 2 10 2 


Type IV ON FINDING THE VALUES TRIGONOMETRICAL FUNCTIONS FOR ,——,— 


| a= = 
Formulae: Coe pba (SEN noe pow ee tan 4 = + 1—cos A 
2 2 2 2 2 1+cosA 


EXAMPLE17 Find the values of 


(i) cos= (ii) sn = (ii) tam = [NCERT] (iv) sin x (v) cos 


8 8 8 





1+ 
SOLUTION (i) We know that cos “ =+ = a 


Putting A =F we get 


24 


ene MATHEMATICSxI 


Tt = ee + cos 1/4 sa 
Sed "* cos — iS+ ve 
8 8 
T 1 a ae 
=> Sie 


(ii) We have, 





: 1—cos A A 
sin — 
2 


Putting A = 7 we get 


* = ee k sin Tis + al 
8 J 
1- ane - ae 
"8 2/2 


(iii) We have, 


tan 4 ine 1—cos A 
2 1+cosA 


Putting A = i we get 
tan = = anes ni" * tan — T is+ ve 
oS 8 
= 1=1/42 _ [v2-1 _ |__W2-1"" 
1e1/J2~ \J241 W240 W2-1) © 


(iv) We observe that 


sin 


a ve 


— 














ue (3 =| x V¥3+1 
cos —— = COS| ——— = cos cos +sin ~sin “= 
12 4 6 4 6 6 22 
Putting A=, in sin = =4 Pr soe4 weget 
Te V3 +1 
Sag, (ER _ [= RE ARTB 
ea ae 2./2 
1+cosA 
(v) Putting A =—— in cos 4 °) ee Sap 
24 2 
‘ V3 +1 * 
1 3 een 2 “+ cos—- =cos7— is+ve 


2J/2+V3+1 _ ee - OR 
=z 2. RES = Ae -~- —2 
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EXAMPLE18 Prove that: 
(i) cot = V2 +13 + V4 + V6 (ii) tan © = 4+ 2V2 -(v2 +1) 
(iii) tan 142 = =2+/2-J3 -V6 


SOLUTION (i) We have, 


LHS = cot — 
24 
cos" 2cos— cos —— 2 cos* — 1 + cos — 
= Lig 2 et ee eee 
sin 2 sin — cos — 2 sin —- cos sin — 
24 24 24 24 12 





S (=-=) V3 -1 V3 -1 (V3 -1) (V3 +1) 
4 6 2/2 
= Lys - 246 + 2v2 + 3+ V3 +V3 +1 _ 2/6 + 2V2 +2V3 +4 
3-1 2 
= LHS = J2+J3+24+V76 = ¥2+V3+V4+6 = RHS 
~ sin sin ~ 2 sin = 2 sin? 1-cos = 
(ii) LHS = tan © = —16 216) ee 
—- 2 2 — co sin — 
cos -F: cos 7 sin “a sin ie Sac z 
1+cos— 
eet 
Tt 
1 —cos — 
4 
2 
1 
JZ - 1 +005 % as Ieee 
=> Ee oes ae Fn v2 
1-—cos— os 
4 J2 
2/2 —.[J2+1 V2V2-JJ2+1 
=> LHS = Soy arson ee Saale 
W217 V2 
% ee 212 fJ2 +1 -y(W2 +1)? s J2V2 (V2 +1) —(V2 +1) 


Pp (v2 +1) (V2 -1) a1 
=> LHS = /4+2V2 -(V2+1) = RHS 


(iii) LHS = tan 142 =tan {180° 974 -tnard fine 





bs 


MATHEMATICS-XI 


ary 5x 5x Snr . on 


Y 





y 


le 

18 = | 2J/2_|_ (2V2-VJ3+1 - _2V2-V3 +1) (V3 -1) 
ee (ee )-- S352) 3 — 
| Ye | 2/2 

=. tes ik : [aes (v3 - a - (V3 - =a} 











3-1 


. pe oe + Sea] ae: -2-¥3)| 


Pa TF LHS = -V6+V2+2-V3 = 24+ /2-J3-V6 = RHS 
iy Tae ILLUSTRATIVE EXAMPLES 





sin 2" A 


2” sin A 


..cos 27-1 4 — 





TAN “RESULT Prove that: cos A cos 2A cos 2? A cos 23 A. 
ees Lae 2 3 1 
Hs 108 A 08 24 cos 2 A cos 23 A... cos 2"- A 
ee seen a 2 Acos 23 A... cos 2-1 al 


ss 


m3 


* a 2 A cos 8 2? A cos 23 A... cos 2"-1 A] 


2A) ort . cos 2" ‘al 


= 
| ei. : ee zu ots J ee = 


* 

AT: 2 : = 

ini 4 ‘OS A Ai CO 5 A fi coat cos A} 
“* foe “> J « - 
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| Type V PROBLEMS BASED ON THE FORMULA 
| 


: n 
cos A cos 2A cas'22ece'99 A. cosa ee a A 
2" sin A 


EXAMPLE 19 If 0 = —., prove that: 2" cos @ cos 20 cos 27 6... cos 2"— 19 =1. 
+ 


SOLUTION We have, 


Q9=-—"_ > 2" 940=n => 2" 0=2-0 
9 ae | 
». 2" cos 0 cos 20 cos 27 0... cos 2" 19 
HM sin on 0 sin 2" 9 sin (x — 8) 


=. S| eo ~ 2"9= —6 
2"sino| sine sin 0 Fl 


EXAMPLE 20 Prove that: cos 20° cos 40° cos 60° cos 80° = “2 


SOLUTION We have, 
LHS = cos 20° cos 40° cos 60° cos 80° 








= LHS = = (cos 20° cos 40° cos 80°) 
=> LHS = (cos A cos 2A cos 22 A), where A =20° 
. 3 
= Hs = h| Se eee 
2\ 2° sin A 27 sin A 

) 1 sin160° 1 sin(180°-20°) 1 sin20° 1 1 | atte 
of sin20° 24 ~~ sin20°—(‘éik Sin 2O®s FSG —t—sS 
- ; ; : 
) EXAMPLE 21 Prove that: cog ticgs cos ee = bag tans re 
| : 7 7 7 8 i A > 4,2 Sj * a 
2% An | a RE Sg AY 0S Ft eee S oe ee ee 
, LHS = cos — — cos — 35 aR es Sk Ee Re 2 
; Be 7 7: “— is ay Six a Gee YX OE ag ek cf 


9.18 MATHEMATICS-XI 
2m 4n 1 
LHS =- — cOS— cos — = 4 -— 
=> cos = 7 cos 7 cos 7 { =| : [See Example 21] 
= LHS =; =RHS 


EXAMPLE 23 Prove that: cos “. cos at cos Br cos ‘ey = A. 


15 15 15) 16 
SOLUTION We have, 


LHS = cos = cos an cos Sr cos{ x -=) 


15 15 15 
= LHS = (cos ZF cos S cos st (cos =] [‘- cos (7-0) =—cos 0] 
15 15 15 15 
= LHS = —cos— cos ze cos fa cos ox 


5 15 15 15 
=> LHS = —cos A cos 2A cos 27 A cos 2° A, where A = — 


sin 27 A sin 16A 


=> LHS = ay Cre = a 
2* sin A 2* sin A 
ein ook sin (n+) sin 
Liss —— — SS a Gy a Ce 
16 sin — 16sin— 16sin 16 
5 15 


EXAMPLE 24 Prove that: 
T 3r Sime. 9M. ee. 138% 1 
sin — sin — sin — sin — sin — sin —— sin —— = — 
14 14 14 14 14 14 14 64 
SOLUTION We know that 


A+B=nx => sin A=sin(x-—B) =sin B 


mon, Sn lin _, Se, 9m | 
14 14 - 14) 4 Pia 214 
78 P13. <<. 3% >. Ll oT . On 
*. sin — = sin —, sin — = sin — , sin = sin — 
14 14 14 14 14 14 
St. OW. 2, . 9 » ir... 18% 
; LHS: = sin — sin ~~ sin — sin — sin — sin 


14 14 14 14 14 14 14 


3m 5x . 7x . 32 8 

=> LHSLHS = sin [sin [sin 7 sin ge Wa 
2 

= LHS = {sin © sin 2 sin 7 ee 


14 14 14 14 
=> LHS = sin sin 3 sin 58)" x1 
14 
tT 3 tw On 
S's {e0s(5 5a) Jers (3 7) (5 a 
2 2 
6n 4x 2n T og a cos 3h -(5) "a See E 1 
LHS = { cos $ eo i = {cos cos cos 2} 3 6A [ xample 21] 


5 7% 
EXAMPLE 25 Find the value of sin — T 7 sin ae sin — Ty 


ae eB 84 Fee n e 


~~ 


2S) ee 
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SOLUTION We have, 
Suet: = 2070). *,. AC 
sin — sin — sin — 
18 18 18 


(= 4 (= a4 (= | 
cos | — —-— | cos! — —— | cos | —-—-— 
2 18 2» 18 2 AS 
4nr 21 18 
cos — cos — cos — 
9 9 9 


sin (23 x 5) sin or sin ( n—*) sin= 
ee 9 ee, sore 


23 sin - § sin z 8 sin — 8 sin 








EXAMPLE 26 Prove that: 


‘18 2 
15 15 15 15 15 15 ~ 15 ~ 128 
SOLUTION Wehave, 
2n 3r 4x 5 6 7% 


LHS = cos — cos — cos — cos — cos — cos — cos — 
= 15 15 15 15 15 15 


14 2n An hf 3x a 51 
=< cos— cos—— cos— cos——>} 4 cos—— cos—} cos— 
15 15 15 15 15 15 


1 a 21 An a 3n a4 5x Tt | 
=— 4 cos — cos — cos — cos — cos —— cos — .* cos — =cos — =— 
15 15 15 15 15 15 15 3 2 


1 5 {508 2r An =I { 3n =| 71 ( =) 8x 
=— cos — cos — cos — cos —} 4 cos — cos —} |*.. cos—— =cos| m-——— | =—cos— 
2 15 15 





15 15 15 15 15 15 15 
4 
es sin (27x =") 
bs A 1BE lie. 15 
2 24 sin — 92 sin 2 
15 15 
. 16% Se): , T ‘ 4 
ie a sin | t+— sin | t——— 
me Seas ta dram | ae! ( | , ( 15 
2! 46sin—|: “| deine | 2 | eae in 3 
15 15 1 
Near OT 
=-—— 158 x De =— — xX —— x — = — = RHS 
2 \a6sin| lac SE| 2 “16 4 128 


15 15 
EXAMPLE 27 Prove that: (1+ sec 26)(1 + sec 46) (1 + sec 86)...(1+sec2” 6) = tan 2”6 cot6,n EN. 


SOLUTION We have, 
LHS = (1+ sec 26) (1 + sec 46) (1 + sec 86)... (1 + sec 2” 6) 
(1 + cos 26) (1 + cos 46) (1 + cos 88)... (1 + cos 2” 6) 
cos 20 cos 46 cos 80... cos 2” 9 
(2 cos” 6) (2 cos” 20) (2 cos* 276)... (2 cos? 2-1 g) 
cos 20 cos 2” @ cos 2° @... cos 2" 9 


= LHS = 


= LHS = 


" 
=> LHS = ar {608 0 cos 20 cos 27 0... cos 2" 
cos 2” 9 


=> LHS 


2" cos 0 | sin 2” 0 

cos 2” 9 | 2” sin 0 

Type VI MISCELLANEOUS PROBLEMS BASED UPON FOLLOWING FORMULAE 
sin 28 =2 sin 0 cos 0, cos 20 =cos* 0 —sin? 0, cos 20 =2 cos 0 —1, 


= tan 2” @ cot 0=RHS 


MATHEMATICS-XI 


2 — tan? é 
cos 20 =1—2 sin? @, tan 20=—~ 9? cos 29 => gin 29 = 2 NO 
1—tan~ 6 1+ tan“ 0 1+ tan” 0 
| 
EXAMPLE 28 If tan? 0=2 tan” $+1, prove that cos 20 + sin? p=0. 
SOLUTION We have, 
2 
| cos 20 = ae 
1+ tan 6 
:. 2 
cos20+ sin? 6=——@" © 5 sin? 
1+ tan“ 6 
fie: 2 
= cos 20 + sin? = eas in [-.- tan? @=2 tan? +1] 
1+(2 tan* 6+1) 
=9'tan2 Ra 
~ cos 20+ sin? § = —=HO OP 4 gin? y = =O 8, cin2y = — sin? g+sin29=0 
2+2tan~ o sec” 
EXAMPLE 29 Prove that: 
ee FS. 4 ‘ = g re 
(i) fle Co ae 4x (ii) eee COS yt. cost 
cotx—tanx 2 1—2 cos 3x 
7x — 
(iii) OSTA COSISK 2x —cos 3x 


1+2cos5x 
SOLUTION (i) We have, 


1+ cos 4x 2 cos 2x x cos X sin x 2 cos” 2xx2sin x cosx 


a = 
= Soo — — — — 


cot x — tan x cos? x —sin2 x i 2 cos 2x 


= cos 2x sin 2x == (2sin 2x cos 2x) = = sin 4x =RHS 


(ii) We have, 
cos 5x + cos 4x 
oes 1-2 cos 3x 
_ sin 3x (cos5x + cos 4x) 
me Bee in a¥ lc 2 cos 32) 
{2sin $ cos I {2 €08 S cos = 
ae 2 2% 2 2 
= Bb x sin 3x —2 sin 3x cos 3x 
4 sin om cos ox cos Bx cos il We OS ana! cog cos 
Be PSS) = i ee a 2 2 2 2 
=> LHS = = 








[Multiplying and dividing by sin 3x] 


sin 3x —sin 6x 2 sin 22—** ) cos SE = 5) 


2 


ee ee 


a at 
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. 8x 3x 9x x 
4 sin — cos — cos — cos — 
9) 2 2 2 


=> LHS = 
( =) 9x 
2 sin | —— | cos — 
2 2 
eo 3x 9x x 
4 sin — cos — cos — cos — 3x x 
=> DHS = ———4— eS? cos cose —(cos 2x + cos x) = RHS 
3x 9x 2 2 


— 2 sin — cos — 
2 2 


(iii) We have, 
cos 7x —cos 8x 





LHS = 
1+2cos5x 
2 sin Be (Ga 7x —cos 8x) 5x 
=> LHS = —_4,____— | Multiplying numerator and denominator by 2 sin 4 
ek: 9 
2 sin a Mt + 2.c0s52) 
O ein coe 7% —O sin ee cosihe 9 sii cos 2 sin or CORES 
=> LHS = 2 5 5 2 St EAI 
2sin ~ + 4 sin ~ cos5x 2 {sin +2sin 2 cos5z| 
2 2 2 2 
(si 19x. =) (si 21%) 8 =) 
sin —— — sin — |-| sin —— —sin —— 
=> LHS z : z g 
% {si 5x. 15x... al 
2 < sin — + sin —— —sin — 
2 2 2 
(si 19x. =") (si ox, a) 
sin —— + sin ——| —| sin — + sin —— 
LHS 2 2 2 2 
= ie . 15x 
2 sin —— 
2 
19x 11x) (19x _ 1x Ox ,2ix)  (9x_2ix 
2 sin calor = NDR cos I. ye Die —2 sin 2. P28: cos of SQE 
2. 2 2 7 
am eboar 15x 
2 sin —— 
2 
2 sin = cos 2 22 sin cosas) 
=> LHS = 2 5x 2 = cos 2x —cos 3x = RHS 
mal Ts 


EXAMPLE 30 If tan a = P where o. = 6B, a being an acute angle, prove that 
q 


5 {P cosec 28 - q sec 2p | = VP" +47 


SOLUTION Wehave, tan a = P 


q 
q 


sn ee 
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Now, 


ie 


- 34 p cosec 2} — qsec 28| 





2 2 
=> LHS = fe aa 1] P cosec 28 — a er. | 
2. q 


pr +q p> + 
2 2 2 2 
= LHS =r Sea sin a cosec 2 — cos a sec 28| NET soc el AS a) 
2 2 sin 2B cos 26 
2 2 - ; 
= LHS = p +q SE OACOS 2 iees OS BM. 20 
2 sin 2B cos 2B 
in (a — 2B) 2, 2 | sin (68 — 2p) 
LHS = |p? Dap pest 2B) | S| sin (6p — 2p) SF 
= Peed por Rete sin 4p Pare 
=> LHS = p? +q* = RHS. 


EXAMPLE 31 Prove that: tan a + 2 tan 2a + 4 tan 4a + 8 cot 8a = cota 
SOLUTION We have, 


we ky! Bi 2 
cot § —tan 0 : Beripee eee 8 _ 5 1—tan*” 0 = 2 
tan 6 tan 0 2 tan 9 tan 20 








cot § — tan 6 


2 cot 20 ...(i) 


LHS = tan a +2 tan 2a + 4 tan 4a + 8 cot 8a 
LHS = cot a —cot a + tan a +2 tan 2a +4 tan 4a + 8cot 8a 


LHS = cot a —{cot a—tan a—2 tan 20 —4 tan 4a —8cot8a} 

LHS = cot a — {(cota—tan a) —2 tan 2a —4 tan 40 —8cot8a} 

LHS = cot a —{2cot20 —2tan 2a —4tan 4a —8cot8a} 

LHS = cota —{2 (cot 2a — tan 2a) — 4tan 4a —8cot 8a} [Using (i)] 
LHS = cota —{2x 2 cot 2(2a) —4tan 4a —8cot 8a} [Using (i)] 
LHS = cota — {4 (cot 4a — tan 4a) — 8 cot 8a} [Using (i)] 


LHS = cota — {4x 2cot 2 (4a) —8 cot 8a} 
LHS =-cota—(8 cot 8a —8 cot 8a)=cot a =RHS 


VUUVVUYYY 2 
z 


tan a + tan ¥ sin 2a + sin 2y 
tan B = —————__,, prove that sin 28 = ———_—__—__ 
EXAMPLES2 If tanB = 7 tanatany’? Be aaaiicci Gain 27 
SOLUTION _ It is given that 
tan a + tan Y 
tan B = 


1+ tan a tan y 

sina | sin ¥ 

cosa cosy _Ssinacosy+cosasiny _ sin(a +7) 
sin 0 sin Y “ cosacosy+sinasiny cos(a-—y) 
cos & * COS ¥ 

2 tan B 


s 2 = ——————— 
Now, sin B 1+ tan” B 





= tan B = .»-(i) 


1+—— 


)T Frnt fr” 
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2 sin (a + 7) 
= sin 2B = Seeieu [Using (i)] 
, sin’ (a +7 
cos” (a —¥) 
Sin 28 = 2 at (a + y) eh —*) 
cos* (a —y) + sin* (a +) 
2 (sin 2a + sin 2y) 
2 cos” (a—-—y)+2 sin? (a + ¥) 
2 (sin 2a + sin 27) * 2(sin 2a + sin 27) 
1 + cos (2a —2y) +1-—cos (2a + 27) ~ 24cos(2a—2y) —cos (2a + 2y) 
2(sin2a+sin 27) sin 2a +sin 2y 
2+2sin 2a sin Qy 1+ sin 2a sin 27 


= sin 28 = 


=> sin 28 = 


=> sin 2B = 





EXAMPLE 33 /fsin(@+ 0) =aand sin(0+B)=b, prove that cos2(a — B) -4.ab cos(a —f)=1 ~2a* —2b? 


SOLUTION Wehave, [NCERT EXEMPLAR] 


sin(0+ a) =aand sin (8+) =b 
cos (0+ a) “fl _sin2(0 +a) =V1—a2 and cos (0 +B) =,1 _sin2 (0 +B) =V1—b2 


Now, 
cos (a —B) = cos {(0 + a) -(68 +8)} 
= cos (a—f) =cos (6+ a) cos (8+P) +sin (8+ a) sin (6+ 8) 


= cos (a —f) = V1—a* ¥1-b? +ab 
=> cos (a —f) = ab +¥1—a? —b? +.ab? 


. cos 2(a—f) —4ab cos (a —f) 
= 2 cos*(a —f) -1 —4abcos (a —f) 


2 
=2 ab + V1 ~ az —p? +04? —1—-—4Aab jab + V1 —a? _p2 + ap? | 
=2 146? + 2abv1 —a2 —b2 + a2b2 +1—a” —b? + od oo —4a7b2 —4ab V1 —a2 —b? + ab? 


=2—2a2 —2b2 -1 =1 —2a” —2b?. 


, = 3 
EXAMPLE 34 if tan +2)=tn3(F +5), prove that sin 8 = JE 
4 2 4 2 1+3sin“ a 


SOLUTION We have, 


tan (+5) = tan? (E+) 
A? E29) 


3 
eetan 1+tan= 
ty eee 
tar 1 —tan — 
2 
: OL Frente S 
cos — + sin — cos — + sin — 
= y eg |e 7 
) GC. 2, &@ 
cos — — sin — cos — —sim — 
2 2 2 
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=> 


2 27° 
. a e201 
cos — + sin — cos — + sin — 
é 3 = 2 2 [On squaring both sides] 
cos — —sin — cos — —sin — 
2 2 2 2 
Ae nini cos”. 14+2sin ~ cos % 
y) Pd ea 2 2 
ie air cos”. 1-2sin ~ cos @ 
2 2 2 


1+ sin 0 es) 
=> — 


1-snO (|1-sina 


(1+sin 6)-(1-sin@) _ (1+sin a)? -(1-sin a)? [Applying ares, 


(1+sin @€)+(1-sin®) (1 +sin a)? +(1-sin a)> Wvidendd 
2 sin 8 6sina+2sin° a 
=) nl a, 
2 2+6sin~ a 
: 3sina+sin® o 
ee 
1+ 3 sin“ a 





EXAMPLE35 /f tan oe lee fan, prove that cos sae Secs 
2 l+e 2 1 


—ecos 8 


SOLUTION Wehave, 


=> cos do = 


=> cos = 


=> coso = 


=> cos o> = 


=> cos = 


1~tan? 
cos @ = ———___£ 
1+ tan? S 


1 





ae e fi 

> E an = tan 2 => tan 2 = 
1+—— tan? = +e 2 
l—e 2 


(1 —e) —(1 +e) tan? = 





tan — 
l-e 2 





l+e 4 


(le) +(1 +6) tan? = 


(1 — tan” 6/2) —e (1 + tan? 0/2) 
(1 + tan? 0/2) —e (1 — tan” 0/2) 
1—tan* 0/2, 

1+ tan” 6/2 
1 — tan” 6/2 
1 + tan? 6/2 


| Dividing numerator and denominator by 1 + tan? >| 


cos 8 —e 
~ 1-ecos0 1+ tan? © 
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my ae 


EXAMPLE 36 Prove that: 
2cos 2" 6 +1 


= (2 cos 8 —1) (2 cos 20 —1) (2 cos 2? 6 ~1).....(2 cos 2”- 1 g —1) 
2cos 0 +1 
SOLUTION RHS 


= (2 cos ® ~1) (2 cos 20 -1) (2 cos 27 @ ~1).... (2. cos 2"~ 1 9-1) 


1 2 SS 
= ——__ 19 1 rst Es 2 2- @=1)....(2 n-1 p_ 
(2 cos 041) ( cos 8 + 1) (2 cos @ —1) (2 cos 20 —1) (2 cos ) .... (2 cos 2 0 1} 


1 


(cos On ]) ) (4 608" 9-1) (2 cos 20 ~1) (2 cos 2? @-1)...(2 cos 2"-1 9-1) 
(2 cos 0 +1) 


3 aan {20 + cos 28) —1} (2 cos 26 —1) (2 cos 27 @ —1) (2 cos 2071 o~ 
: Sareea cos 28 + 1) (2 cos 28 —1) (2 cos 2? @ —1)... (2 cos 2"-1 0-1 


=——*___ 1 (4 cos? 20-1) (2 cos22 6-1) (2.cos23 6 ~1)...(2. cos 2"! 9-1) 
(2 cos 0 +1) 


= ay 1{2 (cos 40 +1) — yf (2 cos 27 8-1) (2 cos 23 6 -1)...(2 cos 2"! e-} 
1 2 2 3 n—1 
oe ere cos 2 8 +1) (2 cos 2“ @ —1) (2 cos 2 8 -1)......(2 cos 2 e~1} 


= meee 2 + cos 2° 8) -ife cos 29 @—1)...(2 cos 2-1 0-1) 
(2 cos q + 1) : 


= besa i” cos 2° @ +1) (2 cos 23 9-1)... (2 cos 2"- 1 o-1} 


: a cos 2"- 1 9 +1) (2 cos 2"- 19-1) 


1 = 
= (2cos@+1) cos? yuk : 8-1) 
1 


= ——____19 "71 O41 -1| 
rt eee 


4 1 ‘ _ 2cos2"6+14 2 
Geos O+ a) 982 O42 D= Doar = LHS 


Type VII ON CONDITIONAL IDENTITIES 


Sald © prove that cos 9 = 2508 +b 
a+b 62 a+bcos 





EXAMPLE 37 If tan = = 


9.26 
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SOLUTION We have, 
1 -tan? g 
cos 8 = 6 
1+ tan? — 
a tan? 9 b 
=> cos 8 = — <)—— Puting tan fas tan ‘| 
fee ee ee 1) 2 a+b 2 
a+b 2 
(aise) = (ab) tan? 2 
= cos § = aan: 
(a+b) +(a—b) tan? + 
a(t —tan? $) = $) 
=> cos § = 
a(1 + tan? #)+0(1-tan? 2) $)+0 es n? n? $) 
1- tan? 2 
“leietn2 2 erly b 
=> cos 8 = | Dividing numerator and denominator by 1 + tan? 4 
=r |) (i—tan? ® ) 2 
a+b =e 
1+ tan? + 
2 
sig seule acos 6+b 
a+bcos 6 
6+a 6-a 28 
EXAMPLE38 Ifcos9® = cosacosf, prove that tan LN = tan mE 


SOLUTION We have, 





cos 8 
=> cos B 
cos a 
28 
1—tan cos 0 
=> 


1+ tan? £ cos & 


(2- -ia?®) +(1+ tan?) _ cos8+cosa 























e $$ = ———  1[Applying componendo - dividendo] 
2B)_ 2) cos 8 — cos a 
(1-tan E) (1+ tan 5 
Bi Te cee 
=> 2 = : *) 
-2 tan? E ~2sin 2+ sin = 
eee nln 2. GP gs Oto ye Ome 
= 2B ~ (Ota, Oe a a eae 
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N | 


EXAMPLE 39 Ifcos@ = 808 cos A , prove that tan e = + tan = cot 
1—cos a cos B 2 2. 


SOLUTION We have, 
cos @ — cos B 


1—cos a cos B 


1 -tan2 o 
2 


=> _—— 
Teptan 
2. 


) ) 
Te au 20M. 
BA an }+ (a+ tan 4 (cos a — cos B) + (1 — cos a cos f) 
a" Se ene” 
(1 tah 5)-(2 + tan2 4 (cos a — cos B) —(1 — cos a cos f) 
2 2 
2 _ _1+cosa—cosB-cos a cos B 
29 —{1 —cos a + cos B — cos @ cos B} 
2 
1 _ (1+ cos a) (1 —cos f) 


eee ; (1 — cos a) (1 + cos f) 


cos 9 = 


cos @ — cos B 
1—cos a cosB 


No 


—2 tan 





ne) 


1 2 cos? * x 2 sin2 9 n B 9 a 
= ——_4__ er tan? = = tan? ~ cot? 2 = tan — = + tan — cot = 
2 2 2 2 2 


; OL 
2 sin? a 2 cos? ! 


No 





i 


-r 
5 
N|o® 


No 


a 
9 tan — — tan — 

, prove that one value of tan — = 2 = a: 
2 1 —tan Py tan 2 


cos a cos B 
1—sin a sin B 





EXAMPLE 40 If cos@ = 


cos a cos B 


SOLUTION We have, cos@ = - : 
1—sin a sin B 


29 1-cos0 





Now, tan 
2 1+cos@ 
= cos a cos B 
= tan? ©. 1—sin a sin B 
2 = cos a cos B 





1—sin a sin B 


20 1 —sin a sin B—cos a cosB 
1-—sin a sin B+ cos a cosB 


y 
E 
| 
| 





= tan2 9 _ 1-—(cos a cos 8 + sin a sin f) 
1+ (cos a cos B —sin @ sin f) 
= tan2 9 _ 1-cos(a —f) 
1 + cos (a + B) 
2 sin? =F) 
=> tan? 9 = 2 
2 


2 cos” (=) 
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sin (=5*) 
=> tan w = + 2 
ae) 
cos | —— 
2 
9 pcos cos © sin 2 
=> tan— = + ——2 2 ee 
a Se 30 B 
cos — cos — —sin — sin — 
2: 2 2 2 
9 tan Sie tan B 8 
=> tan — = +—_2 _2. | Dividing numerator and denominator by cos — cos 4 
2 1—tan ~ tan B 2 2 
2 2 
EXAMPLE 41 /fsin a +sinB = aandcosa+cosB = b, prove that 
”) 25 vss E epee alge. 
(i) cos (a —B) = a’ +b" -2 (ii) tan RS “+ pate 
2 2 \ a*+b? 
SOLUTION (i) We have, 
sina+sinB = a and cosa+cosB = b 
— (sin a + sin B)* + (cos a + cos B)” = a*> +b? 
=> (cos? o + sin? a) +.(cos” B+ sin? B) + 2 (cos a cosB+sin a sin B) = a> +b? 
= 2+2cos(a—B) = a2 +b2 
7 a 
— cos (a —f) = a 
(ii) Now, tan 22 = 20088 
2 1+cos0 
= tan? (S=F) _ 1-cos (a —f) 
2 1 + cos (a —B) 
ae +b? -2 
2 a“ +b“ —2 
1 + -——__—_ 
2 
2 2 
— —a~—b 
Bie oo fee (=*) See ; 
2 a“ +b 


2 2 
a—Bp 4-a —b 
( 2 a> +b? 


EXAMPLE 42 Ifa and Bare distinct roots ofacos®@+b sin 0 = c, prove that sin (a + 8) = am 
a” + 





SOLUTION It is given that o and B are distinct roots ofa cos @+b sin @ = c 
acosa+bsina = c and acosB+bsinB =c 

= (a cos a +b sin a) —(acosB +b sin ) =c-c 

=> a (cos a. —cos f) + (b sin o —sin B) = 0 
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=> aog ain OP gin SOP oe oi ree eg 
2 2 2) 2 
ee Sein et ai, SB A pie eee 
2 2 gz. 2 
=> Fan eee _5 [jv a#B «sin Peo) 
2 a ‘eb 2 
2b 
sin (a +B) = —————+—.}. > sin (a+f) = ae ae TS 
1+tan? “—! tees av +5: 
2 az , 
ALITER We have, 
acos0+bsin@=c seal) 
tar 2 tan 8 
= a er +b a =—G 
1+tan?— 1+tan? — 
2 2 
=> a{1—tan?2)4+-2b tan 3 =e(1+ tan?) 
2 2 2 
= (c+a) tan? = —2btan = +(c-a) =0 GE) 


B 


: ; a 
It is given that a and f are roots of the equation (i). Therefore, tre and Ba are roots of 


equation (ii). 





tani fae and ear ...(iii) 
2 2 2 ct+a 
a B tani tan 
Row, tan (240 )-—2 2, 
2 2 1—tan tan” 
2 2 | 
a fe (==) Ee eee 3b: [Using (iii)] 
1 ve a 
c+a 
a+B b 
ur snd» aac 2 leet 2ab 
1+tan?( 2*8) b2 gq? +b? 
az 


EXERCISE 9.1 








Prove that: (1— 27) 


1. 1—cos 20 = tan 0 
1 + cos 20 


sin 20 


. ——— = cotd 
1 —cos 20 
sin 20 ase neg 


* 1+ cos 20 
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4, 2+ ./2+2cos 40 = 2cos0 


1 —cos 20 + sin 2 6 


._—— ——_ = tan 0 
1+cos26+sin 206 
sin 6 + sin 20 ai 'G 


" 14 cos 0 + cos 20 


cos 2 8 i tan (Z—0) 
" 14+sin 20 4 


Be in (5 2) 


1—sin 8 (Ve 9) 
9. cos” % cos? 2% on ™ + cos? 2 on Beste =) 
8 8 8 8 
10. sin? = + sin? 2" 4 sin2 2" eee = 
8 8 8 8 





11. (cos a + cos )* +(sin a + sin p)* =4 cos? ( =F) 


12. sin? (E+) ~sin?(2-4) =. sin s 
13. 1 + cos” 20 = : 2.(cos* 0+ sin4 8) 
14. cos? 26+3.cos20 = 4 (cos® 9 —sin® 6) 
15. (sin 3A + sin A) sin A +(cos 3A —cos A) cosA = 0 
16. cos (£-0)-sin? (=-e) = sin 20 
4 4 
17. cos4A = 1-8 cos* A+8cos* A 
18. sin 4A = 4sin A cos* A-—4cos Asin? A [NCERT EXEMPLAR] 
19. 3 (sin x — cos x)* + 6 (sin x + cos x)? +4 (sin® x + cos® x) =13 


20. 2(sin® x + cos® x) — 3(sin* x + cos* x)+1=0 


21. cos® A—sin® A = cos 2A(1-Z sin? 2A | 
1 v1 
22. tan(£+0]4tan( +0] = 2sec 20 


23. cot? A—tan* A = 4 cot 2A cosec2A 


24. cos 48—cos 4a = 8 (cos 8 —cos a) (cos 6 + cos a) (cos @ — sin a) (cos 6 + sin a) 


x 3 
25. sin 3x + sin 2x—sin x =4 sin x cos > cos = [NCERT] 


26. tan 624 = (V3 + V2)(V2 +1) = V2+V3+V44+6 


DY: cot 22 = = /2+1 


ee 
————_. 
Ny 
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28. (i) If cosx= “2 and x lies in the IIIrd quadrant, find the values of cos =f sin 5 and, 


sin 2x. 
(ii) If cos x =— : and x lies in IInd quadrant, find the values of sin 2x and sin = 


29. Ifsin x = 





? and x lies in IInd quadrant, find the values of cos : , sin 5 and tan > 
30. (i) If 0 <x < and x lies in the IInd quadrant such that sin x = : Find the values of 
cos~, sin ~and tan = 
2 2 2 
(ii) If cos 0 = s and @ is acute, find tan 20 


(iii) If sin 8 = = and 0 <6< 4 , find the value of sin 40 


31. Iftanx = b , then find the value of Bork + ja—b 5 [NCERT] 
a Va-b Va+b 


32. If tan A = ; and tan B= ; , show that cos 2A =sin 4B. 


33. Prove that: cos 7° cos 14° cos 28° cos 56° = Rb arab est BS 
16 cos 83° 


34. Prove that: cos on cos ea cos SE cos Oe 
15 15 15 15 16 
35. Prove that: cos — cos ca cos a cos Sr zeal 
5 5 5 See 1G 


36. Prove that: cos Fe cos BE cos et cos ou cos tox ogee = 


1 
65 65 65 65 65 6+ 
sin 28 


37. If2tana=3t , prove that tan (a — Bp) =—_————-. 
aru BeRaeN ( P) 5 —cos 28 


38. If sin a + sin B =a and cos a + cos B =b, prove that 





2 Ee 
ee 2ab sl a“ +b" -—2 
: a> +b? 2 
3 +5 cos B 
a5: [f2itan “Stan 2) thatstoe @ ee. 
5 Latte prove that co 54 3cosp 


. Ifcos®@ = ‘cosiciricos) BES prove that tan 2 =+ tan & tan 8 
1+ cos a cos B 2 2 2 


5 


“ 
2 


Ifcos a + cos B=4 and sin a + sin B= 7, prove that cos oP ate. 


If sec (0 + a) + sec (0 — a) =2 sec 8, prove that cos 9 =+ /2 cos 





S 6 & 


c 4 5 a —B 8 
If sin a =— =— , prove that cos ——~ = 
a peeneicoa 13 P. at cos 5 ves 
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44. Ifa cos 20+b sin 20 =chasaandf as its roots, then prove that 


(i) tana+tanB=— [NCERT EXEMPLAR] (ii) tan « tanB = —— 
atc C+ 


(iii) tan (a +B) = a. [NCERT EXEMPLAR] 
a 


45. Ifcos a+ cos B =0 =sin a +sin B, then prove that cos 2a + cos 2B = —2 cos (a +). 


[NCERT EXEMPLAR] 





ANSWERS 
2 24 24 2 1 £ 
a8 = BBs O) 35’ 5 Teva 


4—Jf15 /4+-/15 coe 2: ere 336 2cosx 
30. i 7] 7 4 + 15 ll on 1 Se 31. —————————— 
Nea 5 DEN) il) — TEED 


HINTS TO NCERT & SELECTED PROBLEMS 








25. LHS = sin 3x + sin 2x —sin x 

= (sin 3x —sin x) + sin 2x 

= 2sin x cos 2x + sin 2x 

= 2sin x cos 2x +2 sin x cosx 


= 2 sin x (cos 2x + cos x) = 2 sin x( 2.cos $* cos =) = 4sin x cos = cos =*=RHS 


et 2 
32. Use: cos 2A eee , sin 4B pen ee where tan 2B = ok 
1+tan“ A 1+ tan“ 2B 1 —tan“ B 
33. Let A =7°. Then, 


cos7° cos14°cos28°cos56°=cos A cos 2A cos 27A cos 2°A 


_sin2*A_sinl6A_sin112° sin 68° 


—— 
= Te ee Ge ae 


2*sin A 16sinA 2sin7° 2cos 83° 
34. Let A ==. Then, 
21 4n 8x 167 


cos— cos—— 
15 15 15 15 
=cos A cos 2A cos 27 A cos 2°A 


peienae . 21 _ an 
ee) et es 
24 sin A 16sin A 16 sin heminice 16 sin = 16 
44. We have, 
acos 26+b sin 28=c .»- (i) 
1-tan7@) 2btan®@ 
=> UH Nicaea en | LS "RES ain 
1+tan7@) 1+tan“6 
=> (c +a) tan” @—2b tan 6 +(c—a) =0 


.. (ii) 
It is given that a, B are roots of equation (i). Mag tan a, tan B are roots of equation (ii). 


2b 
tana +tanB=—— and, tan a tan B= als 


Hau 


en 
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Now, 
tz +a _b 
Fay cb $f) ee a (a +8) _2b/ cra _ 
1—tan @ tan B seta a 
C+a. 


45. We have, cos « + cos B = Oand sin g + sin B =0 
(cos a + cos By" —(sin pies 2-07-07 


=> (cos* a —sin 2 1) + (cos? B—sin? B) +2 (cos a cos B—sin a@ sinf) =0 
> cos 2a + cos2+ 2 cos (a +f) =0 
=> cos 2a + cos 28 = —2 cos (a +) 


9.5 TRIGONOMETRIC RATIOS OF ANGLE 3A IN TERMS OF ANGLE A 
THEOREM For the values of angle A afar which the two sides are TUTE prove that: 


(i) sin 3A = 3sinA-—4sin° A (ii) cos 3A = 4 cos? A—3cosA 
(ii) tan 34 = 3tanA-tan® A 


1-3tan2A 
PROOF (i) We know that 
sin (A + B) = sin A cos B+ cosA sin B. 
> sin (A+2A)= sin A cos2A +cosA sin 2A [Replacing B by 2 A] 
=> sin 3A = sin A(1-2 sin? A) + cos A (2 sin A cos A) 
[: cos2A =1-2sin2 A& sin 2A =2 sin A cos A] 
= sin 3A = sin A—2sin? A+2sin A(1-sin2 A) 
=> sin 3A = 3sinA-—4sin°? A 
Hence, sin 3A = 3sinA—4sin? A 


(ii) We know that 
cos(A + B) = cosAcos B-sin A sin B 


> cos(A+2A) = cos A cos 2A —sin A sin 2A ' [Replacing B by 2A] 
= cos 3A =cos A cos 22 —sin A (2 sin A cosA) [.. sin 2A =2 sin " cos A] 
oe cos 3A =cosA S cos? A — -—1)-2cosA(1—- cos” A) [- cos 2A =2 cos* A — 1] 


— cos 3A = 4cos° A-3cosA 
Hence, cos 3A = 4 cos? A — 3 cos A 
(iii) We know that 


Balen) = tan A + tan B 


1—-tan A tan B 


tan A + tan 2A 
= t A+2A) = ——————_ 
eri 1—tan A tan 2A 


tiie ce 
1—tan? A 
2 tan A 
1—tan7A 
tan A(1-tan?A)+2tanA 3tanA-—tan?A 
1-tan?A-2tan*A 1-3tan2A 
3tan A—tan? A 
1-—3tan7A 
REMARK It should be noted the Eine on the RHS of these formulae is one third of the angle on LHS. 
sin 60° = 3 sin 20°—4 sin” 20°, sin 30°= 3 sin 10° —4 sin® 10° 
cos 120° = 4 cos* 40°— 3 cos 40° etc. 


[Replacing B by 2A] 


— tan 3A 


‘tan 2A = Se 
1—tan*“A 


1—tan Ax 





=> tan 3A = 





Hence, tan 3A = Q.E.D. 
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9.6 TRIGONOMETRIC RATIOS OF ANGLE A IN TERMS OF ANGLE A/3 
Replacing A by A/3 in the formulas in the above section, we obtain the following formulae: 


(i) sin A = 3sin (4)-4 sin3 (=) 


(ii) cos A = 4 cos? (+) —3-cos (+) 


3 tan (3) —tan? (4) 
(iii) tan A =—*34___32 
1-3 tan2 (4) 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Prove that: 8 cos? 5 —6 cos F = it 





SOLUTION We have, 
LHS = 2( 4 cos® Z—3 cos =)=2 cos( 3x =)=2 cos ¥ =1 = RHS 


EXAMPLE2 Prove that: 108 sin a ~144 sin? Aa —18 


SOLUTION We have, 
LHS =108 sin — —144 sin? = = 36{ 3sin —4sin? 2 a =) 
18 18 18 18 
; Te Se 1 
=36sin ( 3x4 |= 36sin = 36% 1 =18 = RHS 
18 6 2 


EXAMPLE3 Prove that: 15sin2 +15c082 = —20sin Bon ~20cos? 2" a =0 
12 12 12 12 


SOLUTION We have, 


51 51 3 5% 3 OT 
— +15cos—-—20 327 _20co 
LHS =15sin Te Se Jers sin a cos ip 
. on . 357 =) . 
= —-—20 — |-| 20 ¢ 
(15sin 2D sin = | ( cos —15cos— 
51 °=) is =r) 
= ——Asin —5| 4 a 
5( Ssin Ti sin 1D cos —3cos 
=5sin ( 3x ot 5 cos 33 nat =5sin =e +5cos7 =0 
EXAMPLE4 Prove that: cos 6A = 32 cos® A —48 cost A +18 cos2 A—1 [NCERT] 
SOLUTION We have, 
LHS = cos 6A 


LHS = 2cos* 3A-1 [-.- cos 20 =2 cos” 6-1] 


LHS = 2(4cos® A-3 cos A)* -1 
LHS = 2(16cos® A +9 cos” A —24 cos* A) -1 
LHS = 32 cos® A —48 cos* A +18 cos* A-1 = RHS 


VuUyNY 
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1 
EXAMPLE5 Prove that: cos A cos (60 — A) cos (60 + A) = Z cos 3A 


SOLUTION We have, 


LHS = cos A cos (60 —A) cos (60 + A) 
=> LHS = cos A (cos* 60°- sin? A) [- cos (A + B) cos (A — B) =cos” A -sin? B] 
= LHS: = 


cos A(z — sin? A)= cos A 157 — cos 2 ay} =cos A{-=+ cos” A) 
1 
= LHS = 7 cos A(-3+4 cos" A) = 5 (4 cos® A-3c0s A) = = 
Ibe: 
EXAMPLE6 Prove that: sin A sin (60 — A) sin (60 + A) a7 sin 3A 


SOLUTION We have, 
LHS = sin A sin (60 — A) sin (60 + A) 
LHS = sin A (sin? 60°- sin” A) [-- sin (A + B) sin (A —B) =sin? A -sin? B] 
LHS = sinA (= ~ sin? A) 

= 2 ae 


=> LHS = 7 (3sin A- ~4sin®? A) = 7 sin 3A. 


NOTE Reader is advised to learn the results derived in the above two examples as standard results. The 
following example is an application of the above results. 


. 3 
EXAMPLE7 Prove that: sin 20° sin 40° sin 60° sin 80° = 16 
SOLUTION We have, 


LHS = PI sin 20° sin (60° — 20°) sin (60 + 20°) 


aS LHS = v3 — {(sin A sin (60° — A) sin (60° + At, where A = 20° 


= LHS Bhan 34 =29 x sin60°= 22 x ~ V3 _ 3 _ prs 


EXAMPLE 8 Prove that: 

(i) tan A + tan (60° + A) — tan (60° — A) =3 tan 3A 

(ii) cot A + cot (60° + A) — cot (60° — A) = 3 cot 3A 
SOLUTION (i) We have, 

LHS = tan A+ praees pea et ey 
3+tanA — tan 

— LHS = tan A+ > —7SunA 143 tan A 
(8 + tan A)(L+V'3 tan A) —(V3 = tan A) (L=V3 tan A) 


=> LHS = tan A+ (1 —J/3 tan A) (1+ /3 tan A) 


A 
So Les eis 
1-—3tan~ A 
3 3 
—3tan~ A 3 tan A— 
= fas. = 2 eee eae = 3 tan 3A =RHS 
1-3tan~A 1-3tan“A 
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(ii) We have, 
LHS = cot A + cot (60° + A) — cot (60° — A) 





=> ints. 7 cS 1 
tan A tan(60°+A)_ tan (60°—A) 
=~ ey = 1 ,i-v3 tan A _1+3 tan A 





tan A V3+tanA J3-tanA 
= Hs =—)_, (-v3tanA) (v3 —tanA)—(1+V3 tan A) (V3 + tan A) 





tanA (V3 3 + tan A) (73 —- tan A) 
_ LHS = —2___8tan4_ 
tanA 3-tan7A 
iF 2 BS 2 
= ee ee ng =e Be _a.cot SA RES 
3 tan A-—tan”’ A 3 tan A-—tan’ A tan 3A 


EXAMPLE9 If cos a + cos B+ cos y =0, then prove that 


cos 3a + cos 38 + cos 3y = 12 cos a cos cos y 
SOLUTION cos 3a + cos 38+ cos 3y 


3 ~ —3 cos a) +(4 cos? B — 3 cos f) + (4 cos? y — 3 cos ¥) 
4 (cos? a + cos? B+ cos? Y) —3(cos a + cos B+ cos y) 


4 (cos? a + cos® B + cos? y)-3x0 


=(4 cos 


= 4x 3cosacosBcosy [e at+b+c=0=> a+b? +03 = 3abc] 
= 12 cos a cos cos y 

EXAMPLE 10 Prove that: sin 3A sin? A +cos 3A cos’ A = cos? 2A 

SOLUTION We know that 


sin 3A=3sinA—4sin° A => sin°A = 3sin A-sin 3A 


4 
Similarly, 
cos 3A =4 cos? A-3 cos A=> cos? 4 = OSA TSCA F 
LHS = sin 3A sin® A+cos 3A cos? A 
me LHS = sin 3A jae | 005 34 {eee soos A 
=> LHS = ; { 3 (cos A cos 3A + sin A sin 3A) +(cos* 3A —sin? 34)| 
= LHS = 1 {3 cos(3A—A) + cos 2(34)} 
= LHS = $1 3.os2A + cos 3(24)| 
= LHS = i {3 cos2A + (4cos? 24 ~ 3.c08728)| cos? 24 =RHS 


EXAMPLE 11_ Prove that: cos A + cos~ (120° + A) + cos’ (240 + A) =7 cos 3A 


mane | 
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SOLUTION We know that cos 3A = 4 cos’ A - 3 cos A 


. cos° A = = (cos 3A + 3.cos A) 


Now, 
LHS = ; {cos 3A +3 cos 4 : {cos (360° + 3A) + 3.cos (120° + ay} 
+5 {00s (720° + 3A) + 3.cos (240° + A)} 

=> LHS -- {cos 3A +3-cos A| + {0s 3A+ 3cos 120°+)| + 760s 3A +3 cos (240°+A)} 
=> LHS = 2 cos 3A + eS cos A+ cos (120° + A) + cos (240° + ay} 

4 4 
= b>: = : cos 3A + - {cos A +2 cos (180°+ A) cos c0°| 

3 3 1 3 
= LHS = ao" Sar COS COSA = a0 3A = RHS 


ALITER We have, 
cos A + cos (120° + A) + cos (240°+ A) 


240°+A+120°+A 240°+A —120°—A 
cos A +2 cos Soars se cos Ter 


cos A +2cos (180°+A) cos 60°= cos A —2 (cos A) x 


= cos A-—cosA = 0 
cos? A + cos? (120° + A) + cos? (240° + A) 
3 cos A cos (120° + A) cos (240° + A) [- a+b+c=0 > a° +b? 40° = 3abc] 


3 cos A cos (180° — 60° + A) cos (180° + 60° + A) 

3 cos A cos {180° — (60° — A)} cos {180° + (60° + A)} 
=(3cos A){—cos (60°—A)} {—cos (60°+A))} 

= 3cos A cos (60°— A) cos (60° + A) = 3 x = cos 3A = 


cos 3A 


> | Go 








EXAMPLE12 Prove that Pane never lies between i and 3. 
tan x 3 
SOLUTION Let y=/2" 5% ‘Then, 
x 


3 tan x —tan°® x 


oT tare (8 tan 
—tan2 a 
oy. So Ly eanteentiats gy Hi einige eee 


1-3 tan? x 3y—1 
But, tan? x >0 for all x 


ee eee 
y-3 





Fig. 9.1 Signs of for different values of y 


3y-1 
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MATHEMATICS-XI 
Yee 0 
3y -1 
1 

=> y< 3 or, y23 
=> y does not lie between 1/3 and 3. 

tan 3x 
Hence, 





never lies between 5 and 3. 


EXAMPLE13 Prove that: cos5A =16 cos? A —20 cos? A +5 cos A 

SOLUTION We have, 

cos5A = cos(3A + 2A) =cos 3A cos 2A —sin 3A sin 2A 

cos5A = (4 cos® A —3 cos A) (2 cos? A -1) -(3 sin A —4 sin? A) (2 sin A cos A) 
cos5A = (4 cos? A —3cos A) (2 cos? A ~1) -(3-4 sin? A) (2 sin? A cos A) 
cos5A =(4cos* A-3cos A)(2cos* A —1) -{3—4(1—cos2 A)} 2(1—cos? A) cos A 
cos5A = (8 cos” A —10 cos® A +3 cos A) —2 cos A (1 — cos” A) (4 cos? A —1) 
cos5A = (8 cos” A—10cos® A + 3 cos A) —2 cos A (5 cos? A —4 cos? A —1) 
cos5A = 16 cos> A—20 cos? A+5 cos A = RHS 


LEVEL-1 
Prove the following identities (1— 8) 


1. sin50 = 5sin 0-20 sin? 0+16 sin” 0 


VuyUYSY 





EXERCISE 9.2 





2. 4(cos® 10° + sin? 20°) = 3 (cos 10° + sin 20°) 


3. cos? @sin 30 + sin? 0 cos 30== sin 40 


4. sn5A = 5 cos* A sin A—10 cos? A sin? A+sin® A 

5. tan 8 tan (6 + 60°) + tan 6 tan (6 — 60°) + tan (6 + 60°) tan (6 —60°) =-— 3 
6. tan A + tan (60°+ A) —tan (60°—A) = 3tan 3A 

7. cot A + cot (60°+ A) —cot(60°—A) = 3cot 3A 
8. cot A + cot (60°+ A) + cot (120°+ A) = 3cot 3A 





9. Prove that: sin? A+sin?(2E+A)+sin’ (SE +A) =—3 sin 3A. 
10. Prove that: |sin 0 sin (60 —@) sin (60 + @)|<2 for all values of 6. 


11. Prove that: [cos 6 cos (60° — 6) cos (60° + 6)| < Fi for all values of 8. 


HINTS TO SELECTED PROBLEMS 
| er 1 : 
10. Wehave,|sin 9 sin (60 — 8) sin (60 + 6) |=7|sin 36] <7 [-. | sin 3 6| <1] 





1 1 
11. We have, |cos @ cos (60° — @) cos (60°+ 6)| = F cos 3 a 7 
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9.7 TRIGONOMETRICAL RATIOS OF SOME IMPORTANT ANGLES 
By using the formulae introduced in the previous sections we can now find the trigonometrical 
ratios of some important angles of degree measures 18°, 36°, 54° etc. 




















THEOREM 1. Prove that: sin 18° = ea 
PROOF Let 8 =18°. Then, 
50 =90° 
a 28+ 30 =90° 
= 20 =90° — 30 
=> sin 20 = sin (90°— 3 8) 
= sin 20 = cos 30 
= 2 sin @cos 0 = 4cos? 0—3cos 0 
= cos 0(2 sin 0 —4 cos” 0 + 3) =0 
=> 2sin 0-4 cos* 0+3 =0 [.. cos 8 =cos 18° + 0] 
=> 2 sin 0@-4(1-sin? 6)+3 = 0 
=> 4sin? 0+2sin @-1 = 0 
—-2+ 4 16 
=> sin 8 = 1 
+ 
= sin 8 = ae 
=> sin 0 = ae = a [.- 6 lies in Ist quadrant .. sin 8 > 0] 
su SR 
Hence, sin 18° = r Q.E.D. 
10+ 2V5 
THEOREM 2 Prove that: cos 18° = ae ase, 
PROOF Putting 6 =18°in cos 6 = “ee sin 0, we get 
2 
= _ [16-6 +1~245) iMeay _ 10+ 25 + 2V5 
cos 18° = \1 1 —sin? 18° = {=> : ium — v5) mi 
a 2 
Hence, cos18° = + 2v5 
Q.E.D. 
REMARK The complement of 18° is 72°. 
10 + 2V5 
sin 72° = sin (90°—18°)= cos18° = oe a 
: 5-1 
and, cos72° = cos(90°—18°)= sin 18° = v5 r 
The remaining trigonometrical ratios of 18° may be obtained from the above values. 


THEOREM 3 Prove that: cos 36° = 


V5 +1 
7 


PROOF We have, cos 20 = 1-2 sin? 0 
cos 36° = 1—2 sin” 18° [Putting @=18°] 
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MATHEMATICS-xXI 
=> cos 36° = 1-2 5-1) = 1-2{ S526) - 1 (3-8) . v5 +1 
} 16 4 4 
Hence, cos 36° = = , Q.E.D. 
THEOREM 4 Prove that: sin 36° ae 
PROOF Putting @ = 36°in sin 0 =,/1 — cos” 1 - cos? 6, we obtain 


y10 -2v5 5 

sin 86° = 1 1—cos? 36° = = (42) - S=(6 + 25) : v5 
as 2 

Hence, sin 36° = v5 


REMARK The Pe . of 36° is 54°. 


. sin 54° =sin (90°-36°) = cos 36°= Be and, cos 54° = cos (90°-36°) = sin 36° = ¥19 7 


Q.E.D. 





The other trigonometrical ratios of 36° may be obtained from the above values. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Prove that: 


(i) sin? 72° —sin2 6p°= YO 1 (ii) cos 48° —sin2 12° = V5 +1 











8 
ae | SOT 1 ; eit... LOT 1 
(ili) sin — + sin — = -—=— (iv) sin — sin — =-—— 
10 10 ? fOr 0 4 
(v) sin? 24°—sin? 6° = cos 
SOLUTION (i) We have, 
LHS = sin* 72°-sin2 60° 
= LHS = cos” 18°—sin? 60° [-.- sin 72° = cos 184 
2 at 
y10+2V5| (V3! 1042/5 3 owS-2 5-1 
=> LHS = peor eet =| ho ys a og SRS 


(ii) We have, 





LHS = cos? 48° —sin? 12° 
=> LHS = cos (48° + 12°) cos (48° — 12°) [-. cos* A — sin” B= cos (A + B) cos(A —B)] 
— LHS = cos 60° cos 36° = $x 241 _ 641 = RHS 
(iii) We have, 

HS = oe 

E sin 39 10 

LHS =sin 18° + sin 234° =sin 18° + sin (270° — 36°) 
= 5-1 V¥5+1 


=> LHS = sin 18°—cos 36°= Sa ge as 


Lea || 
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(iv) We have, 
=> LHS 


ll 
2 
= 
| 
on 
5 








=> LHS = sin 18° sin 234° =— sin 18° cos 36°=— 


(v) We have, 
LHS 


> LHS 


sin? 24° — sin? 6° 
sin (24° + 6°) sin (24° — 6°) [-.- sin (A + B) sin (A — B) =sin A —sin? B] 


=> LHS = sin ese 


EXAMPLE2 Prove that: sin = sin = sin SE sin — an = 2 





= RHS 


5 5 6:16 
SOLUTION If A+ B=n, thenA=x-—B >= sin A =sin (x—B)=> sin A =sin B 
Te 4n i An 2x 3n DT, exe ete 
=~+— =n => sin—= = sin — and —+—=nz => sin — =sin — 
Be 5 5 5 5 5 5 5 
Using these values, we obtain 
LHS = sin = sin 2 sin 3" sin 5 
5 5 5 5 
= LHS = sin” sin sie er 
5 5 5 5 
Qn o.: ol “ ° 0\2 
=> LHS = sin = sin = = (sin 36° sin 72°)" = (sin 36° cos 18°) 
2 
nm Ls = v10-2V5 | V10+2V5 _10-2V5_10+2V5_ 100-20. 80 5 _ 
4 4 16 16 256 256 aoe 


EXAMPLE3 Prove that: 16 cos 25 cos cel cos ot cos toe = 1 
15 15 15 15 


SOLUTION We have, 





LHS = 16 cos 24° cos 48° cos 96° cos 168° 
= LHS = 4(2 cos 24° cos 96°) (2 cos 48° cos 168°) 
=> LHS = 4 (cos 120°+ cos 72°)(cos 216°+ cos 120°) 
= LHS = 4(-sin 30° + sin 18°) (— cos 36°—sin 30°) 
= LHS = a(-3 v5 - =) _M5+1 1 
2 4 4 2 
=> tus = 4( 25-3 =e l= «[ 28 (2) - (258) - 1 - eas 
4 4 4 4 4 


EXAMPLE4 Prove that: sin 12° sin 48° sin 54° = =" 
SOLUTION We have, 
LHS = 5 (2 sin 48° sin 12°) sin 54° 
1 . ° = ; ‘ 
=> LHS = = (cos 36 — cos 60°) cos 36 [= 2 sin A sin B=cos (A — B) —cos(A + B)] 


oe See (8 4 _2)(8 =") (42) See 





4 2 2 4 a 8 


oo were 
a 
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MATHEMATICS-xXI 
EXAMPLES Prove that: (1 + COS =) (1 -+ COS =) (1 + COS = (3 + COS ==] oh 
10 10 10 10) 16 

SOLUTION If A+ B=n, then cos A =cos(x-—B) =—cos B 

tT 9X On TT 3x 7nr 7% 3n 

— +—~ =m => cos — =-cos — and, —+— = nm > cos— =-cos — 

10 10 10 10 10 10 10 
Using these values, we obtain 

LHS = (1 + COS =) (a + COS at\(1 — cos aa}(2 — cos =) 

10 10 10 10 
=> LHS = (1 — cos” =) (1 — cos” +x) 
10 10 
=> LHS = (1 —cos” 18°) (1 — cos” 54°) = sin? 18° sin? 54 =sin2 18° cos2 36° 
= 2 

=> LHS = (sin 18° cos 36°)” (= Sy =: | -(3) = =RHS 


EXAMPLE6 Prove that: tan 6° tan 42° tan 66° tan 78° = 1. 
SOLUTION We have, 
LHS = sin 6° sin 42° sin 66° sin 78° = (2 sin 66° sin 6°) (2 sin 78° sin 42°) 

cos 6° cos 42° cos 66° cos 78° (2 cos 66° cos 6°) (2 cos 78° cos 42°) 

a LHS = (cos 60° — cos 72°) (cos 36° — cos 120°) 
(cos 60° + cos 72°) (cos 36° + cos 120°) 

Be LHS = (cos 60° — sin 18°) (cos 36° + sin 30°) 

(cos 60° + sin 18°) (cos 36° — sin 30°) 

GS Fe 3] 
De 4 4 2) _ (3-V5)(3+V5) _ 9-5 


Sienenessie) = Goeajs-p 5-1 0°°** 
i A ae 55 





EXAMPLE7 Prove that : 4 sin 27° = (5 +5) =| 3-5). 
SOLUTION We have, 


16 sin? 27° =8 (2 sin” 27°) =8 (1 — cos 54°) = 8(1 —sin 36°) 

of tees =2/ 4-f10-2.6 | =8-2,/10-25 
(6 + V5) +(3-V5) -2 (6 + V5) (3 — V5) 

-{ 545 \'+{ = |" 26+ He-B 
(rs 8} 


Taking square roots of both sides, we obtain 


4sin 27° = {5 +5 -/3-5 [- sin 27° is positive] 


MERE EE) 
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EXAMPLE8 Find the value of tan 9°— tan 27°—tan 63° + tan 81°. 
SOLUTION 





tan 9°— tan 27 °—tan 63° + tan 81° 
=(tan 9° + tan 81°) —(tan 27° + tan 63°) 
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** tan 81°= tan (90°—9°) = cot 9° 
=(tan 9° + cot 9°) —(tan 27 °+- cot 27°) tan 63°= tan pee = cot 27° o| 
= —_— ee se .* tan 86+cot 0= 2s ee 

sin 9° cos 9° sin 27° cos 27° sin 8 cos 8 
et} er: ee 8 8 = 3%2 - 
sin 18° sin54° sin18° cos36° v5—-1 V¥5+1 5-— 
EXERCISE 9.3 
LEVEL-1 
Prove that: 
1. sin? 72° —sin2 60° = mie 
2. sin? 24° —sin? 6° = me 
3. sin~ 42°—cos* 78° = ee : 
4. cos 78° cos 42° cos 36° = , 
21 An 71 1 
5. cos — cos — cos — cos — = — 
15 15 15 16 
6 60s icos ae cog tes oe ene eee sd: er = aS 
ss “Sn a 15 15 15: 15. + 18 = *asieee98 
7. cos 6° cos 42° cos 66° cos 78° = =: 
8. sin 6° sin 42° sin 66° sin 78° = = 
9. cos 36° cos 42° cos 60° cos 78° = = 
10. sin 36° sin 72° sin 108° sin 144° = =. 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 


question: 


1. Ifcos 4x = 1+k sin” x cos” x, then write the value of k. 


2. Iftan = = m 


, then write the value of m sin x +n cos x. 


2: n’ 
E 
3. If— n<0<s", then write the value of =. 


4. If < 0 <7, then write the value of | 2 + ./2 + 2 cos 26 in the simplest form. 


5. If > <0 <n, then write the value of 


1 —cos 20 
cos 26 
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6. Ifnm<O0< oT , then write the value of ies use ‘ 
2 1 + cos 20 


7. Ina right angled triangle ABC, write the value of sin? A + sin? B + sin? C. 





= 


Write the value of cos” 76° + cos” 16° — cos 76° cos 16°. 


© 


: fs <0 eS , then write the value of ,/1 —sin 20. 


10. Write the value of cos 5 cos an cos at . 


7 7 
11. Iftan A= ae then find the value of tan 2A. 
sin 


12. If sin x + cos x =a, find the value of sin® x + cos® x. 


13. If sin x+cos x =a, find the value of |sin x—cos x]. 


ANSWERS 
1-8 2.n 3. —cos 8 4, 2 sin : 5. —tan 0 6. tan 0 752. 
8. : 9.sin@-—cos@ 10. -5 11. tan B 12. {4—3(a2-1)2} 13. V¥2—a’. 


MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 


ae eee Xe 
1. 8 sin = cos = cos = cos = is equal to 








2 4 
(a) 8 cos x (b) cos x (c) 8sin x (d) sin x 
sec 8A-1. 
. ———— is equal to 
sec 4A —1 
tan 2A tan 8A cot 8A 
serine, d f th 
(a) ST (b) eM (c) aaa (d) none of these 
3. The value of cos = cos S cos = cos “a cos "= cos = is 
1 1 
(a) 3 (b) 16 (c) 5 (d) none of these. 
4. If cos 2x + 2 cos x =1 then, (2 — cos” x) sin” xis equal to 
(a) 1 (b) -1 (c) -V5 (d) V5 
5. For all real values of x, cot x — 2 cot 2x is equal to 
(a) tan 2x (b) tan x (c) —cot 3x (d) none of these 
T T 1 
—+3 —-4 —j 
6. The value of 2 tan 10 + 3 sec 10 cos ‘Tick 
(a) 0 (b) V5 (c) 1 (d) none of these 
7. If in a A ABC, tan A+ tan B + tan C =0, then cot A cot BcotC = 
(a) 6 (b) 1 (c) z (d) none of these 


on 1 d cos 30=2(0? +5) thenA = 
8. ifcos 0=3(a+7),an 22 


ws 


TRIGONOMETRIC RATIOS OF MULTIPLE AND SUBMULTIPLE ANGLES 


(a) ; (b) ; (c) 1 (d) none of these 


9. If2 tan a = 3 tan B, then tan (a —f) = 





(a) etl (b) pets (c) —sehe (d) none of these 
5—cos 2B 5—cos 2 5+ cos 2B 
10. If tan a = psa Sd 2 then 
(a) tan 3a=tan 2B (b) tan 2a=tan B 
(c) tan 2B=tan a (d) none of these 
11. If sin a + sin B =a and cos a —cos $B =b, then tan nie = 
(a) 25 (b) - z (c) a? +b? (d) none of these 
a 


y N2 
12. The value of( cot 2 — tan 4 (1 —2 tan x cot 2 x) is 


(a) 1 (b) 2 (c) 3 (d) 4 
13. The value of tan @ sin (= + 0) cos (5 - 8) is 


(a) 1 (b) —1 (c) = sin 20 (d) none of these 

14. The value of sin” (=) + sin? (=) + sin” (=) + sin? (=) is 
18 9 18 9 

(a) 1 (b) 2 (c) 4 (d) none of these 
15. If5 sin a =3 sin (a + 2 8) + 0, then tan (a + B) is equal to 

(a) 2 tan B (b) 3 tan B (c) 4 tan B (d) 6tanB 
16. The value of 2 cos 9 —cos 3 @—cos5 0-16 cos” @ sin? @is 

(a) 2 (b) 1 (c) 0 (d) -1 
17. If A=2 sin? @ —cos 2 9, then A lies in the interval 

(a) [-1, 3] (b) [1, 2] (c) [—2, 4] (d) none of these 
18. The value of SCO SIOE is equal to 

2 cos 26-1 

(a) cos 8 (b) sin 8 (c) tan 6 (d) none of these 
19. If tan (x/4 + 6) + tan (x/4 — 0) =A sec 2 8, them 

(a) 3 (b) 4 (c) 1 (d) 2 
20. The value of cos” (Z + 0) — sin” ( _ 0] is 

(a) ~ cos. 2:0 (b) 0 (c) Salo (d) L 

2 2 2 
sin 3 6 

21. ————_—_—__ i 1 to 

1+2cos2 6 me 

(a) cos 0 (b) sin 0 (c) —cos 0 (d) sin 0 


22. The value of 2 sin? B+ 4cos(A + B) sin A sin B+ cos 2(A + B) is 
(a) 0 (b) cos 3 A (c) cos 2A (d) none of these 
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SINE AND COSINE FORMULAE AND 
THEIR APPLICATIONS 


10.1. INTRODUCTION 


In any triangle the three sides and the three angles are generally called the elements of the 
triangle. A triangle which does not contain a right angle is called an oblique triangle. 


In any triangle ABC, the measures of the angles ZBAC, ZCBA and ZACB are denoted by the 
letters A, B and C respectively. The sides BC, CA and AB opposite to the angles A, B and C 
respectively are denoted by a,b and c. These six elements of a triangle are not independent and 
are connected by the relations: (i) A+B+C=7x (ii) a+b >c;b+c>a;c+a> b. In addition to 
these relations, the elements of a triangle are connected by some trigonometric relations. We 
intend to discuss those relations in the sections to follow of this chapter. 


10.2 THE LAW OF SINES OR SINE RULE 
THEOREM Thre sides of a triangle are proportional to the sines of the angles opposite to them t.e. ina 


1 Ve ae a 


sin A sinB  sinC_ 





PROOF The following cases arise: 

CASEI When A ABC is an acute angled triangle: 

Draw AD perpendicular from A to the opposite side BC meeting it in the point D. 
In the triangle ABD, we have 














Caiee Ge Ss sin Bee SS Aes iesies ...(i) 
AB Cc 
In the triangle ACD, we have 
AD AD : om 
sinC = —— => sinC = — => AD =bsinC ...(1i) 
AC b 
From (i) and (ii), we get A 
b Cc | 
in B = bsinC — = 
ee omy > gine asin 
In a similar manner, by drawing a perpendicular from B on AC, G b 
we obtain 
Gat 46 
sin A sin C 
Hence, —“— = ui aie B Da Se 
inA sinB_ sinC Fig. 10.1 


CASEII_ When A ABC is an obtuse angled triangle. 
Draw AD perpendicular from A on CB produced meeting it in D. 
In A ADB, we have 
sin ABD =<— => sin (180 ~ B) =“ = sinB=“— — AD =c sin B w=-(i) 


10.2 MATHEMATICS-XI 
In A ACD, we have 






































sinC = we hig (Ce NP) —SaeAlees 0 Sit) G ..-(ii) 
AC b 5 
From (i) and (ii), we obtain } 
csinB=b sinC => Ly = | 
sin B sinC 
Similarly, by drawing perpendicular from B on AC, we obtain | 
a Cc 
sn A sinC 
Hence, en = 2 = = : ! 
sin A sin B sin C : 
CASEMI When A ABC is a right angled triangle: Fig. 10.2 
In A ABC, we have A 
sin C =sin Pe sin A = Be = and, sin Ree 8 
2 Cc Cc 
TS Se eee 2 
sin A sin B 
a b c C b 
= = => — 
sin A sin B 1 
a b Cc Tt 
=> =—__ = ——_ .* sin C =sin —=1 
sin A sinB sinC | es sc 2 
Hence, in all the cases, we obtain 2 3 si e 
a b c Ig. 10.3 





Q.E.D. 
sn A _sinB_ sinC 
b c 
REMARK2 The sine rule is a very useful tool to express sides of a triangle in terms of the sines of angles 
and vice-versa in the following manner. 








REMARK1 The above rule may also be expressed as 








t == =k (say) Then, a=k sin A, b=ksin B, c=k sin C. 
Similarly, ’ 
am A = RE SEE =a (cay) = sinA=Aa, sn B=AbandsinC=Ac. 
a 


ILLUSTRATIVE EXAMPLES 
LEVEL-1 
Type I PROBLEMS BASED ON SINE RULE 


RESULTS Ina AABC, we have 
sin (B+C) = sin A, sin (C+ A) = sin B, sin(A + B) =sinC 
cos(B+C) = —cos A, cos(C + A) =—cos B, cos(A + B) =—cosC 
tan (B+C) = —tan A, tan (C + A) =— tan B, tan (A + B) =— tanC 


EXAMPLE1 InaA ABC, ifa=2,b=3and sinA = 3 find 2B. 





SOLUTION We have, 
a b pene 3,) 


990 e——— 
= 


sn A sinB  sinC 
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ee 9 ns 9 eon 
(2/3) sin B sin B 


EXAMPLE 2 [fin any triangle the angles be to one another as 1: 2 : 3, prove that the corresponding sides 
are1:J3 : 2. 
SOLUTION Let the measures of the angles be x, 2x and 3x. Then, 
X+2X+ 3x = 180°= 6x = 180° x = 30° 
So, the angles are 30°, 60° and 90° 
Let a, b, c be the lengths of the sides apposite to these angles. Then, 











a rr: et 
sin 30° sin 60° sin 90° 
=> a:b:c = sin 30°:sin 60°: sin 90° 
= azbie: = 4:%3.4-5 a:b:e=1:V3:2 


EXAMPLE3 The angles of a triangle ABC arein A. P. and it is being given thatb:c = J3:2, 
find ZA. 


SOLUTION It is given that the angles ZA, ZB, ZC are in A-P. 
22B = 4A+2ZC > 3 2B = ZA+ZB+ZC > 3 ZB=180° > ZB=60° 

















Now, b = 
sin B sinC 
b sinB 
—— _-= 
c sinC 
/3 sin 60° 
=> — = ra: b:c=VJ3:V2] 
2 sin C 
= V3 _V3/2 
J/2 sinC 
— sinC = = ZC = 45" 


ZA = 180°-(ZB+ ZC) = 180°-(60°+ 45°) = 75° 
EXAMPLE4 In any triangle ay prove that: 
.~ sin(B—G)  b*— 
2; a2 Minin [NCERT] 
() cin (BC) a 
(ii) asin (B—C) +b sin(C —A)+csin(A-—B) = 0 [NCERT] 
(iii) a° sin ot +b° sin (C —A)+c° sin (A-B) = 





aan ~ sinB sinc 
a=ksin A, b = ksinB and c = ksinC. .--(i) 


b2-c2 =k sin? B—k? sin? Cc 
ds = SE [Using (i)]} 





é k? sin? A 
sin? B— sin? C _ Sin (B+C) sin (B—C) 


sin? A sin? A 
sin ( — A) sin (B —C) 
sin? A 


— RHS = 


=> RHS = [- A+B+C=nx => B+C=nx-A] 


. 
‘s 
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sin A sin Bee 2S )iu sin(B-—C) _ sin (B-C) 


=> RHS = = — = LHS 
sin? A sin A sin (B +C) 
(ii) LHS = asin (B—-C) +b sin (C — A) +c sin (A —B) 
= K sin Asin (B-C) +k sin B sin (C — A) +k sinC sin (A —B) [Using (i)] 


= kJ sin (B+C) sin (B-C) + sin (C + A) sin (C —A) + sin (A + B) sin (A -B)| 
» B-—sin* C + sin? C -sin? A+sin? A —sin2 Bt =k (0) = RHS 
(iii) k? sin? A sin (B-C) +k? sin? B sin (C — A) +k? sin? C sin (A —B) 


nfo A sin A sin (B- —~C) + sin? B sin B sin (C — ~ A) + sin? C sin C sin (A - 5) 
= K | sin? A sin (B+C) sin (B- ~C) + sin? B sin (C + A) sin (C — A) 


+ sin? C sin(A +B) sin (A -B} 
= K3| sin? A (sin? B-sin? C) + sin? B(sin2 C — sin? A) + sin? C (sin? A — sin” 5) 
= KS) sin? A sin? B-sin? A sin? C + sin? Bsin? C —sin2 Bsin2 A 


+ sin? C sin? A —sin2 C sin? Bh 


= k°x0 = 0 = RHS 

EXAMPLE : In any triangle ABC, prove that: 
a sin (B — C) _ b? sin (C - A) ot sin(A—B) _ 
sinB+sinC sinC+sinA _ sinA+sinB 


SOLUTION Let ——— __ US ae Then, a=k sin A,b =k sin B,c=k sin C 
eT sin B sinC 


Now, 
ae sin (B —C) 0? sin (C - BA) ce sin (A — B) z 
Ee sinC+sinA sinA+sinB 
ke sin* A sin(B-C) | k* sin? B sin (CA) k? sin? C sin (A —B) 
sin B+ sinC sin C +sin A sin A + sin B 
_ 72 sin A sin (B + C) sin (B-C) ,_ 5in B sin (C + A) sin (C — A) 
‘a sin B + sin C sin C + sin A 
, Sin C sin (A + B) sin (A - B) 
sin A + sin B 


2 | sin A(sin* B~sin* C) | sin B(sin?C ~sin? A) | sin C (sin? A ~sin? B 
Sik sin B + sinC sinC +sin A sin A + sin B 


= 2 {sin A (sin B—sin C) + sin B (sin C ~sin A) + sin C (sin A —sin B)} 
= k? x0 =0= RHS 


>. «<<< se —se = 
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EXAMPLE6 In any triangle ABC, prove that: 
(i) asin(B-—C) _ bsin(C-—A) _ csin(A-B) 





b* —¢? c2 —q? az —b2 
He eee Bee) aye 
ii). <———_$—__ 4, See 
tit) cosB+cosC cosC+cosA cosA+cosB 
SOLUTION Let e 5 i aoe Then,a = k sin A,b = ksin B,c = ksinC 


sin A sin B sin C 
asin (B-C) k sin A sin (B—-C) k sin (B + C) sin (B -—C) 
Y Sa Do Pe ee 
b“—-—c k* sin* B-k*“sin“C k* (sin~ B —sin~ C) 
_ k(sin? B-sin*C) _ 1 
~ k2 (sin? B-sin2C) —k 
bsin(C-A)  ksinBsin(C-A) _ksin(C+A)sin(C -A) 
cz-g2 sk sin? Ck? sin? A sk (sin? C —sin2 A) 
_ k(sin?C-sin* A) _ 1 
~ k2(sin2?C-sin2 A) k 
c sin (A —B) es 1 
edie k 


and, 


Similarly, it can be shown that 


_ k* (sin? B-sin?C) _ k* (sin? C -sin? A) , k? (sin? A —sin? B) 
cos B+ cosC cosC +cosA cos A + cos B 

2 k? {(1 — cos? B) —(1 —cos?C)} z k? {(1 — cos? C) —(1 — cos” A)} 

cos B + cosC cosC +cosA 


S 
= 
ra 
op) 
| 


[ Using (i)] 


Pe {(1 —cos* A) —(1 — cos” B)} 
cos A + cos B 
~ 42 (cos? C ~cos* B) , (cos* A — cos” C) , (cos* B — cos” A) 
cos B + cos C cos C + cos A cos A + cos B 
= k {(cos C —cos B) + (cos A — cos C) + (cos B—cos A)} =k x 0=0=RHS 
EXAMPLE7 In any triangle ABC, prove that: 
(i 1 + cos (A — B) cosC a+b? 
1 + cos (A —C) cos B a +c? 
(ii) acosA+bcosB+ccosC =2asin BsinC [NCERT] 








b C 
SOLUTION Let ——— =—-— =——— =k. Then,a = ksin A,b = ksi = ie 
SLA aD sin A,b = ksin B,c = ksinC 
1+cos(A—B)cosC _ 1-—cos(A —B) cos(A + B) 2 1 —(cos? A — sin? B) 
1+cos(A-C)cosB 1-cos(A-C)cos(A+C)  1-—(cos? A —sin2C) 


1-cos?A+sin?B_ sin?A+sin?B — q2/k2+b2/k2 gq? 4b? 


1—cos?A+sin?C sin?A+sin2C a2/k24c2/k2 gz 4c 


(i) LHS = 








= RHS 


——— em ee 8 ee — er «2 «<= 
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(ii) LHS = acosA+b cos B+ccosC 


= ksin AcosA+k sin BcosB+k sin C cosC 


= (sin 2A +sin 2B + sin 2C} = £(4 sin A sin B sin C) 


= 2k sin Asin BsinC = 2asin BsinC = RHS [. ksin A = a] 
EXAMPLES In any triangle ABC, prove that: 


(i) sin (=<) -( Z -<) cos : [NCERT] (ii) acos ( eoG =(b + c) sin a [NCERT] 


2 
ae 
tan 
b-c _ 2 
me tan ==) 
2 


SOLUTION Let ae ee ether 7 = sin Ab. = Kain Bc -kaine 
sin A sinB  sinC 


(i) RHS - (2) cos 4 * k sin B—- SEC) con 4 = ee 











(iii) 


oS 





























2 ksin A sin A 2 
: ( =") ( #55) AS) (==*) 
2sin| - cos} ——— sin'|)————|| ‘cos | —_— 
2 2 A 2 2 
= > CS 
Disiniecon 2 sin = 
{ao (§-3) _ sn(F5S)ain g 
sin cos | — —-— sin | ——— |sin 
2 2 $25) x2 2 2 5 ( 45") — LHS 
A ra A 7% = 
sin — sin — 
2 2 
(ii) RHS = (b +c) sin = = (k sin B+k sin C) sin = = k (sin B+ sin C ) sin = 
= kx2sin( 25° )cos{ 4=S )sin 4 = 2ksin(Z—4) cos( 2=C )sin 4 
2 2 2 za 2 2 
= 2 k cos © cos{ oS) sin 4 =k(2sin cos ©) cos(2=C) 
2 2 2 2 2 2 
= ksin A cos( =>") = a cos(4=) = JMets [ye k sin A = al 
(iii) LHS = b—c is k sin B—k sin C AB sin B—sin C 


b+c k sin B+k sin C sin B + sin C 
B-C B+C B=C 
in | ——— | cos tan | ——— 
2 sin( 2 ( 2 ( 2 
a B+C (55) pe ees) 
i cos | ——— tan 
2 sin 5 5 > 


EXAMPLE9 Ina triangle ABC, if acos A = b cos B, show that the triangle is either isosceles or right 
angled. 





= RHS 








=—— = ——— =k.Then,a = ksin A, 6 =ksinB, c = ksinC 
SOLUTION Let ——= a Sea anc 


Now, acosA = bcosB 


——— 0 ee ee = -- -— = 


Hi) é 


t 


SINE AND COSINE FORMULAE AND THEIR APPLICATIONS 10.7 


=> ksin AcosA = ksin BcosB 
=> 2sin AcosA = 2sin Bcos B 
=> sin 2A = sin 2B 
=> 2A. = 2B or, 2A = t—20 
=> A = B or, A+B = n/2 
a A=B or, C == 
a 
= BC =CA or, C => 
=> AABC is either isosceles or right angled. 


SIA ee ee) , prove that a*,b*, c? are in A.P. 


sin C sin (B -—C) 





EXAMPLE 10 If ina AABC, 


SOLUTION Let 24 — = _ SIC _ prhen, sin = geen Bes Bee cin Geter 
a Cc 
sin A _ sin (A -—B) 


Now, ay SERN: 
sin C sin (B —C) 
ee Ea C9 gee) fr sincA Sein (BG) arden Sei CAeeny 
sin (A + B) sin (B —C) 
=> sin (B+ C) sin(B—C) = sin(A +B) sin (A —B) 
=> sin? B-sin*C = sin? A—sin* B 
=> Kobo =k Ce oe 
> b? ~¢? = q*—b? = 2b? = a? +c? = a*,b?, c? arein AP. | 


Type II APPLICATIONS OF SINE FORMULA IN PROBLEMS ON HEIGHTS AND DISTANCES 

EXAMPLE 11 _ A tree stands vertically on a hill side which makes an angle of 15° with the horizontal. 
From a point on the ground 35 m down the hill from the base of the tree, the angle of elevation of the top of 
the tree is 60°. Find the height of the tree. [NCERT] 
SOLUTION Let PQ be the tree on the hill which makes an angel of 15° with the horizontal AR, 
where A is a point on the ground 35 m down the hill from the base P of the tree. 


In A ARQ, we have Q 





ZRAQ = 60° and Z ARQ = 90° 

Z AQP = 30° 
In A APQ, we have 

ZPAQ = 45° and Z AQP = 30° ta 
Using Sine rule in AAPQ, we get 3 

AP ie PQ R 
sin ZAQP __ sin Z PAQ 
35. eee 35 __ PQ 


70 
ee => PO’ =— PO= 
an 30° ana ge WV ae 
Hence, height of the tree is 35/2 m. 
EXAMPLE 12 A person, standing on the bank of a river, observes that the angle subtended by a tree on the 
opposite bank is 60°, when he retreats 20 m from the bank, he finds the angle to be 30°. Find the height of 
the tree and the breadth of the river. 


ESE 
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SOLUTION Let ABbe the tree at one bank of the river 
at the other bank of the river. After retreatin 
that Z APB=60° and 24 AQB = 30°. 


Now, 2ZAPB=60° => Z BPQ =120° and Z PBA = 30° 
In A BPQ, we have 


4 PQB= 30°, Z BPQ =120° and, Z PBQ = 30° 
Using Sine rule in triangles BPQ and PAB, we get 


and let the P be the position of the person 
g 20 m from the bank, let the man be at Q. It is given 











BP ‘s PQ ae BP if AP 1 AB 
sin ZPQB sin Z PBQ sin ZPAB sin ZABP sin ZAPB 
BP PQ BP AP AB 
=> = —— ana —— = = 
sin 30° _ sin 30° sin90° sin 30° ___ sin 60° B 
BP 20 2AB 
=> —— =— and BP =2 AP = —_ 
1/2 1/2 V3 
2AB 
=> BP = 20 and BP = 2AP =~ [-- PQ =20m] 
V3 A / 
“ _ 2AB Q—20m— P A 
= 20. =22AP = eioe Fig. 10.5 


=> AP = 10 and AB = 10V3 
Hence, the breadth of the river is 10 m and height of the tree is 10/3 m. 
EXAMPLE13 The angle of elevation of the top point P of the vertical tower PQ of heigth h froma point A 


is 45° and from a point B, the angle of elevation is 60°, where Bis a point at a distance d from the point A 
measured along the line AB which makes an angle 30° with AQ. Prove thatd =(J3 —1)h. | [NCERT] 


SOLUTION Itis given that ZPAQ = 45° and / BAQ = 30°. Therefore, 7 BAP = 15°. 
In A AQP, we have 


ZPAQ = 45° and ZPQA = 90° 


ZAPQ = 45° 

In ABRP, we have 
£ PBR = 60° and ZPRB = 90° 
ZBPR = 30° 


Now, 2ZAPQ = 45° and ZBPR = 30° = Z BRAY = 15° 
In A ABP, we have 


4 PAB = 15° and ZBPA = 15°. 

















ZABP = 150° 
Using Sine rule in triangle ABP, we get 
Abies. BPH =... “AP 
sin ZAPB ZPAB sin ZABP 
iedeauwmestte. 5 DUAR 5 
sin15° sin 15° sin 150° 
d AP V2 
= P= saa 
= cage a foe a 
2/2 2 


ia iets yo ama! i aay 
gin ZAQP ~ ain ZAPQ ~ sin ZPAQ 





SOS 8 ETRE Rees Se pene 


———— = —w 
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BE POO PO 
sin 90° sin 45° 
From (i) and (ii), we get 


V2h = 2d => d =(V3-l1)h 


V3 —1 


a*—b* _ sin(A—B) 
: 5 ae b2 sin (A + B) 


= AP = J2 PQ => AP = V2h ...(ii) 











EXAMPLE 14 [fina A ABC , prove that it is either a right angled or an 


isosceles triangle. 
SOLUTION Let —~ = eyes Se (say). Then, a=k sin A,b =k sin B,c=k sinC 
sin A sinB sinC 


a* —b? Bin (AS 6) 
a*>+b*  sin(A+B) 
k? sin? A—k? sin? B _ sin(A—B) 








a LS 
k? sin? A+k? sin? BB sin(A +B) 
zs sin(A—B) _ sin(A+B) sin (A —B) 
sin (t —C) sin? A+sin? B 
sin (A — B) sin (x —C) sin (A — B) 
=> 5 
sin C sin A+sin~ B 
sin(A-—B) sinC sin(A —B) 
= an ee eC lire 
sin C sin* A+sin~ B 
= nA ea 4 =0 
sinC sin? A+sin2 B 
1 sin C 
=> either sin (A —-—B) = 0 or, ———-—~3~—>— = 0 
sinC sin? A+sin* B 
=> either A-B =0 or, sin*A+sin? B-sin?C = 0 
> az b* c? 
— either A = Bor, ayo 0 [. a=ksinA,b =ksinB,c=ksinC] 
kA “"Gks "k 
— either A = Bor, az +b? = c? 
=> either the triangle is isosceles or itis right angled. 


EXAMPLE15 In any triangle ABC, prove that: : 
A 
(b ¢) cot +(c a) co 5 (a —b) i 


SOLUTION We have, 
B G 
LHS = (b -c) cot = (esa) aah hh 2) cols 


k (sin B —sin C) cot +k (sin C ~sin A) Got ee (sin Al sin B) cot — 


¥ B-C ax) A _ (C-A C+A B 
t [asin (BSE) coo(PEE) cot 4+ 2sin(SS4) co(S*4) cot 3 


+2sin( “=F ) cos( A=) cot C 
2. 2 2 
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k| 2 sin( 2 
(A=?) C | 
+ 2sin sin — cot — 
2 2 
k Bos 5 sin (=F5)+ 2008 Fsin(S4) 2 cos S sin(4=2) 
2 2 2 2 2 2 
we bBeG.). (B=C Bee +A \ (C= A . (A+B) . (A-B 
= 2k| sin sin + sin | ——— | sin | ——— |+ sin sin 
2 2 2 2 2 2 
*.” cos — =sIn etc. 
2 2 


~sin? 3} = 2kx0 = 0 = RHS 








= sin cot 4 4-2 sin (SA) sin Fore 
2 2 2 2 


























=2 k4 sin? 3 sin? am Se hy cial sin2 4 
2 2 2 2 


EXAMPLE 16 Let O be a point inside a triangle ABC such that ZOAB=ZOBC =ZOCA =a then 
show that: 


(i) cot @ = cot A+ cot B+ cotC (ii) cosec” = cosec? A + cosec2 B + cosec? C 


SOLUTION (i) In AOBC, 
ZOCB = ZC-w and, ZBOC = 180-a- (C —w) = 180°-C 
Similarly, we obtain Z AOB = 180°-B 
Applying sine rule in AOAB, we obtain A 
eee AB 
sin ZOAB sin ZAOB 4 
OB _ AB 
sin@ sin (180° — B) 
OB c 
> a bee . 
_ csin@ ee) 
=> OB = sin B ...(1) B (e 











Fig. 10.7 
Applying sine rule in AOBC, we get 
OB BC 


sinZBCO sin ZBOC 
OB BC OB Sats. e 

sin (C — ©) sin (180° — =(6)) ies sin(C-—q@) sinC sin C 
se ae zen (C - ©) 
sin B sin C 
ksinC sing ksin Asin (C -@) 

sin B 3 sin C 

sin? C sin m=sin A sin B sin (C —@) 
an(At heme =sin A sin B sin (C —q) [. sin C =sin (x—(A + B)) =sin (A + B)] 
sin (A + sin (C —@) @) 
sinAsinB sinCsin@ 
sin AcosB+cosAsin B_ sin C cos @—cosC sin 

sin A sin B = sin C sin @ 
cot B+ cot A = cot@—cotC => cot@ = cotA+cot B+ cotC 


[Using sine rule] 


Vu y 


y 


{ 
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ee ee ee) 


SINE AND COSINE FORMULAE AND THEIR APPLICATIONS 10.11 


(ii) From (i), we have 
cot wm = cot A + cot B+ cotC 
cot? » = cot? A + cot? B+cot2C +2 (cot A cot B + cot B cot C + cot C cot A) 


=> 

=) cot? = cot? A + cot? B+ cot? C +2 [.- cot A cot B + cot B cot C + cotC cot A =1] 
= cosec? m-1 = (cosec” A-1)+ (cosec” B—-1) + (cosec? C-1)+2 

— cosec” « = cosec” A + cosec” B + cosec? C 


EXAMPLE17 The angle of elevation of the top of a tower from a point A due South of the tower is a and 
d 








from B due East of the tower is B. If AB = d, show that the height of the tower is =. 
cot? a + cot” B 


SOLUTION LetOP be the tower and let A and B be two points due South and East respectively 
of the tower such that ZOAP = aand ZOBP = Bf. Then, 


ZOPA = ~—o and ZOPB = ~—B. 


Using sine rule in A's OAP and OBP, we have 
OA OP OB OP 


A = Oe 
sin( —« | sin © sin { = -p) sin B 


OA OP OB OP 
= — = and = — 
cos & sin o& cos f3 sin B 


— OA = OP cota and OB = OP cotB 
Using Pythagoras theorem in A AOB, we get 
AB? = OA? + OB? 

















=> d* = OP? cot? a + OP? cot? B 
=> (6) ent ll sh Fig. 10.8 


cot? a + cot? B 
EXAMPLE 18 The elevation of a tower at a station A due North of it is « and at a station B due West of A 
AB sin a sin B 


is B. Prove that the height of the tower is __———————— 
ysin “a-—sin~B 


SOLUTION LetOP be the tower and let A be a point due north of the tower OP and let Bbe the 
point due west of A such that Z OAP =a and 4 OBP =f. 
Clearly, triangles AOP and BOP are right triangles right angled at O. 


ZOPA = se and ZOPB = noe 


Using sine rule in triangles AOP and BOP, we get 
OA OB OP 


Safe) = Sit Se eG 
sin ($-«.] sin (3-8) 
=> OA = OP cota and OB = OP cotB 
Applying Pythagoras theorem in AOAB, we get 
OB? = OA? + AB? 
OB? -OA” = AB? 





—- 
> OP? cot? BOP? cot a? = AB? 
= OP? (cot? B - cot? a) = AB? 


Fig. 10.9 
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=> Op? (cosec” B- cosec” a) = AB? 


= op? (sin* a-sin*B) _ 452 _. op _ _ABsinasinp 


peed ae : re 
sin” a sin*~ B sin? a — sin? p 


EXAMPLE19 An object is observed from three points A, B, C in the same horizontal line passing through 
the base of the object. The angle of elevation at B is twice and at C thrice that at A. If AB =a, BC =b prove 


that the height of the object is 5 \(a + b) (3b —a). 


SOLUTION Let the object be at P at a height ht from OA. Let the object when observed from 
A, Band C the angles of elevation are 0, 20 and 30 respectively. 
In A PAB, we have 

28 = 0+ ZAPB > ZAPB = 0 

ZPAB = ZAPB = 0=> AB = BP = a 
Similarly, in triangle BPC, 7 BPC = 8. 
In AOPB 

h 


sin 20 = — => |i = asin 20 
a 























=> h = 2asin 6 cos 0 ...(i) 
In APBC 
Sse = a [Using sine rule] 
a b 
=> = 
sin 360 sin 9 
a _ sin 30 
eg bs sin 8 Fig. 10.10 
a 3 sin 0—4sin® 0 
=> —— 
b sin 0 : 
=> 4 _ 3-4sin29 => Meme ere ee toe" ine = | 27=8 
b aD Ab Ab 
CREM se cost Oa ee te. eg = a+b 
Ab 4b 4b 


Substituting the values of sin 8 and cos 0 in (i), we get F 


pa a+b a \(@+b) (3b -a) 
h = 2a 7 x Ee oF (a +b) (3b —a) 








EXERCISE 10.1 








1. Ifina AABC, ZA = 45°, 2B = 60°, and ZC = 75° find the ratio of its sides. 
2. Ifin any AABC, £C = 105°, £B = 45°, q=2, then find b. 
3. InA ABC, if a =18, b =24 andC = 30 and ZC =90°, find sin A, sin Band sin C. 


In any triangle ABC, prove the following: (4-24) 


tan (4>*) 
4 a—b _ : a 
© es At 








se eee Per Fre 
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5. 


10. 


11. 
12. 


13. 


14. 


15. 


16. 
17. 
18. 


ie) 


20. 


21. 


& 


CED ee (“*) [NCERT] 
2 2 
tan (4) + tan (4) 
Gris. 2 2 
a—b tan (4 )-tan (3) 
2 2 
1 — tan (<) tan (>) 
Cc 2 2 
a+b 1 + tan (4) tan (5) 
Pa 2 


28, [NCERT] 








a* —¢? sin (4)—€) 
b? sin (A + C) 
bsin B—csinC = asin (B-C) 
a* sin(B—C) = (b2 —c2) sin A 
sinA-JsinB  a+b-—2ab 
/sin A+ (sin B a—b 
a(sin B —sin C) +b (sin C —sin A) + c(sin A —sin B) = 0 
a’ sin (B-C) | b? sin (C—A) | ¢* sin (A — B) 
sin A sin B sin C 
a? (cos? B — cos” C) +b? (cos? C — cos” A) +c? (cos? A — cos? B) = 0 
bcos B+ccosC = acos(B-C) 
cos2A cos2B 1 1 


2 bes esd cB 


= 0 








a 
cos” B—cos*C  cos*C-—cos*A x cos? A —cos* B 
b+c c+a a+b 
asin © sin( =>") + sin 3 sin( SS“) + ein C sin( A=? )-o, 

2. 2 2 2 2 
bsecB+csecC  csecC+asecA asecA+bsecB 


= 0 











tan B+ tan C tanC +tanA tan A+tanB ~ 


. acosA+bcosB+ccosC = 2sinAsinC = 2csinA sin B 
S a(cos B cos C + cos A) =b (cosC cos A + cos B) =c(cos A cos B + cos C). 


24. 


A 
a(cos C — cos B) =2 (b —c) cos” =. [INCERT] 


- In AABC prove that, if 6 be any angle, then b cos 8 = c cos(A — 6) + a cos(C + 6). 
26. 


Ina AABC, if sin? A + sin? B = sin? C, show that the triangle is right angled. 
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27. Inany AABC, if a’, b2, c* are in A.P., prove that cot A, cot B and cot C are also in AP. 


28. The upper part of a tree broken over by the wind makes an angle of 30° with the ground 
and the distance from the root to the point where the top of the tree touches the 
ground is 15 m. Using sine rule, find the height of the tree. 

29. At the foot of a mountain the elevation of its summit is 45° after ascending 1000 m towards 
the mountain up a slope of 30° inclination, the elevation is found to be 60°. Find the height 
of the mountain. 

30. A person observes the angle of elevation of the peak of a hill from a station to be a. He walks 
c metres along a slope inclined at the angle B and finds the angle of elevation of the peak of 


the hill to be y. Show that the height of the peak above the ground is Saeed d= |! ; 


(sin y — a) 
; : PMID AA 0...0, De. i : 
31. If the sides a,b,c ofa AABC are in H.P., prove that sin ae sin ot sin A are in H.P. 
ANSWERS 
1.2:J6:V34+1 2. 242 3, sin A ==, sin B== 
28. 15/3 m 29. 500 (3 +1) metres 
10.3 THE LAW OF COSINES 
THEOREM In any AABC, we have: 
ee ee. 
(i) a* = b*+c*—2bcecosA or, cosA = perkiG’ 6 
2bc 
Dian OY 199. 
(ii) b* = c* +a% —2ac cos B or, cosB = BECP 
2ac 
ee ee 
(iti) c* = a* +b* —2ab cosC or, cosC = Gael ¢ 
2ab 
PROOF The following cases may arise: 
CASEI When AABC is an acute angled triangle: 
Draw perpendicular AD from A on BC. 
In AABD, we have A 
Goa |B ee Bl eaicos a) 
Cc 
In AACD, we have c b 
cosC = = CD =b cosC 
In AACD, using Pythagoras theorem, we have 
AC2 = AD*+CD? B. sta =p Cc 


AC2 = AD? +(BC - BD)? Fig. 10.11 

AC2 = AD? + BC? + BD* -2BC.BD 

AC2 = BC2 +(AD?2 + BD”) -2BC ..BD 

AC2 = BC2 + AB? -2BC.BD [-- AB? = BD? + AD?] 
b2 = at +c* —2ac cosB [Using (i)] 


VuUULY 


a 


i | 
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> b? = c*+9* —2ca cos B 
oc” a =b> 
= cos B = ————_"—_- 
2ac A 





CASEIl When AABC is an obtuse angled triangle: 
Draw perpendicular AD from A on CB produced. 
In AABD, we have 
BD ‘ 
.-(i) 


S08 TEM By BD =— AB cos B=—c cos B 


Using Pythagoras theorem in AACD, we have 
AC? = AD*+CD? 





OL... 


=  AC?= AD* +(CB+ BD)? e - ries 
= AC? = AD? +CB* + BD? + 2CB.BD Fig. 10.12 
=> AC? = BC* +(BD* + AD”) + 2BC..BD 
=> AC? = BC? + AB* +2BC.BD [In AABD, AB? = AD? + BD?] 
=> b* = a* +c* + 2a(—c cos B) [Using (i)] 
= b* = c* +a” —2ac cos B 

c +a —b2 
=> cos B = ————_—__ 

2ac 


CASE Ill When AABC is a right angled triangle: 
Let AABC be a right angled triangle with right angle at B. Then, by Pythagoras theorem, we 
obtain 


b? = az +c" 
TC 
—_ b? = a* +c* —2ac cos B E B= 5 1.08 B=0] 
oo Hens he 
= cos B = —————_——_- 
2ac 


Hence, in all the cases, we have 
2 2 2 
c~ +a“ —b 
b2 = c- + a* —2ac cos B => cos B = Derek 


In a similar manner other results can be proved. 


10.4 PROJECTION FORMULAE 


THEOREM In any AABC, we have 
(i) a =bcosC+ccosB_ (ii) b = ccosA+acosC (iii) c = acosB+bcosA 


i.e. any side of a triangle is equal to the sum of the projections of other two sides on it. 
PROOF The following cases arise: 

CASEI When AABC is an acute angled triangle: 

In Fig. 10.1, we have 

BD 


cos B = : = BD = ABcosB=> BD =ccosB 


and, cosC = => CD = AC cosC=>CD = bcosC 


Hence, a=BC =BD+CD => a=ccos B+bcosC 
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CASEM When AABC is an obtuse angled triangle 
In Fig. 10.2, we have 


cosC = <= CD = AC cosC => CD = bcosC 


and, cos (180 — B) = = = BD = ABcos(180—B)=> BD = —ccosB 


= BC = CD-BD =>a=bcosC +c cos B 
Hence, in each case, we obtain a = b cosC +c cos B 
Similarly, it can be proved that 
b=ccosA+acosC andc=acosB+bcosA 


Q.E.D. 
REMARK In Fig. 10.1, BD and CD are the projections of AB and AC respectively on BC. 


10.5 NAPIER’S ANALOGY (LAW OF TANGENTS) 
THEOREM In any AABC, we have 


Be-G \s  4( 0—C A wi A-B)\ |a-b G 
(i) tan ( 5 - (7=*) cot 4 (ii) tan 5 -( Jeot¢ 
B 
2 


a+b 
(iii) BS. = [<2 cot 
c+a 


PROOF Let J a Then, 
a sin B sinC 























a=ksinA,b = ksin B,c = ksinC ...(i) 





: b-—c A k sin B—k sinC A 
(i) ieee Pl 0 KenBAESHC 2 Using (i)] 


: (FAS) (FS) 
2 sin | ———— | cos 
[sp zomne| A 2 2 2 


Mnene)! 2 a Se Esa 
sin Soe cos a 














= tan (= =} cot F=S) co 4 = tan ( ==" |cot( 2-4) cot 4 
2. 2 2 2 2 2. 
B-—-C A A B-C 
ane ——— | tan — — = Se 
an( 5 ) ot 5 tan ( 5 LHS 


Similarly, (ii) and (iii) can be proved. 


10.6 AREA OF A TRIANGLE 
THEOREM Prove that the area of AABC is given by 


A = He sintA = a asin B = E sinc 
2 2 2 
PROOF Let ABC be a triangle. Then the following cases arise : 


CASEI When AABC isan acute angled triangle: 
In Fig. 10.1, we have 


ai p= = AD =ABsin B=csin B 
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A = Area of AABC = = BC x AD = 5 acsin B 


CASEI! When AABC is an obtuse angled triangle: 


In Fig. 10.2, we have 


sin (180 — B) = “= AD = ABsin B = csin B 


A = Area of AABC = —BCxAD = 5 acsin B 


1] 
Thus, in each case, we have A = 5 ac sin B 


Similarly, it can be proved that A = Ls ab sinC and A = ss be sin A 
2 2 O.E.D 


ILLUSTRATIVE EXAMPLES 


Type I PROBLEMS ON APPLICATIONS OF COSINE FORMULA AND SINE RULE 
EXAMPLE1 Ina AABC, ifa=3,b =5and c =7, find cos A, cos Band cosC. 
SOLUTION Wehave,a=3,b =5andc=7 


CO. A. a, a ee oe 
2be 2x5x7 70 14 
c7+a*—-b2 4949-25 33 11 
cos B = =i ee ee 
2he 2x 3x7 42 14 
az +b* —c? 9+ 25 —49 15 1 
COs C SS eee SS eee 
2ab 2x3x5 30 2 


EXAMPLE2 If the sides of a A ABC area =4,b =6and c =8, show that 4 cos B+ 3 cosC =2. 


SOLUTION Wehave, a=4,b=6and,c=8 
a>+c7-b?  16+64-36 44 11 








B = Pe 
Si 2ac FRESa. A EeLIG 
anti, eee G@t AUR Oe Geo a ee 
‘ 7. 2ab = is DK AKG 48 4 
Lie. =3 11 3 
4 = Ast Sa i ee 
cos B+ 3 cosC ey 4 tag 
EXAMPLE3 In any AABC, prove that: 
(i) a(b cos C —c cos B) = b? —c? [NCERT] 
2 2 2 
. cosA cosB cosC’ a +b*+¢c 
(ii) a = b ah ee a Qabe [NCERT] 


(iii) 2 (bc cos A + ca cos B+ ab cosC) = az +b? + C2 


SOLUTION (i) LHS = a(b cosC —¢ cos B) = ab cosC —ac cos B 
Dy 2 en! 
- of +b“ —c }-«(4 +c~ —b 
2ac 





2ab 


= L@ +b” —c*) ~(a2 +c? -»)} = b2_;-2 = RHS 
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(ii) LHS = cos A 4. £08 B 4 £08 Cc 
a b c 
_ be +c* =r" c* 402 —-b? a* +b2 —c? = a? +b? +c? 
= 2abc i 2acb 7 2abc - 2abc 
(iii) LHS = 2bc cos A + 2ca cos B + 2ab cos C 


2 29 2 a2 312 Figo 2 
Syn b“ +c“ -a “0 ca c~ +a“ —b + 2ab a“ +b“ -—c 
2bc 2ac 2ab 


= (b? + c* —a7) + (c? +a -b*) + (a* +b? —c”) = a? +b? +c* = RHS 











= RHS 


EXAMPLE4 Inany AABC, prove that: (a —b)* cos” = + (a+b)? sin? = = ¢* 
PROOF We have, 
LHS = (a =i) cos” =! (a+ b)2 sin? = 


az cos? c + sin” =| +b? cos? Cc + sin =| — 2ab (cos? 2 © ~ sin =| 
2 2 2. 2 2 2 


a” +b* —2ab cosC = c* = RHS 
EXAMPLE5 Ina AABC, prove that: 














(i) (b* —c*) cot A + (c? —a2) cot B+ (a2 —b2) cotC = 0 [NCERT] 
29 De 2 22 
(ii) ? _ Jama (2 =~ Js 20 au Js PC = 0 [NCERT] 
b Cc 
SOLUTION ep = SS = SRE =k. Then, sin A = ak,sin B = bk andsinC = ck 
Cc 
(i) LHS = (b2 =o") cot A +(c? ~q’) cot B + (a —b?) cot C 
cos A cos B cos C 
= (b? —c?) —— 4. (c? — a?) ——— = Cal) reer 
sin A sin B sin C 


(b2 - c*) b> ct —a- (c? —q*) force be (a? —b?) a* +b? —c* 
| 
ka 2bc kb 2ac ke 2ab 


ae ca ~c*) (b? +c? —a*) + (c? — a?) (a? +c? —b?) + (a2 —b2) (a? +b? - | 


N 


= @ —c*) (b? + c*) a? (b? ~c?) + (c2 — a2) (c? + a2) —b? (c? —a?) 
kabc 


N 


+ (a* —b*) (a7 +2) —c? (a2 -¥] 


1 {@? -¢ Pye tet) ate ae) (02 ee) 20) (a2 +8) 


— a? (b? —c”) —b? (c? — a) —c* (a* -») 
~ Dkabe sem c") is (c* -a*) 3 (a* —b*) —(a*b? ~a*c*) ~ (bc? —b2a7) ~(c*a2 -<9%)| 
1 x0 =0=RHS 





2kabe 


eS ee Pe ee ee 
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ZY: 2 9 2 ne 
(ii) LHS -|* as Js 24 (5 a Js 2B+(% a2 sin 2C 
a c 


b2 — 2 2 
-| ~ Jasin a cosa {$ 
a 











~ 2 a’ —b? . 
5 2 sin Bcos B+ =— |2sin C cosC 
b Cr 


/ Sl Oty Ott 0: ee y eee See Yet ve) 7 HY abel 
b* —c Oka b* +c“ -a Fae: a kb a“ +c~ —b < a~ —b Oke a“ +b“ —-—c 
aa 2be b2 2ac c2 2ab 


pak {Gs ee) (b? +c? —q") + (c? ~ a") (c? +a —b?) + (a? —b?) (a? +b? -<)| 




















= —x0 = 0 = RHS 


Type II PROBLEMS BASED ON COSINE, SINE AND PROJECTION FORMULAE 


EXAMPLE6 In any AABC, prove that: 
(i) sinB  c-—acosB 
sinC b-acosC 


(ii) 24 asin? +c sin? 4 =a+c—b 


(iii) 2 4b cos C+ ¢ cos” | =a+b+c 
(iv) (b +c) cos A +(c+a) cosB+(a+b) cosC =at+bec 


a z 2 = k.Then,a = ksinA,b = ksin B,c = ksinC 
sin A sinB_  sinC 
c-acosB  (acosB+bcosA)-acosB  bcosA 6b KsinB_ sinB 


b-—acosC ~ (acosC +c cos A) —acosC - ccosA c ksinC sinC 


(ii) LHS = 2(a sin Sc sin? *) = { (0 ~ cos) + (1 ~cos A)| 








SOLUTION Let 











(i) RHS = 


= a+c—(acosC+ccosA) = a+c-—b = RHS 
(iii) LHS = a(t cos* = + ¢ cos” +} = |b (1 +08) +c(1+cos B} 


= (b+c+bcosC +ccosB) =b+c+a = a+b+c = RHS 
(iv) LHS = (b+ c) cos A +(c +a) cos B+(a+b) cosC 
(6 cos A + acos B) +(c cos A + acosC) + (b cosC +c cos B) 
c+b+a =a+b+c = RHS 
EXAMPLE7 In any AABC, prove that: 
cos A cos B cos C az +b? +c? 


bcosC+ccosB ccosA+acosC acosB+bcosA 2abc 
SOLUTION We have, 
LHS = 


cos A rH cos B cos C 
bcosC+ccosB ccosA+acosC acosB+bcosA 
cosA cosB_ cosC 

+ ——— 

a b c 
_Bact-d tank? ab? _¢? a> +b? +c? 
* 2abe 2abc 2abc z 2abc 














= RHS 
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sin B ; 
EXAMPLE8 Ina triangle ABC, if cos A = —— ra show that the triangle is isosceles. 


oa 
SOLUTION Let = = _ sinc 
a ? C 





= k. Then, sin A = ka, sin B = kb, sinC = ke. 


Now, cosA= somBt, 
2 sin C 

= 2 cos A sin C =sin B 

b2 +c? —a? 
=> 2 | ———_ | kc = kb 
— b* +c* —a* = b2 
— c=a*=>ceH=a 
— AABC is isosceles. 
EXAMPLE9 If ina triangle ABC, PACOS A + Se + gieoae = = + wh , then prove that the triangle 

a Cc IC 86OCA 


is right angled. 


SOLUTION We have, 
2cosA cosB 2cosC a b 
$$ 5 oa = + 


a b Cc be ca 
b? +c? —a? c7 + a2 —b? az +b2 —c? a dD 
= 2) ——_—_——— | +) —————__ |] + 2)| ——_—__ |] = — + — 
2abc 2abc 2abc be ca 
= 2(b? +c? =a") + (c? +a —b?) + (a +b? ~¢*) = 2a* + 2b? 
= b> +¢7 = a? 
= AABC is a right angled triangle 


Type III ON FINDING THE AREA OF A TRIANGLE WHEN ITS PARTS ARE GIVEN 
EXAMPLE10 Find the area of a triangle ABC in which ZA = 60°, b = 4 cm and c = V3 cm. 
SOLUTION The area A of triangle ABC is given by 


A = = be sin A = =% 4.3 x sin 60° = 2/3 x x2 = 3sq.cm. 


. b? + 7 —a? ; 
EXAMPLE11 In any triangle ABC, prove that: A = ——___——. 
4cotA 
SOLUTION We have, 
Deineer nD, 704 ot = 0 7D ey 
Fe ee a ap Ee oe gin A 
4cotA 4cosA 4(b? + c* — a?) 


= besin A == ts 


a? -b? sin Asin B 
ba sin (A — B) 
= k.Then, a=k sin A,b =k sin B,c=k sin C 





EXAMPLE12 In any AABC, prove that: A= 
7 b c 





Sait 
ES A. an sinc 


a2 —b* sin Asin B _ W sin? A-K sin? B sin Asin B 
2 sin(A—B) 2 p(B) 





RHS = 
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; ‘ 2 : : 
sin Asin B _ KE in(Aa Bails Bee 
sin (A — B) 2 sin (A — B) 


2 
> (sin® A —sin” B) x 





= 5K sin (A + B) sin A sin B = 5 (k sin A) (k sin B) sin (x —-C) 
= = ab sin C =A = elo. 
8 2 
EXAMPLE 13 In any AABC, prove that: acos A+b cos B+ ccosC = ip [NCERT] 
abe 
SOLUTION ee i lI 0. Then, a=k sin A, b=kKsin B, c=k sinC 
sin A sinB sinC 
Now, acosA+b cos B+ccosC 
= ksin AcosA+k sin Bcos B+k sinC cosC 
= = (sin 2A + sin 2B + sin 2C) 
= = (4sin A sin BsinC) = 2k sin Asin BsinC = 2asin BsinC 
= sax 2 Ay 24 ie hee Geeenaein B ..sin p=22, sinc ==") 
ac ad 2 2 ac ab 
|B Alby toon 
abc 


EXAMPLE 14 Two ships leave a port at the same time. One goes 24 km per hour in the direction N 45° E 
and other travels 32 km per hour in the direction S$ 75° E. Find the distance between the ships at the end of 
3 hours. [NCERT] 


SOLUTION Let P andQ be the positions of two ships at 
the end of 3 hours. Then, 


OP = 3x24 = 72km and OQ =3x 32=96 km 
Using cosine formula in A OPQ, we get 
PQ? = OP? +O0Q? —2O0P x OQ cos 60° 


=> PQ? = 72? +96? -2x72x 96x = 





=> PQ? = 5184 +9216 —6912 = 7488 


Fig. 10.13 


EXAMPLE15 Two boats leave a place at the same time. One travels 56km in the direction N50°E, 
while other travels 48 km in the direction S 80° E. What is the distance between the two positions of the 
boats? 


SOLUTION Let A and Bbe the position of the boats such that AB = x. 
Clearly, Z AOB = 180°-—(50°+ 80°) = 50° 
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Using cosine formula, we have 

AB* =OA? + OB? -20A OB cos ZAOB 
x* =(56)* + (48)? —2 x 56 x 48 cos 50° 
x* = 3136 + 2304 —2 x 56 x 48 x 0.6428 


x* =5440 — 3455.69 =1984.31 


Gala Be’ 


x = J1984.31 = 44.54m 
Hence, the distance between the boats is 44.54 km. 





Fig. 10.14 


EXAMPLE 16 A lamp-post is situated at the middle point M of the side AC of a triangular plot ABC with 
BC =7 m, CA =8 mand AB =9 m. Lamp-post subtends an angle of 15° at the point B. Determine the 
height of the lamp-post. [NCERT] 


SOLUTION Using cosine formula in A ABC, we get 


2ab 2x7x8 
Using cosine formula in A BMC, we get 





BM? = BC? +CM? —2BC CM cosC 
=> BM2 = 49+16-2%7x 4x = [cM 
= BM? = 49 > BM =7 
In right triangle BMP, we have BIg 10°19 


Pio 1 SPAT = | 
fandoos= ee se OE SE PM =7 iy Ae ee 
PM aoe. 7 (33 = la as 


Hence, the height of the Lamp-post is 7 (2 —/3) m. 


LEVEL-2 
EXAMPLE17 In any triangle ABC, prove that: 
a° cos (B—C) +b? cos (C —~A)+c? cos (A —B) = 3abc re 
SOLUTION Let Bi ee Tet, a=ksinA,b = ksin B,c = ksinC 
sin A sinB sinC 
LHS = a® cos(B—C) +b® cos (C — A) +c® cos (A — B) 
= a*k sin A cos(B—C) +b” k sin Bcos(C — A) +c2 k sinC cos(A —B) 


ja?{ 2sin A cos (B -©)} +8?{2 sin B cos(C - A)} +c7{2sin C cos(A -B}| 


G {2sin@ +C) cos (B - O)} +? 28in(C+A) cos (C -A)} 








N| es Ni > 


+c {2sin(A +B) cos(A -B} | 
eat 


G (sin 2B + sin 2C) +b? (sin 2C + sin 2A) + c? (sin 2A + sin 26)| 


N 
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k : 
= 5 | 2a? (sin B cos B + sin C cosC) + 2b? (sin C cosC + sin A cos A) 


+ 2c? (sin A cos A + sin B cos B) 


G (k sin B cos B+ k sin C cos C) +b? (k sin C cosC + k sin A cos A) 


+c (k sin AcosA+k sin B cos B) 


a? (b cos B+c cosC) +b” (c cos C +acos A) +c? (a cos A +b cos 5) 


[. k sin A=a,k sin B=b,k sin C =c] 
ab (a cos B+b cos A) + be (b cos C +c cos B) + ca(a cos C + cos A) 
abc +bea+cab = 3abc : 


EXAMPLE 18 With usual notations, if in a triangle ABC —. = = = = “~, then prove that: 








cos A _ COs B cosC 











7 i9 25 
SOLUTION Let on = = = < = A(say) Then, b+c=11A,c+a=12/,a+b=I132 


A (b+c+c+a+at+b) = 11A+12A+13A> Aa+bic) = 36A > at+bic =18A 
Now, b+c =1llAandat+b+c =18A > a=7/1 


c+a =12iAanda+bic = 18A> b = 6A 

a+b =13iAanda+b+c =18A>c=5h/ 

cog bP +e a? 936.0 25 
2he 60 22 60 5 

PR aed St Nee ee 2 a) 
2ac 70 22 70 35 


and, 0s GG = SS SS eee 


T1935 
os A:cos B:cosC = =:—=: = = 7:19:25 
C cos B: cos 5° 35°97 
EXAMPLE 19 If a*,b*, c are in A.P., prove that cot A, cot B, cot C are in A.P. 


sin A sin B sin C 




















SOLUTION Let a 2 ae eee BAL ka, sin B = kb, sinC = ke. 
a 
Now, cot A, cot B, cot C will be in A.P. 
=> 2 cot B = cotA+cotC 
2 cos B cos A  cosC 
=> = 
sin B sin A sinC 
2 cos B cosA  cosC 
ome) — + —————- 
kb ka ke 


2 2 12 2 Ji gee?) 2 2 2 
as 3 a“+c“—b ic b~ +c" -—a - a” +b“-—¢ 
2abc 2abc 2abe 
<>  — 2(a? +c? -b?) =(6? +c? -a*) + (a? +b? 02) > g2 462 = 252 & G2, b2, cZarein AP. 


oie eee 


B tap BR ele i 


10.24 
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ALITER It is given that a*,b*, c? are in AP. 

-~ 2a’, - 2b7, ~2c? are in ALP. 
— (a2 +b? + c?) One, (a2 +b? + c?) EDUC, (a2 +b? + c”) ~2c? are in ALP. 
=> b* +c a’, c2 +a" —p2, a* +b* —c* are in AP. 

b* +07 -a2 ct +a7—-b? a2 +b2 -c? 
= —_————q—,————___,, —_—_areinA FP. 

2abe 2abe 2abc 

1{ b24c7-a2 ) 1{ c2 +a7—-b2 ) 1 a2 +b7 +c : 
=> —| ———___ |, — | ——————_ |, —- | ————_ [are in AP. 

a 2be b 2ac Cc 2ab 
=> Ssh ; Se ; ESE are in A.P. [- a=ksinA,b =k sin B,c =ksin C] 

ksinA ksinB ksinC 


— cot A, cot B, cot C are in A.P. 


EXAMPLE 20 Ifina triangle ABC,cos A+ 2cosB+cosC = 2prove that the sides of the triangle are 
in A.P. 


SOLUTION We have, 
cos A+ 2cos B+cosC = 2 






































=> cosA+cosC = 2-—2cosB 
— cos A cos C = 2(1-cos B) 
=> 2 cos{ eo cos{ “= <) = 2(2 sin? | 
2 2 2 
<i B A-C . 2B A+C x B sehed 
— 2 sin — cos = 4sin~ — (COS =cos} ——-— | = sn— 
2 2. 2 2 2 2. 2 
=> cos( 4 = 2 sin = [se Osi aaa 
2 2 
B beet. : B 
=> 2 cos — 5 cos( A= <) = 4sin — = COS 5 [Multiplying both sides by 2 cos F ] 
‘ Rett * he B B B . A+C 
— 2 sin cos = 2) 2 sin — cos — ‘* cos —=sin 
2 2 2 2 2 2 
— sin A+sinC = 2sin B : 
= ka + kc = 2kb i sm A on B sme; | 
a b Cc 
=> a+c = 2b => a,b,carein A.P. 
EXAMPLE 21 Ina triangle ABC, ZC =60°, then prove that : : pe thes eB} as 
a+c b a+b+c 
SOLUTION We have, Z S = B0° ‘ 
=> cos C -i 50 is a* +b*—c* = ab => a*+b2-ab = c? »«(1) 
OMe atc b+c a+bec 
Q@tb+2c — 3 
if (a+c)(b+c) at+b+c 
i.e. if ante) 92-00) = 3(a+c)(b +c) 
i.e. if (a+b) +26" + 3c(a+b) = 3 (ab + ac +be + c*) 


ieif a” 4. b2 + 2ab + 2c7 + 3ac + 3bc = 3ab + 3ac + 3be + 3c7 
ieif a? +b2 ab = c”, which is given [see (i) 
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EXAMPLE 22 Two trees, A and B are on the same side of a river. From a point C in the river the distance 
of trees A and B are 250 mand 300 m respectively. If the angleC is 45°, find the distance between the trees 
(Use /2 =1.44). 


SOLUTION Using cosine formula in A ABC, we have 


AB2 = AC2 + BC? —2AC - BC cos 7 


AB = (250)? + (300)2 —2 x 250 x 300 x +s 
V2 


AB = 62500 + 90000 —75000 /2 Fig. 10.16 


AB = ./152500 —75000 x 1.44 
AB = ,/152500 —108000 = 744500 = 210.95 m 





EXERCISE 10.2 


In any AABC, prove the following : (1-13) 


ib 


10. 
11. 


12. 


13. 


14. 


15. 


16. 
17. 


. 2(bc cos A +cacos B+ ab cos C) =a* +b* +c 


; (c* —a* +b?) tan A = (a? —b* +c?) tan B = (b2 —c? +07) tan C 


In a AABC, if a = 5, b = 6 and C = 60°, show that its area is pe sq. units. 





. Ina AABC, ifa=J2,b=V3 andc - 4/5, show that its area is V6 sq. units. 


. The sides of a triangle area =5, b = 6andc =8, show that: 8 cos A + 16 cos B+ 4 cosC =17. 
- Ina A ABC, if a=18, b = 24, c = 30, find cos A, cos B and cos C. 


2 2 


. b(ccos A—acosC) = c“ —-a 


. C(acosB-—bcosA) = Teele 


2 


c—bcosA _ cos B 

b-—ccosA cos C 

a(cosB+cosC —1) +b (cosC + cosA —1) +c (cosA + cosB—1) =0 
acosA +bcosB+ccosC =2bsin AsinC 


a =(b+ c)? —Abc cos? 





4(be cos” “ + ca cos” s+ ab cos” =] = (a+b+c)” 


LEVEL-2 


In a AABC, prove that 
sin? A cos(B—C) + sin? B cos (C — A) + sin® C cos(A —B) = 3 sin Asin BsinC 
b+c cta artb cosA cosB_ cosC 
A —— = —_—__ = —__,, the —_. = ——— = 
In in any A ABC, a 3 5 n prove that > 7 


Ina AABC, if Z B= 60°, prove that(a+b+c)(a—b+c) = 3ca 
If ina AABC, cos? A + cos” B+ cos” C = 1, prove that the triangle is right angled. 
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18. Ina A ABC, if cosC = <a “ , prove that the triangle is isosceles. 
sin 


19. Two ships leave a port at the same time. One goes 24 km/hr in the direction N 38°E and 


other travels 32 km/hr in the direction $ 52° E. Find the distance between the ships at the 
end of 3 hrs. 


ANSWERS 





4. cosA = = cos B= =, cosC =0 19. 120 km 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. Find the area of the triangle AABC in which a =1,b =2 and Zc =60°. 
2. Ina AABC, ifb =/3,c=1and ZA = 30°, find a. 


3. Ina AABC, if cos A = = = , then show that c = a. 
S 





4. Ina AABC, ifb =20,c =21 and sin A==, find a 


5. In a AABC, if sin A and sin B are the roots of the equation c7x* —c (a +b) x +ab =0, then 
find ZC. 
6. In AABC, if a=8,b =10, c=12 andC =2A, find the value of 2. 


7. If the sides of a triangle are proportional to 2, 6 and 3 —1, find the measure of its greatest 
angle. 


8. Ifina AABC, a“ —* = ce then find the measures of angles A, B,C. 
c 


9. In any triangle ABC, find the value of a sin (B—C) +b sin (C —A) +c sin (A —B). 
10. In any AABC, find the value of = a (sin B—sinC) 


ANSWERS 
1. V3 sq.units 2,1 4.13 5.90° 6.2 7.120° 8. A=B=C=60° 9.0 10.0 








MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 
1. Inany AABC, i a” (sin B—sinC) = 


(a) a2+b24+c% = (b) a” (c) b? (a) 0 
2. InaAABC, ifa=2, ZB=60° and ZC =75°, thenb = 
(a) V3 (b) V6 (c) V9 (d) 1+-/2 
3. In the sides of a triangle are in the ratio1:-/3 : 2, then the measure of its greatest angle is 
m1 Tw ™ d 2n 
(a) 0) 3 «3 @) = 
4, Inany A ABC, 2 (ec cos A + ca cos B+ ab cos C) = 
| Jeo | hogs beni 
at+b+c c) a2 +b2 +2 a) — + 4 
(a) abc (b) | (c) c ( 2 pts 


1 EE 
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5. Ina triangle ABC, a =4,b = 3, ZA =60° then c is a root of the equation 
(a) c2-3c-7=0 (b) c24+3c+7=0 (c) c*2-3c+7=0 (d) c*+3c-7=0 
6. Ina AABC, if (c+a+b) (a+b —c) =ab, then the measure of angle C is 


T T 21 Tt 
a) LL ail d) = 
(a) 5 (b) Z (c) 3 ( 
7. Inany AABC, the value of 2acsin ( a is 
(a) a* +b* —c? (b) c* +a* —b? (c) b* —c~ =a (d) c* —a* —h? 
8. Inany AABC, a(b cos C —c cos B) = 
(a) a? (b) b* —c? (c) 0 (d) b7 +c? 


ANSWERS 
i(d) 26 36 £4& (©) ~~ S58) 6.(a) 7 (c) 8 (0) 


| 
; 
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TRIGONOMETRIC EQUATIONS 





11.1 SOME DEFINITIONS 


TRIGONOMETRIC EQUATIONS Thie equations containing trigonometric functions of unknown angles 
are known as trigonometric equations. 


cos 9 =5 ,sin 6 = 0, tan 0= 3 etc. are trigonometric equations. 


SOLUTION OF A TRIGONOMETRIC EQUATION A solution of a trigonometric equation ts the value of the 


unknown angle that satisfies the equation. : 
Tt 


: ers T 
Consider the equation sin 0 = = This equation is clearly satisfied by 6 = oe etc. So, these are 
its solutions. 
Solving an equation means to find the set of all values of the unknown angle which satisfy the 
given equation. 


Consider the equation 2 cos 9+1=0 or cos 8=—1/2. This equation is clearly satisfied by 


eas 
a. 8 


Since the trigonometric functions are periodic. Therefore, if a trigonometric equation has a 


2 T 
solution, it will have infinitely many solutions. For example, 0 = ae 2x + re 4n + so as are 


; 21 
solutions of 2 cos 8+ 1 =0. These solutions can be put together in compact form as 2nn + Sau? 
where n is an integer. This solution is known as the general solution. 

Thus, a solution generalised by means of periodicity is known as the general solution. 


It also follows from the above discussion that solving an equation means to find its general 
solution. 


11.2 GENERAL SOLUTIONS OF TRIGONOMETRIC EQUATIONS 


In this section, we shall obtain the general solutions of the trigonometric equations 
sin 8 =0, cos 6 =0, tan 9 =0 and cot 6=0. 


THEOREM 1 Prove that the general solution of sin 8 = 0 is given by 8 =nr,n € Z. 
PROOF In AOMP, we obtain 
M 
sin 6 = 





OP 
sin 8 = 0 
PM 
“= 0 
OP 
PM =0 


OP coincides with OX or, OX’ 

6=0, x, 2n,..., —™% —2%, —3n, ... 

G=nn, nEZ. 

Hence, 6=nn,n & Z is the general solution of sin 6 =0. 
Q.E.D. 


YUU Y 





omy ene Se 6S 5 SOR ee Oo 


- wee 


3, 4 
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THEOREM 2 Prove that the general solution of tan 0 =0 is @=nx, ne Z. 
PROOF By definition, 


tan 0 = whe 
OM 
tan 8 = 0 
PM _ 9 
OM 
X or, OX’ 
ea) 
ral solution of sin 8 = 0. 
ral solution of cos 8=0 is 8 =(2n +1) : ,neZ. 
)y7 
1) ee 
i, neZ. 
Z 


Hence, the general solution of cos 8=0 is 6 = (2n+1) 3 , neZ. 


THEOREM 4 Prove that the general solution of cot8@=Ois® = (2n +1) 3 neZ. 


PROOF By definition, 


uy y 


a 


OM 

cot 6 = PM 

cot 8 = 0 

OM _ 

PM 

OM = 0 

OP coincides with OY or, OY' 
T 31 51 

) = Sait = pre a5 9 y seeee 


9 =(2n+1)5, neZ. 


Hence, 9 = (Qn+1) 5 neZ is the general solution of cot 8 = 0. 


[See Fig. 11.1] 


Q.E.D. 


[See Fig. 11.1] 


Q.E.D. 


[See Fig. 11.1] 


Q.E.D. 


NOTE Since secO21, orsecO<~—1, therefore sec@=0 does not have any solution. Similarly, 
cosec @ = 0 has no solution. 


TRIGONOMETRIC EQUATIONS 11.3 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the general solutions of the following equations: 


(i) sin 20 =0 (i) sin=-=0 (iii) sin? 20 =0 
SOLUTION (i) We have, 
sin 20 = 0 
— 20 = nz, whereneZ [.° sin 8=0=> 0=nn] 
= Gg = pee neZ. 
2. 
‘3 x 30 
(ii) sin — = 0 
2 
30 ; 
= Ti =nx, nEeZ [sin 8=0=> 0=nn| 
_ 2nn 


= 0 = —,neEZ. 
3 


(iii) sin? 20=0 => sin20=0 = 20=nn,neZ => 0 =F. ne Z. 


EXAMPLE 2_ Find the general solutions of the following equations: 


(i) cos 30 =0 (iii) cos = =0 (iii) cos* 36 = 0 
SOLUTION We know that the general solution of the equation cos 8 =0 is 6 =(2n + 1) = ,neZ. 
Therefore, 
(i) cos 30 = 0=> 30 = (2n+1)5 ,neZ>O = (Qnt+1)7, neZ 


(ii) cos <> = Ox = (n+ 1) E,neZ= 0 = (2n+1) 7, neZ. 


(iii) cos? 30 = 0 > cos30 = 0=> 30 = (Qn+1)>, neZ>O0= (Qn+1) =, neZ. 


EXAMPLE3_ Find the general solutions of the following equations: 
(i) tan 20 = 0 (ii) tan > = 0 OU a Ne 


SOLUTION We know that the general solution of the equation tan ®@=Ois 9=nz,neZ. 


Therefore, 


(i) tan 26 = 0 => 20 =nn,neZ > O=—, neZ 


(ii) far eo = = nn, neZ => 0 = 2nn, nEZ 


2 
(iii) tan =" = 0 => = nnneZ = @ =  neZ 


THEOREM 5 Prove that the general solution of sin 8= sin a is given by: 8 =nx+(—1)" a ,neZ. 
PROOF We have, 

sin 8 =sin a 
> sin 8—-sina = 0 


6-a 6+a 
> 2 si =0 
sin( ; } cos : 
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. (9-a 0+a 
=> sin =(0 or, cos =0 
2 2 
> <=" = mn, or, ick = (2m+1)>,meZ 
> 0 = 2mxn+a, EZ or, 9 = (2M+1)xn-a,meZ 
> ® = (Any even multiple of m)+a or, 90 = (Any odd multiple of 1) — a 
=> @ = nxn+(-1)" a, wherene Z. 


Q.E.D. 
REMARK1 The equation cosec 8 =cosec a is equivalent to sin 0 =sin a. Thus, cosec 0 = cosec 
and sin 8 =sin « have the same general solution. 
THEOREM 6 Prove that the general solution of cos ® = cos « is given by: 0 = 2nn + a , wheren € Z. 
PROOF We have, 
cos 8 = cosa 

















=> cos 8-—cosa = 0 
(PS) si es 
> —2 sin sin = 0 
2 2 
=> sin( =") - 0 or, sin(*5*) = 0 
2 2 

6+a 6 - 
=> 5 = nt, or =nnr, neZ 
=> 6 = 2nn-—a or, 8 = 2nn+a,nEeZ 
=> 6 = 2nxnta,neZ. Q.E.D. 
REMARK2 Since sec 8 =sec a < cos 8=cos a. So, the general solutions of cos ®=cosa and 
sec 9 = sec a are same. 
THEOREM 7 Prove that the general solution of tan 8 = tan a. is given by:0 = nn+a,neZ. 
PROOF We have, 

tan 8 = tan a 

sin 9 sin a 
> —-_—s«s= 

cos 8 COS & 
> sin 8 cosa-—cos@sina = 0 
=> sin (@-—a) = 0 
> 6-a =nn,nEeZ 
=> @=nrn+a,nEeZ 

Q.E.D. 


REMARK3 Since tan 8=tana<>cot@=cota. So, general solutions of cot@=cota and 
tan 6 =tan o are same. 


In order to find the general solutions of trigonometrical equations of the formsin @=sin a, 
cos § =cos a and tan 8=tan a, we may use the following algorithm. 


ALGORITHM 
STEPI Find a value of 8, preferably between 0 and 2n or between — 1 and 1, satisfying the given 
equation and call it a. 





STEPI ‘If the equation is sin 8 =sin a, write 8 =nx+(-1)" a,n € Z as the general solution. 
For the equation cos 8 = cos a, write 9 =2nn+ a,n € Z as the general solution. 
For the equation tan 8 = tan a, write@ = nx+a,n €Z as the general solution. 
Following examples illustrate the algorithm. 


TRIGONOMETRIC EQUATIONS 11.5 


ILLUSTRATIVE EXAMPLES 


Type I ON FINDING THE GENERAL SOLUTIONS OF THE EQUATIONS OF THE FORM 
sin 0 = sin a,cos 8 = cosa, tan 9 = tana 
EXAMPLE1_ Find the general solutions of the following equations: 


(i) sin 0 = = (ii) 2sin0+1 = 0 (iii) cosec 8 = 2 
SOLUTION (i) A value of 0 satisfying sin 9 = se is a ‘ 


sin 0 = Bo sin @ = sin => 0 = nx +(-1)" = neZ 
(ii) We have, 

2sin0+1=0 => sin 0=-— 
A value of 0 satisfying this equation is — 1/6. 

sin 9 =—— 

2 
= sin 9 = sin (-E) 
6 


T 


nt + (—1)" (- =), neZ 


= ) 


=" 0 


(iii) We have, 
cosec9 = 2=> sin9 = == sin 9 = sin = => 0: = nn +(—1)" = neZ. 


nx+(—1)"* } a eZ. 


EXAMPLE2 Find the general solutions of the following equations: 


(i) cos 8 = : (ii) cos 36 = 5 (iii) V3 sec 20 = 2 


SOLUTION (i) cos 8 = ; => cos@ = cos = => @= annt =, neZ 
ve 1 
ii cos 36 = -—— 
(ii) 5 
=> cos 38 = cos = 
= 30 = Innt i, neZ 
= ) = Ee neZ 
(iii) V3 sec26 = 2 
=> cos 286 _ 3 
2 
=> cos 26 = cos 7 


=> 20 = Innt—, neZ 


=> 0 =nnt—, neZ 
12 
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EXAMPLE3 Solve the following trigonometric equations: 
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(G)etani0\ = + (i) tan ones Gi) tarnish 
SOLUTION (i) tan 0 = Eno = tan=~>6 = nn+~,neZ 
V3 6 6 


(ii) tan 20 = J3 


=> tan 20 = tan — 
T 
= eieeeeasTerh ih ie 
nt 
6 = —+—,nEZ 
= uaG 


- Gil) tan 30 = -1 
= tan 30 = tan(—£) 


=> 30 = nn+(—2),nez 


=> Oa, eZ. 
12 


EXAMPLE4 Solve the following trigonometric equations: 
! (iii) tan (2 0] = /3 


s 36 
li —=_ = x 
C) C35 


8 
1 7 —_— — —j 
(i) sin 5 = 


SOLUTION (i) sin = Say 


iO 3. ( =) 
=> sin — =sin | —— 
2 2: 


=> pans (-1"(-2), neZ 
2 2 
=> @ = 2nn+(-1)"*12,neZ 
a 36 = 
WBS 
=> eas 2 = cos = 
2 3 
=> = = 2nnt — neZ 
4nx , 20 
= —+—,neZ 
=> 6 3 9 
(iii) tan (=) = J/3 
26 ui! 
— tan — 
Ee tan(=2) : 
20 ™ 
——— +—,nEeZ 
=> - nm 3 
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Type II ON FINDING THE GENERAL SOLUTION OF THE EQUATIONS REDUCIBLE TO THE FORMS 


EXAMPLE 5 Solve the equation: sin 8 + sin 360+ sin 58 = 0. 


sin 0 =sin a, cos 8=cos a, tan 0=tan a. 


SOLUTION We have, 


YuUUYY 


Now, 
And, 
—- 
=> 


=> 


sin 0+ sin 30+sin50 = 0 
(sin 50 + sin 0) + sin 30 = 0 
2 sin 30 cos 20+ sin 30 = 0 
sin 30(2cos 20+1) = 0 


sin 30 = 0 or 2cos20+1 = 0 


sin 30 = Oor,cos20 = -5 


sin 30 


O=> 30 =nn, neZ=> O=— neZ 
Gea OO 
2 
cos 28 = dos 
3 
21 
20 = Sth eee 


T 
o2— MBE NG 


([NCERT EXEMPLAR] 


nT 


PAS | T 
Hence, the general solution of the given equation is: 8 = Gone 8=mnr+t 37 where m,n é€ Z. 


EXAMPLE6 Solve the equation: cos 8 + cos 38 —2 cos 28 = 0 
SOLUTION We have, 


cos 8+ cos 38 —2 cos 28 = 0 
2 cos 28 cos 8 —2cos 26 = 0 
2 cos 26 (cos 8-1) = 0 

cos 28 = Qor,cos8-1 = 0 


cos20 = 0 => 20 = (Qn+1)>neZ => 9= 


cos8-1 = 0 
cos 9 = 1 

cos 8 = cos 0 

6 = 2mxn+0,meEZ 
6 = 2mx,meZ 


Hence, 9 = (2n +1) 7 or, 9 = 2mx, wherem,ne Z. 








EXAMPLE7 Solve the equation: sin m8 + sin n® = 0. 
SOLUTION We have, 
sin m8 + sin n8 = 0 
= 2sin(™*") 9 cos("=")o = 
2 2 
=> sin(™*")o = 0 or, cos(™="o = 0 


(Qn+1)7neZ 





Now, _ sin (me) apo 


=> (“*)e =7m,reZ 


2rm 
=> 6 = , reZ 
m+n 


And, cos (eo) G=0 


~ ("> )e-@s+1)2,sez 
2 2 











=> 2) oe 
m—n 


arn or 0 & (2s+1)x 
m+n m—n 


Hence, 9 , where r, s&€Z. 


EXAMPLES Solve the following equations: 


(i) sin 20+ cos 98 = 0 [NCERT] (ii) sin 30+ cos 20 = 0 


(iii) sin 26 + sin 40 + sin 60 =0 
SOLUTION (i) sin 26+ cos 8 = 0 


= cos 8 = —sin20 
=> cos § = cos( £426) 
=> = 2nne( E428), neZ 


Taking positive sign, we have 
6 = 2nn+ = +26 


=> —§ = 2nn+ =, neZ 
= @ = -2nn—*, neZ 
=> Q = 2mn-—, where m = -neZ. 
Taking negative sign, we have 


A= 2nn-(% +20) 


rs 2nm 
= -_— 8 = Tate Ma ee Z. 
— 380 = 2nnx 5 => 3. ne 


Hence, 8 = ama — =, Or, e=t_F, where m, ne Z. 


(ii) sin 30+ cos 28 = 0 


— cos 20 = —sin 38 
= cos 20 = cos ¥+ 30] 


TC 


‘ 
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Taking positive sign, we have 
20 = ann + > + 30 





=> -~0 = 2nn+— 

2 
=> 0 = -2nx- = 

2 
=> 0 = 2mn— = , where—n =m. 
Taking negative sign, we have 

2nnt 
20 = 2nn-~-30 => 50 = 2nn-= => 06 = pn eZ, 
nt 5 30, — nt 5 = 5 10 
Hence, @ = a0 or, 9 = Qmx—=, where m,n € Z. 
5 10 2 
(iii) We have, 
sin 20+ sin 468+sin 660 = 0 
> sin 46 + (sin 26 + sin 60) = 0 
— sin 48+2sin 40cos20 = 0 
= sin 40 (1 +2 cos 26) = 0 
> sin 48 =0 or, 1+2cos20= 0 => sin 40 = 0 or, cos 20 = -— 
Now, sin 40 = 0=> 40 =nx,neZ => 0 = = neZ 
And, cos20 = -= 
— cos 28 = cos = 
= 20) = 2mnt =, meZ 
T 
= 6 SBS ee meZ 
nt| 1 

Hence, @ = ae or, 6 = Te where m,ne Z. 


EXAMPLE9 Solve the following equations: 





(i) 2 cos* 6+ 3sin@ = 0 [NCERT] (ii) cot? 0+ 4.3 = 0 
(iii) 2 tan @—cot@ = -1 (iv) 4cos 8-3 secO@ = tan 0 


0 (vi) sec? 2x =1—tan 2x 


(v) tan? 6+ (1-43) tan 0-3 
SOLUTION (i) 2 cos* 9+ 3sin @ = 0 
2(1 -sin? 6)+ 3sin@ = 0 
2sin? 9-3sinQ-2 = 0 
2 sin? 0-4 sin 9+sin 0-2 = 0 
2 sin 6 (sin 6-2) +1(sin 8-2) = 0 
(sin 8 —2)(2 sin 6+1) = 0 
2 sin 8+1=0 [-. sin 6 + 2 


VyYyYu Ye Y 
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[NCERT] 


“. sin 8-20] 


MATHEMATICS-xI 
> sin 0 = — i 
2 


=> sin 8 = sin = 


tems eir(-2), naz 


o 
Il 


nx +(—1)"* 1 Be neZ. 


E 
B 
@ 
+ 
Er 
-b 
eo) 


Ay 
— Ss in 
° yy ~\ 
* hfs 7 
. . & 






» 






=> 68 =nn+(-1)"| = ,neZ 


* 


Berner” 
wae 





+ an 


+) 


hese a i= = 
rite a 
1S mneZ 
ie eee me“: 
DS es e+ 8 
~ f, . 4 «2 ." 
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Now, 


Hence, 


(iv) 


Y 


wuUs 


tan 89 = —lor,tan 8 = 


N|- 


tan 0 =-1 
tan 0 = tan (-=) 
4 


§ = nn+(-=), neZ 
4 


+ = nxn——, neZ 
4 


fan os 
2 


tan 8 = tan a, where tana = 


Nie 


6 = mz+a, where tana = 5 and meZ 


N|e 


TT 
of ear or, 9 = mxn+a,wherem, neZ and tana = 


4cos 8-3 sec0 = tan 0 
4 cos 8 — 2 = sEv8 
cos 9 cos 9 
4cos* 0-3 = sin® 
4(1—sin? 6)-—3 = sin 0 


4sin? 0+sin 0-1 = 0 





: -1+,/1 +16 
: -1+-17 
‘ —1+-17 : eh -lal7 
sin 9 = ————— or, sin 8 = ————— 
8 8 
=e 74 
, F : 1 +6417 
sin 8 = sina, wheresina = eae 
-1+ 4/17 
@ = nxn+(—1)" a, wheresina = —3  andneZ 
, —1—-/17 
—1 —17 
sin 8 = sinfB, where sinB = a aoe 
F aw 
8 = nnx+(-1)"B, where sinB = pa 


8 
tan? 6+(1—V3) tan 0-V3 = 0 
tan? 0+ tan @—J/3 tan 0-73 = 0 


tan (tan 6 +1) —J/3 (tan @+1) = 0 
(tan @ +1) (tan 0-3) = 0 
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=> tan ®+1 = OortanO0-V3 = 0 
= tan 8 = -1 or, tan0 = J3 
Now, tan§@ = -1 => fan 0 = tan(-%) = 0 =mn-7,neZ 
And, tan @ = V3 = tan@ = tan => 0 =mn+—,meZ 
Hence, 98 = nn 7 or, 0) = mnt, where m, neé Z. 
(vi) sec* 2x = 1-tan 2x 
=> 14+tan? 2x = 1-tan 2x 
=> tan? 2x + tan 2x =0 
=> tan 2x (tan 2x +1) =0 
— tan 2x = 0 or, tan 2x+1=0 
= tan 2x =0 or, tan 2x =-1 
=> tan 2x =0 or, tan 2x =tan = 
— 2x =n OF, 2x =nn+—" neZ 
nt nwo. Sr 
=> x =— or, X=—+— ,neZ 
2. 2 8 
EXAMPLE10 Solve the following equations: 
(i) tan 6+ tan 26+ tan 6 tan 20 =1 (ii) tan 8+ tan 26+ tan 36 = tan 6 tan 26 tan 30 
(iii) tan 6+tan 26+ -/3 tan@ tan 20 =/3 (iv) tan 6+ tan (+=). tan(0+22)—3 


SOLUTION (i) tan 0+ tan 26+ tan 0 tan 20 = 1 


— tan 8 + tan 20 = 1 —tan 6 tan 20 
tan 6+ tan 20 

=> —_—_—___—_————_ = 1 
1 —tan 6 tan 20 

=> tan 36 = 1 

= 


tan 30 = tan 7 


{ 


38 = nti, neZ 


y 


Qs eye EZ 
56 10 


tan 6+ tan 20+tan 36 = tan 6 tan 260 tan 30 
tan 6+ tan 28 = —tan 36+ tan 6 tan 260 tan 30 


tan 6+ tan 28 = —tan 30(1 — tan 6 tan 26) 
tan 6 + tan 20 tan 30 


1—tan Otan20 
tan (6+ 28) = —tan 30 
tan 36 = —tan 30 
2tan 38 = 6 

tan 36 = 0 


30 =nn, neZ > 0= = neZ. 


“~ 
is 


UYU Yuy 
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(iii) tan 0+ tan 20+ V3 tan @ tan 20 = V3 


=> tan 0+ tan 20 = J3 (1—tan @ tan 26) 
tanO0+tan260 _ 3 


1 —tan 6 tan 20 
=> tan 30 = J3 


=> 


= fan 306 = tn — 
3 
TC 5 
> 20 = Minh hee 
> @= +e, neZ 
(iv) tan 9+tan(0+2)+tan(o+==) = 3 
3: 3 
i 2m 
tan 0+ tan — tan 6 + tan — 
— tan 0 + s_-4+—______3_ = 3 
perp eet ESSER Dar ees 
tan 0+ J/3 tan 0-3 
=> tan § + —._- ————_ + 
1-V3tanO 1+/J3tan®@ 
§ tan 0 
=> tan 0 + 


1-3 tan 0 é 
tan 0-3 tan? 6+8tan0_ 


= , = 3 
1-3 tan~ 0 
vib 3 
4 3(3 tan 0 ae 0) - 3 
1-3 tan~ 0 
= 3 tan 30 = 3 
= tan 30 = 1 
=> tan 30 = tan 7 
— 30 =nnt+7,n eZ 
=> Oe Oe er 
a 112 


11.3 GENERAL SOLUTIONS OF TRIGONOMETRICAL EQUATIONS OF THE FORM 


sin? 6 = sin? a, cos? 0 = cos* a, tan? @ = tan2 a 


THEOREM Prove that: 


(i) sin? 6 =sin? a=> O=nxnta,nEZ (ii) cos? @ =cos2 


a=> @=nxta,nEeZ 


(iii) tan? 0 =tan? a= O=nnta,nEZ 


PROOF (i) sin? @ = sin? a 


2sin2 6 = 2sin2 a 
1—cos 28 = 1-—cos2a 
cos 28 = cos 2a 


280 = 2nn+2a, neEeZ 
6 =nxta, neZ 


YUUU SY 
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(ii) cos? 0 =cos* a 
=> 2 cos* 0 = 2cos? a 
— 1 + cos 20 =1 + cos 2a 
— cos 20 = cos 2a 
=> 280 = 2nnt2a,neEeZ 
=> 6 =nrta,nEeZ 
(iii) tan? 6 = tan*a 
1—tan2 0 1—-tan7 a 
=> SSS = =e 
1+ tan~ 8 1+tan“~ a 
=> cos 26 = cos 2a 
=> 280 = 2nnt2a,neEZ 
6 =nzta, nEeZ QO.E.D. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Solve: 7 cos* 0+ 3sin2@ = 4 
SOLUTION We have, 

7 cos* 0+ 3 sin? 0=4 
=> 7 (1—-sin2 6) + 3sin* @=4 





=> 4 sin? 0=3 
=> 4 sin? 0=3 
2 
=> eos! = V3 
4 2 
=> sin? @ = sin” 


*>0 =nnti-—, neZ 
3 3 


EXAMPLE2 Solve: 2sin? x+sin2 2x = 2 
SOLUTION We have, 
2 sin? x+sin* 2x = 2 


2 x +(2sin x cos x)” = 2 


x cos* x+2sin2 x =o? 


2 

2 sin” x cos” x + sin” 
2 
2 


2 sin 
4 sin 


26) 5 


x cos* x —(1 —sin? x) =0 


2 


2 sin 


2 sin. x cos* x —cos x =0 . 
cos? x (2 sin? x —1) = 0 = cos*x = 0 or 2 sin? x-1 = 0 
cos* x = 0 or, sin? x => 


2 27 


2 0 = cos" x = cos’ => x=nnt>, neZ 


cos” x 


a 


And, sin” x = ; => sin*x = sin? > x = mnt, meZ 
i = i 
Hence, x = "tr +7 or x = ee wherem, neZ 
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EXAMPLE3 Solve: sin 3a = 4sin a sin (x +a) sin (x-—a), wherea #nz,nEZ 


SOLUTION We have, 
sin 3a = 4sin @ sin (x + a) sin (x —a@) 


=> sin 3a =4 sin o (sin? x —sin? a) 
- 3sin a —4sin? a =4sin? xsina—4sin® a 
=> 3sina = 4sin* xsina 
= sintx = 2 = (BY 
4 2 
> sin* x = sin® = a x=nnt—,neZ 


EXAMPLE4 Solve: 4 sin x sin 2x sin 4x = sin 3x 
SOLUTION We have, 

4 sin x sin 2x sin 4x = sin 3x 
> 4 sin x sin (3x —x).sin(3x+x) = sin 3x 
=> 4[sin x (sin? 3x -—sin? x)] = 3sinx—4sin® x 
=> 4sin x sin? 3x—4sin? x=3 sin x—4sin® x 
= 4 sin x sin? 3x =3sin x 
= sin x (4 sin? 3x-3) = 0 
= sinx = Oor, 4sin? 3x-3 = 0 
= sin x = 0 or, sin? 3x == 


Now, sinx =0 => x =n, nEeZ 
3 


And, sin? 3x = ri 
2 
2 
= sin? 3x = sin? = 
=> 3x = mnt —,meZ 
> a6 Hin ok 
8 £9 


1 
Hence, x = nx or, x = mnt =, where m, neZ 


11.4 TRIGONOMETRIC EQUATIONS OF THE FORM 
acos@+bsin @ = c,wherea,b,c €R such that |c| < Ja? +b? 


To solve this type of equations, we first reduce them in the form cos 6 = cosa, or 
sin 8 = sin a. 
The following algorithm provides the method of solution. 


ALGORITHM 
STEPI Obtain the equation a cos 9 +b sin @=c. 


“yy 
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STEPIT Puta=rcosaandb =r sin a, where r =Va2 +b? and tana =b/ai.e. a =tan™! (b/a). 
STEP II] Using the substitution in step II, the equation reduces to 


rcos(9@-—a) = c => cos(0-a) = ee cos B (say). 
: 
STEPIV Solve the equation obtained in step III by using the formulas discussed earlier. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Solve: J3 cos 0+ sin 0=J2 [NCERT EXEMPLAR] 
SOLUTION We have, 
J3 cos 0+ sin 6=J2 (i) 


This is of the form a cos 8+b sin 0 = c, wherea = JV3,b =1andc = V2. 
Leta = rcos a andb= rsin a. Then, 
V3 =r cosa and 1 =rsina. 

=> pe a? + Be (3 V3)? +17 = 2and tana =~ > a = * 

Substituting a = /3 =7cosaandb=1 =rsinainthe equation (i) it reduces to 
rcosacos8+rsinasin @ = V2 

=>  r'cos(@-a) = V2- 


=> 2 cos (0-5) = 2 * 


oo aes) 


ae ( 4 i 
=> * cos} 6-— cos — 
6 4 

ye 

6 


=> = Wnnt 7 neZ 
— @ = Innt +=, neZ 
4 6 
= @ = 2nn+— +5 or, 0.= 2nn-~ += 
4 oe ‘ 4 6 
51 TT 
O@s= 2nxn+— or, 8 = shh 
= ‘= 2nn Bi or 2nr Bi 
Hence, 9 = Ann 3 or =! ‘aan, where neZ 
EXAMPLE 2 Solve: Ji segh Stax 0 — il 
SOLUTION We haye, 
/2 secQ@+tan 6 = 1 
me NRE iO: 
cos§ cos@ 
= J2 +sin 0 = cos0 
=> cos @—sin 6 = 42 .».(i) 
This is of the form, a cos 9—b sin 9=c, wherea=1, b= 1 and c= J/2 
Let a =rcosa,andb =rsina. 


= 1 =rcosaandi1 =rsina. 
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is, D-Day ae _rsina _ 
=> r= Ja*+b* = .174+1° = V2 and, SU lier ramet 


> r= V2 and, a = 7 





Substituting a =1=r cos a andb =1=r sin a in (i), we get 
rcos@cosa—rsin Osina = V2 
= rcos(0+a) = V2 


=> cos ( 04 *)- 1 
++ 


=> cos 0+ =) = cos 0° 


— 


=> O+7 = 2nn+0, neZ => 0 = 2nn—Z, neZ 


EXAMPLE3 Solve: cot 9+ cosecO = V3 
SOLUTION We have, 


cot 0+ cosec@ = V3 
- cos 0 1 = 3 
sin 98 sin 9 
= cos0+1 = V3 sin 9 
=> /3 sin @-—cos9 = 1 .--(i) 
This is of the forma sin 8+b cos 8 = c, where a = J3,b = -lLandc = 1. 
/3=r sinaand 1 =rcosa 








Re V3 _# zi = 

‘= = ,/ = 2 Giat =— =V3>r=2 and a = 7/3 
7 ? a~ +b 3+1 an an & i 

Substituting a= /3 =r sin a andb =1 =r cos a in (i), we get 


rsin a sin 0-—rcosacos 9 = 1 


= —rcos(0@+a) =1 
Tt 
— -2.cos( 0+ =) = 1 : ti 
5° 
( 4 1 z es 
=> cos}8+—] = -— : , 
3 2 ; | ‘i 
= cos ( 04 =) % “eo oF , 
By) une 3 at “e Pa 
2 
= ue homeo" era ; 
3 3 
=> @ = BA er, £ 
on 3 
=> @ = Innt+—, neZ or, 9 = 2nn—n = (2n—-1) 7, nEeZ 


But, @ cannot be equal to (2n —1) mas it makes sin 6 = 0. 


Hence, @ = Qnn+ > neZ : 
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EXERCISE 11.1 





1. Find the general solutions of the following equations: 


(i) sin 8 = (ii) cos@ = ~18 (iii) cosec@ = —J2 
(iv) secO = J/2 (v) tan 8 = + (vi) V3 sec0 = 2 
2. Find the general solutions of the following equations: 
(i) sin 20 = a (ii) cos 38 = ; (iii) sin 96 = sin @ 
(iv) sin 20 = cos 30 (v) tan 8+ cot 20 = 0 (vi) tan 30 = cot0 
(vii) tan 20 tan 6 = 1 (viii) tan m6+cotn®@ = 0 (ix) tan p® = cot g@ 
(x) sin 26+cos 6 = 0 (xi) sin 8 = tan 6 (xii) sin 30+cos 20 = 0 


3. Solve the following equations: 


(i) sin? 9 cos 0 = = (ii) 2 cos? 0-5 cos 0 +2=0 


(iii) 2 sin? x+ V3 cosx+1 = 0 (iv) 4sin? 0-8 cos 0+1=0 
(v) tan? x + (1-3) tanx-J/3 = 0 
(vi) 3cos* 6-2/3 sinO@cos0-3sin276 =0 (vii) cos 4.0 =cos20 

4. Solve the following equations: 


(i) cos 8 + cos 26 + cos 36 = 0 (ii) cos 8+ cos 38—cos20 = 0 [NCERT] 
(iii) sin 8+ sin 56 = sin 30 (iv) cos 8 cos 28 cos 30 = ik 


(v) cos 8+sin 6 = cos 20+ sin 20 (vi) sin 8+ sin 20+ sin 360=0 
(vii) sin 6+ sin 20+ sin 30+ sin 46=0 


(viii) sin 30-sin@ = 4cos*@-2 (ix) sin 20-sin 40+ sin 60 =0 [NCERT] 
5. Solve the following equations: 
(i) tan 6+ tan 26+ tan 36 = 0 (ii) tan 6+ tan 26 = tan 30 


(iii) tan 36+ tan 8 = 2tan 20 
6. Solve the following equations: 





(i) sin 0+ cos@ = 42 (ii) J3 cos 0+sin 0 = 1 
(iii) sin 0+ cos 8 = 1 (iv) cosec6 = 1+ cot 8 
(v) (V3 -1) cos 0 +(V3 +1) sin 9 =2 [NCERT EXEMPLAR] 
7. Solve the following equations: 
(i) cot 0+tan @=2 [NCERT EXEMPLAR] 
(ii) 2sin?@=3 cos 0,0<0<2n [NCERT EXEMPLAR] 
(iii) sec @ cos50+1=0,0<0 <5 [NCERT EXEMPLAR] 
(iv) 5 cos? 0+7 sin? 0-6 =0 [NCERT EXEMPLAR] 
(v) sin x—3 sin 2x+sin 3x =cos x-3 cos 2x + cos 3x [NCERT EXEMPLAR] 
ANSWERS 
" 71 
1. (i) 0 = nn+ (IE, neZ (i) @ = 2nnt, neZ 


T , Tt 
(iii) 6 nn+(-1)"* "5, neZ (iv) 8 = aunt 7 neZ 
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(v) 0 
2. (i) 0 
(iii) 0 
(iv) @ 
(v) 0 


(vii) 0 


(ix) 0 


(x) 6 


(xi) 6 
(xii) 0 


3. (i) 0 
(iii) 6 
(v) 6 


(vi) 6 


(ii) 0 
(iii) 6 
(iv) 8 
(v) 0 
(vi) 0 


(vii) 6 


nn —, neZ (vi) 6 = Innt—, neZ 
ep (12, rez Gi) @ a eee 
2 6 3 9 
id or 9 = Gecieoe wherer € Z 
4 10 
(4n +1) or 90 = (4n—1) =, wheren € Z 
10 2 

nn-=, neZ (vi) Oa eee pez 

2 4 8 
Ot Bnew (wilt) 9: a So ae, 
3'- 16 m—n 





[2t2) =, neZ 
p+q }2 
(4n -1) > or 9 = (4m—1) =, wherem, neZ 


mr or 0 =2nnz, wherem, nEeZ 
(4n —1) " or @= (4m —1) ie m, neZ 
10 2 


dnnt—, neZ (i) 0 = 2nnt >, neZ 
nn, neZ (iv) 8 = Inn =, neZ 
nn 7 or § = mn +=, wherem, neZ 
nn or Oh= mn + =, wherem, ne Z 
(vii) xann, x= ,neZ 
4. (i) 6 = (2n+1) 7 or § = ama =, wherem,n € Z 
(2n+1)7 or @ = 2mn + = where m, née Z 
= faye {3} = mnt =, where m,n € Z 
an +1 or 9 = mnt =, where m,n € Z 
ae or 89 = 2mn, wherem,nEeZ 
= or 6 = anne =, where m,neéZ 
mnt, 6 = (2m+1)m, 9 = =, where m, nr €Z 
Tt 


(viii) 6 


nn + (—1)" = or 0 = (2m+1)7, where m,n € Z 


(x) 0="F, O=nnt =, neZ 


5. (i) 0 


(ii) 8 


FEET or § = nnxia, wherea Sine and m,neZ 


3 V2 


nt 
mr or @ = sae where m,n é Z 


cee LO TOOL DOD ALO OC LD DOLE LEE AS DEI Ee mabe? «& ipbsew «ha al z 
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(iii) © = nx, wherene Z 


6. (i) 0 = (n+) 7, neZ 
(ii) 6 = 
(iii) 8 = 2nn or 6 = 2mn+ =, 
(iv) 8 = 2mn+ = where m,n € Z 


7. (i) O=2nnt 7 neZ 


(iv) O=nnt Zn EZ 





4. (ii) . 


LIL 


MATHEMATICS-X! 


(4n +1) = or 49) = (12m—1) =, where m, 1 € Z 


where 11, n € Z 


(v) 0=2nn+— or, 0=2nn—-—,neZ 
(ir) Oe oT .s i 

3° 3 6 
Vv) x= nez 


__HINTS TO NCERT & SELECTED PROBLEMS 


2n+1) > neZ => O=(2n+1) 7 neZ 


=cos — => 0=2nnt ~~ ,meZ 
3 3 


330=4 
4 


2(Z .8) cos 30 =1 
2 (cos 36 + cos @) cos 30 =1 


cos 68+ cos260+ cos46 =0 
2 cos48 cos20+ cos40 =0 
cos 46 (2cos28+1) =0 


cos 46 = 0, 2cos20+1 =0 


cos 46 = 0, cos26 = cos 


VU UUUIVEU UUs 


(ix) We have, 


2cos 38+ 2cos 38 cos0 =1 
2.cos*30 + cos 46 + cos26 =1 
(2cos*30 —1)+cos40 +cos20 =0 


40=(2n+1) 5, 20=2nnt— eZ 


O=(2n+1) 7, O=nnt— neZ 


sin 2 6 —sin 46 + sin 66=0 


yy 


sin 686 + sin 2 8 —sin 46 =0 
2 sin 48 cos 20 —sin 46=0 
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= sin 46(2 cos 26-1) =0 
=> sin 40=0 or, 2cos20-1=0 


Now, sin 406=0 > 40 =nzn,neEZ >8 = -~ neZ 


and, 2 cos 20-1 =0 
T 


=> cos 20 == — cos 20 = cos => aoe neZ => O=nnt—, neZ 
(i) tan 8+ tan 20+ tan 30=0 
=> tan 0+ tan 20+ tan (0 + 260) =0 
29h tartar 2G ee 
1 —tan 8 tan 20 
= (tan@+ tan 20) (2 —tan6 tan 20) =0 
=> tan0@+ tan 20=0 or tan@ tan 20=2 
Now, tan 0 + tan 20 =0 
=> tan poses OS ene = 
1 —tan~ 0 
=> tan 0(3-tan? 6)=0 
=> tan 6=0 or, tan? @=3 
=> tan @0=0 or tan? @=tan? — 
3 
=— Q=n7, O=nn+— neZ 
and, tan 8 tan 20 =2 
2 tan 9 
tari 0 
1 —tan~ 0 
— tan? 0=1-—tan2 0 
=> 2tan*@=1 
2 i\ 2 1 
=> tan 0-(= = tan (Sey avers tenet ea 
1 
= tan =— 
=> 0=nnta, where Oo Ta 
(iii) tan 36 — tan 26 =tan 20 — tan 0 
sin(36-20) _ sin (20-6) 
cos 39 cos 26 cos 260 cos 8 
= sin 9 a sin 8 
cos 30cos20 cos 20cos@ 
=> sin 8 cos 20 (cos 36 —cos 8) =0 
=>  —2sin 0cos 20sin 20sin 8=0 
=> 2sin? Osin 20=0 [.- cos 26 + 0] 
=> sin 0@=0 or, sin 20=0 >0=nnz or, 20=mzx => O9=nnor,O=—" , wheren, mEZ 
2 


5s ss ace - 


. be ee ee 
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VERY SHORT ANSWER QUESTIONS (VSAQs) : 


E 
Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. Write the number of solutions of the equation tan x + secx = 2 cos xin the interval [0, 27]. 

2. Write the number of solutions of the equation 4 sin x —3 cos x =7. | 
3. Write the general solution of tan? 2x = 1. | 
4. Write the set of values of a for which the equation /3 sin x — cos x =a has no solution. | 
5. If cos x =k has exactly one solution in [0, 27], then write the value(s) of k. 

6. Write the number of points of intersection of the curves 2y = land y = cosx,0<x<2z. 

7. Write the values of x in [0, x] for which sin 2x, 5 and cos 2x are in A.P. 

8. Write the number of points of intersection of the curves 2y = —landy = cosecx. 


. Write the solution set of the equation (2 cos @ + 1) (4 cos 8+5) = Oin the interval [0, 27]. 


10. Write the number of values of 0 in [0, 27] that satisfy the equation sin” 0 — cos 0 = = 


11. If 3tan (9—-15°) = tan (6+15°), 0 <0 < 90°, find 8. 
12. If 2sin? 6 = 3cos 8, where 0 < 8 < 27, then find the value of 0. 


13. If sec x cos 5x + 1 =0, where 0 <x < id , find the value of x. 


ANSWERS 
1 2. 0 3 a tqnezZ 4. ae(—«©, —2) U(2, ») 
5 6. 2 7 07m 8. 0 
net ak 10. 2 ie, Meat, 2% 

3 4 Cees: 

13:0, %,= 

6'4'2 


MULTIPLE CHOICES QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. The smallest value of 0 satisfying the equation /3 (cot @ + tan 0) =4 is 


(a) 22/3 (b) x/3 (c) 7/6 (d) 2/12 
2. If cos 0+ V3 sin 0 =2, then 0 = 
(a) 1/3 (b) 22/3 (c) 42/3 (d) 52/3 
3. If tan p 8 — tan q 6 =0, then the values of 6 form a series in 
(a) AP (b) GP (c) HP (d) none of these 
4. Ifais any real number, the number of roots of cot x — tan x = ain the first quadrantis (are). 
(a) 2 (b) 0 (c) 1 (d) none of these 


5. The general solution of the equation 7 cos* 0+ 3sin? 6 = 4is 
21 
(a) 0 = 2nnt = neZ (b) © = 2nnt— eZ 


il 
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() @=nxt7 neZ (d) none of these 
6. A solution of the equation cos* §+sin 6+1 = 0, lies in the interval 
(a) (—1/4, 1/4) (b) (x/4, 3x/4) 
(c) (3/4, 52/4) (d) (51/4, 77/4) 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


. The number of solution in[0, x/2] of the equation cos 3x tan5x = sin 7x is 


(a) 5 (b) 7 (c) 6 (d) none of these 

. The general value of x satisfying the equation J3 sinx+cosx = V3 is given by 
(a) x = nn+(—1)" +2 neZ (b) x = nn+(-1)" 2-— neZ 
() x = nnt7 neZ (d) x =nnt>neZ 


. The smallest positive angle which satisfies the equation 


2sin* 0+ J3 cos0 +1 = Ois 

51 2m 1 TT 
a) —= <" Ue d) = 
(a) = b) = Gre (d) 3 
If4sin? 6 = 1, then the values of 8 are 


(@) 2nnt = ,neZ (b) mnt neZ () nut = neZ (d) 2nnt = neZ 


If cot @—tan 6 = sec 9, then, 9 is equal to 
@) 2nn+ =" neZ (b) nn+(—1)" = neZ 
(c) nt + 5 neZ (d) none of these. 
A value of @ satisfying cos 9+ /3 sin 9 = 2is 

51 An 21 T 

a) — ete fe qd). = 

(a) 3 (b) 3 (c) 3 (d) 3 
In(0, 2), the number of solutions of the equation 

tan @ + tan 20+ tan 36 = tan@ tan 26 tan 30 is 
(a) 7 . (b) 5 (c) 4 (d) 2. 
The number of values of 6 in [0, 27] that satisfy the equation sin? @—cos@ = ‘ 
(a) 1 (b) 2 (c) 3 (d) 4 
If eSin* _,~-sinx_4 = 0, thenx= 
(a) 0 (b) sin *{loge (2 - v5)} 
(c) 1 (d) none of these 


The equation 3 cos x + 4 sin x =6 has .... solution. 

(a) finite (b) infinite (c) one (d) no 
If /3 cos 0 + sin 6 =-/2, then general value of 0 is 

(—) nx+(-1" = neZ (b) py neZ 





EE 
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()nn+7-7neZ (d) n+ (—1)" 7 -— neZ 


18. General solution of tan 5 0 = cot 2 Ois 
nN 


be} 


17 


(a) Sots eZ (b) 0 = —-+— ,neZ 
Hl 7 8 

c) 8 = HZ d) 6 = —-—_, Z 

(<) ie ae (d) gee = 


19. The solution of the equation cos” @ + sin @ +1 =O lies in the interval 

(a) (—1/4,17/4) (b) (n/4,370/4) (c) (32/4,5 2/4) (d) 6 2/4,7 n/4) 
20. If cos 8 = -= and 0 < 8 < 360°, then the solutions are 

(a) 8 = 60°, 240° (b) 8 = 120°, 240° 

(c)nGn= 120°, 210° (d) 8 = 120°, 300° 


21. The number of values of x in the interval [0,57] satisfying the equation 
3 sin? x-7 sinx+2=Ois 


(a) 0 (b) 5 (c) 6 (d) 10 


ANSWERS 


1. (c) 2. (a) 3. (a) 4. (c) 5. (a) 6. (d) 71 (Cc) 8. (b) 
9. (a) 10. (c) 11. (b) 12. (d) ~~ 13. (d) 14. (b) 15. (d) 16. (d) 
17. (d) 18. (c) 19. (d) 20. (b) ~~ 21. (ec) 


SUMMARY 
1. An equation containing trigonometric functions of unknown angles is known as a 
trigonometric equation. 
2. A solution of a trigonometric equation is the value of the unknown angle that satisfies the 
equation. 
3. Following are the general solutions of trigonometric equations in standard forms: 
Trigonometric equation General solution 
(i) sin 8 = 0 6 =nx,nEeZ 
(ii) cos @ = 0 @ = (2n+1)>neZ 
(iii) tan 8 = 0 6 =nx,nEeZ 
(iv) sin 8 = sina @ = nx+(-1)"a,neEZ 
(v) cos @ = cosa Q = 2nnta,neZ 
(vi) tan 8 = tana 6 =nxt+a,neZ 
sin? 9 = sin* a 
(vii) cos” @ = cos? a §@ =nnta,neZ 


tan” @ = tan? o 


2 
4. The equation a cos 0 +b sin @ =c is solvable for] c| <.fa* +07. 


ane 
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MATHEMATICAL INDUCTION 





12.1 STATEMENTS 

A sentence or description which can be judged to be true or false is called a statement. 
Following are some examples of statements: 

EXAMPLE1 2 divides 6. 

EXAMPLE 2 Jaipur is the capital of Rajasthan. 

EXAMPLE3 There are 5 days in a week. 

EXAMPLE4 (x +1) isa factor of <7 8x42) 


EXAMPLE5 AUB=BUA. 


Clearly, statements in Examples 1,2 and 5 are true statements whereas statements in Examples 3 
and 4 are false. 

MATHEMATICAL STATEMENTS Statements involving mathematical relations are known as the 
mathematical statements. 

Clearly, statements in examples 1, 4 and 5 are mathematical statements. In this chapter, we shall 
be mainly discussing mathematical statements concerning natural numbers. We shall be using 
notations P (n) or P; (1) or P> (1) etc. to denote such statements. 

EXAMPLE1 Let P (1) be the statement “10 n + 3 is prime”. Then, 

P (2) is the statement “10 x 2 + 3 is prime” i.e. “23 is prime”. 

Clearly, P (2) is true. 

P (3) is the statement “10 x 3 + 3 is prime” i.e. “33 is prime”. 

Clearly P (3) is not true. 


EXAMPLE 2 If P (n) is the statement “n> +n is divisible by 3”, is the statement P (3) true ? Is the 
statement P (4) true ? 7 


SOLUTION P (3) is the statement “33 + 3 = 30 is divisible by 3”. 


Clearly, it is true. 
P (4) is the statement “4° + 4 =68 is divisible by 3”. 


Clearly, it is not true. 


EXAMPLE3_ If P (n) is the statement “n(n + 1) (n + 2) is divisible by 12“, prove that the statements P (3) 
and P (4) are true, but that P (5) is not true. 

SOLUTION P (3) is the statement “3 (3 + 1) (3 + 2) = 60 is divisible by 12”. 

It is true. 

P (4) is the statement “4 (4 + 1)(4 + 2) =120 is divisible by 12”. 

It is also true. 


_P (5) is the statement “5 (5 + 1)(5 + 2) =210 is divisible by 12”. 


Clearly it is not true. 


12.2 MATHEMATICS-XI 


EXAMPLE 4 Let P () be the statement “7 divides (2°" —1)”. What is P (n +1) ? 

SOLUTION P (n +1) is the statement “7 divides (29("*+ 1) —4)”, 

Clearly, P (7 + 1) is obtained by replacing n by (n + 1) in P (n). 

EXAMPLES If P (n) is the statement “n* > 100”, prove that whenever P (r) is true, P (r + 1) isalso true. 
SOLUTION The statement P (n) is “n* >100”. Let P (r) be true. Then r2 >100. 


We wish to prove that the statement P (r +1) is true i.e. “(r + 1)? >100”. 


P (r) is true 
=> r* >100 
=> r? + 2r+1>100+42r+1 [Adding (2r + 1) on both sides] 
=> (r +1)* >100 + 2r +1 
=> (r +1)* >100 
= 


P(r +1) is true [.- 100 + 27 + 1 >100 for every natural number 7] 
Thus, whenever P(r) is true, P (r +1) is also true. 


EXAMPLE6 Let P (n) be the statement “3" >n’”. If P (n) is true, prove that P (n + 1) is true. 


SOLUTION Weare given that P (n) is true i.e. 3” >n, and we wish to prove that P (n + 1) is true 
ie. 3+ D 5 (n+ 1). 


P (n) is true 

3" >n 

3.3" > 3n [Multiplying both sides by 3] 
3°+ 1 n+ 2n 


att Psat [.. 2n>1 for everyn e N= 2n+n>n +1 for everyn eN] 


P (n +1) is true 

EXAMPLE7 If P (n) is the statement “2°" —1 is an integral multiple of 7”, and if P (r) is true, prove that 
P (r +1) is true. 

SOLUTION Let P (r) be true. Then, 2°” —1 is an integral multiple of 7. 

We wish to prove that P (r + 1) is true i.e. 29 + ) —1 is an integral multiple of 7. 

Now, 


P (r) is true 
=> 2°" _1 is an integral multiple of 7 
=> 2° 1 = 74, forsome XEN. 
es 93 —~ 7241 .+(1) 
Now, 22°9¢+2)-1 = 2% «23-1 = (70+1)x8-1 [Using (i)] 


23(r+1)_4 = 5614+8-1 = 564+7 = 7 (8141) 
23(r+1)_4 = 7, wherep = 8A+1EN 
23(r + 1) _1 is an integral multiple of 7 

P (r +1) is true 


uuvY 
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EXERCISE 12.1 





. If P (n) is the statement “n (1 + 1) is even”, then what is P (3)? 

. If P (n)is the statement “n> + nis divisible by 3”, prove that P (3) is true but P (4) is not true. 
. If P (n) is the statement “2” > 3n”, and if P (r) is true, prove that P (r + 1) is true. 

. If P (n) is the statement “n* + nis even”, and if P (r) is true, then P (r + 1) is true. 


. Given an example of a statement P (n) such that it is true for all € N. 

. If P(n) is the statement “n~ —n+ 41 is prime”, prove that P (1), P (2) and P (3) are true. 
Prove also that P (41) is not true. 

7. Give an example of a statement P(n) which is true for alln 2 4 but P(1), P(2) and P(3) are not 

true. Justify your answer. 


aA 7 —- WO N 


ANSWERS 





1 
1. P(3):3(3 +1) is even = P(n:1+2+...+n= Bere 7. P(n):2n<n! 


HINTS TO SELECTED PROBLEMS 


3. Let P(r) be true. Then, P (r) is true 
= 2 > er 


=> 2.2’ >6r 


= 2 +1537 4 3r 
= +15 9743 (< 3r>3=> 3r+ 3r23r+ 3] 


=> 2*133(r+1) > P(r+)) is true 
5. See the statement in QO. No. 4 


12.2 THE PRINCIPLES OF MATHEMATICAL INDUCTION 


FIRST PRINCIPLE OF MATHEMATICAL INDUCTION 
Let P (n) be a statement involving the natural number n such that 
(I) P (1) is true i.e. P (n) is true for n = 1. 
and, (II) P (m +1) is true, whenever P (m) is true. 
i.e. P (m) is true=> P (m +1) ts true. 
Then, P (n) is true for all natural numbers n. 


SECOND PRINCIPLE OF MATHEMATICAL INDUCTION 
Let P (n) be a statement involving the natural number n such that 
(I) P (1) is true i.e. P (n) is true for n = 1. 
and, (II) P (m +1) is true, whenever P (n) is true for all n, where1 <n <m. 
Then, P (n) is true for all natural numbers. 


ILLUSTRATIVE EXAMPLES 


Type I PROBLEMS BASED UPON FIRST PRINCIPLE OF MATHEMATICAL INDUCTION 


Recall that the first principle of mathematical induction consists of two parts. First we must 
show that the given statement P (n)is true for n= 1. The second part has two steps. The first step 
is to assume that the statement P (n) is true for some meN. The second step is to use this 
assumption to prove that the statement P () is true forn =m +1. 


12.4 MATHEMATICS-AI 


In order to prove that a statement is true for all natural numbers using first principle of 
mathematical induction, we may use the following algorithm: 

ALGORITHM 

STEP 1 Obtain P (n) and understand its meaning. 

STEPII Prove that the statement P (1) is true i.e. P (n) is true forn =1. 

STEP II Assume that the statement P (n) is true forn =m (say) i.e. P (m) is true. 

STEPIV Using assumption in step III prove that P (m + 1) is true. 


STEP V Combining the results of step II and step IV, conclude by the first principle of mathematical 
induction that P (n) is true for alln eN. 


The following examples illustrate the above algorithm. 


EXAMPLE1 Prove by the principle of mathematical induction that for alln € N, n* +n is even natural 
number 
SOLUTION Let P (1) be the statement “n“ + nis even”. 


STEP I We have, P(n) :n? +nis even 


I-41 = 2, Which is even 














P (1) is true 
STEPII Let P (1m) be true. Then, 
P(m) is ture > m* +m is even => m2 +m = 2A for somer EN (bh: 


Now, we shall show that P (1 + 1) is true. For this we have to show that (17 + ihe + (m +1) isan 
even natural number. 


Now, 
(m + 1)2 +(m+1) = (m? +2m+1)+(m+1) = (m2 +m) + (2m + 2) 
— (m +1) +(m+1) = m= +m+2(m+1) = 2A+2(m+1) [Using (i)] 
= (m+1)* +(m+1) = 2(X+m+1) = 2p, wherep = A+m4+1eEN 
— (m + Ne + (m+ 1) is an even natural number 
— P (m + 1) is true 
Thus, P(m)is true> P (m +1) is true 


Hence, by the principle of mathematical induction, P (7) is true for alln € N i.e. n* + nis even for 
allneN. 
EXAMPLE2 Prove by the principle of mathematical induction that :n (n + 1) (2n + 1) is divisible by 6 for 
allneN. 
SOLUTION Let P (n) be the statement “n (n + 1) (2n +1) is divisible by 6”. 
i.e. P (n):n(n +1) (2n + 1) is divisible by 6 
STEP I We have, P (1):1 (1 + 1) (2 +1) is divisible by 6. 
1 (1 +1) (2 + 1) = 6 which is divisible by 6 
: P(1) is true : 
STEP Let P (m) be true. Then, 
m(m +1) (2m + 1) is divisible by 6 
=> m(m+1)(2m+1) = 6A, for some 2 € N .»,(i) 
Now, we shall show that P (m + 1) is true. For this we have to show that 
(m +1) (m+1+1){2m+ 1) + 1} is divisible by 6. 


= + $8 Bee il 
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Now, 


(m +1) (m +141) (2 (m+1) +1} = (m+ 1)(m + 2) ((2m + 1) + 2} 


(m +1) (m + 2) (2m +1) + 2(m +1) (m + 2) 

m (m +1) (2m +1) + 2 (m +1) (2m +1) + 2 (m+ 1) (m + 2) 

= m(m+1)(2m+1) +2(m+1) (2m +1 +m + 2) 

m (m +1) (2m +1) + 2 (m +1) (3m + 3) 

= m(m+1)(2m+1)+6(m+ 1)? = 61+ 6(m+ 1)? [Using (i)] 


6 (A+ (m+ 1)7}, which is divisible by 6 


=> P (m+1) is true. 
Thus, P (m) is ttue=> P (m+ 1) is true 
Hence, by the principle of mathematical induction, the given statement is true for alln € N. 


EXAMPLE3 Prove by the principle of mathematical induction that for alln € N: 
14+44+7+...+(3n—-2) = 5 1(31-1) 


SOLUTION Let P (n) be the statement given by 
1 
P (n):1+4+7+...+(3n-2) = a ete 
STEP I We have, 
P(1):1 = =x (1) x (31-1). 
1 = 5% (1) x (31-1) 


So, P (1) is true 
STEP II Let P (m) be true. Then, 


14+44+7+...+(3m-2) = =m (3m —1) ...(i) 





We wish to show that P (m +1) is true. For this we ES to show that 
1444+7 +...+(3m—2) +{3(m+1)-2} = aie {3(m + 1) —1} 


Now, 1+4+7+...+(3m-—2) +{3(m+1) -2} 
= dani(3ni 1) + {3 (m+1)-—2} [Using (i)] 


-N 


= —m(3m—1)+(3m+1) = = (3m? —m + 6m + 2} 


-N 


1 
= 5 am" +5m+2} = 5 (+1) (3m +2) = pt) {3 (m +1) —]} 
: P (m + 1) is true 
Thus, P(m) is true=> P (m +1) is true. 
Hence, by the principle of mathematical induction, the given result is true for alln EN. 
EXAMPLE 4 Prove by the principle of mathematical induction that for alln € N: 


1 
124274 374...4n7 = Gi Dee) 


SOLUTION Let P (n) be the statement gen by 
P (n):1? +27 + 37 +..40 = ae) (2n +1) 


STEPI Wehave, 
P (1):1? = 2 (1) (1+1)(2x1+1) 


12.6 MATHEMATICS-X!I 


Hetgee el sc = (1) (141) (2*1 +1) 


BP P (1) is true 
STEP II Let P (m) be true. Then, 


17 +27 437 4...4? = AL (m + 1) (2m +1) we(L) 
We wish to show that P (m +1) is true. For this we have to show that 
17 +27 4+ 37 +...4m7 +(m+ 1)? = z(m +1) (m+1)+1} {2(Qm+1) + 1)} 
Now, 12 427 + 37 +... +1” + (m+ 1)? 
= {17 +27 + 37 +... +m} + (m +1)? 


= om (m +1) (2m +1) + (m+ 1)? [Using (i)] 
= 2 (m +1) {m(2m +1) +6(m+1)} = ; (m +1) {2m + 7m + 6} 


= z (mm + 1) (m+ 2) (2m+ 3) = - (m1 + 1) {( +1) + 1} {2(m + 1) + 1} 


A P (m +1) is true 

Thus, P(m) is tue=> P (m +1) is true 

Hence, by the principle of mathematical induction, the given result is true for all €N. 
EXAMPLE 5 Using the principle of mathematical induction prove that: 


2 
12 Oe -{ao for allneN 


SOLUTION Let P (7) be the statement given by 


Zz 
P (n):19 +29 +39 4...4n° -{e 
STEP I We have, 


43 _f10+1))? 
P(1):1 o> 


2 
Clearly, 1° =1 -{+} 


ce P (1) is true. 
STEP II Let P (m) be true. Then, 
2 
13 +294994...4m9 {MTD ..(i) 
We shall now prove that P (m + 1) is true. For this we have to prove that 
1° + 2° + Coes +m? +(m+1)3 -{mrpinre 
2 
Now, 
134234334... ¢m? +(m+1)° 


= {1° 42° ttm | +(m+1)? 


= { ae +(m+ 1)3 [Using (i)] 
2 


Tl 





| 
| 
| 
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2 
= (m +1)? a +(m +) 


m2 +4m+4 (11 + 1)? (1 + 2)? (mt + 1) (1 + 1) + 1} - 
= (m +1)? $$ $$$ "9B eee 
+ 4 2 


- P (m +1) is true. 

Thus, P (11) is true = P (m +1) is true. 

Hence, by the principle of mathematical induction, the given result is true for alln € N. 
EXAMPLE 6 Lising the principle of mathematical induction, prove that 


1.2.3 +2.3.4+...+n(n+1) (n+ 2)= ne DODO for allneN. 


SOLUTION Let P (n) be the statement given by 


: 2)(n+3 
P (n) 212.34 2.34 +... +n(-4-1) Gee 2) ee) 


+ 


STEP I We have, 
1 (1 +1) (1 + 2) (1 + 3) 


P (1) 21.2.3 = r 

+ 2)(1 2x 3x4 
1.2.3=6 and OA OSE) AA 26 
123-1 0+) G+40+ 9) 


4 
So, P (1) is true. 
STEPII Let P (m) be true. Then, 
mi (m +1) (m + 2) (m + 3) 


1.2.3 + 2.3.4 +... +m (m+ 1) (m+ 2) = A ...(i) 
We shall now show that P (7 +1) is true. For this we will prove that 
1.2.34+2.3.4 +... +m (m +1) (m+ 2) + (m +1) (m + 2) (m+ 3) | 
_ (m+ 1) (m + 2) (+ 3) (m + 4) 
= 5 | 
Now, 1.2.3+2.3.4+... +m (m +1) (m+ 2) + (m+ 1) (m+ 2) (m + 2) 
= mer Dera + (m +1) (m+ 2) (m+ 3) [Using (i)] 
+1) (m+ 2) (m+ 3)(m+4 
= (m +1) (m+ 2) (m+ 3) (F 1] = iow 
P (m +1) is true. 
Hence, by the principle of mathematical induction P (n) is true for alln € N. 
EXAMPLE7 Using the principle of mathematical induction prove that 
, : n_(2n-1) 3143 
1.34+2.3°43.3° +...+13 Satie oe forallneN 
SOLUTION Let P (n) be the statement given by 
2 3 " me (Zits 1) git 1 +3 : 
P (n) 21.3 + 2.3° + 3.3° +...+0.3 Se | 
=x Gas 
STEPI P(1):1.3= Gxt : 


=e 1+1 
1.3=3 and Gxho) xo od MBean 
4 4 | 


12.8 MATHEMATICS-XI 
1+ 1 
13=-(2%1-1)*3 +3 
4 
So, P (1) is true. 
STEPII Let P (mm) be true. Then, 
a m+ 1 

1342.37 +9.39 +...4.3" = ost afi) 

We shall now show that P (m + 1) is true. 


: me (m+ 1)+ 1 
Peedi 23> 3.99 ..47.3" + (m+1).37+ 12 er +1) —-1 YT +3 


4 
Now, 


1.3 +2.37 + 3.39 +... 4.3" +(m+1).3"+ 1 
2 (2m —1) gmt+1.s 
-_— 
_ (2m—1) 3"+14.34(4m+ 4) M41 
a 

_ (2m—-1)x 3"*14(4m4 4)x 3"*+14.3 

= oor 

_ (Qm-14 4m+4 4) 3414.3 

ss 4 

_ (6m + 3) amet 3 (2m +1) BD {2(m+1)—1} 3(m+1)+1 1 
= 4 0 SS aa 
P (m + 1) is true. 


Hence, by the principal of mathematical induction P (n) is true for alln € Ni.e., the given resultis 
true for alln EN. 


EXAMPLES Prove as the ee of ‘bet a induction that for allneN : 
we 1 


—+— a + ———_ 
1.2 23° 34. n(n +1) =a 
SOLUTION Let i (1) be the statement given by 


+(m+1) 3"*1 














Ee CS 1 n 
P(n): eres +...4+ = 
1.2 23. a4 n(n+1) n+1 
STEP I pe haver’ (1) — = ares 
a pilin. gil 
ied) Meseeal 2 
So, P (1) is true 
STEPII Let P (m) be true. Then, 
1 1 1 m 
— + — + — +... + ————_—— _ = ——— ..-(i) 
12 23 3.4 m(m+1) m+1 
We shall now show that P (m + 1) i true. For this we have to anew wer 
1 1 m 
—— + —— + — +. FE $= 
12°23 34° m(m+1) (m+i)(mal+)  (m+)+1 


Ve Ae ole 1 1 


Now, i2°23° 34° mim+t) * (m+) (m+) +1) 
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1 1 1 1 1 
= vee oo eh, 
12, 20 34 m (m + 1) (m +1) ((m+1) +1) 

by cpattlos 5 1 eee 1 [Using (i)] 

m+1 (m+1)((m+1)+1) ml (m-+ 1) (m+ 2) 
a 1 m 1 = 1 ' (m +2m+1) _ (m1 + 1)? 

(11 + 1) m+ 2 (m + 1) (m+ 2) (1 + 1) (m+ 2) 
St (1m + 1) 

m+ 2 (m+1)+1 


P (m +1) is true 
Thus, P(m)is true = P (m +1) is true 


Hence, by the principle of mathematical induction, the given statement is true for alln € N. 
EXAMPLE 9 ie the jira of mathematical induction prove that 
1 1 1 








on slit allneN. 











1 ee et .. |  ee 
1+2 "14243 eo ey a T42434+..40 pet 
SOLUTION Let P (n) be the statement given by 
1 1 2n 
P (n): 1 +—— hy hae ee ME 
1+2 "T4243 14+2+3+...¢n n+l 
STEPI Wehave, P (1): = 
Gleanyee = aoe 1 
1+1 2 
_2xi 
1+1 
So, P (1) is true. 
STEP II Let P (m) be true. Then, 
1 1 2m ; 
(ee ee ee a ...(i) 
1+2 "74243 14+2+3+...¢m ml 
We shall now show that P (m + 1) is true. For this we will prove that 
sige ali 1 1 i 1 F. 1 a 2(m +1) 
1+2 +o 03” Lede Stem P25 Sl + (ne 1) (m+1)+1 
1 1 1 1 
Now, 14——#+————#-.. += eo en 
Sy ‘Teo *fsee3 1424+3.¢m 14+24+3+...+(m+1) 
2m 1 : : 
m+1 14+2+3+...+(m+)) [ g (i)] 
2m 1 E (m +1) (m+ | 
= oon 2 142+...+m+(m+1) =———— 
m+1  (m+1)(m+2) ( 2 
2 
2m 2 
= . . 
m+1. (m+1)(m+2) [Using (i)] 
Sof a 2 eee eee 
m+1 (m+2)} mt+1 (m + 2) m+1 m+2  (m+1)+1 
P (m + 1) is true. 


Hence, by the principle of of mathematical induction P (n) is true for alln € N. 


12.10 MATHEMATICS-xI 


EXAMPLE 10 Prove by induction that the sum S, = n> + 3n* +5n + 3 is divisible by 3 for allneN. 
SOLUTION Let P (n) be the statement given by 
P(n):S, = n° + 3n* +5n+ 3 is divisible by 3 
srep1 We have, P (1):S; =1° + 3(1)7 +5(1)+ 3 is divisible by 3. 
Since, 1° + 3(1)* +5 (1) + 3 =12, which is divisible by 3 
P (1) is true 
STEP II Let P (1) be true. Then, 
Sn = m> + 3m* +5m + 3 is divisible by 3 
=> S, = m>+3m*+5m+3 = 3A, forsomereN --(i) 
We now wish to show that P (1 + 1) is true. For this we have to show that 
(71 + 1)3 +3(m+ 1)? +5 (m+ 1) + 3 is divisible by 3. 
Now, (m+ 1)? +3(m+ 1)2 +5(m+1)+3 


(m3 + 3m? +5m + 3) + 3m? + 9m +9 


34+ 3 (m? + 3m + 3) 


3(A+m* + 3m+ 3) [Using (i)] 


= 3u, where pw =A+m>+3m+3EN 
& P (m +1) is true 
Thus, P(m) is true > P (m-+1) is true 
Hence, by the principle of mathematical induction the statement is true for alln € N. 


EXAMPLE 11 Prove by the principle of mathematical induction that for allne N : 
1 n 


— + — + — +... $ = —— 
iS) 35) 157 (2n—1)(2n+1) 2n+1 
SOLUTION Let P tn) be the statement given by 











vale gok n 
P (n) : | i a 
ae 35 ey (2n-1)(2n+1)  2n+1 
1 
STEPI Wehave,P(1 een eas 
ehave, 2:75 =  (2*x141) 
1 
Clearly, —— =. 
early, 75 (2x1 +1) 
So, P (1) is true. 
STEPII_ Let P (m) be true. Then, 
Je aL ee (i) 
13 35 57 °&®«(2m-1)(2m+1) 9 2m+1 
We shall now show that P (m + 1) is true. For this we shall show that 
1 1 Fi 1 Sete 1 % 1 . m+1 
13°35 57  (2m—1)(2m+1) (2m+1)(2m+3) 2m+3 
Now, 
1 Fe ee igs. eee eee er 
13. 35 57 (2m —1)(2m+1) (2m+1) (2m+ 3) 
eae 1 


1 ee [Using (i)] 
~ Im+1 * (2m +1) (2m + 3) 


MATHEMATICAL INDUCTION 12.11 


2m? + 3m+1 (2m+1)(m+1) — m+1 


Lee —EE——————————————— 
— — — 


(2m + 1) (2m + 3) (2m +1) (2m + 3) 2m + 3 
e P (m +1) is true 
Thus, P (m) is true=> P (m +1) is true 
Hence, by the principle of mathematical induction, the given result is true for alln € N. 


EXAMPLE 12___Lising the principle of mathematical induction, prove that 


2 : : J __ (+3) _ tralineN. 


—_— + ——. + ——_ +... + ———_ 
123 234 3.45 n(n+1)(n+2) 4(n+1) ("+ 2) 
SOLUTION Let : (n) be the statement given by 











ma 1 1 n(n + 3) 
P (n): + ——— a Eo 
ae 234 345 n(n+1)(n+2) 4(n+1) (1+ 2) 
STEP I eames 
1(1+3 
B ye 
a 4(1 +1) (1+ 2) 
1 1 1 (1 + 3) 4 1 
—- =— and —————- = —— => 
IAG ea 4(1+1)(1+2) 4x2x3 6 
1 5 Ges) 
1.2.3 4(1+1)(1 +2) 
So, P (1) is true. 
STEPII Let P (m) be true. Then, 
1 1 1 1 _ m (m + 3) ..(i) 


pt _ Eo 
12.3 2.34 345 m(m+1)(m+2) 4(m+1) (m+ 2) 


We shall now show that P (m + 1) is true. 
1 1 1 1 __(m+1)(@n+4) 


i.e., pt oor 
12:3) 2:34 5 m(m+1)(m+2) (m+1) (m+ 2) (m+ 3) ar (m + 2) (m + 3) 
Now, 
dow, 4A Eee 
123 234 345 — m(m+1)(m+2) (m+1) (m+ 2) (m+ 3) 
m(m + 3) 1 


~ Zan+)(n+2) (n+) (n+ 2) (m+ 3) [Using ()] 


m(m + 3)7 +4 
4 (m +1) (m+ 2) (m+ 3) 


re m? + 6m? +9m+4 a (m +1)? (m+ 4) a (m +1) (m + 4) 
~ 2(m+1)(m+2)(m+3) 4(m+1)(m+2)(m+3) 4(m+ 2) (m+ 3) 
P (m + 1) is true. 


Hence, P (n) is true for alln € N. 
EXAMPLE13 [fx and y are any two distinct integers, then prove by mathematical induction that 
(x — y") is divisible by (x —y) for alln €N. 


SOLUTION Let P (n) be the statement given by 
P(n) : (x" —y") is divisible by (x —y) 


STEPI P(1):(x! —y}) is divisible by (x —y). 
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x y! = (x — y) is divisible by (x — y). 
P (1) is true 
STEP II Let P (1) be true. Then, 
(x —y") is divisible by (x — y) 
= (x" —y") = X4(x—Yy), for somerA € Z ...{i) 
We fer now show that P (7 + 1) is true. For this it is sufficient to show that (x”"* 1 -y"* })is 
divisible by (x — y). 
Now, 
y+ 1 rt 1 
— N+ 1 _y", y+ x" ve Se 1 
x" (x ~y)+y(x yl! ~y") 
x” (x-y) +y A(x-y) [Using (i)] 
= (x -y) (x” + y 2), which is divisible by (x — y) 
So, P(m + 1) is true. 
Thus, P (m) is true=> P (m +1) is true 
Hence, by the principle of mathematical induction, P (1) is true for alln € N. 
i.e. (x —y") is divisible by (x — y) for alln EN. 


EXAMPLE14 Using principle of mathematical induction, prove that oe y7! ' is divisible by x + y for 
allneN. 


SOLUTION Let P (n) be the statement given by 
P (n) :(x2" — y") is divisisble by (x + y). 
STEPI P (1):(x? —y”) is divisible by (x + y). 
(x? — y*) =(x—y) (x + y), which is divisble by (x + y) 


So, P(1) is true. 
STEPII Let P (7m) be true. Then, 
- ym is divisible by (x + y) 
=> x2 _ 2M — (x+y) ...(i) 


We shall now show that P (mm + 1) is true ie., x7" * 2 — y2"+ 2 is divisible by (x + y). 


Now, 
2+ 2 2m + 2 2n+2 2m _2 2m 2 ,,2m+2 


y =e eye YY 
=> yom 2_ ym 2 = x2m (x? — y2) + y? (x2™ es y7™) 
=> gn 2 _ ylm+ 2 is 2m (x? —y*)+y? A(x + y) [Using (i)] 
=> grt 2 _ 2m 2 (x+y) 4a wy +ry"| 
ley it is divisible by (x + y). 
UR Re as 


Thus, P(m)istrue=> P (m+1)is true. 
Hence, by the principle of mathematical induction P (n) is true for allne N ie., xn _ 2 ig 
divisible by (x + y) for alln EN. 


—_ as 8€=€6flhU6L 
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EXAMPLE 15 —_Lising principle of mathematical induction, prove that 
(i) 41” —14” is a multiple of 27 (ii) 7” — 3” is divisible by 4. 
SOLUTION (i) Let P (n) be the statement given by 
P (n): 41" —14" is a multiple of 27. 
STEPI P(1):41! —14' is a multiple of 27. 
411 ~14! = 41 -14 =27, which is a multiple of 27. 


So, P (1) is true. 
STEP II Let P (m) be true. Then, 
41” —14” is a multiple of 27 





= 41" _14” —27% forsomerA EN .--(i) 


Now, 41”! + ] _ 4+ 1 _ gym 1_aix 14” + 41x14 —14"+ 1 


=> 4y"" + 1 ss 14!" + 1 — Al (41 —14’") + (41 —14) 14" 
=> qym@t+1_qam+1 — 44% 272142714" [Using (i)] 
=> qv" +1 _qqm+l _ 97 (412 +14"), which is a multiple of 27. 


ie P (m + 1) is true. 
Thus, P(m)istrue => P (m +1) is true. 
Hence, P (n) is true for alln EN. 
(ti) Proceed as in (i). 
EXAMPLE16 Lising the principle of mathematical induction, prove that (2°" —1) is divisible by 7 for all 
neN. [NCERT EXEMPLAR] 
SOLUTION Let P (n) be the statement given by 
P (n) : 2°" —1 is divisible by 7 
P (1):2°*! —1 is divisible by 7. 





STEP I 
Clearly, 23*1_ 4-8-1 =7, which is divisible by 7. 
So, P (1) is true 
STEPII Let P (mm) be true. Then, 
23” _1 is divisible by 7. 
=> 23" __1 = 72, for somereN w+(i) 
We shall now show that P (m1 + 1) is true. For this we have to show that 2m + 1) _1 is divisible 
by 7. 
Now, 
23(m+1)_4 = 23! 23-1 = (7041) 27-1 [Using (i)] 
= 564+ 8-1 = 7 (84 +1), which is divisible by 7 
P (m +1) is true. 


Thus, P (m) is true=> P (m +1) is true 

Hence, by the principle of mathematical induction, P (7) is true for all neN ie. 2°" —-1 is 
divisible by 7 for alln e N. 

EXAMPLE17 Prove by the principle of induction that for alln € N, (10*"~ 1 +1) is divisible by 11. 


SOLUTION Let P(n) be the statement given by 
P(n) : 107"— 141 is divisible by 11 
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STEP I We have 


P (1):107*!~ 1 +1 is divisible by 11. 


Since 10***~1 +1 =11, which is divisible by 11. 


So, P (1) is true. 
Pit Let P (m) be true. Then, 
107" ~ 1 +1 is divisible by 11 


=> TO eer ise 1190 forisoniet ce N (i) 


We shall now show that P (m + 1) is true. For this we have to show that 102("* )) +1 is divisible 


by 11. 
Now, 107 *)-14q = 1024144 = 102-1, 492 44 


= 102 (+ I-1,4 


= (114-1) 100 +1 [Using (i)] 
=> yo2(m+ 1-144 _ 1100-99 = 11(1002—9) = 11, where p = 100X1-9EN 
=> 107+ }) _1 is divisible by 11 

=> P (m + 1) is true 


Thus, P(m) is true=> P (m +1) is true 
Hence, by the principle of mathematical induction P (m) is true for all ne N i.e. 107"! 
divisible by 11 for alln EN. 
EXAMPLE 18 Prove that forn € N,10" + 3.4"+ 2 +5 is divisible by 9. 
SOLUTION Let P (11) be the statement given by 
P(n) : 10"+3.4"*745 is divisible by 9 
STEPI P(1):10'+3(4!+2)45 is divisible by 9. 
107 + 3(41*2)45 = 10+19245 = 207, which is divisible by 9 
a P (1) is true. 
STEP Let P (m) be true. Then, 
10” + 3 (4"* 2) +5 is divisible by 9 
= 10" +3 (4"+2)4+5 = 9.,rxEN ...(i) 
We shall now show that P (m + 1)is true for which we have to show that10"+ D +3(4"* 3) 45 
is divisible by 9. 
Now, 
107+ 443(4"* 3)45 = 10" (10)+3(4"+ 3) 45 
= {91-3(4"*2) _5}x1043x4"+ 345 [Using (i)] 
= 90A- 30x 4"+2_5043x4x4mt+245 
= 90A- 30x 442449 % 4m+2_ 45 
90. -18x 4"%+2 _ 45 
9(10.-2x 4"*2_5)— 91, where p = 101-2x 4"+2_5 
= 10"+1434"+345 is divisible by 9 
= P (m + 1) is true 
“Thus, P(m)is true=> P (m +1) is true. 
Hence, by the principle of mathematical induction P (n) is true for alln e N, 


+1 is 
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EXAMPLE 19 Prove by induction that the sum of the cubes of three consecutive natural numbers is 
divisible by 9. 
SOLUTION Let P (n) be the statement given by 
P (n): Sum of the cubes of three consecutive natural numbers starting from n is divisible by 9. 
STEPI P(1):Sum of the cubes of first three consecutive natural numbers is divisible by 9. 
Since 17 + 23 + 3° = 36, which is divisible by 9. 
P (1) is true. 
STEPII_ Let P (m) be true. Then, sum of the cubes of three consecutive natural numbers starting 
with mm is divisible by 9. 


i.e. m? + (1 + 1)3 + (m+ 2)3 is divisible by 9 
2 m®? +(m +1)? + (m+ 2)? = 92A,AEN 





We shall now show that P (m + 1) is true for which we have to show that 

(171 + 1)? +(m+ 2)? + (m+ 3) is divisible by 9. 
Now, (m+ 1)° + (m+ 2)3 +(m+ 3)3 
(71 + 1)3 + (1 + 2) +m? + 9m* + 27m + 27 
m? + (m+ 1)3 + (m+ 2)3 +9 (m? + 3m+ 3) 
92+ 9 (m* + 3m + 3) [Using (i)] 

= 9 (A+m* + 3m + 3), which is divisible by 9. 
oe P (m+ 1) is true 
Thus, P(m)is true=> P (m +1) is true. 
Hence, by the principle of mathematical induction P (n) is true for alln € N. 
EXAMPLE 20 Lising principle of mathematical induction prove that 4" + 15n —1 is divisible by 9 for all 
natural numbers n. 
SOLUTION Let P (n) be the statement given by 

P (n): 4" +15n—1 is divisible by 9 
STEPI P(1):4!+15x1-1 is divisible by 9. 

44415x1-1 = 18, which is divisible by 9 
P (1) is true 
STEPII Let P (m) be true. Then, 
4” + 15m —1 is divisible by 9 

= 4" +15m—-1 = 9A, for someA EN 





We shall now show that P (m + 1) is true, for this we have to show that 4” * 1445 (m+1)—1lis 
divisible by 9. 
Now, 
4™*+1445(m4+1)-1= 4" .44+15(m+1)-1 
= (9A-—15m+1)x 4+4+15(m+1)-1 
= 364 —45m+18= 9 (44 —5m + 2), which is divisible by 9. 
S P (m + 1) is true. 
Thus, P(m) is true=> P (m-+1) is true 
Hence, by the principle of mathematical induction P (n) is true for alln € N i.e., 4” + 15n—1 is 
divisible by 9. 


eh oe, ees 
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EXAMPLE 21 Prove that: 2.7" + 35” —5 is divisible by 24, for alln e N. 
SOLUTION Let P (n) be the statement given by 
P (n):2.7" + 35" —5 is divisible by 24. 
STEP] Wehave, 
P (1):2x 71+ 3x5! —5is divisible by 24 
2x71+3x5!-5=14 +15 —5 =24, which is divisible by 24. 
*. P (1) is true. | 
STEP II Let P (m) be true. Then, 
2x7” + 3x5” —5 is divisible by 24 | 
=> 2x7"+3x5" —5 =241 forsomerAeN 
= 3x5" =24.4+5-2x7™ (i) 
Now, 2x7"+143x5™t1_5 
= 2x7™*14(3x%5")5—5 
= 2x7™*14 (24045-2755 [Using (i)] 


= 2x7"*141200+25-10x7”" -5 
= (2x7"*1_10x7™) +1202 + 20 

= (2x7x7™ -10x7™) +1200 + 24-4 
= (14-10)7" —4+ 24 (51+1) 

4(7™ —1) +24 (50 +1) 


4x 61+24(5A+1) [. 7” —-1isa multiple of 6 for allmeN ..7” -1 
= 24(p +52 +1), which is divisible by 24. 
P (m + 1) is true. 

nine Gaia teens P (m +1) is true. 


Hence, by the principle of mathematical induction, P (n) is true for alln € N. 
EXAMPLE 22 Prove that: 


@ (1+ +t)(a+3)(1+5). (1+ x) (n +1) for allneN. 


(ii) (1+ 4)(2+2)(0+Z)..@+234}- =(n+1)* forallneN. 


SOLUTION (i) Let P (n) be the statement given by 


P (n) (2 +i)(a +5 }(1 +5)...(1 +)an41 


aos Wee (1 ae +) =(1+1) 


(1+)=2-0 +1) 


P (1) is true. 





= 6, €N] 
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STEPII Let P (m) be true. Then, 


(a+2)(1+3)(1+4).-(1 +> )\=m+1 weee(i) 











Now, 
P (m) is true 
1 1 1 1 : 
= (1+4)(1+5)(1+4)...(1+5) =(m + 1) [From (i)] 
1 2 3 m 
— (1+2)(1+3)(1+)..(0+3) (1+ ! 
1 2 3 m m+1 
1 1 
= Multiplying both sides by} 1 
mvn[r+— ts] ultiplying both sides | 1) 
m+1 


‘s P (m +1) is true. 

Thus, P(m)istrue= P (m+1) is true. 

Hence, by the principle of mathematical induction, P (7) is true for alln EN. 
(ii) Let P (n) be the statement given by 


P (n) (2 + 2\(1 + ale + Z)...(2 + => =)=(n+1) 


STEPI Wehave, 


P ay;(1 +3)-a +1)? 





L+S=14+3=4=(1+1) 





i, P (1) is true. 
STEPII Let P (m) be true. Then, 
3 5 7 2m +1 2 : 
1+—|}/1+—|/1+—|]...J;1+ =(m+1 =aUl 
( a All a ( m? ee) ¥) 


We shall now prove that P (1m + 1) is true. 


i ]DO)-O Ron af 




















Now, 
P (m) is true 
> (18) 8)03)- (e252) oe? Pn 
3 ?/ 2m +3 
= G+r}Q 20+ +5) (3 eet a mur 
a 12 2m +3 ae é 2m+ 3 
(m +1) 3 + mae 5 maining both sides by 1+ rl 
2 
= (m +1)? {ona = (m* + 4m + 4) = (m + 2)2 = {(m +1) + 1}7 


P (m +1) is true. 


ee A ee ee 
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Thus, P(m)istrue=> P (nm +1) is true. 
Hence, by the principle of mathematical induction, P (n) is true for alln eN. 
EXAMPLE 23 Prove by induction that 4+ 8+12+...+ 4n=2n(n+1) forallneN. 
SOLUTION Let P(1) be the statement given by 
P (n):44+84+12+...4+41 = 2n(n+1) 
STEPI P(1):4 = 2x1x(1+1), which is true. 
'. P (1) is true. 
STEP II Let P (m) be true. Then, 
44+84+12+...+44m = 2m(m+1) .»(1) 
We shall now show that P (m + 1) is true 
i.e. 448+...44m+4(m+4+1) = 2(m+1) {(m+1) + Ih. 
Now, 
44+8+...+4m+4(m+1) 
= 2m(m+1)+4(m+1) [Using (i)] 
= (m+1)(2m+ 4) = 2(m+1)(m+2) = 2(m+1) {((m +1) +1} 
P (m +1) is true. 
Thus P(m) is true=> P (+1) is true 
Hence, by induction P(n) is true for alln EN. 


of 
EXAMPLE 24 For all positive integer n, prove that — + me + 4 n? ——_ is an integer 
1 es ra 105 
SOLUTION Let P (n) be the statement given by 
3 
P (1): eat. is an integer 
5 3 105 

STEPI P (1): a Ree es earninteeer 

7-5 3 105 ar 

1 2 lo 2 70 —1 


pce ee 
7-5 3 105 105 


So, P (1) is true. 


=1, which is an integer. 


nm om 2m? m 
STEPII Let P (m) be true. Then, 7 + = +—— 3 ee 
Let — + — +— --— =A,heZz .»(1) 


7 Be 3}. 105 
We shall now show that P (m + 1) is true for which we have to show that 
(m +1)” _antyy? , 2(m+1)> (m+) 


7 5 ee 
(m+1¥ (m+ IP , 2Gn+1)° _(m+1) 
BBY, 7 5 3 105 
= (nt +7m° +21nP + 35m* + 35m? + 21m? +7m +1) 
4 3 2 + 5m +1) +—(m? + 3m? + 3m4+1) -—~ - sd 
ite + 10m? + 10m ) =( ) a = 


cern OFF ee 


MATHEMATICAL INDUCTION 12.19 


ve + uP Mm 3 m 


+ 2 — —-——rp + m® +. 3n0 + 6m* a 7m°> + 7m + 4mn+1 
yA 5 a. <LUS 


= 2+m° + 3nP + 6m? +7m°> +7m2 + 4m +1 [Using (i)] 


= an integer 
ae P (m +1) is true 
Thus, P (m) is trtue=> P (m +1) is true. 
Hence, by the principle of mathematical induction P (7) is true for alln € N. 


; nv © nn: 
1.e. — + — + 2 —— ——— JS an integer. 
PROS 3: “S105 
EXAMPLE 25 Prove by the principle of mathematical induction that = + “e + he is a natural number 
for alln EN. [NCERT EXEMPLAR] 
SOLUTION Let P (n) be the statement given by 
| 3 
P (n) i - = + in is a natural number 
LL ey 
STEPI P(1):—+—-+-—isa natural number. 
5.43216 
a + £ + te = a = 1, which is a natural number. 
oS Heese alls 
So, P (1) is true. 
STEP IE Let P (m) be true. 
3 3 
Then, mr ila re ZA is a natural number. Let me ph OTE nN .--(i) 
5 8 15 5 Saeed US 


We shall now show that P (m + 1) is true, for which it is sufficient to prove that 


5 3 
Cue + (ares Area) is a natural number. 


5 3 15 
5 3 
Naw (1 + 1) ‘ (1 + 1) ‘ 7 (m +1) 
5 3 15 
= 2 (uP +5m* +10m? + 10m? +5m + 1) + > (m? + 3m* + 3m+ 1) + “ m+ < 
wn om? 7 4 3 2 i Eom eee 977 
= | — + — + —m |4+ (mM + 2m” + 3m + 2m) + — + — + — 
5 3a. 15 5) = 3, 15 
= A+m* + 2m? + 3m? +2m+1 [Using (i)] 
= an integer 


Ee P (m +1) is true 

Thus, P(m) is true=> P (m +1) is true. 

Hence, by the principle of mathematical induction P (n) is true for alln € N. 
. n° 


i.e. 7+ 7+ nis a natural number for alln € N. 


EXAMPLE26 Prove by the principle of mathematical induction that forallneN, 37" when divided by 8, 
the remainder is always 1. 
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SOLUTION Let P (n) be the statement given by 
P (n) : 32” when divided by 8, the remainder is 1 


or, P(n) : 3%” = 8141 forsomereN 
STEPI P(1):37=8A+1forsome AEN. 
3 = 8x141 = 8X+1, wheredaA = 1 


P (1) is true 
STEPII Let P (mm) be true. Then, 
37" — 8X41 forsomereN ...(i) 


We shall now show that P (7m + 1) is true for which we have to show that 32” + ») when divided 


by 8, the remainder is 1 ie. 37°"* ) 


Now, 32+ = 32" % 32 = (814+1)x9 [Using (i)] 
= 72A+9 = 72A+8+1 = 8(9A+1)+1 = 844+1, where np = 9A+1EN 

=> P (m +1) is true 

Thus, P (m) is true=> P (m +1) is true. 

Hence, by the principle of mathematical induction P (n) is true for alln € Ni.e. 32" when divided 

by 8 the remainder is always 1. 


EXAMPLE 27 Prove by the principle of mathematical induction that n<2" for allneN. 


=8u +1 forsomep EN. 


SOLUTION Let P (n) be the statement given by P (n) : n<2". 
STEPI P(1):1<2! 
1<2! 
P (1) is true 
STEPII_ Let P (m) be true. Then, m <2” 
We shall now show that P (m + 1) is true for which we will have to prove that (m +1) <2”* 1 


Now, 
P (m) is true 
m<2™ 


2m <2.2™ 


Im<gmri 


(m+m) <2™*} 


m+1<m+m<2"*} [.< 1<m om+1<m+m) 
(m+1)<2™*1 

P (m +1) is true 

us, P(m)istrue => P (+1) is true. 

So, by the principle of mathematical induction P (n) is true for all < N ie.n <2” for allneN. 


SUuUDDUUY 


EXAMPLE 28 Prove by induction the inequality (1 + x)" >1 + nx whenever x is positive and n is a 
positive integer. | 

SOLUTION Let P (m) be the statement given by P(n) : (1+x)"21+nx 
STEPI P(1):(1+x))21+1() ? 


Ta wee 
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(1+ x)'>1+1(x) 


P (1) is true 
STEPII Let P (m) be true. Then, 
(1+x)">1+mx .-.(i) 


We shall now prove that P (m + 1) is true whenever P (7) is true. For this we have to show that 
GQ xy * SF + G4 1) 


Now,  P (m) is true 


(1+x)"*1514(m4+1)x 
P (m + 1) is true 
Hence, by the principle of induction, P (n) is true for all n € N i.e. (1 + x)" =>1+nx forallneN. 


= (1 +x)" >1+mx 

= (1+x)(1+x)" =(1+x)(1+mx) [Multiplying both sides by (1 + x)] 
= (1 +x)" +1514 (m41) x+mx? 

= (1+ x)"* 151 4(m41) x4+mx? >14+(m4+1) x [-- m x? >0] 
es 

a 


EXAMPLE 29 Prove by induction that (2n +7) <(n + 3)” for all natural numbers n. Using this, prove 
by induction that (n + 3)? <2"* 3 foralln EN. 
SOLUTION Let P (n) be the statement given by 
P (n) : (2n+7) <(n+ 3)? 
STEPI  P(1):(2x1+7) <(1+ 3)? 
(2x1+7) = 9<(1+ 3)? 
P (1) is true 
STEPIT Let P (m) be true. Then, 2m +7 <(m+ 3). sie (1) 








We shall now show that P (m + 1) is true whenever P (m) is true. For this we have to show that 
2(m+1)+7<(m+1+ 3). 


Now, 
P (m) is true 
2m +7 <(m+ 3)? 
2m+7+2<(m+ 3)? +2 
2(m+1)+7 <m* + 6m+11 
2(m+1)+7 <m* + 6m+11 <m* + 8m +16 
2(m+1)+7 <(m+ 4)? 
(2 (m +1) +7} <{(m +1) + 3}7 
P (m +1) is true. 
Hence, by the principle of mathematical induction, P (n) is true for all n € N. 
Now, let P’ (n) be the statement given by P’(n) : (n+ 3)2 <2"* 3 
STEPI P'(1) : (1+3)2<2!*3 
(1+ 3)? = 16<21*3 
P’ (1) is true 


Yuu YU UY Y 
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STEPH Let P’ (m) be true. Then, (mm + 3)? <2"*+ 3. 


We shall now show that P’ (m + 1) is true whenever P’ 
((m +1) + 3}7 <2" + D+ 3. 


Now,  P’ (m) is true 
=> (m+3)2<2"+3 


(m) is true. For this we have to show that 


=> (m+ 3)* +(2m+7)<2"t+3 4 (2m +7) 

2 m+ 3 2 in 2.96mn+3 m+ 3 . a\2 
=> (m+ 4)* <2 +(m+3)° [ 2m+7 <(m+ 3)* .. 2 + (2m+7) <2 + (1 + 3)*] 
=> (m+ 4) <gm+ 3 4 gm+ 3 [- (m+ 3)2 <2mt 3 => (m + 3)2 4 Qin + 3 <Qi+ 3 4 gin 3) 
=> (m+4)2<22"+ 3 
=> (m+4)2 <2"+4 
=> {(m+1) + 3}? <20"+1)+3 
= P'(m+1) is true 


Hence, by the principle of mathematical induction, P’ (n) is true for all n € N Le. (n + 3)2 pune 
for alln EN. 


3 
EXAMPLE 30 Prove that:17 + 2? + 32 +... 4n2 >= for alln EN. 


SOLUTION Let P (1) be the statement given by 


P (n):17 + 22 4 3° +... tn? >A 


3 
STEPI P(1):17 >= 
3 
(Eh ee 
eo 
2; P (1) is true. : 
STEPIT Let P (m) be true form =m. Then, 
3 
17 +27 4.37 4... 427 >= ..(i) 
We shall now prove that P (m + 1) is true. 
3 
Le. 17427 +3? +m? + (m+)? >t) 
Now, P(m) is true 
2_m* 
=> Peay Oe Ge Ree 2 
3 
=> 127427437 4...4m7 + (m +1)? >= + (m+1)? 
=> 1? 42? + 3? +...4m? + (m +1) >= (m3 + 3m? + 6m + 3) 


: 2 1 3 2 
= 12422432 4...+m’ + (m +1) ao {¢m + 3m + 3m-+1) + (3m +2)} 
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3 
— 127 427 + 37 4...4m? + (m + 1)? >= j¢m + 1)° + (3m + 2| mee 
= P (m +1) is true. 
Thus, P (m)istrue=> P (m+ 1) is true. 


Hence, by the principle of mathematical induction, P (7) is true for alln EN. 


(2n +1)? 


EXAMPLE 31 Prove that:1+2+3+...+n< forallneN. 


SOLUTION Let P (n) be the statement given by 





2 
P(n):1+2+ 3h ee 
STEP I We have, 
2 
Pico 
8 
2 
1 2 (2s 1 +1) a2 
8 8 
P (1) is true. 
STEPII Let P (m) be true. Then, 
(2m +1)? 
Lt 2 Oct oe lS ae (i) 
We shall now show that P (7 + 1) is true. 
2 
i.e., 14+2+3+...4m+(m+1) <2 
Now, 
P (m) is true 
2 
= 1+243+..¢m < CUS 
2 
= 14+2+3+...+m+(m+1)< ane + (m+) 
2 
=> 142434...¢m+(m41)< CUA) ASMe) 
2 
= L4243+4...4m4(m+1)< SU 2 NS” 
=> 14+2+3+...4+m+(m+1)< Gey ae 
Ss P (m +1) is true. 
Thus, P(m)istrue=> P (m+1)is true. 
Hence, by the principle of mathematical induction P (n) is true for alln € N. 
EXAMPLE 32 Prove by the principle of mathematical induction that for alln €N, 
(“=*) ._ ne 
sin 8 sin — 
sin 0+ sin 20+sin 30+...+sinn® = 2 2 [NCERT EXEMPLAR] 


matty 
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SOLUTION Let P (n) be the statement given by 
(" *) nO 
a6 zoo 
P (n): sin 6+ sin 20+ sin 30+...+sinn0 = 4 * 
sin — 
2 
STEPI Wehave, P(1):sin @ = A441 +44 
sin — 
2 
(2 + *) (+ x °) 
sin 7 6. sin 5 
sin 8 = et ae 
sin — 
2 
P (1) is true. 


STEP II Let P (m) be true. Then, 





(* *) m0 
in co 
sin 0+ sin 20+...+sin m0 = 44,4 
sin — 
2 
We shall now show that P (m + 1) is true. 




















..i) 


; aed, as 
———— 9 sin | —— 
ie  sinO+sin20+...+sinm0+sin(m+1)0 = 2 5 “ 
sin — 
2 
Now, 
sin 6 + sin 26+ ...+ sin m0 + sin (m+1) 0 
i (=**) . me 
sin 5 Poss 
= Soe sin (m +1) 8 [Using (i)] 
sin — 
2 
. (m+1 . mo 
sin ( 2 Js ge ON m+1 m+1 
js: (7@s*)0 cos( Je 
2 
sin — 
2 
. (me 
m+1 sin (“2 ) m+1 
sin — 
2 
sin me) +2 sin 5 cos(™*1)¢ 
("*) 2 
= sn —— 6 
2 sin — 
sin (2) + sin(™ =? *\e- in 78 
("+) 
= sin 2) Saar OES aC ae Ge a 
2 sin — 
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ae ("S =) fone ( m + * 0 sin J # FD 411 9 3 (™ + “Jo 
is 2 2 e 2 2 
= 2.9 fs 710 
sin — sin — 
2 2 
P (m +1) is true 
Thus, P (mm) is ttue=> P (m +1) is true 
Hence, by principle of mathematical induction P (n) is true for alln EN. 
EXAMPLE 33 Lising principle of mathematical induction, prove that 


sin 2” « 





cos a cos 2a cos 4a... cos (2"~ 1a) = pes forallneN. _[NCERT EXEMPLAR] 
sin & 
SOLUTION Let P (n) be the statement given by 
2 in (2” 
P (n): cos a cos 2a cos 4a... cos(2"~ 1! @) = sme 
2° sin @ 
: 1 
STEPI P(1)scosa = ane 
2° sin @ 
sin (21 a) sin2a  2sinacosa _ Bee 
91 sin a 2 sin a 2 sin o 
P (1) is true. 
STEPII_ Let P (m) be true. Then, 
Rs . gm E 
cos a cos 2a cos 4a... cos (2"-1 aq) = Sere) mi) 
2° sin a 


We shall now show that P (1 + 1) is true. For this we have to show that 


in (2h + 1) 
cos a cos 2a cos 2? a... cos (2"~! a) cos (2" a) = —— ( a) 


qm + 1 sin a 
We have, 
cos a cos 2a cos 27 a... cos (2”~ ! &) cos (2” a) 
= {cos a cos 2a cos 2 a... cos (2-1 a) cos (2”" a) 
sin (2” a imal’ 
= = x cos (2” a) [Using (i)] 
2 sin (2” a) cos(2"a) _ sin(2.2"a) _ sin(2"*1a) 
= om +1 ony a qm+ long pit Wee 


cK P (m +1) is true. 

Thus, P(m) is tue=> P (m +1) is true 

Hence, by the principle of mathematical induction P (n) is true for alln e N. 

Type II PROBLEMS BASED UPON SECOND PRINCIPLE OF MATHEMATICAL INDUCTION 


EXAMPLE 34 Let U; =1, Uy =1 and U,, 5 =U,,, 1 +U,, forn 21. Use mathematical induction to 
show that: 


U,, =e (35) -(+55] for alln>1. 
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SOLUTION Let P(1) be the statement given by 


reeds (Se) (5) 
r J (55)\- 
u, ECS) S 2) |g ee) (et 





U; = 


tr 


and, 





P (1) and P (2) are true. 
Let P(n) be true for all n <m. 
. 1 |\(1+ 75) (1-5) | 
i.e. Uu, = 5 ( 5 ) (55) for alln <m .».(i) 


We shall now show that P (7) is true forn =m + 1. 


m+1 m+ 1 
(ee ir C4) (5) 





We have, 
Un+2 = Una1 Un forn21 
=> Un+1 = Um t+Un—-1 form22 [On replacing n by (mm - 1)] 





ES oem 


eee 
| aS) Gt] 
fet test es! 
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oa er see (iene 
ms ne 2 (+55) | 


P (m +1) is true. 
Thus, P(n)is true foralln<m = P (n)is true foralln sm +1. 
Hence, P(n) is true for alln EN. 








EXERCISE 12.2 
LEVEL-1 
Prove the following by the principle of mathematical induction: (1-38) 
1.14+2+3+...+n = nee i.e, the sum of the first n natural numbers is “. 
2. 17 +274+37+...4n7 = Alas ACE) Cie!) 
— ‘ 
3” -1 
S118 » 9 ey eee ee 
1 1 1 1 n 
4, —+—+— +... + ——_ = —— 
12 2:3) 34 n(n +1) n+1 
5. 14+34+5+...+(2n-1) = n2 i.e., the sum of first n odd natural numbers is n?. 
1 1 1 1 n 
6. — + — + — +... | oS FE TT 
25i 35165 ou (3n —1) (3n + 2) 6n + 4 
1 1 1 1 n 
7, —+—+— +... + ——_——_ = 
14 47 7.10 (3n—2)(3n+1) 3n+1 
1 1 1 1 n 
8. — + — + — +... Fe sro 
a5) O7%= 79 (2n+1)(2n+ 3) 3(2n+ 3) 
9 1 1 1 1 n 


Ht Ht Hn FS FE 
37. Fld 1d (4n —1) (4n + 3) 3 (4n + 3) 
10. 1.24227 +323 +...+n.2" =(n-1) 2"*14+2 


11. 24+54+84+11+...+(3n-1) = 5 n(3n+1) 
12. 1.34+244+35+...+n.(n+2) = Zn (+1) (2n+7) 


2 — 
13, 1:34 SSE = RD ee 


3 

14. 1.2+234 34+...¢n(n+1 ane 2E*® 
(5, ey Rage Sa 
2 4 8 on gu 


16. 17 + 32 457 4...4(2n-1)” = =n (An —1) 





17. a+ar+ar” tara 
| r 


acl r#1 
aE pel be 


—~— = 


DS Ft Bet Coe 1 dee es ee 
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18. a+(a+d)+(a+ 2d) +...+(a+(n-1)d) = 5 2a +(n-1) d] 
19. 57” -1 is divisible by 24 for alln eN 

20. 37” +7 is divisible by 8 for alln e N 

21, 57”* 2 _ 94n — 25 is divisible by 576 for alln e N 

22, 377+ 2 _ 8n — 9 is divisible by 8 for allneN 

23. (ab)" =a" b" for allneN 


24. n(n +1) (+5) isa multiple of 3 for allneN 
25. 77 4.29"—3 3-1 is divisible by 25 for alln e N 


26. 2.7" + 35" —5 is divisible by 24 for alln eN 


27. 11+ 2 +127"* 1 is divisible by 133 for alln eN 

28. 1x1!+2x2!+ 3x 3!+...4+x n!=(n+1)!-1forallN EN. [NCERT EXEMPLAR] 
29. n° -7n+ 3 is divisible by 3 forallneN. 

30. 14+24+274...4 27 =2"*1_1 forallneN. 


31. Prove that 7 +77 +777 +...4777 sess 7 = = (10"* 1 _9n-10) for allneN 


n—digits 
3 2 
32. Prove that iE + La + Be! 37 


+ SLs Se 
Bin'3'0u6 2). 270 
11 Pp nw @2 


33. Prove that —-+1+"% 4 —n isa positive integer for alln € N. 
Liss 3) =O) 165 


n is a positive integer for alln e N 


34. Prove that — tan (=) + : tan (=)+.. + “a tan (=)-5 cot (=) —cot x foralln e Nand 


O<x<= 
2 


35. Prove that] 1 -5) (1 -3) (2 -5) on (1 -5) = fe for all natural numbers, n > 2. 
2 3 4 nz) 2n 


(2n) | t for allmeN 
36. Prove that 2 < Jan+1 or newN. 


27" (n! 
37 See eee ee forall n>2,neEN. 
; 4 9 16 n2 n 


38. Prove that x2”~ 1+ ECE: is divisible by x + y for alln e N. 


rey) 
: sin* nx 
39. Prove that sin x + sin 3x +...+sin (2n-—1) x a F for allne N. 


MATHEMATICAL INDUCTION 12.29 
40. Prove that cos a + cos (a+) + cos (a + 2P) + ...+ cos (a +(m—1) f) 





sin B 
2. 
foralln € N. [NCERT EXEMPLAR] 
41. Prove that J + ee: + ot I > 13" for all natural numbersn > 1. 
n+1 n+2 2n 24 
[NCERT EXEMPLAR] 
42. Given a; = ay + Bs , Ay ae ay, + za and 4@,. 4 “1a + A \torn 22, 
2 aig = 2 ay 2 My, 
where a >0,A > 0. 
= —1 
Prove that — va = a -VA 2" : 
z. a, +NA” (aA 


43. Let P(n) be the statement: 2” > 3n. If P(r) is true, show that P (r + 1) is true. Do you conclude 
that P(n) is true for alln e N ? 

44. Show by the Principle of Mathematical induction that the sum §S, of the7 terms of the series 
1? +.2% 22 + 324242 +452 +9x6> 47-4 208 given by 


n(n+ iN) Stake 
——_—___—_., ifn is even 
Se. [NCERT EXEMPLAR] 
Vie (Ti-tel) See 
—__—__—_, ifn is odd 


45. Prove that the number of subsets of a set containing n distinct elements is 2” for alln €N. 
[NCERT EXEMPLAR] 
46. Asequence a1, a, 43,......is defined by letting a, = 3and a, =7 ay_, forall natural numbers 
k > 2.Show thata, = 37" | foralln EN. 


[NCERT EXEMPLAR] 
47. A sequence x1, X9, X3,... is defined by letting x; =2 and x, = va for all natural numbers 





k, k 2 2.Show that x, =—foralln eN. [NCERT EXEMPLAR] 
1! 


48. A sequence Xp, x1, X2, X3,.--is defined by letting x9 =5 and x, =4+x,_, for all natural 
number k. Show that x,, =5 + 4n for all € N using mathematical induction. 
[NCERT EXEMPLAR] 
49, Using punee. ss ee induction prove that 


Jn <—~ + + ast. te for all natural numbersn > 2. [NCERT EXEMPLAR] 


50. The distributive law from algebra states that for all real numbers c, a, and a), we have 
C (ay +a) =Ca,+CAap 
Use this law and mathematical induction to prove that, for al natural numbers, n 2 2, if 
C, A1,0p,..-,4, are any real numbers, then 
C (@ +4 +...+ Gy) = C44 +CA7+...4+ CM. 


aan Sas a eee 
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VERY SHORT ANSWER TYPE QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per the requirement of the 
question. 


1. State the first principle of mathematical induction. 





2. Write the set of value of for which the statement P (1): 21 <n! is true. 

3. State the second principle of mathematical induction. 

4. If P (n):2x 42"* 14 33"+ lis divisible by 2 for all € N is true, then find the value of % 
ANSWERS 

2. {neN:n2 4} 4.11 


MULTIPLE CHOICES QUESTIONS (MCQS) 


Make the correct alternative in each of the following. 


1. 





If x” —1 is divisible by x —(, then the least positive integral value of A is 
(a) 1 (b) 2 (c) 3 (d) 4 


. ForallneN, 3x57"+1423"*1 is divisible by 


(a) 19 (b) 17 (c) 23 (d) 25 


. 1f10"+ 3x 4"*2 + 2 is divisible by 9 forall € N, then the least positive integral value of Ais 


(a) 5 (b) 3 (c) 7 (d) 1 


. Let P (n): 2" <(1x 2x 3x ...x n). Then the smallest positive integer for which P () is trueis 


(a) 1 (b) 2 (c) 3 (d) 4 


- A student was asked to prove a statement P (n) by induction. He proved P (k +1) is true 


whenever P (k) is true for all k >5 EN and also P (5) is true. On the basis of this he could 
conclude that P (7) is true. 


(a) forallneN (b) foralln>5 (c) foralln>=5 (d) foralln<5 


6. If P (n): 49" +16" +2 is divisible by 64 forn € Nis true, then the least negative integral value 
of Ais 
(a) -3 (D2 (c)i— (d) -4 
ANSWERS 
1. (a) 2. (b) 3. (a) 4. (d) BCC) 6. (c) 
SUMMARY 
1. 


A sentence or description which can be judged to be true or false is called a statement. 
Statements involving mathematical relations are called mathematical statements. 


2. Let P (n) be a statement involving the natural number such that 


(i) P (1)is true. 


and, (ii) P (m +1) is true, whenever P (7m) is true. 


Then, P (n) is true for alln EN. 
This is called first principle of mathematical induction. 


3. Let P (n) be a statement involving the natural number n such that 


(i) P(1)is true 


and, (ii) P (m +1) is true, whenever P () is true for alln <m. 


Then, P (n) is true for alln € N. ) 
This is called second principle of mathematical induction. 


CHAPTER 13 





COMPLEX NUMBERS 


13.1 NEED FOR COMPLEX NUMBERS 


If a, b are natural numbers such that a > b, then the equation x + a =b is not solvable in N, the set 
of natural numbers i.e. there is no natural number satisfying the equation x + a =b.So, the set of 
natural numbers is extended to form the set I of integers in which every equation of the form 
x+a=b; a,b EN is solvable. But, equations of the form xa=b, where a,b e€I,a+#0 are not 
solvable in J also. Therefore, the set I of integers is extended to obtain the set Q of all rational 
numbers in which every equation of the form xa=b,a+0,a,b eI is uniquely solvable. The 
equations of the form x? =2, x” = 3etc. arenot solvable in Q because there is no rational number 
whose square is 2. Such numbers are known as irrational numbers. The set Q of all rational 
numbers is extended to obtain the set R which includes both rational and irrational numbers. 
This set is known as the set of real numbers. The equations of the form x? +1=0,x7 +4 =0etc. 
are not solvable in R i.e. there is no real number whose square is a negative real number. Euler 
was the first mathematician to introduce the symbol i (iota) for the square root of —1 i.e. a solution of 
x? +1 =O with the property i? =-1. He also called this symbol as the imaginary unit. 


13.2 INTEGRAL POWERS OF IOTA (i) 
Positive integral powers ofi: We have, t J-1 
i? = -1,i° = #»xi = -i, 7 = (@)? = (-1)% =1 


In order to compute i” for n > 4, we divide n by 4 and obtain the remainder r. Let m be the 
quotient when nis divided by 4. Then, 
n = 4m+r,whereO <r <4 


= jt = jam+r os Cia iv = iv 


Thus, the value of i” forn > 4 isi?’ , wherer is the remainder when n is divided by 4. 


Negative integral powers ofi: By the law of indices, we have 


3 
= 1 i 3 , ed 1 1 
i =s—-=—=j% =-I,1 =— = — = -] 
l i i2 =] 
=s'3 1 i =f 1 1 
i =—-=—=f, I =—= =] 
i3 i* it 1 
Ifn>4,then i=” = 2 = = , where r is the remainder when n is divided by 4 


= 
- 


NOTE i” is defined as 1. 
The above discussion suggests the following algorithm to find integral exponents ofi. 


ee 


SORRaeY! 18 2 le 
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ALGORITHM 

To find the value of i” for n € Z, we may follow the following steps. 
STEPI Ifn=O, then writei" =1. 

STEPH Ifn>0, then 


Poity the 
—1, if n=2 
he -_i, if n=3 
ote ke! 


i’, if n>4, wherer is the remainder when n is divided by 4 


STEPI Ifn <0, thenn=—m, where m > 0. 





j Vala, if n=-1 
iPaGasa if n=-2 

jn iP azaqri, if n=-3 
jAeQareL if n=—4 


, wherer is the remainder when m ts divided by 4, if n<—4. 


ILLUSTRATIVE EXAMPLES 


LEVEL-1 
EXAMPLE1 Evaluate the following: 


(i) i395 (ii) i)? (iii) (79 (iv) (—.f—1)*"* 3,neN 
SOLUTION (i) 135 leaves remainder as 3 when it is divided by 4. 
*. et) 
(ii) The remainder is 3 when 19 is divided by 4. 
: =i" = —1 
(iii) We have,i_ 999 4 /;799 
On dividing 999 by 4, we obtain 3 as the remainder. Therefore, {799 = 79.’ 

Soogne stl 1 1 i 


Hence, 1 = —— = SZ = FL ei 


i299 i i4 1 


(iv) We have, (-./-1)*"* 3 = (-)4"+ 3 =(-i)*” (-)3 be {(-1)4}" (—i9) = ose _; = j 


EXAMPLE2 Show buat. , 
25 34 
(i) {29 +(3) —4 (ii) { -(4) | 2A 
1 
0 (iv) 7 4a" thy M+ 2 4 "+ 3 <-— forallneN. 


oS ae 7 
SOLUTION (i) {i (2) | = {* + + 6 {i ‘ ae : |-is a ! 


l 


= [-i+i°} =(-i-i* —4 2 =—4. 
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34 2 2 2 2 
© f°} fap fap fecal seo 


= (42% ¢1=—l Pore =21 


24 3 3 3 
(ili) " +(=) = ‘8 + at -(# + | = (-1+1)°=0 


n+1, pn+2 , jnt+3 3 


-_ i .* a ay | oe 
= fei x iti™ xir +i" x1 
2) 


(iv) i” +i 
=i" +i+i2 +i 
=i"(1+i-1-i = 7" (0)=0 


13 
EXAMPLE3 Evaluate = (i'+i'* 1) ,whereneN. 
n=1 


13 no, a+1 
SOLUTION < (f +1 °) 
n=1 
13 
= 3 


(i+1) 7" 
n=1 


ok ae 
=(i+1) = i” 
n=1 


=(i+1) (+i2 +79 4+...479) 


13 
; | 
=(1+1) x1 
wn( a 
2 i-1 13 
= (7 +1) (=) es U =i] 
i—1 
=(-1+/) 
EXAMPLE4 Evaluate 1+i2 +i* +i°+...+ i2". 
SOLUTION Let $=14+i2 +74 +i6+...+i2". Then 
S=1+i2 + (i2)2 +(i2)3+...4 7)" 


-2\n+ 1 2n+1 
= san Oe) Oe ap feot 
1-1 1+1 2 





= (1-1) = 0, ifm is odd 


= (1 +1) =1, ifm is even 


= SS 





EXERCISE 13.1 
1. Evaluate the following: 
(i) i457 (ii) P28 (iy) (iv) 37 + 
j67 
; 9 
(v) (i + ar (vi) (77 +i7° + 87 + 74143 (vii) 129 4 740 4 ;60 
l 


(viii) j49 4. 58 + j89 4 {110 
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2. Show that 1 + i!° + i7° + 99 is a real number. 
3. Find the values of the following expressions: 


(i) jA9 4. (8 4. j89 4 110 (ii) j30 4 j80 4 j120 

(iii) 1+77 +19 +17 (iv) P +729 479 

Papeete ee A (ayer ied it 4... 1 
p82 980 | 978 | 676 574 7, 


(vii) (1+)°+(-1? 
nee LCC CC(‘(‘(CNCOtstCNC(C(C(‘(_ ANSWERS 
1. (i) 1 (ii) 1 (iii) -1 (iv) 27 (v) 0 (vi) -—8 (vii) 1 (viii) 21 
3. (i) 27 (ii) 1 (iii) 0 (iv) -1 (v)-1 (vi) 1 (vii) —2-—10i 
13.3 IMAGINARY QUANTITIES 


The square root of a negative real number is called an imaginary quantity or an imaginary 
number. 


For example, ,/— 3, ./- 4, ./- 9/4 etc. are imaginary quantities. 
THEOREM Ifa, bare positive real numbers, then J- ax J- =—Jab. 
PROOF We have, 


-4 = |-1 x A =,/-1 x Ja =i-Va and, —b = —-1x b =,/-1 x Vb =ivb 

{=a x J—b =(i Va) (i Vb) =i? (Va x Vb) =-1 (Vab) =- Jab 
NOTE1 For any two real numbers Ja x Vb =~Jab is true only when at least one of a and b is either 
positive or zero. In other words, Ja x Vb =~ab is not valid if a and b both are negative. 


NOTE2 For any positive real number a, we have J- = /- 1xa /- 1 x Va =i Va. 
ILLUSTRATION 1 Compute the following: 


(i) ./-144 (ii) —4 x j= 
(iii) J-25+3 /-4+2J-9 


SOLUTION 


(i) J—144 =./-1 x 144 =,/-1 x /144 =12i 


(ii) Fax? =@0(3)=32=-s 
iii) = - 5 +3/-442J/-9 =5i+6i+6i=17i 


ILLUSTRATION 2 A student writes the formula Vab =Ja Vb. Then he substitutes a =—1andb =-1 
and finds 1 =—1. Explain where is he wrong? 

SOLUTION Since a and b both are negative. Therefore, Jab cannot be written as Ja Vb. In fact, 
for a and b both negative, we have Javb = — Vab. 


ILLUSTRATION 3 _Is the following computation correct? If not give the correct computation: 

[2 f= \HD-C3) = V6" 
SOLUTION ‘The said computation is not correct, because — 2 and — 3 both are negative and 
Jab =a Vb is true when at least one of a and b is positive or zero. The correct computation is 


(J=2) (f=3) = V2) G3) =? V6 = - V6 
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13.4 COMPLEX NUMBERS 


COMPLEX NUMBER _ If a, b are two real numbers, then a number of the form a + ib is called a complex 
number. 


For example, 7 + 2i,-1+i,3-2i,0+2i,1+ O/etc. are complex numbers. 


Real and imaginary parts of a complex number: Ifz =a + ib is a complex number, then ‘a’ is called the real 
part of z and ‘b’ is known as the imaginary part of z. The real part of z is denoted by Re (z) and the 
imaginary part by Im (z). 


If z= 3 -4i, then Re(z) = 3 and Im (z) =—4. 
Purely real and purely imaginary complex numbers: A complex number z is purely real if its imaginary 
part is zero i.e. Im (z) =O and purely imaginary if its real part is zero 1.e. Re (z) =0. 
Set of complex numbers: The set of all complex numbers is denoted by C 1.e.C ={a + ib:a,b € R}. 
Since a real number ‘a’ can be written as a + 0i. Therefore, every real number is a complex 
number. Hence, R c C, where R is the set of all real numbers. 
13.5 EQUALITY OF COMPLEX NUMBERS 
DEFINITION Two complex numbers z, =a, + ib, and zy = ap +i by are equal if a, =a and by =bp. 
i.e. Re (z,) = Re (zy) and Im (z,) = Im (2p). 
Thus, 2, =Z) <> Re(z,) =Re(Z2) and Im (2;) =Im (2). 
ILLUSTRATION 1 I[fz, =2 —iyandz) =x + 3iare equal, find x and y. 
SOLUTION We have, 
Z)=2Z) => 2-iy=x+ 3i => 2=xand-y=3 >x=2andy=—3. 
ILLUSTRATION 2 If(a+b) —i(3a + 2b) =5 + 21, find a and b. 
SOLUTION We have, 
(a+b) -i(3a+ 2b) =5+2i => a+b=5and —(3a+ 2b) =2 > a=—-12,b=17 


13.6 ADDITION OF COMPLEX NUMBERS 


DEFINITION Left z; =a, +ib, and zy =ay +ibo be two complex numbers. Then their sum z, + Zp is 
defined as the complex number (a, + az) + i(by + bp). 


It follows from this definition that the sum z, + Z2 is a complex number such that 
Re (z, +29) = Re(z,) + Re(z) and, Im (2; + 29) =Im (z;) + Im (29) 
For example, Ifz; =2 + 3iandz) =3-2i, thenz, +z) =(2+ 3)+(3-2)i=5+i 
13.6.1 PROPERTIES OF ADDITION OF COMPLEX NUMBERS 
(i) Addition is Commutative: For any two complex numbers z, and zy 
2 + 2p =Zp +24 
PROOF Letz, =a, +ib,,Z) =az + iby, where a1, ay and bj, b> are real numbers. Then, 


Z1 +Z = (a, + Ap) +i (by + bp) [By definition of addition] 
= (ay + 4) +i (bp + by) [By commutativity of addition of real numbers] 
= Zo +2, [By definition of addition] 


Thus, Zy +2 = %+2, forall 2,2) €C. 

Hence, addition of complex number is commutative. 

(ii) Addition is Associative: For any three complex numbers z,, 22,23 
(2 +22) +23 =Z, + (2 +2Z3) 


PROOF Letz, =4, +iby,2 =p + iby and zz =a3 +ib3, where a4, ay, a3 and b;, b>, bg are real 
numbers. Then, 
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(Z1 +29) +23 = [(ay + ag) +i (by +b2)] + (ag + ib3) [ By definition of addition] 
= [(a, + ao) + a3) +i[(b, + bz) +b) [By definition of addition] 
= [(a, + (a> + @3)] + ilb; + (by +b3)] [By associativity of addition on R] 
= (a; +iby) + [(ap + 43) +1 (bg +b3)] [By definition of addition] 
= Z1 + (2) +23) [By definition of addition] 


Thus, (Z +29) +23 =2) + (2 +23) for allz,, 22,23 €C. 

Hence, addition of complex numbers is associative. 

(iii) Existence of Additive Identity: The complex number 0 = 0 + i 0 is the identity element for addition 

ie.z+0=z=0+2Zforallz eC. 

PROOF Letz=a+ibbean arbitrary complex number. Then, 
z+0 = (a+ib)+(0+i0) = (a+0)+71(b+0) = at+ib 

and, O+z =(0+10)+(at+ib) = (0+a)+i(0+b) = at+ib = 

Thus, z+0 =z = 0+zforallzeC 

Hence, the complex number 0 = 0 +7 0 is the identity element for addition. 


(iv) Existence of Additive Inverse: For any complex number z =a + ib, there exists —z =(— a) + i(—b) 
such that z+(—z) =0 =(-—zZ) +z. 


| 
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PROOF Letz=a+ib be an arbitrary complex number. Then, —z =(— 4) +i (—b) is also a complex 
number such that 


z+(—z) = (a+ib) + ((—a) +i(—b)}= {a+(—a)} +7 {b +(-—b)} = 0+70 =0 
and (—z) +z={(—a) + i(—b)} + (a + ib) =((-a) + a} +7 ((—b) + D} =0+70=0. 


Thus, for each complex numberz = a + ib, there exists a complex number —z =(— a) + i(—b) such 
thatz + (—z) =0 =(—z) +z. 


The complex number —z is called the additive inverse of z. 


13.7 SUBTRACTION OF COMPLEX NUMBERS 


DEFINITION Letz, =a, +ib, andz» =ap + ib> be two complex numbers. Then the subtraction ofp from 
z, is denoted by z, —Z> and is defined as the addition of z, and —Zp. 


Thus, 2 —2Z) =2Z) + (-29) =(a, + iby) + (— ay —ibz) = (ay — 4g) + (Dy — 59) 
For example, Ifz; = —2+ 3i and z) =4+5i, then 

Zy—-Z = (-2+ 31) +(-4-5i) =(—2 -4) +1 (3 —5) =-6 -21 
13.8 MULTIPLICATION OF COMPLEX NUMBERS 


Let Z, =a, +1b, and 2 =a» +iby be two complex numbers. Then the multiplication of 2} with Zp Is 
denoted by z, Zp and is defined as the complex number (ay a2 —b, bz) +1 (ay bz + ao b)). 
Thus, 2122 = (a4 +1 b,) (a +1 b>) 
=> 24122 = (a, ay —b bo) +i (a, by + a5 b,) 
=> Z1Z2 = [Re(z,) Re») —Im(z,) Im@,)] +i [Re(z;) Im@2) + Rez) In@,)] 
For example, Ifz, =3 + 2iand z) =2 — 3i, then 
ZZ = (3+ 2i) (2-31) =(3x 2-2x(—3)) +i(3x -—3 +2 2) =12-5i 


NOTE The product 2,2) can also be obtained if we actually carry out the multiplication 
(a, +ib;) (a2 +12) as given below: 


(a; +ib}) (a +1b5) = ay ay +1; bo +1b, ay +77 by bo 
= (a1 ay —by bo) + i(ay bg + ap by) [e i2 =-1] 
13.8.1 PROPERTIES OF MULTIPLICATION 
(i) Multiplication is commutative: For any two complex numbers 24 and 2 
24 22 =22 1 
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PROOF Letz, =a; +ib; andz) =az +ibz, where aj, a2, and bj, bo are real numbers. Then, 
ZZ = (ay +1b4) (ag +ibz) = (ay Ag —by bg) +1 (ay bz + Az 54) 
and, 29. 21 = (ap +ib2) (a, +14) =(ag Ay —b2 by) + i (bg ay + by AD) 
= (Ay ay —b1 bp) +i (ay bp + 42b,) [By commutativity of mult. of real numbers] 
aia eel 


Thus, 212) = 2) 2 forallz,2) EC. 


Yon 


Hence, the multiplication of complex numbers is commutative on C. 
(ii) Multiplication is associative: For any three complex numbers 21, 22,23 
(Z1 Zp) Z3 =Z (2 Z3) 
PROOF Letz, =a, +iby,2 =a) +ibz andz3 =a3 +ib3 be any three complex numbers. Then, 
(Z1 Zo) Za = ((ay +174) (ap + ibg)} (a3 + 1b3) 

= {(a1 ay —b, ba) +i (ay by + Ay b4)} (a3 +163) 

= {(ay ay —b, bo) az —(ay bz + az by) D3} +i {(ay ag — by b2)b3 + (ay bg + Ag by) a3} 

= {ay (ay a3 —bz bz) —by (az bz + a3 b2)} +1 (by (ag 43 —bz 53) + ay (a3 bg + Ag b3)} 
(a, + iby) {(az a3 —b2 b3) +1 (ap bz + a3 b2)} 
Z (Zp Z3) 
Thus, (Z;Z9)Z3 = 2 (223) for allz,, 25,23 €C. 
Hence, multiplication is associative on C. 
(iii) Existence of identity element for multiplication: The complex number 1 =1 + i0 is the identity 
element for multiplication i.e. for every complex number z, z-1 =z =1-z. 
PROOF Let z=a+ib. Then, 

z-1=(a+ib)(1+i0)= (ax1—bx 0) +i(ax 0+1xb)=a+ib. 
Similarly, we obtain 1 -z =z 
Thus, z:1l=z=1-z, forallzeC. 
Hence, 1 =1 + Oj is the multiplicative identity in C. 
(iv) Existence of multiplicative inverse: Corresponding to every non-zero complex number z =a + ib 
there exists a complex number z, =x + iy such that z-z, =1 =2 -Z. 
PROOF Clearly, 
Z:Zj =1 

=> (a + ib) (x +iy) =1+10 
== (ax —by) +i (ay + bx) =1 +10 





= ax —by=1 and ay +bx=0. 
Solving these two equations, we get 
fo RS joa [-a#0,b #0] 
a> +b? gaeeebe 
Thus, every non-zero complex number z =a + ib possesses multiplicative inverse given by 
a fi) anett 
a? +b? <2 a> +b 


NOTE The multiplicative inverse of z is denoted byz or, Z 
z 


ILLUSTRATION Find the multiplicative inverse of z = 3 —2i. 


SOLUTION Using the above formula, we have 
yi 2 8 See) oo ee 
32 +(- 2)? 32 +(— 2) Iker LES: 


| SE Rd ee SL Em. 


8 eee 
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(v) Multiplication of complex numbers is distributive over addition of complex numbers : For any three 
complex numbers 21, 22,23 


(i) 21 (Zo +23) =21 22 +21 23 (Left distributivity) 
(ii) (2) +23) 2] =22 24 +23 24 (Right distributivity) 
PROOF Let 2, =@; +ibj,2) =a2 + ib andz3 =a3z +1b3. Then, 
Z (Zp +23) = (a, + 1b) (az + a3) +7 (bz + b3)} 
= {ay (ao + 43) —b, (bp + b3)} +i {ay (bo + b3)) + dy (Ay + 93) 
= [(a,a9 —bybo) +i (ayby + anb;)) + [(a,a3 —b4b3) +i (ayb3 + 43b4)] 
= 212) + 2123 
Similarly, it can be established that (z2 + 23) 21 =2221 +2321. 


13.9 DIVISION OF COMPLEX NUMBERS 


The division of a complex number z, by a non-zero complex number zz is defined as the multiplication of2; 
ee z 
by the multiplicative inverse of Zp and is denoted by aL, 


=2 
Z x 
Thus, = =2z,2! =z {2 
22 22 
Letz, =f +ib; and Z> = Ay +iDo. Then, 


7l = (a, +iby) see gp, Oa | -z=atib => de 
Z a5 + b5 a7 +b5 Z a~ +b a~ +b 


= fagttye | + (yn) [By definition of multiplication] 
a> +b ay +b 
2 2 pay 


Al 
Z2 
For example, Ifz; =2 + 3iand Zz, =1+ 21, then 


eerie <=(014.37)%-— = (2+3)2-2i=(2+8)4i{-2+3) - 
mw AS 142i Sage \S 5 a6 


_ 


—> 





i 
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13.10 CONJUGATE OF A COMPLEX NUMBER 


DEFINITION Letz=a+ib bea complex number. Then the conjugate of z is denoted by Z and is equal to 
a—1b. 


Thus, z = atib => zZ=a-ib 

It follows from this definition that the conjugate of a complex number is obtained by replacing 1 
by —i. 

For example, ifz=3 + 41, thenz =3 — 41. 

13.10.1 PROPERTIES OF CONJUGATE 

THEOREM [fz, 21,2, are complex numbers, then 


(i) (2) =z (ii) z+ Z =2 Re(2) 
(iti) z-—Z =21Im (2) (iv) Z=Z = zis purely real 
(v) z+Z =0= zis purely imaginary (vi) zZ ={Re (z)}7 + {Im (z)}” 
(vii) 7 +22 =H +% (vili) Z —2) =21 —22 


4 Vere ia (x) (2 es # 0. 
(ix) 24 22 =172 mm} 22 


ett tee 
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PROOF Letz=a+ib,z, =a, +iby and2y =a +1bp. 
(i) z=a+ib => Z=a-ib = (Z)=(a—-ib) =a+i1b > (Z) =z. 
(ii) z+Z=(a+ib) +(a—-ib) =2a =2 Re(2) 
(iii) z—Z =(a+ib) —(a—ib)=2ib =2ilm(Z) 
(iv) z=Z oat+ib=a-—ib = 2ib=0 & b=0 & Im(z) =0 => zis purely real 
(v) z+Z=0¢(a+ib) +(a—ib) =0< 2a=0Ha=0 Re(z) =0 <> zis purely imaginary 
(vi) zz = (a +ib) (a—ib) =a2 +b ={Re(z)}” + Im (2)}” 
(vii) We have, 
Zp +Zy = (a, + Az) +1 (b, +b) 
Z +2 = (ay + Ay) —i (by + by) =(a, —iby) + (az — ib) = (ay + tb) + (QQ + iba) = 21 +2. 





(viii) Wehave, 2, —Z) = (a, —4) +i(b; —b2) ae 
: 21-22 = (ay — fy) —1(b, — bo) = (a, — ib) — (a> — ib) = (a, Ts iby) —(a> + ib) = 21-22 





(ix) We have, z, 25 = (a + iby) (az + iby) = (ay a2 —by bz) + 1 (ay bg + ag D4) 
4122 = (a, fla —b; b>) —1 (ay b> Ss aa by) = (a, — iby) (a> — ib) =2 2 


Z a, + ib Ay ay +b, b Avasita —ane 

(x) We have, = = ath (gti, 2 ee 
a2. fig +109 ay +b5 az +b5 
Z _ | 44 42 + by b> Beir a5 b, —ay b> (i) 
en er De 25a sal 
22 ay + bs ay + bz 








My Ao +b, b .| Ap by — a,b a 
Now, 2b =z x1 =(a -ib)| 25 +i, |=] DS |-i] P| 
Z9 29 ay +b5 ay + b5 ay +b ag + b3 


From (i) and (ii), we get (21) Sel 
Zz. 29 


13.11 MODULUS OF A COMPLEX NUMBER 
DEFINITION The modulus of a complex number z =a + ib is denoted by|z| and is defined as 
|z| = ya? +b? = J{Re@}? + {Im @}? 
Clearly, |z| 20 for all z EC. 
For example, If z; = 3-—4!1,2) =-5 + 2iandzz =1 + J-3, then 
1z,| = 32 +(— 4)? =5, |zo|=y(-5)? + 2? =V29 and, |z3 | =[1 +i V3] = 1? + (V3)? =2. 
REMARK In the set C of all complex numbers, the order relation is not defined. As suchz, >2Zp 0r,Z <2 
has no meaning but| z, | >| 22 | or, | 2, | <| 22 | has got its meaning as| z, | and| Zp | are real numbers. 


13.11.1 PROPERTIES OF MODULUS 
THEOREM Ifz,2Z1,2Z) €C, then 
(i) |z] =0 <> z=O0i.e. Re(z) =Im (z) =0 
(ii) |z| =|2| =| -2] 
(iii) —|z] < Re(z) <|z|; -|z| <Im(@) s|z| 
(iv) zZ =|z|? 


(v) |24 22] =121 11221 
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24\ _ 
Z| 


(vi) ——; 29 #0 








Z = 
(vii) | 21 +29|? =|z, |? +|z |? + 2 Re(z, Zz) 


(viii) | 2 —29|? =| 2 |? +| 2 |? —2 Re(z, z) 
(ix) | 2, +2,|7 +| 24 =2,|" =2(I 24 |? +| Z| | 
(x) | az —b 2 |? +|b zy + a2 |? =(a2 +b?) (I z|* +|z P), wherea,b ER. 
[NCERT EXEMPLAR] 


PROOF Letz=a+ib. Then, 


(i) |z|=0 <> ya +b? =0< a+b? =0 & a=0 and b=0 & Re(z) =Im(z) =0 
(ii) Letz=a+ib. Then, Zz =a—ib and -—z=-a-ib. 


jz| =a? +b,|Z| =a? +(—)? =a? +0? and, |—z| =y(— a)? + (—b)? = a2 +0? 
Clearly,|z| =|Z| =|-z| 
(iii) Letz =a +ib. Then, |z|= = ya? +b?. 
mee ~ fa? +b? sas Ja? +b? and — fa? +b <b < Ja? +b? 


—|z|<Re(z) <|z| and —|z|<Im(z) <]z| 
— Letz=a+ib. Then, Z =a —ib. 


2 
=(a+ib)(a—ib) = a*—i7b? = 92 +b? = { Vo? +0} = |z|? 


(v) Letz, =a, + ib and 2) =ap + iby, where ay, ay and bj, by are real numbers. Then, 
422 = (a, + iby) (a> on ib>) = (ay to) —b, b>) +1 (a, bo + bi) 


= |Z 2)| = (a, ty — by by)” + (ay by + ay by)” 

=> |21Z| = a? ax +b? be + at ba + as be 

=> |2,Z| = a? (a3 + b3) +e (az + b2) = (a? +b?) (as +b = a? + b2 a3 +b 
—- 


[2122] = 12, 1l 22] 
(vi) Letz) =a, + iby and 2) =a> + iby, where a), ay and by, bo are real numbers. Then, 


2 ax (a, + | 3% A Ae). . Geak (ee 2) 


Zp as+bs 86h +bF ae + bs at +b2 


ee") 














2 2 
Ay Ay +b, b b; —a,b 
= |B] -[@gthe] [24-98 
2 az + b5 a7 + b5 
=> 21) _ |(@1 ap +by by)? + (ap by — a4 bo)” 
% (aj +3)? 











|2|- at ad + be bp + ab b2 +a be 
(aj + b3)? 
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(vii) Clearly, 


Jz +29I7 = (1 +22) @ +22) 
=> |Z, + 25/7 = (z1 + 25) (21 +2) 
= lzt+2/7 =yyutantunt+nA 
=> |x tzq|? = [2/7 +1201? +2122 + 122) 
— |z, +29/7 = |z1|7 +z |? + 2 Re (z 29) 


(viii) Clearly, 


|z1-22|7 = (1 -22) G1 -22) 
=> |z4 —z9|? = (% -22) @1 -22) 
=> Iy al? =17+22-12-2WA 
=> |x zl? = [zy l? +1201? -21 22 - 12) 
=> = |z—zl? =| 2|? +122 [? -2 Re 2) 


(ix) Using (vii) and (viii), we get 


(at + bt) (az +b) EG, + b3) % rica 
(aa (ae bey? aa +b 


13.11 
cs ve (pei ! a 
[zz—|zI- 


[~ 2422 = +2) 

[By distributivity of multiplication] 
=2 (2) =% 22 =22 41 
[. z+Z=2 Re(2)] 


[-. (21 29 


C22" (2 7] 
Fat 21 + iy es Z1- —2Zp] 
[By distributivity of multiplication] 


[e 2) = 4%) = 2121 


|2y +25 [2 +1zy —z0 [7 = Lz? +1221 +2 Ree 22) +1211? +1221 -2 Re 22) 


2(|21 |? +1z21°) 
(x) We have, 
| az —b2|° 


= (az, —b 2) (az, —b2%) 


(az, —b Zp) (az, —b Zp) 


Similarly, we obtain 


|bz, +az|" 
|az,—bz |? +|b2 +420" 


a z, 21 — (424) (b Za) —(b 22) (424) +b? 2 Z 
a2 | z, | — ab (2 25 + 2422) + b* | 20 |? 
a* | z|* — ab (2 Z + (% 25)) +b? | z2 |? 
a” | z, |? —ab {2 Re (z1 Z>)} + b? | z |? 
a? | 2, |? - 2 ab Re (2 2p) +b | 29 |? 


[212 + (24 2) = 2 Re(z, 2] 


b2 | z, |? +a” |z_ |? + 2 ab Re (z; 2) 


= a* |x|? -2.ab Re (Zp) +b? |z9|? +b? |2|? + a [zp |? + 2 ab Re 2) 


S (@? +b4)(I24P +lz./?) 


| 2, |2 (a2 +b?) +| 25 |? (7 +07) 
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13.12 RECIPROCAL OF A COMPLEX NUMBER 
Letz =a + ib be a non-zero complex number. Then, 


be sl eee a —ib Multiplying numerator and rear | 
Te petereeen, ae > de eS i ‘ 
a+ib a+ib  a-—ib by conjugate of denominator 








x 1 os a—ib is a —ib 
Zz a~ —i* b a* +b? 
= ae a i (-b) 
Zz a= +b* a* +b? 


Ako == 


Thus, the multiplicative inverse of a non-zero complex number z is same as its reciprocal and is given by 
Re (z) be (aImiZ)) 


2 Tit me Pe 
[Z| [z| [Z| 





ILLUSTRATIVE EXAMPLES 


Type I EXPRESSING A COMPLEX NUMBER IN THE STANDARD FORM a + ib 


In order to express a complex number in the standard form, we may follow the following 
algorithm. 


ALGORITHM 
a+ib 


STEPI Write the complex number in the form r by using fundamental operations of addition, 
C+i 





subtraction and multiplication. 
STEPIE Multiply the numerator and denominator by the conjugate of the denominator. 
EXAMPLE1 Express the following in the form a + ib: 


fe i i ( 1 y 
(i) (-—52)| =i [NCERT] (ii) (—1 (2i)| -=i [NCERT] 
8 8 

(iii) (5i) (- : i [NCERT] (iv) i? +i)? 

(v) i7 9? [NCERT] (vi) (1-i4 [NCERT] 
SOLUTION (i) (—5i) (= i)--3? Bele tad yO 

8 8 8 8 

11 Ie oie #2 elie). 2 3 1 Ue i. 
(i) (-9 (29 (-4) Beom eripimeasnat a. > ose. o56 256 


(iii) @0(-23] =~ 3ij7=—3x-1=3=3+0i 


(iv) 9 +729 =@4214 44 3 =i+ PF =i-1=0=0+ 03 
(v) j~ 99 = @4)- 10; =; =0414 


2 
(vi) (1-14 -{a- 0? | = (1 —2i +42)? =(1 - 21-1)? =(—- 2? = 47? =-4=-44 01 
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EXAMPLE 2 Express each of the following in the form a + ib: 
(i) 3(7 +7i) +i(7 +71) [NCERT] (ii) (1-1) —(-—1+ 6) [NCERT] 


ilk 4 hs SV 7 il. 4 , 
(iii) (z + 2i}-(4+ >] [NCERT] (iv) (5+ 3 ‘\+(4+ii} -(-4+i) [NCERT] 


SOLUTION (i) 3(7 +7) +i(7 +71) =21 + 21i+7i+7i* =21+21i1+7i-7 =14+28i 
ji). (l—~)-(-14+ 6) =1-7 41-62-71 


(iii) (- +2)i-(4+3i}-(2-4) ,2i_Si_ _19 21, 
5 5 5 5 =o 5 10 


Dace ema ncenee 
(BS) Bey 


EXAMPLE3 Express each of the following in the form a + ib: 


3 3 
w (4 rr 3 [NCERT] (ii) (-2-23) [NCERT] 
(iii) (5 — 319 [NCERT] (iv) (-V3 + V2) (2V3 -i 
ee fal re 3 1 1 1 
SOLUTION @ (4 + 3i) -(=) +(3)° +3x—x ai +31) = 5 +2719 + 3i( 2 + 3i] 
3 3 3 27 3 
= og 977? fpaco? = Sor pio ao ee 
27 27 27 
ye 3 iby 1 1 1.3 1 
(ii) (-2-<i) = (— 2) +(-43) + 3x-2x-2i{-2-2 i)= -8- 51 +2i(-2-43] 
3 3 3 3 27 3 
a rey eRe ae al ge Se a A 
27 3 27 ee Oly, 


(iii) (5 — 3)? =53 + (— 31)? + 3x 25x — 31+ 3x5x (— 3i)7=125 + 271 2251-135 =-10 -198 i 
(v) (-V3 +./—2)(2V3 -) = (-V3 +i V2) (2 V3 -i =-6 + V3i + 2V6i — V2 i” 
=-—6+(V3 + 2V6)i+ V2 =(/2 -6) + (V3 + 2V6)i 


EXAMPLE 4 pee each one of the following in the standard form a + ib. 





5+ 4i Haas 
(i) 5 5 FE (ii NT rc oh) 
(3 — 21) (2 + 33) 1 3 3+ 41 
Cv) “Gs 2) (2=9 W) S256 af 2i renleerd 
s 1 wy (3 +i V5) (3 -i v5) 
ve) 1—cos 6 + 2i sin @ Se (V3 + V2 i) —(V3 -i V2) Nee 
SOLUTION @ = tx Se 3+4i _ 34+4 


apes 
: —+— 
3-41 3-41 3+4i 9-162 9416 25 25° 
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qiy DEA _ 544i 4-51 NT =25)_ 40-91 40 9. 
4+5i 4+51 4-51 16 — 25i2 41 41 41 
(iii) (ep? ++? af _ at 34i 642 -246 spt fh gO 
3-i 3-1 3-i 3-i 3+i 9-/j? 10 
iv) 3=202+ 3) _ (646) +i(-4+9)_ 1245) 12451 4-31 
(1 + 2%) (2 —i) (2 + 2) +i(4-1) 4+3i 4+ 3)i ag 
(48+15)+i(-36+20) 63 16. 
: 16-972 25 25 
ee =, 2-18 2-18 2S, 
—2+/-3 -2+iV3 -2+iJ3 -2-iJ3 4-372 i OG 
wy [2 2 (24- L+i+3-Gi | 344i 4-5i 344i (12+20)+i(16-15) 
feo p47 )\ 2-47 (1+2)+i(-2+1) 2-4i 3-i 2-4) (6-4) +i(-2-12) 
x 32 +1 < 32 +i  2t14i _ (64 —14) +7(2+ 448) _20+450i 1,9, 
2-141 2-141 2+14/ 4-196 i2 200 4 4 
(vii): 1 ES 1 1 —cos 8 —2i sin 0 
1-—cos8+2isin® 1-—cos@+2isin® 1-—cos@-2isin 6 
1 —cos 8 —2i sin 6 _ 1-cos@-2isin 6 
~ (1-cos 6)? -4i2 sin2@ (1 cos 6)2 +4 sin2 0 
= 1 —cos 8 —2i sin 0 _ 1-cos@-—2isin 6 





1-2cos@+cos?6+4sin20 2-2cos0+3sin2 0 


* 1 —cos 8 +i —2 sin 9 
2-2cos 0+ 3sin2 0 2-2cos 0+ 3sin2 0 


(viii) (3+iV5)(3-iv5)  — (9-V5x -—V5) +i (3x —V5 + 3\5) 


(V3 + V2 i) -(J3 -iJ/2) © V3 +V/2i-J3+2i 
_ 9+5)+ix0 _ 14 7 Ph, 7 


2/2 i TONDT y 2 an sae 


EXAMPLES5 Prove that the following complex numbers are purely real: 
6) | | |e Gy) == || 2-2 
3+41)\ 3-4 2-31 2+ 31 
2+ 31)(/2-3i) (2+ 3)(2- 3i)_ 4- 97 13 air: 
i POETRY Geen amnetecugpen en men ———, hich ] 1. 
SOLUTION (i) (2* =| Te x) - (344) (3-4) 9-j62 ~ 25 Ww is purely rea 
- 3+ 21 3-21 S+2: 2+31 3-2 2-3i 
) (aoat|* | 2eai) “2-31 2499 24.51% 2-35 
eee a \(8= li 3) 
4-9" 4-97 
13i 13% 


= — —— = Q, whichis al. 
TORE is purely re 


EXAMPLE6 Express(1 — 2i)~9 in the standard form a + ib. 
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SOLUTION We have, 








(1-279 = twit See Peg LOPE = fees 
(1 —2i)3 1-819 —6i4+12i2 1+8i-6i-12 -11+2i 
1 See == 20 ee eee 
~ l41+2 -11-2% (-11)2 -(292 125 125 125 
EXAMPLE7 Perform the indicated operation and find the — in the form a + 1b. 
. 2-,/-25 = oF 
(i) —— == (il) —— = 
1 -—./-16 
SOLUTION We have, 
(i) 2-J-29 2-51 2- 2-51 1+ 47 _ ees =o a 22 + 3i _ 22,3, 
L169" (eae 14 +4 1 -16i" 17 17 17 
- 3—j-16 — S40 Sa lee (3+12)+1(—4+9) 15, 5. 3.1; 
(ii) == = % = Ss a= etl tl 
1-J-9 23! tesen dees 1 -9i7 10 10% = 92) a2 


Zz 


EXAMPLE8 Ifz,, 25 are 1 —i, —2 + 4i, respectively, find im{ 2122 172 } 


SOLUTION Clearly, 
my (l=) (—2+4) 2+4)+(2+4) _ 2+ 61 
Zy (1 -i) 1+i 1+i 
_ 2H Doky CORN Or ee) ry 
1+i 1-i 1+1 


im{ 2122 a5 
24 


Type II ON EQUALITY OF COMPLEX NUMBERS 
Recall that two complex numbers z, and Zp are equal iff Re (z1) = Re (22) and Im(z,) =Im@p). 
EXAMPLE9 Find the real values of x and y, if 

(i) (3x —7) + 2iy =—5y+(5+x)1 ”) eS a eine 











(iii) (x + iy) (2-3) =4+1 poe =i 

SOLUTION (i) We have 

(3x —7) + 2iy=-5y+(5+X)1 
=> 3x —7 =-5yand 2y=5+x 
=> 3x+5y=7 and x-2y=- 
=> x=-1,y=2. 
(ii) We have, 

(l-j)x+(1+) y=1-31 
=> (x+y) +i(—x+y)=1-31 
=> x+y=1 and—-x+y=-3 [On equating real and imaginary parts] 


— x=2,y=-1 
(iii) We have, 
(x + iy) (2-31) =4+1 
= (2x + 3y) +i(—3x+2y)=4+i 
= 2x+ 3y=4 and —3x+2y =1 [On equating real and imaginary parts] 
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=> Soren YS 
13 13 

(iv) We have, 
t— yl, 
+52—— =! 














3+i 3-i 

2 G=)G=)+ 0-849 _; 

(3 +1) (3-1) 
(CEE ALU 

9-1 
=> (22+ 3u-8) (HF) = oi 

10 10 
=> st =. ee 0 and Tie [On equating real and imaginary parts] 
=> x+y—-2 = Oandy-x=10 
=> x =-4, y = 6. 
EXAMPLE10 Find real values of x and y for which the following equalities hold: 
(i) (1 +i) y? +(6 +1) =(2+7) x (ii) (xt + 2xi) —(3x? + iy) =(3 —5i) + (1 + 2iy) 


SOLUTION (i) We have, 
(1 +i) y2 +(6 +i) =(2+1) x 
=> (y2 + 6) +i(y? +1) = 2x+ix 
=> y* +6=2x ...(1) and, y*+1=x ..(il) 
From (i) and (ii), we get 
y* +6=2y* +1) => y" =4—> y=+2 
Substituting y = + 2 in (ii), we get x =9. 


Thus, x=5andy=2or, x=Sandy=-—2 
(ii) We have, 


(x4 + 2xi) —(3x* + iy) =(3 —5i) + (1 + 2iy) 


—- (x* - 3x7) +i(2x-y) = 4+i(2y—5) 
=> x* —3x* = 4 and, 2x-y = 2y-5 [On equating real and imaginary parts] 
=> x4 —3x2-4 = 0, 2x-3y+5 =0 


Now, x4 — 3x2 -4 = 0 = (x7 -4) (x7 +1) = 0 = x*-4 =0>x = +2 
Putting x=+2in2x—-—3y+5=0, we get 

~~ y = 3 whenx = 2 and y = 1/3 when x = —2 
Thus, x=2andy=3or, x=—-2and y=1/3. 





EXAMPLE 11 Ifa + ib =<, where cis real, prove that: a~ +b? =1 and ss a 
& a oe) 
SOLUTION We have, 
s 8e+t 
at+itb =—— 
c-1 
agp teamote +8 
= (c—(c +i 


(c+i)* 
=> a+ib a age 
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: c* + ic + i7 
=> a+ib Sa 
c“ -1 
; c2 = P26 
=o a + ib = — “ae 
ET c~ +1 
Zi 
=> a= 2 : and b = sae 
c~ +1 c~ +1 
a1 4c? b 2c c* -1 
— a* +b* = 5 Ser and, =| =. aie aS 
c~ +1 (c~ +1)* a \c* +1 cz +1 
=> a 2472 = (cl = 1 and Bie 2c 
(c? a 1)4 Peicm ot 


EXAMPLE 12 [f(x +iy)!/3 =a+ib, x, y,ab ER. Show that 
(i) ~+4 a4 (a2 —b2) (ii) a! = —2 (a2 +b”) [NCERT EXEMPLAR] 
a 


SOLUTION We have, 
(x + iy)/9 = a+ib 


= (x+iy) = (a + ib)? [On cubing both sides] 
= x+iy = a> + 3a*ib + 3ai2 b? +i? b? 
— X+iy = (a? — 3ab”) + i(3a2 b —b°) 
= x = a? —3ab and y = 3a* b —b? 
— ~ = q*—3b? and % = 3a? -b? 
a b 
=> = + 3 = a2 — 3b? + 3a2 —b? = 4(a? —b2) and - 22 = (a — 3b”) -(3a2 —b2) =-2(a* +b?) 


Type III ON CONJUGATE OF A COMPLEX NUMBER 
EXAMPLE13 Multiply 3 — 2i by its conjugate. 
SOLUTION The conjugate of 3 — 21is 3 + 21. 
Required product =(3 — 2%) (3 + 21) =9 —4j*=9+4=13 


ALITER Let z = 3-2i. Then, Z = 3+21 
zz =|z|? > 2z = 374+(-2)? =13 





EXAMPLE 14 Find the conjugate of 5 - TE 





SOLUTION Letz=— -. Then, 
3+ 41 
_o od Bee 3-s 8 4g 
344i 3441 3-45 9416 25 25° 
= Sa Aa 
Z>—+t+—1. 


25- 25 
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EXAMPLE15 Express the following complex numbers in the standard form. Also, find their conjugate: 
() 17 (i) (1+i)* 
1+i 3.j 
aa 243) V5 +12i + V5 -12i 
iii) ————— NCERT EXEMPLAR] 
are ) een | 


SOLUTION (i) We have, 


. 1+i 1+1 


ae (=) 1=—2i+i* 1-2-1 : 
a — es eis Se () 7 
l= his cis Peace 1+1 





= 0+! 


(ii) We have, 
a (1 +i)? bay Zoe : 














mote 2h Sete Gi Gi-2.. 1248) 
i Sy 





(iii) We have, 


Bee a 4-7 Bites Ser 6 =)? 10 
3). 
=—-— -—I 
5 5 
BGP S\a S414 OF 4412-9 247 -5+12i 2+i -22+19i 22.19, 
2-i 2-i 01 2+i pete O44 4—j2 5. 35 
-_% 1; 
5 


(iv) Let 


5 +121 + V5 —12i Th 


V5 -12i —J/5-12i © 


NAST ei Ia 
—_——- | ____——_- 


ae —12i J5+12i1+/5- os (5 +12i) —(5 -12i) 


pant i4its— —12i+2 /5+12i V5- -12i _10+2/25+144 RSF. moins 0-2; 
gee 


5 +121—-5 +12) 24i 2i 


P04 ei 
2 


EXAMPLE16 Find real values of x and y for which the complex numbers — 3 + ix? yand x? +4 y + 4i are 


conjugate of each other. 
SOLUTION Since — 3 +i x” y and Pt y + 41 are complex conjugates. 


Y UU Ses y 


—34ixry =x? +y+4i 


! 


—~34+ixty = x*+y-4i 


=3-=a7+y (i) and, x*y=-4 ...(ii) 
“cabe. x? = | [Putting y=—4/x2 from (ii) in (i) 
 & 
x* + 3x2-4 = 0 
(x2 + 4) (x? -1) = 
ee [is x? + 4 # 0 for any real x] 
= +1 


From (ii), y=—4, when x =+1. 


Benen 


x =.1, y= _4 or, x3% —1,y = -4 


ite 


COMPLEX NUMBERS 13.19 


EXAMPLE17_ Find the real numbers x and y, if (x —iy) (3 + 5i) is the conjugate of — 6 — 241. 





[NCERT] 
SOLUTION We have, 
(x —iy) (3 + 51) =(3x + 5y) +1 (5x — 3y) 
It is given that (x —iy) (3 + 5i) is the conjugate of — 6 — 24i. 
(x —iy) (3 +52) =— 6 — 241 
= (3x +5y) +i (5x — 3y) =—6 + 24! 
= 3x+5y=-6 and 5x —-3y=24 [On equating real and imaginary parts | 


Solving these equations, we get x = 3, y =— 3. 
Type IV ON FINDING THE MULTIPLICATIVE INVERSE OR RECIPROCAL OF A NON-ZERO COMPLEX 


NUMBER 
EXAMPLE 18 _ Find the multiplicative inverse of the following complex numbers: 
(i) 3+2i [NCERT] (ii) (2+ V3 i? 
SOLUTION (i) Letz=3 + 2i. Then, 
1 1 3-21 3-21 Siateeis 


om es ag = I I ET STE: — Pe rush — Gee = a=» 


Z 3 + 2i (3 + 27) (3 — 21) 9 — 4j2 ISP lS 


ALITER Let z=3+2i. Then, 
1 Rs. 3-21 mee! = 2i 


z |2\2 944 13 13 


(ii) Let z = (2 + V3i). Then, 
z= 44 312 4+4/3i =4-34+4V3i=14 4V3i 
1 1 1-4/3: 1-4/3i 1 4V3i 


— — =~ - _— C—O es — a a —e 


z 44/39 (1+4V/3)(1-4V3i 1+ 48 49 49 


Type V PROBLEMS BASED UPON CONJUGATE AND MODULUS OF A COMPLEX NUMBER 
2 



































EXAMPLE 19 if = an —- =x +1y, prove that — = =x —iyand 7 A =x? + y’. 
SOLUTION We have, 
ts X+0 
C+1 y 
a+ib ‘ : : 
=> = 2) =x+iy [Taking Conjugate of both sides] 
c+i 
aS a+ib = x+iy “s (21) -2 
c+id 2} 2 
=> aw x—1 
c—id uy 





= x+y and a—ib = x—1ly 


Thus, we have ani 
c+id c —id 





a+ib s — 
Cc+id c— 
(a + 1b) (a a 


=> (ce +id) (c ~id) = (x + ty) (x —iy) 





=> = (x + iy) (x —iy) 
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a“ +b 
iF Oy ev a 
EXAMPLE 20 If ao =p + 1q, show that: p* ts q? = 
SOLUTION We have, 
2 
A+1 
GE isig 
(a + (a +i)* rer 
i (Qa—-i i) = (p + iq) 
aF ae 
=> ee = (p+ia) 
Gane 
= (2a +i) +1) Bea 


Multiplying (i) and (ii), we get 


2 2 
— =o 7 - = (p + iq) (p -i9) 


2 
=> ea er - = (p + 19) (p —iq) 


(a +1)? ae 
Ape eA 











; (x aP i)? 2 2 
EXAMPLE 21 Ifa+ib= 7, /Prove that a* + b* = 
2x° +1 


SOLUTION Wehave, 











2 
at+ib= ica 
2x2 +1 
=> a+ib= ea 
2x7 41 
=> a+ib= eee) 
(2x2 +1) 
mA. 
=> e--2 
2x* +1 


Multiplying (i) and (ii), we get 


__(%+9* (x-9" 
cngestra tons +) (2x2 +1) 


2 
=> +b SOR IEE 7 
& (2x? +1)? 


+1b 2 
EXAMPLE22 Ifx+iy= \cwid i dan As 


(2x2 +1)? 
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[Using: zZ =|z|7] 


(a2 +1) 
(4a +1) 


...(i) 


[Taking conjugate of both sides] 


...(ii) 


[Using : zz =|z|*] 


[NCERT] 


.--(i) 


[Taking conjugate of both sides] 


.-.(1i) 


Me (x +1) (x -i =x? —j72 =x? +4 


oe az + b2 
=e [NCERT] 
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SOLUTION We have, 























Khtyi me (ee v 
y + id 
=> x—-iy = eit? [Taking conjugate of both sides] 
c-i 
(aia) CL) at+ib | a-ib  {a+ib : a—ib 
MO Notid Vea ) Nera ae 
2 2 
2 y) a“ +b 
=> x“ +y° = . 
? c? + d? 
=> (x? 4 y”)? a+b" 
2 a d2 
rt " 
EXAMPLE23_ Find the least positive value of n, if te A =1. [NCERT] 
1-i 


SOLUTION We have, 
L+i 1+i 1+i (1+? | 14+2i4+i7 14+2i-1_ 


1-4. Wai eee 1-i2 1+1 
Nl 
tea =1 => 7" =1= nisa multiple of 4 => The smallest positive value of n is 4. 
—1 
EXAMPLE 24 Find real 0 such that eed is purely real. [NCERT] 


SOLUTION Clearly, 
3+2isin® (3+ 2isin 6) (1+ 2isin 8) 
1-2isin® (1-—2isin 8) (1 +2: sin 8) 
S85 —4 sin teen 6 + 2 sin 8) 


1+4 sin? 6 
woe ae eee 3- ee i8 sin 0 
1+4sin2 6 1+4sin2?6 1+4sin7 6 
It is given that eee is purely real. Therefore, its imaginary part is zero. 
i.e. ee i= sin 8=0 > 0=nz,nEZ 
1+4sin~ 0 


LEVEL-2 


EXAMPLE 25 The sum and product of two complex numbers are real if and only if they are conjugate of 
each other. 
SOLUTION First, let the two complex numbers be conjugate of each other. Let complex numbers 
bez, =a+ib and zy =a —ib. Then, 

21 +Z) = (a+ib) +(a—ib)=2a, which is real. 
And, 21 2) =(a+ib) (a—ib)=a* —i? b? =q? +.b?, which is also real. 
Cai ifz, and Z) are conjugate of each other. Then, Their sum2z, +2) and productz,z, both are 
real. 
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Conversely, let z, and z) be two complex numbers such that their sum z, + Z) and product Z; 2) 
both are real. Then, we have to prove that z, and zy are conjugate of each other. 


Zy =A, +1b, and Z) =p +ibo. Then, 

Zj +2 = (a4 1 A>) + i(b, + b>) and Z122 = (ay ay —b; b>) - (ay bo + Ay by) 
Z, +Z and Z; Z are real 

(ay + a5) +i(b) +bo) and, (ay ay —b, bz) + i(ay be + ay by) are real 


b, + bo = 0 and ay by + Ay b; = 0 [-." zis real <> Im (z) =0] 
bo = —b and ay b> + Ay b, = () 
bo = —b and — Ay by + a b; = 0 


b> = —b; and (a5 — 4) by = 0 
—b, and Ay —Ay ay 
bo = —b and ay = ay 


~ 
N 
ll 


Za = ag +1b5 = a, —1b; => 24 = Z4 

Z, and Zp» are conjugate of each other 

EXAMPLE 26 IJf(1 +7) (1 + 2%) (1 + 33)... (1 + ni) =(x + iy), show that: 2.5.10 ... (1 + n*) =x? +4 y’. 
SOLUTION We have, 

(1 +2) (1+ 21) (1+ 3) ... (itn) = x+y 


[(1 +2) (1+ 22)...(1+ni)| =|x+iy| [Taking modulus of both sides] 
J1+7| [14+ 27|...J1+ni| =|x+iy| [© [21.22 «+2 | =121 11221 --- lanl] 


—- 

——- 

= fiti jie4...jl¢n? = x2 +y? 
=> 


2510...(1+n*) = (x? + y7) 


ee ac a 


[On squaring both sides] 

EXAMPLE 27 If (a +1b) (c +id) (e + if) (g +ih) =A + 1B, prove that 

(a* + b*) (c? +d”) (e7 + f 7) (9? +h?) = A? + B? 
SOLUTION Wehave, 

(a + ib) (c + id) (e + if) (g +ih) =A +iB 
=> (a + ib) (c + id) (e + if) (g + ih)| =| A + iB] [Taking modulus of both sides] 
=> |a+ib| |c+id| |e+if| |g+ih|=|A+iB| [Using: |ZZ> ..-2,] =|21] |Z2l ---lnll 
— a2 +b? ye +d? Jc? +f ‘ Je” +h? =A” + B 
=> (a +b) (c? + d*) (e7 + f 7) (92 +h?) = A2 + B? [On squaring both sides] 


EXAMPLE 28 If z,, Z) are complex numbers such that = is purely imaginary number, then 
7) 


Zi 22 
ar 


SOLUTION _ It is given that as is purely imaginary. Therefore, 





2 _ ni for some AER. 
329 


= % _ Sh; 
2 2 
TG a Bea ae 

ZZ} _ = 


2-3 
Z+2| |241 Sait) ee 2 
22 





Now, 





ee a 
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32i-2| |-2+ 32i] _|-2+ 3ai| _ 449% 
3xi+2| | 2+3ai| |2+ 3ai| biag72 


Type VI ON FINDING THE VALUE OF A POLYNOMIAL FOR A GIVEN VALUE OF THE VARIABLE 
EXAMPLE 29 If x =—5 + 2,/—4, find the value of xt 4 9x3 4 35x72 —x4 4. 


SOLUTION We have, 


v = -5+2,/-4 


— x+5 = 41 
=< (x +5)? = 16127 => x7 +10x+25 = -16 => x7 +10x+41 =0 


N 


1—42 
1 +22 











N 














Now, x? + 9x? + 35x? -x+4 
= x7(x? + 10x + 41) — x(x? +10x + 41) + A(x? + 10x + 41) —160 
= x(0) —x(0) + 4(0) -160 = —160 [-- x2 +10x + 41 =0] 
Thus, the value of the given polynomial for x =—5 + 2,/—4 is —160. 
EXAMPLE 30 Find the value of x? +7x* —x +16, when x =1 + 2i. 
SOLUTION We have, 
x=14+2i => x-1=27 = (x-1)? =4i7 > x7 -2x4+1=-4 => x7 -2x+5=0 


347x7 -x+16 = x (x? —2x +5) + 9(x? —2x +5) + (12x — 29) 


= x(0)+9(0) +12x —29 [. x2 -2x+5=0] 
= 12(1+ 2%) —29 [. x=1+ 27] 
= a7 424i 


Hence, the value of the given polynomial when x =1 + 27 is —17 + 241. 
Type VII MISCELLANEOUS PROBLEMS 
EXAMPLE 31 Prove that: x* +4 =(x+1+)(x+1-)(x-1+)(x-1-D. 
SOLUTION We have, 
(x+1+)(x+1-)(x-1+)(x-1-) 
= ((x+1)? -7} (x-1)* -7} 
= {(x +1)? +1) {((x-1)? +1) 
= {x7 + 2x + 2} {x7 —2x + 2} 
= {x2 +24 2x} {x2 +2—2x} = (x? + 2)? -(2x)? = x4 44x27 4+4-4x7 = x*44 


EXAMPLE32_ [fz isacomplex number such that| z| =1, prove that aed is purely imaginary. What will 
Zz 


be your conclusion if z = 1? 
SOLUTION Letz = x + iy. Then, 


|z|=1=> x? + y? =1> x7 + y? =1 


Now, 
zZ-1 _ xt+iy-1 _ (—-l)tiy ~@= Itiy. (x+1)-iy : 
Z+1 <x+iyt+1 (x+1)+iy (x+1)+iy (x+1)-1y 

ci z-1 _ (x? -1+y7)+i(xy+y—xyty) eae es —1)+2iy 





z+] (x+1)? +y? (x +1)? + y? 
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= z-1 = Sas [-. x2 +7 zs 1] 
Z+1 (x4+1)*+y 
z-1 2iy 


= —__—_>——_.,, which is purely imaginary. 
art es. 12 3 2 purely ginary 


Again, whenz =1, thenx+iy=1+7.0 => x=landy=0. 
Cte erty lL = L+70—) 


= = —_—_— = Q, which i 1 l 
Tee ios #6 °° 


1=iz ' 
EXAMPLE33 Ifz=x+iyandw= —, show that|w|=1 = zis purely real. 
Zi 





SOLUTION We have, 





|lw| =1 

=> pease =1 

z—-1 
=> ava 

|z-i| 
=> [1 -iz|=|z-i| 
=> |\1-i(x+iy)| =|x+iy—d|,wherez = x+iy 
=> Jl1+y—ix| =|x+i(y—-1)| 
=> ty)? +2)? = x? +(y-1) 
=> (L+y)?4+x7 = x*4+(y-1)? 
=> y =0 
=> Zz = x+10= x, whichis purely real 


EXAMPLE34 Ifz=2 — 3i, show thatz* — 4z +13 =0 and hence find the value of 4z3 — 327 +169. 
SOLUTION We have, 


Z=2-3i > z-2=—3i => (z-2)* =(- 31? = 27 -424+.4=97 = 22 -424+13=0 
- 479 —32* +169 = 4z (z* —4z +13) +13 (2* —4z 413) =4z(0)+13(0)=0 [ z*-424+13=0] 





EXAMPLE 35 Show that a real value of x will satisfy the equation : = * =a-ib ifa* + b? =1, wherea, 
x 


b are real. 
SOLUTION We have, 
1-ix 2a —ib 








1+ix 1 
=> aa = a [Applying componendo and dividendo] 
—1x)- apt Noe 
eee tet 8 
7 Lbix © = -atid) 
ee 1-—atib 
=  1+a-ib 
(l—a+ib) (1+a+ib) 
= 1x = Sia a EA 





~ (1+a-ib) (1+a+ib) 


a ee 
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_ 1-a? —b? +2ib 
(1 + a)* —i2 b? 

1 =a" —b7 4 8b 

(1 + a)” +b? 
= he — zal 
(1 + a)? +b? - 
x = ee 

(1 + a)? +b? ° 


if a7 +b7 =1 


=a which is real 


EXAMPLE 36 Ifo and B are different complex numbers with| B| =1, find ES 
1-ap [NCERT] 


SOLUTION Clearly, 






































2 —— ra 
B-al _( B-a)( B-o ) _ A B-a )_ (B-a)(B-3) 
1-af 1-o8) \1-afB 1-GB)\1-a B) (1-GP)(1-a f) 
2 Rn — ry = -— — 
B-a| _ BB-Ba-aB+aa |B/>-aB-ap+lal? 
1-ap}| 1-aB -aGB+aPaB 1-af -GP+(aG) (Pf) 
2 = wats 
B-a| _ |al*-aB-ap+ipl? _ jal*-aB-ap+1 _, |B] =1] 
1-aP} 1 -aBP-aP+lal*|pl?7 1-af -apP+lal? 
ae =1. 
eS 
1 eee ees | 1 
EXAMPLE 37 [f |z,| =|Z5| = ... =|2;| =1, prove that lz +Z5 $23 +...4+2, [= —+—+—+...4—]. 
od Bos ea 2n 
SOLUTION Clearly, [NCERT EXEMPLAR] 
_ |2121 , 2222 , 2323 Zn 
2 Zp Ze bah S| = [ee Ss es 
he crak 1 2 22 23 2n 
= leat? eal” eal? 4 al” 
aa 22 23 Zn 
a Fe eed | 1 1 
= |—+—+—+...4+=— “2 |Z4| =|29| =--- =|a:] =1 
21 22 43 Zn : 
= (P+ 342e.s}) = Lyte daad [| z| =|Z]] 
4 2 «643 =n AS Zn 
EXAMPLE 38 Find non-zero integral solutions of| 1 —i|* =2*. [NCERT] 


SOLUTION We have, 
|1-i|* = 2* 


=> = (WV/2)* = 2 => 27/2 = 2% = 27/2 4 = ot/2 ~ 20 > 


NIR 
T 
© 
y 
i 
© 


Hence, the given equation has no non-zero integral solution. 
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EXAMPLE 39 Find all non-zero complex numbers z satisfying Z =i z". 
SOLUTION Letz = x+iy. Then, 


Z = iz? 
Bee tee See AD. 2 ° 
=> X—ty = 1(x* —y* + 2i xy) 
=> x—-ly = i(x* —y*) —2xy 
=> (x + 2xy) —i(x2 -y2+y) = 0 
=> x+2xy = 0 ...(i) and, x*-y7+y =0 ...(ii) 
Now, 


x+2xy =0 > x(1+2y) =O>x=00r,1+2y =0>x=0 or, y ==> 
CASEI When x =0: 
Putting x = 0 in (ii), we have 
=> -y?+y =0> y(y-1) =O0>y=0,y =1 
Thus, we have the following pairs of values of x and y: 
x=0,y=0;x=0,y=1 
z=0+10 =0,z=0+1i =i 


CASEI When y= ath 


Putting y = -3 in (ii), we get 





ay ty =0=> Ree =0> eS == x = 2¥3 
4 2 4 2 
Thus, we have the following pairs of values of x and y: 
V8) bo) V8 =i 
x = —,y=—and,x= ,y=— 
2 2 2 2. 
ft 31,5, =v3 1 
2 2. / Mead? 
Hence, rep p Nady avs 1, 


2 2 20 9D 
EXAMPLE 40 If iz? +27 —z+1i=0, then show that| z| =1. 
SOLUTION We have, 
iz? +27 -z+i =0 


=> z° —iz* +iz+1 = 0 [Dividing both sides by i] 
= z (z-i) +i@—-)) = 0 => (z-) (22+) = 052 =i or, Zz = ij 
Now, 
z=i= |z| =|i| =1 
and, z* = -i : 
=> [22] =|-i] =1>|z/? =1> 12] =1 


Hence, in either case, we have|z| = 1. 
EXAMPLE 41 Solve the equation z” +|z|=0, wherez is a complex number. 
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SOLUTION Letz=x+1y. Then, 
z? + |z] = 0 


=> (x + iy)? + pe + y* = 0 
= (x2 —y2) + /x? + y? + 2ixy = 0 


= x? ste + Axe + y? = 0 (i) and, 2xy = 0 


Now, 

2axy = 0 => xy = 0 => x=0 or, y=0 
CASEI Wheny = 0 
Putting y = 0 in (i), we get 

x7 +V¥x7 =0> x? +| x] = 0 
Clearly, x? +|x|>0 for allx>0. So, let x <0. 


In this case, we have 


x? +] x| = 0 
= x7-x =0 
= x(x-1) =0 
= x= 07% = 


But, x < 0.So, the equation x? + |x] =O has no solution for x <0. 


Clearly, x =0 satisfies the equation x? +|x|=0. 
Thus, we have x =0, y =0. 
é z=0 
CASEI] Whenx = 0 
Putting x = 0 in (i), we get 
-y+yy? =0>-y?+ly| = 0 
If y >0, then |y|=y. 


-y° +|y|=0 
= ~y*+y=0 
=> y=0,y=1 
=> y=1 
If y <0, then |y| =—y. 

-y* +|y| = 0 
> -y'-y=0 


=> y=0,-1 
=> y=-1 
Thus, we obtain x =0, y=1 or, x=0, y=—1. 
z= O0+i or, z = 0-1 
Hence, z = 0,i and —iare solutions of z” +|z|=0. 


EXAMPLE 42 Solve the equationz” =Z. 


SOLUTION Letz = x+iy. Then, 
) 
Zz =Z 


=> (x-+iy)? =x-iy 


13.27 


««.(ii) 


[ x<O |x| =-x] 


[- y>0] 


[- y <0] 


[NCERT EXEMPLAR] 


} See nn 
e 
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— x + 2ixy + (iy)? =x-ly 
=> (x? —y) + 2ixy =x—iy 
= x? — y? — 0 « (i) and, 2xy=-y .»(ii) 


Now, 2xy =-y => (2x+1)y=0=> 2x+1=0 or y=0 => x=-5 or y=0 


Following cases arise : 
CASEI When y=0 
Putting y = 0 in (i), we obtain 

x7=x => x(x-1)=0 => x = 0 or, x=1 
Thus, we obtain (x =0 and y=0) or (x =1 and y =0) 
z=0+i10=0or z=1+70 
CASE II When x =—— 


Putting x = - in (i), we obtain 


lo) a a eS. J3 
—_—— =—— =—_ => Y= at — 
meee 47” 
Thus, we obtain Bee aidyie or pete andi en) 
2 2 2 2 
1, .V3 it 
Z=—-~—+i— or z=-—-i— 
es 2 2 
Hence the values of z satisfying the given equation are 


z=0+10,z=1+20, z= +i23 andz=-1-43 


2 Dar =. 
EXAMPLE 43 Solve the equation |z+1|=z+2(1+i). 
SOLUTION Letz=x+iy. Then,z+1=(x+1)+7y 


|z+1=\(x+1)2 +y2 


|z+1|=z+2(1+1 


+1)? +y? =@+iy) +2048 

(+1)? +y? +01 =(x +2) 4 (y+2)i 

4 (x +124+¥ =x+2andy+2=0 [On equating real and imaginary parts] 
(x+1)2 +y7 =(x+2)? and y =—2 

y? =2x+3 and roe 

4=2x+3andy=—2 

x=>andy=-2 


[NCERT EXEMPLAR] 


cr yy Z 
: eee 


ae 
— 193 
oy os 


EXAMPLE 44 If |2* —1] =| z |? sil, ae eel Se 


[NCERT EXEMPLAR] 
SOLUTION Letz=x+iy. Then,2* =x? —y? + 2ixyand|z|?=x? +y?. | aa 


{z*-1|=|z|7 +1 


COMPLEX NUMBERS 13.29 


=> | (x? -y?) + 2ixy|=x? +y7 +1 

ots (x2 ~y? -1)? +4x2y? =x2 4y2 41 

=> (x? —y* =1)* + 4x7y? = (x? +y? +1)? 

=> x* y* 44 —2x* + 2y? —2x2y? + Ax7y? =x* + yt +1+ 2x7y? +2x7 + 2y7 
=> 4x7 =0 

=> x=0 

z=x+iy=O+ly 


Thus, z is purely imaginary and hence it lies on y-axis. 

, z+1 

EXAMPLE 45 If the imaginary part of = ; 
iz+ 





is —2, then show that the locus of the point representing z in 


the argand plane is a straight line. [NCERT EXEMPLAR] 


SOLUTION Letz=x+iy. Then, 
2z+1 2(x+iy)+1 (2x+1)+12y 
iz+1 i(x+iy)+1 5; (1 —y) +ix 
_ (2x+1)+i2y (l-y)-ix _ (2x4+1-y) +i (2y—2y? —2x? -x) 


(l-y)+ix (1-y)-ix (1—y)2 +x 


4, su =e 2y — ey 2x" —x 
x7 +(1 -y)? x7 +01 — Sie 
aa 2y—2y" =o x 
m | - = 
iIz+1 x +(1-y)~ 


But, it is given that Im (z) =—2 
Py —2y> 2x xe 





x? +(1 -y)? 
= 2y —2y* —2x? —x =-2x* -2(1-y)” 
=> x+2y—2 =0, which is a straight line. 


Hence, the locus ofz is a starlight line. 





£2; 
EXAMPLE 46 If the real part of = ; is 4, then show that the locus of the point representing z in the 
Zz _ 


complex plane is a circle. a [NCERT EXEMPLAR] 
SOLUTION Letz=x+i/y. Then, z =x-1y 
Ze x-iy+2  (x+2)-1y 
Zz * as —iy-1 ~ (x— —1) -ly 
é (x +2) ly | (x—1) +1y 


(x-1)-iy (x-1)+1ly 


_ (x24 y2+x-2)4+3iy | x2+y?-x-2| 3y 
PN YR en (OPMENT gL be Ve 
(x1) sp a (x-1)"+y (x-1)"+y 


It is given that the real part of = 





Lear 
—1 


EY —x-y _ 


(x =1)- + y” 


= 3x7 + 3y7 —7x+y+4=0, which represents a circle. 
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EXAMPLE 47 Ifz=x+iy, then show thatzz +2(z+z)+a=0, where a &R, represents a circle. 


[NCERT EXEMPLAR] 
SOLUTION We have, 
Z=X+iy=> z =x-iy 
zz+2(z+z)+a=0 
= (x +1y) (x —ty) +2 (x+iy+x-—ly)+a=0 
=> x7 +y7+4x+a=0 
— (x+ 2)2 +(y —0)? = (J4—a)?, which represents a circle for all a < 4. 


EXAMPLE 48 Show that 





Z—2 roe as : 
st = 2 represents a circle. Find its centre and radius. 
te _ 


SOLUTION Let z=x+1ty. Then, 
z—2 

ee |) 

z-3 
(x—2) +1y 
(x —3) +1y 
| (x -2) +iy|=2| (x-3) +iy| 
(x2)? +y? =2 \(x-3)2 +y" 
(x-2)7 + y? =4 ((x-3) + y?} 
3x7 + 3y* -20x+ 32 =0 


x7 4y? UE 
3 3 








y 








Y UY uv YY 


y 


2 2 
( -3 +(y —0)? -() , which represents a circle with centre at (10/3, 0) 


and radius 2/3 


EXAMPLE 49 Find a complex number z satisfying the equation z+/2|z+1|+i=0. 
[NCERT EXEMPLAR] 
SOLUTION Let z=x+1y. Then, 
z+J/2|z+1|+i=0 
x +iy +2 |(x+1)+iy|+i=0 


x+J2 \(x+1)2 +y? +(y+1)i=0 
x-+4/2(x+1)2+2y? =0 and (y+1)=0 
x-+4f2(x+1)? +2y? =0 and y=-1 
x+2(x+1)2 +2 =Oandy=-1 

2 (x+1)2 +2 =-x and y=-1 


2(x+1)2+2=x and y=-1 
x? +4x+4=0 and y=-1 
(x+2)7 =0 and y=-1 
x=-—2 and y=-1 

zg=xtiy =—-2-1. 


pee ede tes ¥ vy 
@ 
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EXAMPLE 50 Let z, and zy be two complex numbers such that 
|1-Z, 2 | —|24 -22 | =k(1-121 (0st 


Find the value of k. 
SOLUTION We have, 


; <> 9 

{1 -2,2|7-|z —Zy |* 

=(1 —Z, Zy) (1 -Z, Z9) —(z, —Zp) (Z, —Zy) 

=(1—z. 1 22) (1-2, Z 3) -&% 29) (Z, 
-f- 


=(1—z Z 4% -%Z> 17221 Z9)— (e42 


—Z. 
— 
ma | 


ee 
=1-2 42) -2425+(4 2 Z1)(% =a en 1 F,-Z,5 +15 /" a) 
= — 2 2: fe 12:9. oe ete 
=1-242-2125+/%4| | Z> | —|z,| +Z] Z5+Z,2%-|2)| 
2 2 2 2 2 2 
=i=|1| —|29 (+12 1° 221° =A-[2 17) -|2 1°) 


7) 9 
|1-Z, z |?7-|z -z [7 =k (1-|z|7) A-|Z |?) 


: (1 -|z, 2 1? )(-taP )=#(t-taP) (tia) 

















— k= 
EXERCISE 13.2 
LEVEL-1 
1. Express the following complex numbers in the standard forma +ib: 
(i) (1+ i) (1 +24) i 
-2+ 
1-1 
(iii iv) —— 
(24 = a) 1+i 
w) (2+ )* (vi) (1+) (1 + V3i) 
2+ 31 1-1 
(vii ) = 2+ = (viii) (1 =u 
ae 
3 3 -4i 
12s ee 
eh hep  Gimasn 
2 )( 3-4i 5+-2i 
—— | [NCERT 
“ a (o i 23) Way) V2i NCEE 
2. Find the real values of x and y, if 
(i) (x +iy)(2-3) =4+4i (ii) (3x —2i y) (2+)? =10(1 +9 
0, (+) x-2i (2-3) yt? . : : : 
(iii 0 eer a = eee (iv) (1 +i (x+iy) =2—-5i 
3. Find the conjugates of the following complex numbers: 
(i) 4-5i (ii) 





3 + 5i 
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2 
Gi) (iv) B=9" a ) 
1+i +1 
(ee ee (vi) (3-29 (2-39 [NCERT] 
3+1 (1 + 2/) (2 -’) 
4. Find the multiplicative inverse of the following contplex numbers: 
(i) 1-7 (ii) (1 +i V3)? 
(iii) 4 — 3; (iv) V5 + 3i 
5, Ifz,=2—i,% =1+i,find|“1* 2 * 4) [NCERT] 
21-22 +1 
6. Ifz; =2 -i,z =—2 +i, find 
(i) Re| 7172 (i) Im (| [NCERT] 
“Al 174 
7. Find themodulus of ++! —1=! [NCERT] 
1-1 1+i 
8. Ifx+iy= ae , prove that x? + y* =1 [NCERT] 
a—i 


Wl 
9. Find the least positive integral value of 1 for which et] is real. 
—1 





10. Find the real values of 0 for which the complex number ee is purely real. 
—2icos 
ete cee (Bea) eae 
11. Find the smallest positive integer value of n for which ——— _—; is a real number. 
—] * 
lady (isi). 
12. (7) -(=) =x+1y,find(x, y) [NCERT EXEMPLAR] 
= i 
yt of 
13. If = =x+iy, findx+ y. [NCERT EXEMPLAR] 
ify 
14. i 1-1 =a+ib, find (a, b). [NCERT EXEMPLAR] 
i 
15. Ifa=cos 8+ isin 9, find the value of —— hs a [NCERT EXEMPLAR] 





16. Evaluate the following: S 
(i) 2x? + 2x* —7x +72, when x = 





(ii) x* —4x3 + 4x2 + 8x + 44, when x =3 + 2i 
(iii) x* + 4x9 + 6x? + 4x +9, when x=-1+iV2 


1+1 
s 2 ~— 
(iv) xo+xtax +1, when x= 


(v) 2x* 45x29 +7x7 —x +41, whenx =-2- V3i [NCERT EXEMPLAR] 
1 i 
17. Fora positive integern, find the value of (1 -i)" (2 -*) [NCERT EXEMPLAR] 
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18. If(1+i/) z =(1-i) Z, thenshow thatz =—iz. [NCERT EXEMPLAR] 
19. Solve the system of equations Re (z”) = 0, |z|= 2. [NCERT EXEMPLAR] 
20. If = is purely imaginary number (z # —1), find the value of|z]. [NCERT EXEMPLAR] 
Z+ 
21. Ifz, isa complex number other than —1 such that|z;| =1 and 2, = 1, then show that the 
“1 
real parts of Zy is zero. 
22. If|z+1| =z+2 (1+), find z. 
23. Solve the equation|z| =z +1 + 2. [NCERT EXEMPLAR] 
24. What is the smallest positive integer n for which (1 + 2" =(1-1)?"? 
25. Ifz,,Z),z3 are complex numbers such that| Z |=| Z2 | =| 23 |= | fs + a + 1 =1, then find the 
410) 28 
value of| 2] +2) +Z3|. [NCERT EXEMPLAR] 
26. Find the number of solutions of z” + |z |? = 0. [NCERT EXEMPLAR] 
ANSWERS 
A oF, 3. 44, 
1. (i) —1+ 31 ii) -— —--—! iii) — —-——1 iv) -1 
(i) i (ii) 5 5! (ili) 55 25 (iv) 
(v) Sei (vi) Noe ai) hare (viii) —2+ 03 
i) Sa = eee (xi) 207 7272 (xii) 1 + 2 
125° - 5125 4 4 442 442 
5 14 14 ere 7 
2: has =— il =—, =— 2 Sy =-—] x=--—, Y=-- 
(i) x 3 y 3 (ii) x is y 5 (iii) x y (iv) y 5 
1 eel Le be : 
3. (i) 4+51 li) —(3+5 iii) —+—! iv) 2+ 4! 
(i) 4+51 (ii) 34 ( i) (ili) ES (iv) 
3 4. = OS | 16h 
v) —--= —+—!I 
aC 55" 25 
AGIOS 1 vV8 i Abin Oks Ls ID. 18t 
4 —+-—1 li) —— -—i — —_+—1 iv) —-— 
OO! Gog Se oat OE aa 
4 2 
5. — 6. (i) -= ii) 0 Face. 9.n=2 
1p) (i) 5 (ii) 
10. 8=2nn+ 5 ,neZ 11. 1 12. (0, —2) 13. = 14. (1,0) 
15. icot ; 16. (i) 4 (ii) 5 Gil) 12 (iv) 0 (v) 6 
17,2" 19. J2 (1+/, V2 (-1+) 20. 1 22. sn 
23. 5-21 24. n=2 25. 1 
26. Infinitely many solutions of the formz=0+iy, y ER. 








1 2 3-4 
1. (xi) te -2 (4) x ; 
_ +i}\ 5+i1 (1-4) (1+) 5+i. 





HINTS TO NCERT & SELECTED PROBLEMS 


_1+i-2(0-4) 3-4%  -14+9i 
5 — 3i 


3-4 
5 +i 


x 
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i 


G-3)(+) 28-10 28-10 28410) 784+100 442 442 
(xi) 2S _5+2i itVv2i _ 3+6V2i _ 
EXP 1- J2i- 1+ /2i 1+2 
3. (vi) = 2i) (2 + 3) = 12 + 5i 4 12+5i 4-3i 2 63-16 63 16. 
(1 + 2i) (2-4 4+ 3i 4+3i 4-3i 25 9 26. 25 
5. We have, z; =2—iand2) =1 +1 
Zj+Z = 3 and 2;-2Z% =1-2i 
So, Zy +22 +1) _ 25 
Z1—Z +1 “\1—2i +i 





— (-14+91/) (3-4) — 334+31i 33+ Sil 28+10i 614+1198i _ 307 | 599 




















a2 
[a=i| V2 
6. (i) Wehave, z; =2-—iandz) =-2+i 


ZZ = (2-i)(-2+1) = -3+4! 
ZZ —-3+4i -3+4i 2-i -2+111 —2 11; 


—_— OTS 
—_ wre ———— oe oe 


21 2+1 2+i 2-1 4+1 52H 


(ii) z}=2-i=> z, =2+i 
Z Z,=(2-1) (2+) =5 


So, Im (=) = im( ~ + 0 == () 
Z4 Z} 5 








Fe peel bt (Se SS 
Peete sents?) 1-72 141 
|z|=2 
a+ib 
8. We have, x + iy = 
e,x+1y a 
——— a+ib 7 a —ib 
=> LLY =| > x-ly= - 
a —ib a +ib 


a+ib t a—ib 
a—ib artib 








(x + iy) (x -ly) = 
2. 2 





2 Poy a5 2 Pty an 
11. We have, 
fenmsG, age 2 4) ora? |" 
Gent ai" as —1) (+ 231) —2i+i*) “rit 
14+21+1 .(1+2i-1 n_ ojnt 
_—9}| —— — | =-2i) ———_ 
ai ist ( 2 )- Tae 


G+" 55 real => -2/* lis real => n+1=2,4,6 => n=1,3,5,... 
(1 =? 
Hence, the least value of nis 1. 
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12. We have, 


14. 


15. 


17. 


18. 


19. 


ae ei | 
— =o =X+1Y 
1-i 1+i 
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. 2 
3 3 Lei (br 2 a 
=> i> -(-i)” =; oS el 
eS ey te 7s eee ieee! ap 
=> 219 =x+iy => 0-2i=x+l > x=0,y=- 
13. We have, 
(1 +i)? 
——— =x+ 
2 y 
1+2i+i7 . 
=> ——— =xrly 
2-1 
= eae X+il 
>i y 
21 (2 +1) 
=> ——— =x+ly 
(2-1) (2+f 
a5 WHO ity 
4—i7 : 
SS re x+iy => x= ~2 and y= aes eiyse 
5 5 . 5 5 5 
We have, 
-\ 100 
(=) =artib 
1+1 
. 2 
100 . 1-i (1-d/ 1—2i+i7 
= b _  ——— EO 
= (-) at+i ee aes > 
=> l=a+ib => 1+0i=a+ib > a=1,b=0 
We have, 
a=cos§+isin 6 
l+a ~Fcond-inn8 “(i=con0- ind )*U1=cos0-isind) 
-—a 1-cos8-isin@ 1—cos8—isin 8 1-—cos8+isin 8 
- 142 <G= cos? @—sin 20)+2isinO _ isin® —2isin 0/2 cos 6/2 ate? 
—a (1 -cos@)? + sin? 6 1—cos® 2sin* 0/2 2 
a-9"(1-2) =a-9"a +9" =10-9 0+) =?" =2" 
i 
We have, 


(1+i)z=(1-) z 
Zi beh nats a 1-2i+i? 


=> zZ=-iZ 

Let z =x+iy. Then, z” =x? -y? + 2ixy and|z|=x2 +y2. 
Re (z*) =0 and |z|= 

=> x? —y? =0 and x? + y* =4 

x? =y* =2 

x=+/2,y=+J/2 


yy 
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z=tJ/2+J2i 


20. Letz=x-+iy.Then, 


21. 


. Letz=x+iy.Then,z+1 =(x+1)+i 


z-1_(x-1)+iy | (x=1) +iy | (x+1)-iy _(x* +? -1)+2iy 
Z+1 (x+1)+iy (x+1)+iy (x+1)-iy — (xt)? +y2 


z—l 
If —— is purely imaginar , th 
aq Mi & y, then 


bee 
Re(2—*|=0- en al 


—— =0> x74+y7=1>5 Zi =1 
(x +1)? +? is , 


Z+1 


Let z; =x +iy. Then, 
(a) (x? +y*—1)+ 2iy 


z 
Z+1 (x+1)? +? 
2 2 
x" +y~ —1 2 «in? 
= Re(z) =——*+—_ = 0 [eo [2] =1S xe yee] 
Zp en ae | 21 y 


yandz+2(1+i) =(x+2)+i(y +2) 
[z+1|=z+2(1+/ 


(x41)? + 2 =(x+2) +i(y+2) 
(x41)? + y? =x+2and y+2=0 


(x+1)* +? =(x+ 2)? and y =—2 
y* =2x+3 and y=-2 
4=2x+3 and y=-2 


Yuuyd dy 


x =—and y =-2 
> y 
z=x+iy=1-9; 

2 


Letz=x+iy. Then,|z|= x" +y? andz+1+2i=(x+1)+i(y+2). 
- |[zj=z+14+2i 

= yx? +y? =(x+1) +i(y+2) 
=> x* +? =x+1 andy+2=0 
=> x? 4+y* =(x+1)? and y =—2 
=> x74+4=(x+1)? andy=-2 
=> x== and y=-—2 
Hence,z=x+iy =~ —2i 

(1+/)" =(1-)™”. 

=> {(1+)7)" =((1-)7}" 

=> (14+2i+i2)" =(1-2i+i7)" 

=> (2/" =(-21" 

=> ff =(-1)"7"" 

=> (-1)" =1=> nis a multiple of 2. 
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25. Proceed as in Example No. 37. . 
26. Letz=x+iy.Then, 2x? Syn + 2ixy and |z|7= x? +y7. 
z* +|z|7=0 


=> x? =i" + 2i xy +x? +y/" =0 
=> 2x? + 2ixy =0=> 2x* =O and 2xy=0 > x=OandyeR 
z=O+iy, wherey €R. 
13.13 SQUARE ROOTS OF A COMPLEX NUMBER 
Leta + ib beacomplex number such that ,/a + ib =x + iy, where x and y are real numbers. Then, 


a + ib =X+1Y 


=> (a+ ib) = (x +iy)? 
=> a+ib = (x* —y”)+2ixy 
On equating real and imaginary parts, we get 
x? —y* = 8 .-(1) 
and, 2xy =) en(11) 
Now, (x? + y”)? = (x7 - y*)? +4x? y? 
— (x? 4+ y*)? = a*+b? 
=> (x2 +7) = AP + [x7 +y7>0] 7 ...(iii) 


Solving the equations (i) and (ii), we get 


x* = 5 Ve? +? +a and y* = ; { a? +b? -a} 


+ [2 { Ya? +b? +0} and yas [5 { ya? +b? ~<a} 


If b is positive, then by equation (ii), x and y are of the same sign. 


If b is negative, then by equation (ii), x and y are of different signs. 


REMARK It is evident from the above discussion that for any complex number z, we have 


(i) vz = + { (HES +i PFEE® } ttm @>0 
(ii) Vz = + { (Eee -1 [ESO } sc1m@ <0 


ILLUSTRATIV 


ff 


=> x 






ae —s el a 
oO ta Pe 5 -y 


EXAMPLE 1 Find the square roots of the following: 
(i) 7-24: (ii) 5 + 12i 
SOLUTION (i) Let J7 —24i=x+1y. Then, 


J7 —241 = x+y 


oe ee + eee. Ee ED ce ~erncem Oe 6 SD Se oom see + ee. — — 


MB iliL 
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=> 7 -24i = (x +iy)? 

=> 7 —24i = (x* -y*) +2ixy 

=> x Sy? = 7 (i) and, 2xy = -24 -os(ii) 
Now, (x? + y*)? = (x7 — y*)? + 4 x? y? 

=> (x? + 7)? = 494576 = 625 

=> x7 4y?% = 25 [-- x2 + y7 >0] (iii) 


On solving (i) and (iii), we get 
x* = 16 and y7=9>x=+4 and y = + 

From (ii) we observe that 2xy is negative. So, x and y are of opposite signs. 
(x = 4andy = —3) or, (x = -4 and y = 3) 


Hence, J7 —241 = +(4- 3) 


ALITER Letz=7 —24i. Then, Re(z) =7 and|z] = (49 +576 +576 =25 


\7 —24i = + | PERO - pz kee see) [Im (2) <0] 
= are -+| 7 _ ~1 P| = (4-99 


(ii) Let AD +121 =x + iy. Then, 


5 + 12i =x+1y 


— 5 +12) = (x +iy)* 





= 5 +12) = (x* -y*)4+2ixy 


= x*-y? =5 (i) and, 2xy = 12 .»(ii) 
Now, (x? +y?)* = (x? —y7)? +4x? y? 

=> (x? +y*)* = 574122 = 169 

EX x2 4+y* = 13 [-: x*+y7>0] _ ...(ii) 


On solving (i) and (iii), we get 
ss = 9and y* =4—>%x* =t3andy = 
_ From (ii) we observe that 2xy is positive. So, x and y are of the same sign. 
x (x = 3 and y = 2) or, (x = —3 and y = —2) 
Hence, Jo+12i = +(3 + 2%). 
ALITER Letz=5+12i. Then, Re(z) =5, and|z|=./25 +144 =13 


/o+12 = +| PEE®. jy, jel sete Eee [~ Im (z) > 0] 
= > + 12i - 2 —— re oe f= £09429 


EXAMPLE 2 Find the square roots of —15 — 8i. 
SOLUTION Let J- 15 — 8i =x + iy. Then, 


j—15-8 = x+iy 


é » \2 
5 —15-—8i = (x +iy) 
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= ~15-8i = (x* —y*) + 2i xy 
=> -15 = x*-y? (i) and, 2xy = —-8 ...(ii) 
Now, (x2 +2)? = (x? -y?)? + 4x? y2 
=> (x? + 2)? = (-15)? + 64 = 289 
=> x7 4+y? = 17 ...(iii) 
On solving (i) and (iii), we get 

x* =1 and y? =16—>x = +1 andy =+4 


From (ii), we observe that 2xy is negative. So, x and y are of opposite signs. 
2 (x = 1 and y = —4) or, (x = —-1 and y Si) 

Hence, J-15 - 81 = + (1 —4)) 

EXAMPLE3_ Find the square root of 1. 

SOLUTION Let Vi =x + iy. Then, 


Vi =x+iy 
= i = (x + iy)? 
=> (x? —y”) + 2ixy = O+i 
= x2 -y* = 0 (i) and, 2xy = 1 ...(ii) 
Now, (x7 + y*)? = (x7 y*)? + 4x7 y? 
= (x2 +y7)? = 041 =1 
=> x7 +y?7 =1 [-- x7 +y7>0] ...(iii) 


Solving (i) and (iii), we get 
x2 = 1/2 and y* =1/2=>x = +1/-42 and y = 1/42 


From (ii) we observe that we find that 2xy is positive. So, x and y are of same sign. 


Hence, vi = +(Fp+ i) = tl +i) 


ALITER Letz=i. Then, Re(z) =0 and|z|=1. 


Vi = +| PEE +i EEO [- Im(@ >0] 











EXERCISE 13.3 
1. Find the square root of the following complex numbers: 
(i) -5 +12i (ii) —7 —24j (iii) 1-i 
(iv) —8 -—61 (v) 8-15: (vi) -11-60,/-1 


(vii) 1+ 4/-3 (viii) 4i (ix) -i 


JLUB RBs. 8 Ge 8) tae eee 
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ANSWERS 
1. G) +(2+ 3) (ii) +(3 —4/ (iii) | st) | ro } 
(iv) + (1 — 39 () = 5 Geen oad) 2656 (vii) +(2+/3) 
(ieee +d. Gx) + rH (1-1) 


13.14 REPRESENTATIONS OF A COMPLEX NUMBER 


A complex number can be represented in the following forms: 
(i) Geometrical form (ii) Vectorial form (iii) Trigonometrical form or, Polar form 
In this section, we shall learn about these three representations of a complex number. 


13.14.1 GEOMETRICAL REPRESENTATION OF A COMPLEX NUMBER 


A complex numberz = x +7 y can be represented by a point (x, y) on the plane which is known 
as the Argand plane. To representz = x + i y geometrically we take two mutually perpendicular 
straight lines X’ OX and Y' OY. Now plot a point whose x and y coordinates are respectively the 
real and imaginary parts of z. This point P(x, y) represents the complex number z =X +1 ¥. 


If a complex number is purely real, then its imaginary part is zero. Therefore, a purely real 
number is represented by a point on x-axis. A purely imaginary complex number is represented 
by a point on y-axis. That is why x-axis is known as the real axis and y-axis, as the imaginary axis. 
Conversely, if P(x, y) is a point in the plane, then the point P(x, y) represents a complex number 
z=x+1y. The complex number z = x +i y is known as the affix of the point P. 
Thus, there exists a one-one correspondence between the points of the plane and the members 
(elements) of the set C of all complex numbers, i.e., for every complex number z = x +1 y there 
exists uniquely a point (x, y) on the plane and for every point (x, y) of the plane there exists 
uniquely a complex number z = x +i y. 
The plane in which we represent a complex number geometrically is known as the complex 
plane or Argand plane or the Gaussian plane. The point P, plotted on the Argand plane, is 
called the Argand diagram. 
The length of the line segment OP is called the modulus of z and is denoted by |z]. 
From Fig. 13.1, we have 

OP? = OM? + MP? 
= OP? = x* + y” 
=> OP = x? +7 
Thus,  |z|=x2 +? = yiRe(@}* + Im @)? 


The angle 8 which OP makes with positive direction of x-axis in 
anticlockwise sense is called the argument or amplitude of z and is 
denoted by arg(z) or amp(z). 





P(x,y) 


From Fig. 13.1,wehave _ 
_ PM _y_Im@ => o=tant| RO 
eS OM x Re(z) Re (z) Fig. 13.1 


This angle @ has infinitely many values differing by multiples of 2 7. The unique value of @such 
that — 1 <@< is called the principal value of the amplitude or principal argument. This formula for 
determining the argument of z=x+ iy has severe drawback, because z, =1+i/3 and 
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2) =—1-i-3 are two distinct complex numbers represented by two distinct points in the 
Argand plane but their arguments seem to be tan! J3 =x/3 or 4 x/3 which is not correct. In 
fact the argument is the common solution of the simultaneous trigonometric equations 

y 


x 
cos § = and, sin 0 =——<{—— 
ee + y? feo + y? 


Since the above system of equations has infinitely many solutions. Therefore, there can be 
infinitely many arguments of z=x+iy. The argument 86 which satisfies the inequality 
-—m <0 <7is usually known as the principal argument of z. The argument of z depends upon the 
quadrant in which the point P lies as discussed below. 


13.14.2 ARGUMENT OR AMPLITUDE OF A COMPLEX NUMBER FOR DIFFERENT SIGNS OF 
REAL AND IMAGINARY PARTS 


(i) Argument of z=x+iywhenx>Oand y > 0: Since x and y both are positive, therefore the 
point P (x, y) representing z = x + iy in the Argand plane lies in the first quadrant. Let 0 be the 
argument of z and let « be the acute angle satisfying tan a =| y/x|. Then it is evident from 
Fig. 13.2 that 0 =a. 











Fig. 13.2 Fig. 13.3 


Thus, if x and y both are positive, then the argument of z =x + ty is the acute angle given by tan a = x. 
x 


(ii) Argument of z=x+iy when x < 0 and y > 0: In this case, the point P (x, y) representing 
z=x+iyin the Argand plane lies in the second quadrant. Let 6 be the argument of z and let a be 
the acute angle satisfying tan a =| y/x|. Then it is evident from Fig. 13.3 that 8 =x— a. 


Thus, ifx <0 and y >0, then the argument of z =x + iy is t— a, where a is the acute angle given by 
y 


x 
(iii) Argument of z=x+iywhenx<Oandy<0: In this case, the point P (x, y) representing 
z=x + iy lies in the third quadrant. Let 6 be the argument of z and a be the acute angle given by 
tan a =| y/x|. Then from Fig. 13.4, we obtain 8 =—(z—- a)=a—n. 


tana = 











ee ee a 
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Thus, if x <O and y <0 then the argument of z=x + iy is a —x where o is the acute angle given by 
tan a =|y/x]. 

(iv) Argument of z=x+iy when x > O and y <0: In this case, the point P (x, y) representing 
z =x + ty lies in the fourth quadrant. Let 0 be the argument of z and let @ be the acute angle given 
by tan a =| y/x|. Then from Fig. 13.5, we obtain 0 =- a. 


Thus, if x > 0 and y <0, then the argument of z=x + iy is —a@ where o is the acute angle given by 
tan a =|y/x\. 


The above discussion suggests us the following algorithm for finding the argument of a 
complex number z = x + iy. 


ALGORITHM 
STEPI Find the acute angle a given by tana =|y/x\. 
STEPII Determine quadrant in which the point P (x, y) lies. 
If P (x, y) belongs to the first quadrant, then arg (z) = a. 
If P (x, y) belongs to the second quadrant, then arg (z) =n- a. 
If P (x, y) belongs to the third quadrant, the arg (z) =—(x-—a@) orn+ a. 
If P (x, y) belongs to the fourth quadrant, then arg (z) =-—a or2 x- «a. 
ILLUSTRATION 1 Find the modulus and argument of each of the following complex numbers: 





(i) 1+i/3 [NCERT] (ii) -2+ 2:73 
(iii) —J3 -i (iv) 2V3 -2i 
SOLUTION (i) Letz=1+i-/3 and let a be the acute angle given by tan a = ~ = . Then, 
e(z 








tana =/3=> a= 


We observe that Re(z) > 0 and Im (z) > 0. So, the point representing z lies in the first quadrant. 
arg (z)=a= = 


Also, |z| = 112 HiVe)- = 2 


(ii) Let z=-2+2V3i. Then, |z| =4/(-2)2 + (2 V3) = 4, 
Im (z) 
Re (z) 


—2 3 





Let a be the angle given by tana = 








tana = 





Clearly, Re (z) <0 and Im (z) > o. So, the point representing z lies in the second quadrant. 





arg (2) =n-a=n-L=—. 
(iii)  Letz=—J/3 -i. Then, |z| =(- V3) +(—1)? =2. 
: Im (z) 
Let a be the acute angle given by tan a = Re(2) |" 








lS = 1 => ca ee 
—J3| V3 6 
We find that Re (z) <0 and Im (z) < 0. So, the point representing z lies in the third quadrant. 


5n 
arg (2) =-("- 0) =— or ——— 


fan a = 
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(iv) Letz = 2 V3 —2i. Then, |z| = (2 V3) + (2)? = 


Im (z) 
Re (z) 





Let « be the acute angle given by tan a 





Then, 

2 | ls See 

2/3| V3 6 

We observe that Re (z) > 0 and Im (z) < 0.So, the point representingz lies in the fourth quadrant. 
arg (z)=-a=-17/6 


tan a@ = 





oa 2 Find the modulus and argument of the following complex numbers: 
(i ) - —- [NCERT] (ii) — [NCERT] 
+i 


SOLUTION (i) Let z= Then, 


Bee We Ce EA) | 
1-1 1+? 1-i jt le 1+1 
|z|=0? +17 =1 
m (Zz) 1 
Let « be the acute angle given by tana Gy ea tan 
e(z 





v1 
tana=o=> a=-— 


We find that Re(z)=0 and Im(z)=1>0. So the point representing z lies on y-axis. 








Consequently, arg (Zz) = =5 
Hence, |z| =1and arg (2) ==. 
(ii) Let z= 
1 1 1-1 ar Es -3 
peas es he 1-1 1+1 
izl=4(2) +(-3) eee =[b-% 
Let @ be the acute angle given by tan a = Lo) en 
§ sl y Re (z)| 7 
tan a = =ue => qae 
1/2 4 





We observe that Re (z) = ; > 0 and Im (z) =- ; < 0. So, the point representing z lies in the fourth 


quadrant. 


T 
arg @)=— 0S —7 


Hence, | z| = and arg (z) = a 
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13.14.3 VECTORIAL REPRESENTATION OF A COMPLEX NUMBER 


A complex number z = x + iy can be represented by the position vector OP of point P(x, y) ina 
two dimensional plane because a complex number depends on two things viz. (i) its modulus 
and (ii) its argument which are also the requirements of a vector on a plane. 


In Fig. 13.6, the complex numberz = x + / yis represented by the vector OP and insuchacase |z| 


is the length OP and arg (z) is the angle which the directed line OP makes with the positive 
direction of x-axis. 


Y 





P(x,y) 


Fig. 13.6 


13.14.4 POLAR OR TRIGONOMETRICAL FORM OF A COMPLEX NUMBER 


Letz =x +i y be a complex number represented by a point P(x, y) in the Argand plane. Then by 
the geometrical representation of z = x +i y, we obtain 


OP =|z| and, ZPOX = 6 = arg(z) 





In A POM, we obtain 
OM x 
@ = — = — > XxX =(2z ] 
cos OP iz |z| cos 
: PM y 
d, 8 = — = = 8 

an sin OP iz] Y |z| sin 

Z=x+1y 
=> z =|z|cos0@+i|z| sin 0 
=> z = |z|(cos 8 +i sin 6) Fig. 13.7 
=> z = 1r(cos 8+/sin 8), wherer = |z| and 0 =arg (z) 


This form of z is called a polar form of z. If we use the general value of the argument of 8, then the 
polar form of z is given by 


Z=r [cos (2n m+ 6) +1 sin (2n T + 8)], wherer =|Z|, 0 =arg (z) and n is an integer. 
13.14.5 MULTIPLICATION OF A COMPLEX NUMBER BY IOTA 


Let z=x +1y be a complex number represented by a point P(x, y) in the argand plane. Let 
r (cos 9 +i sin 8) be the polar form of z. Then, r=|z| and arg (z) = 6. 


Now, zZ =1r(cos8+isin 6) 

= iz = ir (cos 8 +i sin 6) 

r (—sin 8 +i cos 6) 

r {cos (17/2 + 6) + sin (1/2 + 8)} 


=> 1Z 
= iZ 


=—_ Sse eese 8 8 
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This shows that iz is a complex number such that 

|iz|=r=|z| and arg (iz) = n/2+ 8 =n/2 + arg (2). 
Thus, multiplication of a complex number by i results in rotating the vector joining the origin to point 
representing z through a right angle. 


13.14.6 POLAR FORM OF A COMPLEX NUMBER FOR DIFFERENT SIGNS OF REAL AND 
IMAGINARY PARTS 
Im (2) 
Re (z) 
CASEI Polar form of z=x+ iy whenx>Oandy>0: In this case, we have 0=a. 
So, the polar form ofz=x+iyis z = r(cosa +isin a) 
CASEI Polar form of z= x iy when x <Q and y>0: In this case, we have 0 =x —a. 
So, the polar form ofz=x +1 yis 
z = r[cos(x—a) +isin (x-—a)] = r(—cosa +isin a) 
CASE III Polar form of z = x + iy when x < 0 and y <0: In this case, we have 9 =—(x— aq). 
So, the polar form of z is given by 
z = r[cos(x—a) +isin (—(x-—a))] = r(—cos a —/ sin a) 
CASEIV Polar form of z =x + iy when x > O and y <0: In this case, we have 0 =— a. 
So, the polar form of z is 
z=r[cos(—a) +isin (—a)] = r(cos a —isin a) 





Let|z|=rand @ be the acute angle given by tan a = . Let 6 be the argument of z. 

















ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Write the following complex numbers in the polar form: 


(i) -3V2 + 3/2 i (ii) 1+i 
(iii) -1-i [NCERT] (iv) 1-i [NCERT EXEMPLAR] 
SOLUTION (i) Let z=— 3/2 + 3 V2i. Then, r=|z| = \(- 3/2)? + (32)? =6. 
Im (z) 


Let a be the acute angle given by tan a = | . Then, 


Re (z) 


tana=1>a=n/4 

The point representing z lies in the second quadrant. So, the argument 9 of z is given by 
O@=n-a =nx-(n/4)=3 r/4. 

Hence, the polar form of z=- 3/2 +3-+2i is 


z = r(cos8+i/sin 8) = 6 cos 5 + isin 5*) 





4 
(ii) Let z = 1+ Then, r=|z|=,/1? +12 = /2. Let a be the acute angle given by 
tana = Ba | then, 
Re (z) 
tana = Ee LS 20 = 5 


We find that the point (1,1) representing z lies in first quadrant. Therefore, the argument of z is 
given by 8=a = z 


Hence, the polar form of z =1 t i is 


ST Ss RNS mm 
° ; 
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oar ee ee 
z = r(cos0+isin 0) = V2 ( cos + sin 4 


(iii) Let z=-1-i. Then, r=|z| =, =) +(-1)" = /2. Let a be the acute angle given by 





tan a = aL) . Then, 
Re (z) 
tana = oa =l1>a=-— 
—1 4 





Clearly, the point(—1, —1) representing z lies in the third quadrant. Therefore, the argument of z 
is given by 


2) ee Oe -(n-%)--=% 
Hence, the polar form of z =-1 —iis 


z = r(cos8+isin 6) = 2 | cos(=3*) isin (= 








=) = 2 cos = —i sin md 


(iv) Let z=1 —i. Then,|z| = ite + (—1)* =2. Let a be the acute angle given by 





tan a = imi) . Then, 
Re (z) 
tna =| = 1 = Gen 
1 4 


We find that the point (1,—1) representingzlies in the fourth quadrant. Therefore, the 
argument of z is given by 8=-—a are 


Hence, the polar form of z=1 —i is 
r(cos 8+isin 0) = V2 cos ——E) +i sin (-2)} = V2 (cos % — sin =) 
4 4 4 4 


EXAMPLE 2 Find the modulus and principal argument of (1 + i) and hence express it in the polar 


form. [NCERT] 
= : = 2 Pd a : 
SOLUTION Let z=1+i. Then, |z| = 1 +1* =/2. Let a be the acute angle given by tan 
a= imi) . Then, 
Re (z) 





tan a. =| =1 > a=. 
1 4 
Clearly, the point (1, 1) representing z =1 + ilies in first quadrant. Therefore, @ = arg (z) = - 


Hence, the polar form of z=1+i is z =|z|(cos@+isin 6) = 12 ( cos +i sin =) 
EXAMPLE3 Find the modulus and principal argument of — 2 i. 
SOLUTION Let z=—2i=0 +(—2)i. Then,|z| = 4/0 +(—2)2 =9), 


Clearly, the point (0, ~ 2) representing z=—21 lies on the negative side of imaginary axis. 
Therefore, principal argument of is —-. 
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EXAMPLE4 Find the modulus and principal argument of — 4. [NCERT] 
SOLUTION Letz=—4 + Oi. Then,|z| = y(-4)2 +0=4. 


Clearly, the point (— 4, 0) representingz = — 4 + Oilies on the negative side of real axis. Therefore, 
principal argument of 2 is T. 


EXAMPLES Express the following complex numbers in the polar form: 
1+i 2+6V3i 


OTF (i) “Baal oue 


SOLUTION (i) Let z= and, letr (cos 8 +i sin 8) be the polar form of z.Then, r=|z| and 
—i 


= arg (2). f 
Rows ya itt G+ Dee —2i+i Wie 2) oe hae 


~1-i (-)0+) 4_2 1+1 


= | z| = /0+1 =e 
Clearly, the point (0, 1) representing z=0+i lies on positive direction of imaginary axis. 
Therefore, arg (z) = 1/2. 


soul ng eT 
Hence, the polar form ofzis z = 1( cos 5 + isin 4 = cos —+isin 5 


2 
(ii) Let ,-2+6V3i and, let r(cos 8+isin @) be the polar form of z. Then, r=|z| and 
54/3 i 
= arg (z). 
Eleaily, ,-2%6V3i_2+6V3i 6- us dra 28/3 i maha 
5+/3i 5+V3i (6-31 28 
r=|z)/=/1+3=2. 


Let a be acute angle given by 


I 
tan « Im @ Then, 


| Re) | 
wna=~2=/3>a=4 


Clearly, the point (1, -/3) representing z lies in first quadrant. Therefore, 8 arg (z) =a = t/ 3. 


Hence, the polar form of zis 2| cos = +i sin =) 


EXAMPLE6 Put the complex number eer in the form r (cos 9 +i sin 8), where risa positive real 
—I 














number and —1 <9 <n. [NCERT] 
SOLUTION Let z= <p. Then, 
(2 —i) 
73 ALERT oe a BET IT 3+4i -25+251 _ Lei 
are er ee igneaa: 25 


r=|z| = (-1)2 + (1)? =/2 


Let a be the acute angle given by tan @ = Im (2) 


Re (2) . Then, 
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tan a=|->|=1 > a=n7/4 


Clearly, the point (— 1, 1) representing z lies in the second quadrant. Therefore, 


cT on 
§ = Zz = _ = ——_— =, 
arg (z) =n-Q=7 i 4 


Hence,zin the polar form is given by z = J/2 cos —* +i sin * 


EXAMPLE 7 Find the modulus and argument of the following complex numbers and convert them in 
polar a 














— [NCERT] (ii) —— [NCERT] 
cos — +7 sin — 

3i : 

(iii) z [NCERT] 

SOLUTION (i) Letz -— ig ~ Then, 
1 

142i 143i _(1-6)+i(2+3)_ 11. 
"1-3 143i 149 2 2 


Be sii y+) 4 

2 a 2 

Let a be the acute angle given by tan a = 
aoe => a== 
1/2 4 


We find that Re (z) = -5 <0 and Im (z) -+ > 0. So, the point representing z lies in the second 
quadrant. 


m()| sen, 
Re (@) 





tan a = 














6 =arg (z) =n-a= n- oat 
1 3t 3 
, the polar f f 3) =—_ = edd 
Hence, the polar form ofzisr (cos 8 +7 sin 6) Fp (cos Ta |. 
(ii) Let z= es Then, 
cos — +7 sin — 
3 3 
pee 21 49) 1-iV3 _2(-1+V3) +i(1+ V3} _(V3-1 .3(N341 
oe Wee ive 1+3 =< aDis, 2 
aS a) (Se) We= eae ae) 
i: |z|= = /2 
a. 
1 ¥(5 v1 
é oe ip ees ema llamar tan (Z+2) ton 8 
ere 46 12 
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51 
a=— 
12 








V3 -1 yaa 
2 


Clearly, Re (z) =- > 0 and, Im (z) = > 0. So, the point representing z lies in the first 


quadrant. Therefore,0 = arg (z) = af 
2} ey ee eee 
Hence, the polar form ofzisr (cos @+isin 0) =/2| cos 7 +i sin aout 


Af Tesh ee thent 
i=e 





1+3i 14+33 1+21 (1—6)+1(3+2) _ 











2= = - X -= —-1+i1 
1-2i 1-2 1+2 1+4 
r=|z|=(-12 +12 =v2 
Im (2) 
Let a be the acture angle given by tan a = = ale eae 
e(z 





tan a = 





: = oe 
—1 4 


We find that Re (z) < 0 and Im (z) > 0. So, the point representing z lies in the second quadrant. 


tm 3 
ate @) =o = OS ear 


4 
Hence, the polar form of zis r (cos 9 +i sin 6) =/2 (cos = +i sin sn) 


EXAMPLES For any complex numberz , prove that| Re(z)|+|Im (2) s V2|2|. 
SOLUTION Letz=r (cos 8 +isin 8). Then,|z| =r and arg (z) =9. 
Now, 


| Re (z)| +Im @)| 
=. | Re (z) | + Im (2) | 


|r cos 8| +|7 sin 6] 


r {| cos 8 +| sin 0| [.r =|z|>0] 
2 2 
| Re (z) + Him |} =r? { cos 6| +] sin el} 
2 
| Re (z) + [1m |} 7h + | 2 sin 9 cos 6|| 


2 
| Re(z) + |im (2 } = P {a4 sin 2 0} 


y 
—_— eer 


2 
ae | Re (z) + Him @)|} < r7(1+1) [. | sin 2 6| <1] 
=> | Re(z)|+|Im@)| < v2r 
=> | Re@)|+|Im@| s V22| 
EXAMPLE9 Ifzandw are two complex number such that|zw| =1 and arg (z) —arg (w) = A then show 
thatzw =-i. [NCERT EXEMPLAR] 


SOLUTION Let|z|=rand arg (z) =®8.Then, z=r (cos 0+sin 6). 
Now, |zw| =1 and arg (z) —arg(w) = 5 
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= |z| |w| =1 and arg (w) = arg (z) = 
a \z| = a and arg (w) = 0 a 
r 
Thus, w=|w| {cos (arg w) +i sin (arg w)} 
1 14 eee T 
=> w=2 | cos(0-=) +i sin (0-2) 
r 2 2 
ss temo ei cos 6) =— "(cos 0-1 sin 6) 
r r 
Zw =r (cos @-i sin @)x == (cos Q+isin 0) 
=> Zw =-— ~i (cos? 0+sin2 0) 
=> Zw =-1. 
EXAMPLE 10 What is the locus of z, if amplitude of (z —2 — 3i) is i 
SOLUTION Letz=x+iy. Then, 
Z—2—3i =(x+iy) -2-—3i =(x+ 2) +i(y—3) 
Let 6 be the amplitude of (x —2) +7 (y—3). Then, 
t yos 
an § = +—— 
—2 
= fan = E 0-4] 
4 %x-2 
x—- 
= x—y+1=0, which is a straight line. 


Hence, the locus of z is a straight line. 


EXAMPLE 11 Show that the complex number z, satisfying arg (=*) =" lies on a circle. 
Z+ 


[NCERT EXEMPLAR] 


— a _ LX i ae 


Z+1 (x+1)+iy (x+1)+iy (x+1)-iy spe 


Ty 
= a a ee eee 
Z+1 (x+1)7 +y (x +1)? +? 
—1 
Let @ be the argument of — Then, 


Qy/(x+1+y? ay 
~ (x2 + y? 1) / (x41)? +y? ya 

z-1)._ 7. T 

But, it is given that arg (255 lis Fie o=F. 
ee eet eee 
4 x24+y7-1 
=> x? +y?%—-1=2y © 
=> x? 4% —2y-1=0 
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=> (x —0)? +(y 1) 2 =(./2)*, which represents a circle. 


EXAMPLE 12 If arg (z —1) =arg (z+ 3i), then find (x —1): y, where z =x + ty. 
SOLUTION We have, z=X+iy. [NCERT EXEMPLAR] 
z—1 =(x-1)+iyandz+ 3i=x+i(y+ 3) 
Let 0, and 0, be the arguments of z—1 and z+ 37. Then, 
y+3 
x 





tan 0, a and tan 05 = 
x 


It is given that arg (z —1) =arg (z + 3) 1.e. 8; = 9. 
ie tan 0, = tan 05 





= y _y+3 

1. ix 
= 3x-y—-3=0 
=> 3(x-1)=y 

r—1. 1 
= se 

y 3 

=> (x-1):y=1:3 
EXAMPLE 13 If for complex numbers z, and Zp, arg (z;)—arg(z2)=0, then show that 
| zy -Z2 |=|| 21] -| 22 |}- [NCERT EXEMPLAR] 


SOLUTION Let|z|=r, and|zZ)|=7. It is given that arg (2) —arg (zp) =0 
i.e. arg (z1) = arg (Zp) = 9 (say) 
Z1 =I (cosO+isin 8) and zz =r (cos 8 +1 sin 9) 
Z1 —Zp = (1, —1m) cos8 +1 (7; —7p) sin 8 
|z,-z |7 =(4 ry)” cos” 0+ (1, ry)” sin 0 
| z -29 |* =(n -1)” (cos? 6 + sin? 6) 
2 2 
| 21 -22 |" =(41 -79) 
| 21-221 =| -72 | 
| 2-22 | =| 211-1221] 
EXAMPLE 14 If z,z, and zy are complex numbers, prove that: 


YU UY UY 


(i) arg (Z) =— arg (z). In general, arg (Z) = 2x — arg (z) 
(ii) arg (zy 29) = arg (Z,) + arg (Z9) 
(iii) arg (z 2) =arg (z,) — arg (Zp) 
(iv) arg (21) = arg (z,) — arg (Zp) 
2 


SOLUTION (i) Let z=r(cos 6 +isin 9) be the polar form of z. Then] z| =r and arg (Z) = 8. 
Now, 2z=r(cos 8i+isin 6) 


— Z =r (cos 8 —/ sin 8) 
=> Z =r {cos (— 8) +i sin (—®)} 
= |Z| =r and arg (Zz) =—9 


Since cos 8 and sin 6 are periodic functions with period 27. Therefore, in general 

arg (Z) = 2nn — arg (z) 
(ii) Let z) =r, (cos 8; +7 sin 81) and 2) =75 (cos 65 +i sin 85) be two complex numbers in their 
polar forms. Then, 


[21 | =7,| Z| =m, arg (2) = 8, and arg (z) = 65 
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Z1 Z2 =1; (cos 0; +7 sin 6)) x rp (cos 05 +i sin 0) 
Zj Zp =1; Ip {(cos 8, cos 85 —sin 0, sin 02) +i (sin 0, cos 02 + cos 0; sin 09)} 
Z1 Zo =! 'p {cos (0; + 85) +i sin (0, + 95)} 
| Z1 25 | =1y % and, arg (2; Z>) = 0; + 0 
|Z Zo | =| 2, || 22 | and arg (z, 25) =arg (z,) + arg (Z>) 
REMARK It follows from the above result that 
| 2 Zp +00 2 | =] 241] 221-1 Sr 
and, arg (Z1 2 ... 2) =arg (Zz) + arg (Zp) + .... + arg (Z,,) 
Replacing 2Z1,27,23,---,%, by z, we get 
| z"| =|z|" and arg (2”) =n arg (z) 


yyudyd 


(iii) Letz, =7 (cos 8; +7 sin 8,) and,Z» =? (cos 85 +7 sin 05). Then, 
Zy =T (cos 05 —i sin 05) =? {cos (— 05) +i sin (— 05)} 


Z1 Zp =1 I [cos (0; + (— 95)} +i sin (0, + (—O5)}] [Using (ii)] 
=: 21 2 =11 "2 {cos (0, — 02) +i sin (0; — 0>)} 
=> arg (Zj Zp) = 8; — 95 =arg (z)) — arg (2) 


(iv) Let z; =7; (cos 8; +7 sin 8;) and Z> =? (cos 05 +i sin 05). Then, 
1211 =7,|22 | =7, arg (2) = 6) and arg (22) = 05 
Z _ % (cos 0; +7 sin 0}) 
Z 1 (cos 85 +7 Sin 05) 
as Z _ 1% (cos 0; +7 sin 0) ,- (COS 85 —1 sin 85) 
Zy 1 (cosQ@5 +isin @5) (cos 05 —isin 05) 


= Z; _ 7% | (cos 8; cos 85 + sin 8; sin 82) +7 (sin 8; cos 05 — cos 0, sin 09) 
2 12 cos” 85 + sin” 85 
24 


rf 
4 6, —O5) +isin (6, - 
> Ty {cos 1 9) +i sin (8, 2) 


= arg (21) = 0, — 9, =arg (z,) —arg (z) 
EXAMPLE 15 Let 2; =7; (cos 9; +i sin 04) and z =r» (cos 65 +i sin 05) be two complex numbers. 
Then, prove that 
(i) |z +2 iz =r? +1. +21 % cos (8; — 85) 
or, |Z +2/" =| 2, |? +] 221? + 2121112] cos (8, - 09) 
2 
(ii) [2-2 [2 =747 + —2r 7 cos (0; - 05) 
or, [2-22.17 =lal? +122 17 - 212111221 cos (8, — 65) 
SOLUTION We have, 
z =r, cos 0, +isin @, and, 2 =r (cos 0) +i sin 0) 
[2] =r 1221 =%2 - are G1) = 91 and arg (2) = 0, 


(i) We have, ee 
24 + 2y = (Ny COS 01 +72 C8 92) +1 (% Sin 8; +79 sin 62) 
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| Z1 +25 F =(r, cos 0; + 7% cos 05)? +(r, sin 0; + 7% sin 05)? 
=> |Z +25 |? =r? + oe + 21 Ip cos (0; — 85) 
= y RE ed 2 > 
=.) | Zy +22 |“ =|21]* +| 2) |* + 2] 2, |] 2] cos (0, — 85) 
(ii) We have, 
Z1 —Zy =(1r cos 0 —7 cos Oy) +i (r sin 8; —% sin 85) 
2 
| Zz} —Z5 |? =(r cos 0; —? cos 05)? + (7; sin 0; —? sin 05)° 
? 
= |Z, —Zp ? =r? +7," -27, ly cos (8; — 85) 
=> [21-22 =121 1? +1221? - 21211122 | cos (0; — 2) 
2-22 |" =|24 2 21 || 22 | cos (0, — 82 
EXAMPLE 16 For any two complex numbers z, and Zp , prove that : 
: 7t <j -; ° : 
(i) |Z) +2)| = |2,-2| & arg (z)) -arg (2) = Or — is purely imaginary. 
7. 
a2 
(ii) [zy +2.| =|z ||| © arg) = arg (>) <> is purely real. 
22 
os Zak Sh ae 
(iii) |Z, +25 ? = | 24 re +| 25 7 lis purely imaginary 
2 
SOLUTION Let 2Z, = 7 (cos 8; +i sin 04), 2 =! (cos 85 +i sin 05). Then,|2,| =" ,|2.| =n, 


arg (z;) =8, and arg (Zz) =>. 
(i) We have, 


el 2s | 21-22 | : 
° [21 +2) |" = |2) -2,| 
> " a Ip ait 21 Ty cos (8; — 85) =7, a a — 21; Ty cos (0; — 85) 
> 41 Tf cos(0; —85) = 0 
> cos (0; —85) = 0 
° 0,-85 = le. arg (z,) — arg (Z>) => 
Z TT 21 
> é — | = — “" ved Weg fs 
arg 21) = arg (21) arg (z,) —arg | 
—s 71 is purely imaginary. 
on 
(ii) We have, 
|Z, +2)| = 211 +122 
=  |44+z/? = (+n) [+ [21] =n and|2z | =r] 
—— 1” Ip? +m ry cos (0, 0) =7,7 +7 4247 
= cos (8; —85) = 1 
= 8,—-8) = Oie. arg (21) — arg (25) =0 or, arg (z,) =arg (z5) 
Z Zz 
© arg( 21) = 0 + ang (2.)= arg ey) —ar 
(2 S Z 8 (21) — arg (2) 


$ 


Zi: 
— is purely real 
2 
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(iii) We have, 
2 2 2 
[Zy+2Z|° =|z|° +|2| 


=> 17 + 1p + 2m My cos (04 — 09) = 17 41,7 
> 2r, T cos (8, —85) = 0 
=> cos (8, —985) = 0 
T 
8,-8 = — 
=< ee 
So arg (21) =e | arg 21) = arg (Z1) — arg (Zp) = 9; — 9) 
Z9 2 <2 
21: : ° 
=> — is purely imaginary. 
22 


EXAMPLE17 For any two complex numbers z, and Z», prove that: 
(i) [21 +29] S| [+1221 
ii) |z-%|s]214+]2] (Triangle inequalities) 
) 144221 21241-122| 
) 124-2) | 2121] -|22| 
JTION (i) We have, 
2 
[zy +22 | = |21|* +1217 +2] 2111 22 | cos (0; — 0) 
COs (8, = 85) <1 


=> 2| Z| |Z | cos (8; — 89) $221 || 25 | [Multiplying both sides by 2]z,||zoll 
=> | 24 |? +] z> |? + 2] z, || zp | cos (0 — 0) <| Z|? +] 2 |? + 2] 241120] 
2 
> |n+z< (21 1-+121 
=> |Z, +2) | <|2Z,| +1221 


(ii) We have, 

| 24-22 |? = |zq |? +] 22 |? —2| 21 ||z2| cos (0; — 8) 

—1<cos (8; —85) <1 

—1 <-—cos (8; —95) <1 

— cos (0; — 85) <1 

—2|2Z,||22| cos (8; — 85) $2] 2z,||2.| 

| 21 [7 +| > |? —2] 211] 22 | cos (01 - 89) S| zy |? +129 |? + 2/24 || z0| 


U¥Yrs 


2 
= |analts(lal+lal) 


> |Z, —22| Sl21| +1221 

(iii) We have, 

[zy +20 |? = [212 +1221? + 212111221 cos (0; — 02) 

—1 < cos (8; — 99) <1 

cos (8; — 9) 2-1 

2) 2 || Z| cos (01 — 92) 2-21 211122 : 

[zy [2 +122 [7 + 212111221 c08 (01 — 82) 2 Lal +1221 21211122 


VY 


_———=« =e « 
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2 
2 
=e = (Iz11-l22 } 


=> | zy +2.|>1z1|-l2| 


(iv) We have, 
|z1 -zo |? = [217 +122 17 21 21122] cos (01 — 92) 
—1<cos (0; — 99) $1 


=> cos (0; — 95) <1 

— —cos (0, —95) 2-1 

=> —2|z1||z,| cos (0 — 92) 2-2] 24 || 221 

=> |x| +|z9|* - 212122] cos (0, - 89) 2121/7 +1221? —21 211221 
2 

=> Iza +20/? 2 (I211-122 1 

=> [21-221 2 |al-lzal 


EXAMPLE 18 [fz, =cos (=| +isin (=) ,r=1, 2, 3,..., prove that 21 27 23 ++ 2 = 1. 


SOLUTION We know that, if z, =r, (cos 0; +i sin 9), 2) =f (cos 89 +7 sin 99), ... are complex 
numbers, then 
Zy Zy 2g +++ Zy =M 12.13 «+ My (COS (01 + O82 +... + Oy) +2 Sin (0, + 05 +... + 9,)} 


Here, z =cos “ +isin ral, Dik pies 


- T 
|z |= cos? % + sin? & =1,r=1,2 3,... and, arg) =< sr =1,2, rs 


co TC ae: TC aeeTG Tt 
3+ en St visin | ++ S++ 5} 


Z4 Z9 ZQ wee Ly = COS 3 3 gi 


=> Z1 29 Z3 «+», = COS 


> ven 


Hence, 2} 29 23 +++ Zo = lim (21 29 23 --- 2) 
— co 


a ties} von tea 


TT oie 15 
EXAMPLE 19 [If x, = 08 Si en ai PIOUe that X14 Xp X3..-Xp =—1. 


SOLUTION We have, 


ee" Te owen < TG Sis 
£1 3p %y=( cos $ +isin 2)( cos 5 +isin % (cos 4 +isin 4... (cos +isin =) 
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Perea a Oy LD 
= wy Xp c0s | 4 a 4 Eh isin {E+ Sa Ke +41 
&(1-2,] t(,_1 
2 9 : 2 ~ on 
=> X41 Xp ... XH, = COS § —~—-.— p + sin 4 ————- 
3) ey 
1-— Tae 
2 2 
- u 1 1 1 1 
= Xq XQ «0+ Xy, = COS 5 on +1Sin 4 7 per 
1 1 
ATO ee + = te (X1 Xz X3...%,)= lim cos (1-3) +isin r(1-}} 
n> n— co aha gu 


=cos tT+isin t=-—1 


EXAMPLE 20 Letz, and > be two complex numbers such that z it! z > =O and arg (z Z) =%. Then, 
find arg (z}). [NCERT EXEMPLAR] 


SOLUTION It is given that 
2 +1 os =0 


y 


( Zz, -(- ee ) [Taking conjugate of both sides] 


Z4 =12Z5 

Zq =—124 

arg (Z>) = arg (—i 2) 

arg (22) = arg (—1) + arg (z}) 


arg (Z) = = arg (z3) ...(i) 


YyyuyU YY 


It is also given that 

arg (Z; 2) =n 

arg (2) + arg (22) =n 

arg (z) —> + arg (@) =m [Using ()] 


3 
2 arg (z,) = = 


§ Y YY 


ST 
arg @) ==" 
EXAMPLE 21 If z, and 2, both satisfy z+z=2|z-1| and arg (z- Za) =7 then find 


Im (z, +2))- [NCERT SER 
SOLUTION Letz =x, +iy and 2) =x2 +i yp. 

It is given thatz, and 2 satisfy 2+ z = =2|z-1|. 

wyt+Z, =2|z-1|andz +z, =2|z)-1| 

2ey=21 (64-2) +g land 2 21 eaD + 


x4 = (x1 =1)* +; and xp =y(x2-1)? +5? 


=> 


=> 
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=> x47 = (x4 he ts y2 and x5? = (X5 —1)- a >" 
=> 2x,=1+y,2 «..(i) and 2x9 =1+ yo" ...(ii) 
=> 2 (x1 —Xo) = 17 — yo” [Subtracting (ii) from (i)] 
=> 2{ 2122) -y + Y/> . (ili) 
YL U2 
Now, 21, =X, +iy 1 and 2) =X2 +1 Yo 
= Zy —Z2 =(*1 ~XQ) +1 (Y1 — Ya) 
It is given that arg (z —Z2) = 7 
arg (z; a Z9) =— 
ean od we = 
4 X14 —-X92 
= Pe FT aT¥2 
2 eo?) 
—> wot — 1 ..-(iV) 
Yi? 
From (iii) and (iv), we obtain 
2=Y,+Y2 => Im (2 +29) =2. 
EXERCISE 13.4 





1. Find the modulus and argument of the following complex numbers and hence express each 


of them in the polar form: 
(i) 1+i 


(iii) 1-i [NCERT] 


(v) ie 


(vii) sin 120° —i cos 120° 


2. Write(i7)? in polar form. 


(ii) 3 +i [NCERT] 





(viii) aS [NCERT] 


[NCERT EXEMPLAR] 


3. Express the following complex numbers in the form r(cos 9 +7 sin 6): 


(i) l+itana ee: 


ee : : 1-i 
(iii) 1 -—sin a +icosa (iv) ————_——_ 


Tt ee: 
cos — +7 sin — 
3 3 


[NCERT EXEMPLAR] 


4. Ifz, and 2» are two complex numbers such that|2z,| =|z2| and arg eu + arg (Z) = 7, then 


show thatz; =—Z.. 


NCERT EXEMPLAR] 


5. Ifz,,Z) and ee. Z4 are two pairs of conjugate complex numbers, = that 


arg} - +arg 225\5 


23 


[NCERT EXEMPLAR] 
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6. Express sin at i(1 — cos z) in polar form. [NCERT EXEMPLAR] 
ANSWERS 
1. (i) V2 (cos n/4+isin 1/4) (ii) 2 (cos x/6 +i sin 1/6) 
(iii) V2 (cos x/4 —i sin 1/4) (iv) i. t/2—isin 1/2) 
(v) 5 (cos 1/4 —i sin 1/4) (vi) +5 (cos 3 n/4+isin 3 1/4) 
(vii) cos = +isin = (viii) 8 (cos ere SF sini 2") 
6 6 3 3 
2. cos = -isin = 
2 2 
sec a (cos a +/ sin Q), O<a- 
3. (i) l+itana= eg 
—sec a {cos(a—7) +isin (a—n)}, aS <as<n 


eat a hl 


1. eee Tl TC 
sec Oo cos(a-) isin { a-=) , Osa<— 
2 2 2 
T ees (290 Tl 
“seca {cos(+a)+isin(Z+a)}, F<ass 
2 {cos &- sin &) cos (24% 2) +isin(Z+$)| | #0sa<— 
2 2 45.32 "eae 2 2 
is ; : a a a 3n GG str 73 3 
lll) (1- =<- V2 —-—sin — — —— |+isin| —-—— |} , if — — 
(iii) (1—sin a)+i cosa 2{ cos $ sin =) jos ( $ =) isin (¢ =) i eS 
-\3{ cos ~sin ©) cos (¢-#),+i sin (S-=*) jit 2 <a<2n 
2 2 2h 2. 4 


(iv) ee =/2 [cos —isin zx) 
cos Bes 12 12 


mig 415 eee | 
6. 2 sin 7 { cos +i sin =) 
10 10 10 


(ii) tan a-i= 


HINTS TO NCERT & SELECTED PROBLEMS 
1. (ii) Letz=J/3 +i. Then, |z| = 3) +(1)? =2. 


Let 6 be the argument ofz and a be the acute angle given by tan a = 





[im (2) | 
[Re ()| 





7 


1 T 
tanao= => a=7F 


J3 6 
Clearly, z lies in the first quadrant. So, arg (z) = a =— 
(iii) Letz =1 —i. Then, |z| = 12 +(-1)? = 2 


| Im (z) | 
7 | en by tan a = . Then, 
Let a be the acute angle given by [Re(2)| 


a, “ee 





tan a = a1 > a= 


Pla 


SESS rely 
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Clearly, z lies in the fourth quadrant. Therefore, arg (z) =— a =— ‘ 
& a7, cst; iy =, [2 
cig ae _ -16(1-iV3)  _-16(1-iV3) __ 4g. 43.5 Then, 


1+iN3 Cline) Caney a anal 
jz = J(—4)2 + (4.V3)2 = 16 + 48 = § 





: | Im (z) | 
Let @ the acute angle given by tan «@ = ————. j 
| Re (z) | 
4/3 
baths te | . eee 
|-4| 3 
‘ nx 25 
Clearly, z lies in the second quadrant. Therefore, arg (z) =7™-a=n- = = “3 


3. (i) Let z=1+/i tan a. Clearly, z is meaningful for a #(2n —1) - ,neéZ. Also, tana isa 


periodic function with period z. So, let us take « lying in the interval [0, 7/2) U(x/2, ml. 
Following cases arise: 
CASEI: When a €[0, 2/2) 
We have, z=1+/ tana am 
aye D T 

|z] =./1 + tan? a = sec” a =| sec a|=sec a E ak rt des seca <0| 
| Im ()| 
| Re@| 





Let B be an acute angle given by tan B= . Then, 


tan B=|tana|=tana > Bp=a 
Aszis represented by a point lying in first quadrant. Therefore, arg (z) =B =a. 
So, the polar form of z is sec a (cos a +/ Sin a) 
CASE II: When a@ €(x/2, x] 
We have, z=1+i/tana 


7 it ; 

|z|=.1+ tan? a =|sec a| =—sec a E F ca<n «seca <0| 
| Im (z) | 
|Re@| 

tan B =| tan a|=—tana [‘ a €(n/ 2, r]] 
=> tan B=tan(x-a) 
=> Bp=n-a 
We observe that zis represented by a point in fourth quadrant. Therefore, 





Let fbe an acute angle given by tan B = 


/ 


arg(z)=-B=a-nr. 
Thus, z in polar form is —sec a {cos (a — 2) +i sin (a —7)}. 
(ii) Letz=tan a—i. Since tan @ is periodic with period 1. So, let us take 
a €[0, r/ 2) U(n/2,7)]. 
CASEI: When a e[0, 1/ 2) 
We have, z=tan a —-i 


2 


|z] = tan“ a+1 =|seca| = seca 
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| Im (z) | 
Let 6 be the acute angle given by tan B = ————.. Then, 
| Re@| 
tan py ee =| cot a| =cot a = tan (x/2-a) 
| tan a| 


Tt 
= =—-a 
P 2 
Clearly, Re(z) >0 and Im (z) <0.So,z lies in the fourth quadrant. 
T 
Z=-— =a-— 
arg (z)=—f 5 
Thus, z in polar form is given by 


geric {eco(a 2) -svin(o~-2)] 


CASE II: When a €(1/2, 1] 

z=tan a -i=>|z|=,/tan? a +1 =|seca|=—seca 
| Im (z) | 
| Re (z) | 


e(z 
tan B = =| cot «| =—cot a =tan { a - c) 





. Then 





Let B be the acute angle given by tan B = 





Clearly, Re (z) < 0 and Im (2) <0. So,z lies in third quadrant. 


arg @)=n+B= +a 


Thus, the polar form ofz is —sec a {co ( + a +isin (= + ap. 


(iii) Letz =(1 —sin a) +i cos a.Since sine and cosine functions are periodic functions with 
period 27. So, let us take a lying in the interval [0, 27]. 


Now,z =1-—sin a +icosa 


fel =(1- sin a)* + cos? a = j2- 2 sin a = V2 /1 —sin a 














=> |z| = 2 cos &—sin ay 2 cos & — sin &| 
Pera bethelncbteanele piven bytanp= On Ol 
| Re@| 
_ |cosa| _|__cOs o 
tanB="y~sina] |1—sina 
1+tan > (= a 
=> tanp= =| tan (E+ ry 
1—tan > 


Following cases arise: 
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CASEI: When0 <a 5 


In this case, we have 














Cl eet tT Oo F =) 
cos — > sin — and — + — €| —,—= 
2 2 4° 2. |4 2 
|2| = v2 (cos $ ~sin $) 
2 2 
and, tan B = tan (4+) -tan(4+2)op=5+$ 
4 2 4. 2 4 2 
Clearly, z lies in the first quadrant. Therefore, arg (z) = : + =: 
Hence, the polar form ofz is 
J2 (cos %— sin *){cos(¥+2)+isin(E+$)} 
2 2 4 2 4 2 
CASEI: When 2 <a <2 
2 2 
In this case, we have 
OC -6 240 tT ( 
cos — <sin — and —+—€|—,17 
2 2 4. 27 NA 
(o7 o1 Cg 28 
Z| =v2 — —sin — =-v2(c st sin &) 
|z|=~2 | cos 5 sin S| o = 
and, tanB=tan (+2) =-tan(Z+Z)=tan {x-(Z+S)} =tan(P-5) 
4 2 4 2 4 2 4 2 
3x a 
= = —-— 
P 4 2 
Since 1 — sin a > 0 and cos a <0.So,z lies in fourth quadrant. 
a <3r 
arg (z) =-B =— -— 
£2) >—B= aay 


Hence, the polar form of z is 


- 2 cos > 7sin ©) cos ($—SE} +i sin (s-2)| 


CASE III: When i <a<2n 





In this case, we have 


cos — <sin = and (7 +S) (x, ) 





2 4-2 + 
|z|=/2 cos & ~sin S| =-V2 {cos & —sin ©) 
2 2 2 2 

rt a tT a tT a 3n 

and, tan 6 =|tan| — + — |] =tan| —+ — |=— tan 4 xn-| —+— |? = zadch ja ta 

p-| (F =) 5 :) i* (z+3)| tan = 
=> pees 
2 4 


Clearly, Re (z) < 0 and Im (z) > 0. So, z lies in the first quadrant. 
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Or aS 
arg (2) =B=>-—— 


Hence, the polar form of z is 


= V2 cos $ —sin ©) | cos (% - 32) isin (¢-3)| 
2 2 2 & 2. 4 


4. Let 2, =" (cos 6; +7 sin 81) and Zq =15 (cos 05 +7 sin 0). Then, 
| 2, |=", arg (z,) = 61, | Z9 | = 85 and arg (Z>) = 85 
It is given that 
| Zy | =| 2 | and arg (z,) + arg (zo) =x 
=> = and 0,+6,=n 
=> =f and 0;=7-8, 
% 4 = (cos 0, +1 sin 6) 
=> 21 =% {cos(m—85) +i sin (n—05)} =7 (— cos 05 +isin 05) 
=> 2 =—7 (cosQ ~isin 0) =—z, 
5. Letarg (z;)=6, and arg (z3) =0, 
It is given thatz) =z, andz, =z... 
arg (z)=— 6, and arg (z4) =— 05 
Hence, 
arg (1. arg (22) = arg (z,) — arg (z4) + arg (Zp) — arg (z3) = 0; + 05 —0, —85 =0. 
4 3 
VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 
1. Write the values of the square root of i. 
2. Write the values of the square root of —i. 
a+ib 
+id ” 
4. Ift<98<2nandz = 1+ cos @ +isin 6, then write the value of|z.. 
jan +1 oe jan —1 





3. Ifx+iy = then write the value of (x* + y7)?. 





5. Ifmis any positive integer, write the value of 


P92 , 590 , 588 , 586 , 584 
p82, 580 , 578 , 576 , 574” 

7. Write 1 —iin polar form. 

8. Write —1 +i 3 in polar form. , 

9. Write the argument of —1. [NCERT] 


Nt 
10. Write the least positive integral value of n for which Gea is real. 


6. Write the value of 


1-1 
11. Find the principal argument of (1 +1 /3)?. 
5m 
12. Findz, if|z|=4 and arg () Sir 
13. If|z—5i|=! z+5i|, then find the locus ofz. 
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14. 


15. 
16. 
17. 


(a* +1)? 
(pata =x-+iy, find the value of se +y?. 
—J 
Write the value of /—25 x |-9. 


3 


Write the sum of the series i + i7 +i° + ...upto 1000 terms. 


Write the value of arg (z) + arg (z). 


18. If|z+ 4] <3, then find the greatest and least values of|z + 1]. 
19. For any two complex numbers z; and zz and any two real numbers 4, b, find the value of 
|az, —bz> 7+ AZy + bz, ge 
20. Write the conjugate of ———,. 
(1 5 
21. Ifn EN, then find the value of 7? +i?* 1477+ 2 47"* 9. 
22. Find the real value of a for which 3i? —2ai* + (1 —a)i+5is real. 
23. If|z| =2 and arg (z) = a find z. 
24. Write the argument of (1 + 3) (1 +1) (cos 0 +isin 6). 
ANSWERS 
2 9 
1 a~ + b* a) 
1. +—~—(1 +1 2. +—(1-1 3. —=— 4, —2 cos — 
Te (1 +7) te (1 -1) comers 5 
5. 1 6. -—2 rf: V2 ( cos € -isin £) 
4 4 
Soe isin =e Oe ores 10. 2 u. 2% 
3 3 2 2 3 
2 4 
12. -2/3 +2i 13. Real axis 14, Cue 15. -15 
4a* +1 
16. 0 17. 0 18. 6 and 0 
2 
19. (a7 +b7) (|z4|7 +|z5|7 20 21. 0 
( ) (zal +lz217) Sa 4E 
22. a=2 23. J/2 (1+) 24. 4.0 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. 


2. 


3. 


4. 


The value of (1 +1) (1 +17) (1+i°) (1 +7) is 


(a) 2 (b) 0 (c) 1 (d) i 
if =~ — = * is a real number and 0 <@ <2r, then 9 = 
7 T 7 
(a) x (b) > (c) 3 (d) 7 = 
If(1 +i (1+20 (1+ 32)...(1 +d =a+ib, then2x5x 10x... ies n*) is equal to 
(a) Ja? +b? (b) Ja? —b? (c) a* +b? (d) a*-b2 (e) a+b 


If ja +ib = x+iy, then possible value of fa —ibis 
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(a) x? + y” (b) x2 a y? (c) x+iy (d) x-iy (e) Vite ~y* 


5. Ifz=cos ~+isin a then 
4 6 


. The polar form of (i 


(a) |z| = ily arg (2) =7 (b) | z| a= 1, arg (2) == 
(c) |z| = M3 | arg () = 5 (d) |z| = V3 | arg (2) =tan al +5 


25)3 is 


(a) cos > +isin (b) cosm+isinn (c)cosnx-isinnz (d) cos > —isin > 














7. Ifi* =—1, then the sumi +i? +i? +... upto 1000 terms is equal to 
(a) 1 (b) -1 (c)i (d) 0 
—2 
8. lfz = , then th 
Z Tails en the value of arg(z) is 
TT 27 1 
(a) x (b) 3 (c) 2a (SD sr 
9. Ifa=cos 6 +i sin 8, then Lg = 
—a 
(a) cot = (b) cot 6 (c) icot = (d) i tan : 
10. If(1 +4) (1 + 2i (1 + 3)).....(1 +ni) =a+ib, then 2.5.10.17......(1+n2) = 
(a) a—ib (b) a* —b? (c) a* +b? (d) none of these 
2 2 
11. p§ =x + iy, then x? + y* is equal to 
2 4 2 2 2 
1 = 
(a) ea oa (c) aos (d) none of these 
4a° +1 4a° +1 (4a* —1) 
12. The principal value of the amplitude of (1 + i) is 
T T 30 
(a) 4 (b) 12 (c) ve (d) x 
» \M 
13. The least positive integer n such that (%) is a positive integer, is 
i 
(a) 16 (b) 8 (c) 4 (d) 2 
12 
14. If z isa non-zero complex number, then i is equal to 
(a) = (b) | z| (c) |zZ| (d) none of these 
15. Ifa=1+#i, thena* equals 
(a) 1-i (b) 2 (c)(l+)(1-) = (d) i-1. 
16. If(x +iy)” ° =a+ib, then = += 
(a) 0 (b) 1 (c) -1 (d) none of these 
. (¥—2).(y— 3) is equal to ; 
ne % it (b) -V6 (c) iV6 (d) none of these 
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-iV3. 
18. Th t f= 
e argument o WES is 
(a) 60° (b) 120° (c) 210° 
19. Ifz -($+4) then z* equals 
—i 
(a) 1 — ) -1 (c) 0 
20. Ifz= aces , then arg (z) equals 
1-(1 —;)* 
(a) 0 b) = (c) x 
21. ee then|z| = 
(2+ 31) 
] 1 1 
(a) 13 (b) 5 (c) 2 
22. 5 ty then|z| = 
(1-1) (2+ 31 
(a) 1 (b) 1/126 (c) 5/V26 
23. Ifz=1-cos 0+isin 0, then| z| = 
(a) 2 sin = (b) 2 cos = (c) 2 i 
24. lfx+iy=(1+i (1+ 2 i) (1 + 3i), then x? +y7 
(a) O (b) 1 (c) 100 
25; Lez terrae 
1 —cos 6 —isin @ 
(a) 0 ) = (©) cot 2 
26. Ifx+iy==* * then y= 
ats ae (b) —9/85 (c) 53/85 
27. If - = = ath: then a* +b? = 
ix 
ae 1 meri a (c) 0 
28. If 6 is the amplitude of = , then tan 6 = 
2ab a® —p2 
(a) c) 
a ae ©) a* —b2 ( a +2 
29. Ifz= cea , then 
(2-1)? 
1 
(a) |z] =2 (b) les (c) amp (2) =7 


30. 


The amplitude of + is equal to 
1 


(a) 0 0) > () -2 


(d) 240°. 


(d) none of these 


(d) none of these 


(d) none of these 


(d) none of these 


| 
cos 
2 


(d) none of these 


(d) 2 





(d) ; cot ; 


(d) none of these 


(d) none of these 


(d) none of these 


(d) amp (z) = aoe 


(d) x 
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1 oe . 
31. The argument of a is 
+i 





TT T 3m 51 
(a) “5 (b) 3 (c) > (d) > 
: 13/3). 
32. The amplitude of Tate is 
1 Tt Tt T 
(a) 3 (b) m9 (c) 7 (d) a 
33. The value of? +1947 +79 +i7)/(1 +2) is 
1 1 1 
(a) 5 +1) (b) FS ==) (c) 1 (d) 9 
erie sia 
34, ———_—___— l 
aa 
(a) i (Dea (C) iat (d) 4 


92 + p90 p88 ve p86 oy: p84 


35. The value of ——_-..—_==5_=-—_=;_ — Lis 
p82 + p80 vt p78 4 p76 + p74 











(a) -1 (b) -2 (c) -3 (d) -4 
36. The value of (1 + i)* +(1- i)* is 
(a) 8 (b) 4 _ © -8 (d) -4 
37. Ifz=a+ib lies in third quadrant, then = also lies in the third quadrant if 
z 
(a) a>b>0 (b) a<b <0 (c) b<a<0 (d) b>a>0 
7 -Z : ‘ 
38. If f(z) = gt? where z =1 + 21, then| f(z) | is 
(a) ul (b) |z| (c) 2|z| (d) none of these 
39. A real value of x satisfies the equation a a =a-ib (a,b ER), if a* +b? = 
x 
(a) 1 (b) -1 (c) 2 (d) -2 
40. The complex number z which satisfies the condition a =1 lies on 
i-z 
(a) circle x2 + y? =1 (b) the x-axis (c) the y-axis (d) the linex+y=1 
41. Ifzis a complex number, then 
@)|zi?>IzI?7 lz =lz © Iz <2? = @ Iz? 2I2/? 
42. Which of the following is correct for any two complex numbers z, and zy? 
(a) |21 221 =] 11221 (b) arg (2 2) = arg (z1) arg (2) 
(c) |21 +221 =12411 +1221 (d) [24 +29] 2] 2] +129 | 
43. If the complex numberz =x + iy satisfies the condition|z+1|=1, thenz lies on 
(a) x-axis (b) circle with centre (—1, 0) and radius 1 


(c) y-axis (d) none of these 
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ANSWERS 





1. (b) 2. (a) 3. (c) 4. (d) 5. (d) 6. (d) 7. (d) 8. (c) 


9. 
17. 
25. 
33. 
41. 


(c) 10. (c) 11. (a) 12. (a) 13. (b) 14.(a) 15. (6) 16. (d) 
(b) 18. (d) 19. (a) 20. (a) 21. (a) 22.(b) 23. (ce) 24. (oc) 
(b) 26. (c) 27. (a) 28. (b) 29.(d) 30.(c) 31. (a) ‘32. (c) 
(a) 34. (c) 35. (b) 36. (c) 37.(c) 38. (a) 39. (a) 40. (b) 
(b) 42. (a) 43. (b) 


SUMMARY 


. —-1 is an imaginary quantity and is denoted by i which has the following properties: 


2 = -1, (3 =-i, *# =1 and, #" =#* nen 


where k is the remainder when n is denoted by 4. 


2. For any positive real number a, /—a =i Ja. 


3. For any two real numbers a and b, we have 
sipel Be vab, B at least one of a and b is positive 
—Jab , ifa<0,b <0. 
4. Ifa, bare realnumbers, thenanumberz = a + ibis called a complex number, real number a 
is known as the real part of z and b is known as its imaginary part. We write a = Re(2), 
b =Im (2). 
A complex numberz is purely real iffIm(z) = 0 andzis purely imaginary iff Re(z) = 0 
5. For any two complex numbersz, = 4, +ibj andz) = a2 + iby , we define 
Addition: z1 +Zy = (a1 + az) +i (by +9) 
Subtraction: z1 —Zy = (a —az) +1 (by —b2) 
Multiplication: 21 Zo = (a; ay —b, b>) + (a, bo + Ad by) 
Reciprocal: cee aD 4 a by 5 
4 ae ae, a, +b, 
Division: 71 -2(2] =(a, + i by) [2 —1 ale map +01 %2 +1 2 Oy =A 2 
D “2 a, +b, a,” +b, a4 +b, a, +b, 
Addition is commutative and associative. Complex number 0 = 0 + i0 is the identity 
element for addition and every complex number z = a+ib has its additive inverse 
—zZ = —a-ib. 
Multiplication is also commutative and associative. Complex number 1 =1 + 0 is the 
identity element for multiplication. Every non-zero complex number z = a+ib has its 
multiplicative inverse 1/z (also known as reciprocal of z) such that ute tee = 5 
Z a+b |z| 
6. The conjugate of a complex numberz = a+ ib is denoted by Zz and is equal to a —ib. 
For any three complex numbers Z, Z;, Z) , we have 
(i) (Z) =z (ii) z+Z =2 Re (2) 
(iii) z-—Z =21 Im (z) (iv) z=Z = zis purely real 
(v) z+Z=0< zis purely imaginary (vi) zz ={Re (z)}? + {Im (z)}? =| z|7 


(vii) 21 £2 =Z +2 (viii) 21 Z) = 242 


° mewn te See ee erraeens (es seem |. 
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(ix) (21) Az #0 
z2 22 


7. The modulus of a complex number z =a + ib is denoted by |z| and is defined as 


[z| = a? +b? = ./{Re(z)}* + {Im (z)}” 
If Z,Z1, Zp are three complex numbers, then 
(i) |z|=0 = z=Oie. Re(z)=Im(z)=0 (ii) |z| =| Z| =| -z| 
(iii) -|z| < Re(z) <|z|; -|z|<Im(z) <|z|_ (iv) zZ=|2|? 
(v) |Im (z’)| <n|Im(z)||zJ/"~+,neN (vi) | Re(z)| +| Im (z)| < V2 |z| 
8. A complex numberz = x +iy can be represented by a point P (x, y) (see Fig. 13.8) on the 


plane which is known as the Argand or Gaussian or Complex plane. The length of the line 
segment OP is called the modulus of z and is denoted by| z|. 





Fig. 13.8 


Clearly, |z| = x + y” = 4|{Re(z)}7 + {Im (z)}? 
The angle 6 which OP makes with the positive direction of x-axis in anti-clockwise sense is 
called the argument or amplitude of z and is denoted by arg (z) or amp (2). 


Im (2) 
Clearly, tan 6 Re (2) 


LetOP = rand ZXOP = 8.Then,x = rcos® and y = rsin 0 
i, Z= x+y = 1r(cos 8 +1sin 6) 
This is known as the polar form of complex number z. The Euler's notations are 
et?® — cosO+tisin 0 
z = r(cos 8+7sin 8) 
or, z = re'®, which is known as the Eulerian form of z. 
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QUADRATIC EQUATIONS 


14.1 INTRODUCTION 


In earlier classes, we have studied about quadratic equations with real coefficients and real roots 
only. In this chapter, we shall study about quadratic equations with real coefficients and 
complex roots. We shall also discuss quadratic equations with complex coefficients and their 
solutions in the complex number system. But, let us first recall some definitions and results. 


14.2 SOME USEFUL DEFINITIONS AND RESULTS 

REAL POLYNOMIAL Let aig, 4, 7, «.., &, be real numbers and x is a real variable. Then, 

f(x) = ag +4, X + > x* +... +4, x is called a real polynomial of real variable x with real coefficients. 

For example, x? —4x + 3, 2x3 — 6x? + 11x —5etc. are real polynomials. 

COMPLEX POLYNOMIAL Ifa, 4, 49,..- , %, are complex numbers and x is a varying complex number, 
then f (x) = ag +4, X + ay X~ +... +4, x" is called a complex polynomial or a polynomial of complex 
variable with complex coefficients. 

For example, 2x7-( 3+7i)x+(9i-3), x? —5i x7 + (1 —27) x +(3 + 41) etc are complex polynomials. 


DEGREE OFAPOLYNOMIAL A polynomial f (x) =a + ay X + ap x? +... + a, x", real or complex, isa 
polynomial of degree n, if a, # 0. 
The polynomials 2x3 -7x7 +x+5, (3-2i) x* -ix+5 are polynomials of degree 3 and 2 
respectively. 
A polynomial of second degree is generally called a quadratic polynomial and polynomials of 
degree 3 and 4 are known as cubic and biquadratic polynomials. 
POLYNOMIAL EQUATION /f f (x) is a polynomial, then f (x) =0 is called a polynomial equation. 
If f (x) is a quadratic polynomial, then f (x) = 0 is called a quadratic equation. The general form 
of a quadratic equation is ax~ +bx+c=0, a#0. 
Here, xis the variable and a, b, c are called coefficients real or imaginary. 
ROOTS OF ANEQUATION The values of the variable satisfying a given equation are called its roots. 
Thus, x =a, isa root of the equation f (x) =0, if f (a) =0. 
For example, x =1 is a root of the equation x? — 6x? + 11x - 6 =0, because 

19 -6x174+11x1-6 =1-6+11-6 =0 

2 2 


Similarly, x = @ and x = @* are roots of the equation x~ + x + 1 =0as they satisfy it. 


SOLUTION SET The set of all roots of an equation, in a given domain, is called the solution set of the 
equation. 


For example, the set {1, 2, 3} is the solution set of the equation x? — 6x7 +11x-6=0. 


Solving an equation means finding its solution set. In other words, solving an equation is the 
process of obtaining its all roots. 


2.2565 mM. «8 - 
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IDENTITY An expression involving equality and a variable is called an identity, if it is satisfied by every 
value of the variable. 


For example, x* ~9 =(x— 3) (x + 3) is an identity as it is satisfied by every value of x. 
(xa) (x—b) | (x—-b)(x-c) | (x¥-0) (x-4) 
(c—a)(c—b) (a—b)(a-c) (b-c)(b-a) 
for all values of x. 


FUNDAMENTAL THEOREM OF ALGEBRA Every polynomial equation f (x) =O has at least one root, real 
or imaginary (complex). 


and, = 1is also an identity as it holds good 


Thus, x” — 3x° + 2x* =x + 2 =O has at least one root. But, f (x) = Vx + 3 =0 has no root as this 
equation is not a polynomial equation. Fundamental theorem does not apply on this equation. 


The fundamental theorem guarantees for one root of a polynomial equation. The following 
theorem states about the exact number of roots of a polynomial equation. 


THEOREM Every polynomial equation f (x) =0 of degree n has exactly n roots real or imaginary. 
14.3 QUADRAT 





The gener: — | ‘tax? +bx+c= 0, a# Owherea, b, care numbers (real 
or cq; 
Tt | r of roots of a quadratic equation. 

‘ two roots. 


| € the quadratic equation ax? +bx+c= 0, 

| | satisfy this equation. 

| (i) 
...(ii) 


.»-(iil) 


weir py hu =u [" a and Bare distinct .. a —B #0] __...(iv) 
Subtracting (iii) from (ii), we obtain 
a(B —y*) +b (B—7) = 0 

> (B—y) {a (B+ y) +b} =0 

=> a(B+y)+b=0 [.- B and y are distinct... B—y #0] _...(v) 
Subtracting (v) from (iv), we get : a(a —y) =0. But, this is not possible, because o and y are 
distinct and a # 0. So, their product cannot be zero. 

Thus, the assumption that a quadratic equation has three distinct real roots is wrong. 

Hence, a quadratic equation cannot have more than 2 roots. 

Q.E.D. 

REMARK It follows from the above theorem that if a quadratic equation is satisfied by more than two 
values of x, then it is satisfied by every value of x and so it is an identity. 
14.4 QUADRATIC EQUATIONS WITH REAL COEFFICIENTS 


In earlier classes, we have solved quadratic equations with real coefficients and real roots either 
by factorization or by using Sridharacharya’s formula. In this section, we shall mainly 
Oe pen ate on quadratic equations with real coefficients and complex roots. 


QUADRATIC EQUATIONS 14.3 


Consider the quadratic equation 
ax? +bx+ce = 0 ..-(i) 
wherea,b,ce Randa # 0. 


Multiplying both sides of (i) by a, we get 





a* x* + abx+ac = 0 
2 2 
=> a* x* + abx + uN = die 
4 + 
a b* —4ac 
=> ax+—| =— 
2 + 
b* —4ac 
= ax+— = ++—_—_ 
2 
f,,2 f2 [2 
ar —b+ yb~ —4 —b+b* -4 
=» Pema ders 2A ene a ee 
2 2 2 2a 
Thus, the quadratic equation ax” + bx + c =0, where a,b, c € R anda # 0 has two roots, say 
a and f, given by 
—b +b? —4ac —b —4/b* — 4ac 
e = —_Y_——*_ and Bp = ——————— 


2a 2a 
Now, if we look at these roots, we observe that the roots depend upon the value of the quantity 
b* —4ac. This quantity is generally denoted by D and is known as the discriminant of the 


quadratic equation (i). We also observe the following results: 


RESULT | Ifb? —4ac = Oie.D = 0,then a=B= = 
Thus, ifb? — 4ac =0, then the quadratic equation has real and equal roots each equal to —b/2a. 


RESULTH Ifa, b, care rational numbers and b? — 4ac is positive and a perfect square, then Jb? — 4ac is 
a rational number and hence a and Bare rational and unequal. 

Thus, if a, b,c €Q and b? — ac is positive and a perfect square, then roots are rational and unequal. If 
a,b,c € Randb — 4ac is positive and a perfect square, then roots are real and distinct. 


RESULTIII Ifb? —Aac > Oi.e.D > O but it is not a perfect square, then roots are irrational and unequal. 


REMARK Ifa,b,c €Q and b” —4ac is positive but not a perfect square, then roots are irrational and 
they always occur in conjugate pair like 2 + J3 and 2 —/3. However, if a,b, c are irrational numbers 
and b” — 4ac is positive but not a perfect square, then the roots may not occur in conjugate pairs. For 
example, the roots of the equation x* —(5 + V2) x +52 =Oare 5and J2 which do not form a conjugate 
pair. 


RESULTIV Ifb? —4ac <Oi.e.D <0, then 4ac —b” > 0 andso the roots are imaginary and are given by 


. 2 : 2 
—b +i/4ac —b Seip ~b -i Jac —b 


2a 2a 
Clearly, «. and B are complex conjugate of each other i.e. a = B and G =B. 


Gea ent.’ 
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REMARK If b* —4ac <0, then the roots are complex conjugate of each other. In fact, complex roots of an 
equation with real coefficients always occur in conjugate pairs like 2 + 3i and 2 — 3i. However, this may 
not be true in case of equations with complex coefficients. For example, x —2ix —1 =0 has both roots 
equal tot. 


ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Solve the equation 4x7 +9=0 by factorization method. 
SOLUTION We have, 


4x7+9 =0 
=> 4x7 —9i2 = 0 
\2 74 Sie 
=> (2x)* -—(3)*° = 0 
— (2x + 3i) (2x — 3i) = 0 
— 2x + 31 = Oor, 2x -—3i = 0 
3) Si. 
— x = -——1, or, Xx = —1 
2 2 


Hence, the roots of the given equation are - iand -< i. 


EXAMPLE2 Solve the equation x* — 4x +13 =0 by factorization method. 
SOLUTION We have, 


(x 
(x - 
{(x — 2) — 33} {(x - 
(x-—2—-3i) (x-2+ il) —v 
x—-2-31 = 0, or x-2+3i = 0 
x = 2+31, or x = 2-3i 
Hence, the roots of the given equation are 2 + 3i and 2 — 3. 
EXAMPLE3 Solve the equation 9x” —12x + 20 =0 by factorization method only. 
SOLUTION We have, 


VUYUUNUYUY 


9x7 -12x+20 = 0 
Qx* -12x+4+16 = 0 
(3x —2)7 +16 = 0 
(3x —2)7 -16i7 = 0 


{(3x — 2) + 4i} {(3x - 2) —4i} = 0 

(3x —2 + 4i) (3x -2-41) = 0 

3x—-2+4i = 0,or 3x-2-41 = 0 
3x = 2-41,0r 3x = 2+4i 


VUURUY Y 
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2 4. 2 Ay 
= x = —-—ior x =—+-—!I 
3 3 Shas 
2 4. 2 tee 
Hence, the roots of the given equation are Aa iand 3 + 5 i. 


EXAMPLE 4 Solve the quadratic equation 2x* —4x + 3=0 by using the general expressions for the 
roots of a quadratic equation. 
SOLUTION Comparing the given equation with the general form ax* + bx +c =0, we get 


a=z=2,b =-4 andic= 3 
—b + b? —4ac wae 5 2b Vb? = Aac 


Substituting the values of a, b,c ina = 5 5 , We get 
a a 
4+ ./16 —24 4—./16—24 
= ——_+___ and, B = ——_———_ 
4 4 
4+./-8 4-/-8 
oe a = —— and, 8 = —— 
4 4 
4+2/2i 4-—2,/2i 
= Qa = —— and, B = ——— 
4 4 
Seat ge sey aidleade eee ee 
2 V2 


1 3 ae 
Hence, the roots of the given equation are 1 + —=i and 1 ——=1. 
rete V2 V2 


EXAMPLE 5 Solve the equation 25x* - 30x+11=0 by using the general expression for the roots of a 
quadratic equation. 

SOLUTION Comparing the given equation with the general form of the quadratic equation 
ax? + bx + c =0, we get:a=25,b =—30 and c=11. 


— 7 — —_ Bn 
b +b 4ac andtBics b yb eee eipet 


Substituting these values in a = 


2a 2a 
_ 30+ {900 -1100 Sates 30 — 900 —1100 
. 50 3: 50 
30 + ,/- tha) 
ge a de 0 +./—200 aa pe 00 
50 50 
30 + 10:42 30 -—10i/2 
=> oe ee and fp ===——$_——— 
50 50 
= ow oe My and g - 3_42; 
5 5 5 5 
3,2, 
=i 


Hence, the roots of the given equation are 5 + 


EXERCISE 14.1 





1.x7+1=0 2. 9x7+4=0 
3. x7 +2x+5 =0 4. 4x* -12x+25 = 0 
5. x7 +x+1=0 [NCERT] 


14.6 








MATHEMATICS-xI 
Solve the following quadratics (6-18): 
6. 4x7 +1 = 0 x7 —-4x4+7 =0 
8.17 4+2x4+2 =0 9. 5x7 -6x+2 =0 
10. 21x27 + 9x+1 = \() 11. x7 x41 = () 
12. x7 +x4+1=0 [NCERT] 13. 17x27 -8x+1 = 0 
14. 27x* -10x+1 =0 [NCERT] 15. 17x72 +28x+12 = 0 
16. 21x72 —28x+10 = 0 [NCERT] 17. 8x2 -9x+3 =0 
18. 13x7 +7x+1=0 19. 2x7 +x+1=0 
20. V3x* —J/2 x+ 3 V3 =O[NCERT] 21. J2 x7 +x+2=0 [NCERT] 
2 1 2? x 
22. x7 +x+——=0 NCERT] 23. x7 += +1=0 [NCERT] 
ap) 2 
24, J5x7 +x+75 =0 [NCERT] 25. —x7+x-2=0 [NCERT] 
26. x7 -2x+ : =Q0 [NCERT] 27. 3x2 —4Ax + 2 =0 [NCERT] 
ANSWERS 
hey ee 3. =14: 91, S12 
gee 
g, 2 9; 29; pty. 1 v3 Ge ee 
2 2 pts =p 2 ty 
7.2+-3i 8. -l+i 9, 233 
: 5° 5 
10) =2 222 143 2, 143 
14 49 Domo. D430 
13, — gpely 14, 5442; 15, 14 4 2v2 
17 17 D7. 27 17 a7, 
16, 244; 17, 24015; ee V3 | 
BH 16 16 26° «26 
45: —-1+7i of: J/2 + J34i Sa -1+7i 
4 2/3 2/2 
pout t 2/2 -1i ra —147i oe else 
2 2/2 25 
—-1+7i 1. Oe 44 
; 26.1+—~i 27, — +i 
Ch aS /2 3° 3 
HINTS TO NCERT & SELECTED PROBLEMS 
5. We have, 


x7 4+x4+1=0 


- aau(}-(-G~ 


z+) + Bis 


QUADRATIC EQUATIONS 14.7 
2 
= (x+5) 22 = 0 
2 4 
2 2 
= (x45) (3) =10 


( 1 
=> |x+—+—I 
2 


are ag) 
— x+ x + = 


ay 
Re arise) 
TPs 

bed 

te 








2 


14+ /3i 1-3 
> = 0 or, x+ 5 = 18 


1+iV3 _ -14+iv3 


pets = Bean: 





—> %Xt 





I * 


12. We have, x* +x+1 = 0 
Comparing the given equation with the general form ax* +bx +c =0, we get 


a=1,b =1landc =1 
Substituting the values of a,b, c in 


é ~b + fb? — 4ac andibes —b —,/b? —4ac 


, we get 
2a 2a 
—1 SE 1-1 - A 
ee and B a 
jae iS 
> a= == and = pres 


14. We have, 27x* -10x+1 = 0 
Comparing this equation with ax? +bx +c =0, we get:a = 27,b = -10, c = 1 


Substituting the values of a, b, cin 


—b+ yb? — 4ac re ~b — |b? — 4ac 


, We get 
2a 2a 5 


_ ee andp = 1024100 =108 








54 
1 0468 1 ie 
= oo = OF andp = —————_ on 
5a Soe 
eo and Bp = 
27 27 


16. The given equation is 21x” — 28x + 10 =0. Comparing this equation with ax” + bx +c=0, 
we get:a = 21,b = —28,c = 10 
Substituting these values in 


he —b +b —4ac af ~b — |b — 4ac 


and 6. 
oF : x , we get 


— meee one 


Fe re, 6 ee re we ee = ere eee 


oas"h Sa2P"~ - 
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28 + |784 — 840 28 — /784 _ 
a = ——— and = gepaeee 840 zt 





42 42 
28 + ./—56 28 —./— 
a = —_—  andB = sacl aca 
42. 42 
2 iia ® Pali 
=> a= —+ andp = ——-—— 
3 21 3 21 


20. The given equation is V3x* —J2x + 3V3 =0. Comparing this equation with 
ax* +bx +c =0, we get: a=V3,b =—,/2, c =3V3. 
Substituting these values in 


~b +b? —4Aac ane -b — |b? ~ 4ac 


= , we get 
2a 2a 
aes V2 + [2-36 ae J/2 —./2— 36 
2/3 2/3 
is = M2 tiv34 V2 -iV34 


a 


21. The given equation is 2x? + x + /2 =0. Comparing this equation with ax? + bx + c =0,we 
get: a = J2,b =1,c = V2. 














Substituting these values in 
~b +b? —4 ~b |b? —4 
= ste and B = ace get 
2a 2a 
—-1+./1-8 1-1-8 
a dp = 
toa 2/2 
ede le sadin.c -1-iV7 
2/2 2/2 
22. The given equation is x7 + x + + = 0. Comparing this equation with ax* + bx +c =0, we 
1 
t: = 1,b = LC ET mma 
get: a 5 
Substituting these values in 
—b +./b* —4ac —~b 4b? 4 
a = ——~——_andf = aoe weet 
2a 2a 
ze 1 —2v2 -1—, 1-2/2 
> a= andB = 
2 2: 
—1+i. 2V2-1 -1-i.J 2/2-1 
2 2 
2 


x 
23. The given equation is x" + Jz +1=0. Comparing this equation with ax* +bx +c=0, we 


1 = 
get: a = 1,b = uae = 
Substituting these values in 


| 23) 2 = 2_ 
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24. 


25. 


26. 


27. 


ee aewa Ca ery ey 


v2 7 2 aid ites eee 
= oe EN tee \ 
2/2 2/2 
The given equation is J5x2 + x + V5 =0. Comparing this equation with ax” + bx + c,we get 
a=V5,b=landc=5. Substituting these values in 


—b +b? — 4ac adie ~b -\b? — 4ac 


QaQ= 





= = ——________—__,, we get 
2a 2a 
—] sf —2 —1—,/1—20 
eh eels falas: is ag EY Pee 
25 2/5 
ae -1+iv19 sag % —1 -iV19 
2/5 2/5 


2 


The given equation is — x“ + x -2 =0. Comparing this equation with ax + bx +c, we get: 


a=-—1,b =1and c =— 2. Substituting these values in 


tee —b +b? —4Aac nape ~b — |b? — 4ac 


we get 
2a 2a 
-1+./1-8 -1-,1-8 
> a = ———— ands = ——— 
—2 —2 
= 5 HAT dp = een 
—2 —2 
— OL 17a aN 
2 2 2 2 


The given equation is x? —2x + ; = 0. Comparing this equation with ax* +bx +c=0, we 


get:a=1,b =—2andc = 3/2. 


Substituting these values in 
= | 74 ae <: =| ‘ae 
a b+4/b Sob Fines b —.,/b* — 4ac 
2a 2a 
2 4-6 2-—./4-6 
=> a= ——1—— andp = ea Sew 


I 1 
— = 1+—and6 = 1-—= 
a + Ta and B 5} 
The given equation is 3x7 — 4x + > = 0.Com,paring this equation with ax* + bx +c=0,we 
get:a=3,b=—-4andc= > Substituting these values in 


—b + yb? —4ac ands. = ~b — fb? — 4ac 
2a : 


2a 


_ 4416-80 4g . 4-vi6-80 
6 6 


we get 
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= pees nd ime Oe 
6 6 
Di 4, 2 4, 
=—_ — d = — — 
=>) 10, Sn skal B 3 a 


14.5 QUADRATIC EQUATIONS WITH COMPLEX COEFFICIENTS 
Consider the quadratic equation 
ax? +bx+c=0 (i) 
where a,b,c are complex numbers and a + 0. 
Proceeding as in section 14.4, we obtain that the roots of equation (i) are given by 
_—b + «fb? - 4ac Pein ~ 6? =4ac 

2a 2a 

These roots are complex as a, b, c are complex numbers. 


Since the order relation is not defined in case of complex numbers. Therefore, we cannot assign 
positive or negative sign to the discriminate D =b* — 4ac. However, equation (i) has complex 


roots which are equal, if D =b” — 4ac =O and unequal roots if D =b? — 4ac # 0. 


REMARK In case of quadratic equations with real coefficients imaginary (complex) roots always occur in 
conjugate pairs. However, it is not true for quadratic equations with complex coefficients. For example, the 


equation 4x — Aix —1=0 has both roots equal to 5 l. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Solve the following quadratic equations by factorization method: 


(i) x* -5ix-6 =0 (ii) x* + 4ix-4 =0 

SOLUTION (i) The given equation is 

x* —5ix-6 = 0 
=> x* Bix + 6i2 = 0 
=> x* — 3ix —2ix + 6i2 = 0 
=> x (x — 3i) —2i(x-— 31) = 0 
= (x — 31) (x-2i) = 0 
= ie a ae 
= = EOL Xm 12k 
Hence, the roots of the given equation are 3i and 2i. 
(ii) We have, 

x? + eA = 0) 

2 . ye 
=> x° + 4ix+4i° = 0 
= (x + 2)? = 0 

x+2i = 0 (twice) 

st x = -2i,-21 


as both the roots of the equation are equal to — 2i. 


rem, 


le 
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EXAMPLE2 Solve the following equations by factorization method 
(i) x7 -J2ix+12 =0 (ii) 3x7 +7ix+6 = 0 (iii) x* —(3V2 + 21) x + 6V2i = 0 
SOLUTION (i) We have, 
— 4/2 ix +12 
x? — 3./2i x + 22 ix —127 
x (x — 3V2i) + 2V2i (x -— 3V2i) = 
(x - 3/2 i) (x+ 2/2 1) 
x-3J/2i = 0 or, x+22i 
= 3/2i or, x = -2V2i 
Hence, the roots of the given equation are — 2J/2iand 3V2i. 
(ii) 3x7 +7 ix+6 = 0 


ied ll ll 
OO Ono 


YuUuY Y 


= 3x* + 9ix —2ix-6i7 = 0 
=> 3x (x + 31) —2i(x + 31) = 0 
— (x + 31) (3x -27) = 0 
= x +31 = 0 or, 3x—22 =10 
JIS 
— x = —31 of, X= —2 
3 


: ; 7A 
Hence, the roots of the given equation are — 3i and 3 1. 


(iii) x? —(3V2 +21 x+6J/2i =0 
= (x? — 3./2x) —(2ix -6V2i) = 0 
= x (x — 3V2) -2i(x -—3V2) = 0 
=> (x —2i) (x -3V¥2) = 0 
= x-2i = 0,x-3V2 =0 
=> x = ior, 3V2 


Hence, the roots of the given equation are 2i and 3/2. 


EXAMPLE3_ Solve the following quadratic equations by using the general expressions for the roots of a 
quadratic equation: 


(i) x? -(3V¥2 -2i) x-6V2i = 0 (ii) 2x7+3ix+2 = 0 
SOLUTION (i) On comparing the given equation with the general equation ax* +bx +c =0, we 
get: a=1,b =—(3/2 —2i) and c =—6V2i. 


~b +b? —4ac antipe —b =f me aee 


Substituting the values of a,b, cin a= ae we get 

_ (3V2 — 20 +R 2i)” + 24V2i ne (3/2 - (0-29 -[@E—a mE 2i)” + 24./2i 
gh ay Be OC) = (eam sik ee (OS ian a EE faa 
ee Meee PS -2is af 02s aay f= Sear) 


=> a = 3/2,B = -2i 
Hence, the roots of the given equation are 3./2 and — 2i. 


PS AT LT ES OT PL TEEN OT Ee eee al SS antidel 
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(ii) On comparing the given equation with the general equation ax? + bx +c =0, we get 
a=2,b=3i and c=2. 


—b+ 4a —b— b2\= dae 
Substituting these values of a,b, cin a = = b+ Yb? —dac | and B = : mow 


, We get 
2a 





; 2 [o;2 
=] 6 Bye zn. 
a ee 3i + rs 5 Bis 8 = 3i . 16 
_ 2; =. a j= 
—— a= ~ Sit y-25 and B = ~SI-y-2 
4 4 
aa Re or are ft ee 
4 4 
=> a=— and £B = —2i 


2 


Hence, the roots of the given equation are : and — 2i. 


EXAMPLE4 Solve: 2x* -(3+7i) x-(3-9i) = 


SOLUTION On comparing the given equation with the general form ax” + bx +c =0, 
we obtain a =2,b =-(3 +71), c=—(3 — 91). 


Ba [p2 — Bie ah, 
Substituting the values of a, pains ee bX — Aac and B = b —./b* — 4ac 


on On , we get 
4 

a ete wes and, B = Le i) 
Let us now find ./—16 — 307. 
Let a+ib = ./-16—30i. Then, 

a+ib = ./-16-30i 
=> a” —b* + 2iab = -16—30i 
= pe = 16 wali) 
and, 2ab = —30 (iii) 
(a? +b)? = (a? —b)? +402 b? 
= (a? +b?)? = 256+900 = 1156 
=> az +b = 34 
Now, a —b? = -16anda2 +b? = 34 
= a* = 9andb? = 25 

a=z3andb = +5 


From (iii), we find that a and b are of opposite signs. 
q = 3andb = -5or, a = —3andb = 5. 


ewes Fe 
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Hence, /-16 — 30i = 3-5ior, —3 + 51. 


Substituting either of these values in (i), we get 
~ ae (3 aa —5ji) dnd, Be (3 oe 


= le ee and, § = 3i 

oe 
Hence, the roots of the given equation are : + = tand 3i 
EXAMPLES Solve: x7 — (7 —1) x + (18 —i) =O over C. 


SOLUTION Comparing the given equation with the general form ax* +bx+c=0, we get 
a=1,b =—(7 —i) and c =18 —i. Substituting these values in 





2 2 
- —! —b- Vb —4 
as —b + yb" —4ac and, B = NES wepet 
2a 2a 
(7 -i) +\(7 -)? -418 -8 (7 -i) -(7 -)* -4(18-1 
EE ae ge 
E (7 -i) + J— 24-10 5 (7 -i) — /-24-10i @ 
Cc Pod a ? i see 
2 2 
Let us now find /- 24 —10i. 
Let, a+ib= /- 24 —10i. Then, 
(a + ib)? =—24 —10i 
=> (a7 —b) + 2i ab =— 24 —10i 
= a” —b* =—24 ...(ii) 
and, 2ab=-10 -«+(ili) 
Now, (a7 +b)? = (a? —b?)? +4 a? b? 
=> (a* +b?)2 = 576+100 = 676 => a~+b* = 26 ...(iv) 
Solving (ii) and (iii), we geta=+1 andb =+5. 
From (iii), we find that ab is negative. 
a=1,b =-5 or, a=-l1,b =5. 
ofa at+ib =1-5i or, -1+5i 
Hence, /- 24-10: = +(1 —5)) 
Substituting either of these values in (i), we get 
a = ‘i —* = 4-siandp = “9 SGe). ae ee), Baa 
Hence, the roots of the given equation are 4 — 3i and 3 + 2i. 
EXERCISE 14.2 
1. Solving the following quadratic equations by factorization method: 
(i) x2 +10ix-21 = 0 (ii) x2 + (1-2) x-2i = 0 
(iii) x? -(2V3 + 3) x + 6V3i = 0 (iv) 6x2 -17ix -12 = 0 
2. Solve the following quadratic equations: 
(i) x? —(3V2 +21 x+6V2i = 0 (ii) x? -G -) x+(18+i =0 


(iii) (2+) x*-G-)x+201-)=0 (iv) x2 -(24) x-(1-7) =0 
(v) ix? —4x-47 = 0 (vi) x7 + 4ix-4 = 0 
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(vii) 2x? + J15 ix -i=0 [NCERT] (viii) x7 —x +(1+1 =0 
(ix) ix* —x +12i=0 [NCERT] (x) x7 -(3V2 -2) x-V2i=0 
(xi) x? -(J2 +i) x + V2i=0 [NCERT] (xii) 2x? —(3 +71 x +(9i — 3) =0 








ANSWERS 
eG) ia 77 Gi 1): (iii) 2V3, 3i ey oi, =i 
pre (i) 34/2. i (ii) 3-4i,2+ 3i (ii) 1-1, 2-2 (iv) 3-i,-1+2i 
(yor i (i) 2% 27... ((vii) “eee es 
(one Gx) 41, 33 (x) wae He ao 
(xi) V2, i (xii) a , 3i 
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2. (vii) The given equation is 2x7 + JI5ix-i = 0. 
Comparing this equation with the standard equation ax* + bx +c =0, we get 


a = 2,b = V15i and c = -i 


Substituting these values in 
—b \b2 —4 ~b —|b? —4 
= SY an and, B _ TN ay we get 
2a 2a 
_ Si i FF - 4 ee = : 
ee J aS 5 + 81 Sal J15 i d 15+ 81 


Let —15 + 8i = a+ib.Then, 
—15+8i = (a+ib)” 

=> -15+8i = a*—b? +2iab 

=> a*—b* = -15 and 2ab = 8 

Now, (a7 +2)? = (a* —b2) + 4a? b2 

=> (a* +b) = (—15)* + 64 = 289 

=> a+b? =17 

Solving a” —b* = -15anda* +b? =17, we get 
a~ = 1 and b* = 16 

=> az=til1andb=+4 

=> a=1,b =40ra=~-1,b =-4 [- ab=4>0 -. aand bare of the same sign] 


2 f-15+8i = 144i,-1-4i 
When ./—15 + 8i = 1+ 41: 
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_ -VI5i-(1+4/) _ _1-(V5+4)i 





Ji5i+1+4i 14+(V1544)i 
ao = —————._ = ————__ and 8B 
a + 2 2 
When ,/—15 + 8i = -1—4i: 
Vi5i-1-4i _ -1-(V15+4)i -VJ1I5i+1+4i | 1+(4-V15)i 
Q = = and 2B = ———_ = 
2 2 2 2 
(ix) The given equation is/ x* —x +12i=0. 
Comparing this equation with the standard equation ax* +bx+c = 0,we geta=1,b = -1 
and c =12i. 
Substituting these values in 
-b +b? -4 _b —b2 —4 
a= a2 Nees and B = DEENA Te Awerpet 
2a 2a 
1+./1+ 48 1-,/1+ 48 
= ten eee 
21 21 
= epee and. fia ee 
21 
4 3 ’ 
=> a-=-— and ~p = -—> a = 0-4 and B = 3: 


i i 

(xi) The given equation is x? ~(J2 +i) x+/2i=0. 
Comparing this equation with the standard equation ax* +bx+c = 0, we get 
a=i1L,.b* = —(/2 +i) and c= 2i. 
Substituting these values in 


2 2 
—~b + |b? - -§ Sb? —4 
_ —b+b~ —Aac and Rigen eee 


= 2a 2a 


(V2 +i) + (V2 +)? -4V2 i (V2 +i) -\(V2 +)? -4,2 i 
0 ee ae 


ies J2 +i+ v2 -i tines (V2 +i) — (2-9? 
2 2 

pare se ot ‘ee 

=> a =J2 and p=i 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. Write the number of real roots of the equation (x — 1)? +(x—- 2) +(x—- 3)? = 0; 


2. Ifa and BD are roots of the equation x? —px+q = 0, then write the value oft + 5 : 


3. If roots a, B of the equation x? — px +16 = Osatisfy the relation a? + B* = 9, then write 
the value of p. 


4, If 2 + /3 is a root of the equation x” + px + q = 0, then write the values of p and g. 


i eel -- : 
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. Ifthe difference between the roots of the equation x” + ax + 8 = Ois2, write the values ofa. 
. Write the roots of the equation (a —b) x? + (b-—c)x+(c—a) = 0. 


- Ifa andb are roots of the equation x* —x+1 = 0, then write the value of a” + b?. 


on ao vi 


- Write the number of quadratic equations, with real roots, which do not change by squaring 
their roots. 


9. If a,B are roots of the equation x* +Ix+m = 0, write an equation whose roots are 


aa and — : 
a B 
10. Ifa, Bare roots of the equation x7 —a (x+1)-—c = 0, then write the value of (1 + a) (1 +B). 


ANSWERS 


—ifl 
1. No real root 2. Qe ee on a ae Bee 


a—b 


2 |e 


7. —1 8. 3 9. mx? —Ix +1 = (0) 10. 1-—c 


MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 


1. The complete set of values of k, for which the quadratic equation x” — kx + k + 2=0 has 
equal roots, consists of 


(a) 2+ 12 (b) 2+ 12 (c) 2-12 (d)ige 2 eal 
2. For the equation| x |? +|x|-—6=0, the sum of the real roots is 
(a) 1 (b) 0 (c) 2 (d) none of these 
3. Ifa, b are the roots of the equation x? +x+1=0, thena’ +b? = 
(a) 1 (b) 2 (c) —1 (d) 3 
4. If a, Bare roots of the equation 4 x* + 3x+7 =0,then1/a + 1/B is equal to 
(a) 7/3 (b) -7/3 (c) 3/7 (d) -—3/7 
5. The values of x satisfying log 3 (x? +4x4+412) =2are 
(a) 2,-4 (b) 1,-3 (c) -1,3 (d) -1,-3 
6. The number of real roots of the equation (x2 +2 x)? -—(x+ 1)? -55 =O is 
(a) 2 (b) 1 (c) 4 (d) none of these 
7. If a, Bare the roots of the equation ax” + bx + c = O,then sae + cole 
aan+b aBb+b 
(a) c/ab (b) a/bc (c) b/ac (d) none of these 


8. If a,B are the roots of the equation x? + px +1=0; y,5 the roots of the equation 
x7 + qx +1=0, then (a —y) (a + 6) (B—y) (B+ 8 = 
(a) q° —p? (b) p? 7 q (c) p? + q° (d) none of these 

9, The number of real solutions of | 2x -—x? —3|=1is 
(a) 0 (b) 2 (c) 3 (d) 4 
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10. 


11. 


12. 


uf: 


14, 


1b. 


16. 


17. 


18. 


19. 


20. 


21. 


The number of solutions of x? + | x-1 | =lis 


(a) 0 (b) 1 (c) 2 (d) 3 
If x is real and k = x ox+t then 
Xo +X4+1 
(a) ke [1/3, 3] (b) k2=3 (c) K<1/3 (d) none of these 
If the roots of x* —bx + c = 0 are two consecutive integers, then b* —4 cis 
(a) 0 (b) 1 (c) 2 (d) none of these 
The value of a such that x7 -11 x + a=Oandx* -14x+2a= 0 may havea common root is 
(a) 0 (b) 12 (c) 24 (d) 32. 
The values of k for which the quadratic equation kx? +1=kx +3x-11 x? has real and equal 
roots are 
(a) -11,-3, (b) 5,7 (c) 5,-7 (d) none of these 


If the equations x? + 2x + 3%=Oand 2 x7 + 3x+54%=0 havea non-zero common roots, 
then A= 

(a) 1 (b) -1 (c) 3 (d) none of these 

If one root of the equation x* + px + 12 =Ois 4, while the equation x? + px + q=Ohas equal 
roots, the value of q is 

(a) 49/4 (b) 4/49 (c) 4 (d) none of these 

The value of pandgq(p+0,q#0) for which p,q are the roots of the equation 
x? + px +g ab=Oare 

(a) p = 1,q = -2 (b) p = -1,g = -2 

(c)p =-1,q =2 (d)p =1,q = 2 

The set of all values of m for which both the roots of the equation x* -(m+1)x+m+4=0 


are real and negative, is 

(a) (—%, — 3] U5, %) (b) [- 3,5] 

(c) (—4,—3] (d) (— 3, -1] 

(x + 2) (x —5) = x-2 

(x — 3) (x + 6) x+4 

(a) 0 (b) 1 (c) 2 (d) 3 





The number of roots of the equation 


If a and Bare the roots of 4x7 + 3x +7 =0, then the value of + : is 


(@) 5 (b) -= © = (@) -2 

If, a, B are the roots of the equation x? + px + q=0, then = 7 a are the roots of the 
equation we ef: 

(a) x* —px+q = 0 (b) x7 + pxt+g = 0 

(c) qx? + px +1 = 0 (d) qx* —px+1 = 0 


. If the difference of the roots of x” — px + q =O is unity, then 


(a) p> +4q =1 (b) p?-49 =1 
(c) p> +49 = (1 + 24)? (d) Ap? + q* = (1+ 2p)? 


LL LL LE LALO DL EL LLL LOE SS LE 
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23. If a, Bare the roots of the equation ae p(x +1)-—c=0, then(a +1) (B+1) = 


(a) c (b) c-1 (c) l-c (d) none of these 
24. The least value of k which makes the roots of the equation x* +5x + k =0 imaginary is 
(a) 4 (b) 5 (c) 6 (d) 7 
25. The equation of the smallest degree with real coefficients having 1 + 7as one of the roots is 
(a) x7 +x4+1=0 (b) x2 -2x+2 = 0 
(c) x7 +2x4+2 =0 (d) x7 +2x-2 =0 
ANSWERS 


Wua(b)aee2a (by) a Sea(c)-- 4:-(d) - 5: (d) 6.(b) 7. (c) _ & (a) 
9.(b) 10. (a) 11. (a) 12. (b) 13.(c) 14.(c) 15. (b) 16. (a) 
17. (c) 18. (a) 19. (b) 20. (b) 21. (d) 22. (b),(c) 23. (c) 
24. (d) 25. (b) 


SUMMARY 


1. Fundamental Theorem of Algebra: Every polynomial equation f (x) =0 has at least one 
root, real or imaginary (complex). 


2. Every polynomial equation f (x) = 0 of degreen has exactly n roots real or imaginary. 


3. A quadratic equation cannot have more than two roots. 
4. Ifax* +bx+c=0,a#0isa quadratic equation with real coefficients, then its roots a and 
given by 
—b + fb? - 4ac —~b— Jb? -4ac -b+ JD -~b-1D 
2 a a or, a = “Sper ACP Sena 


where D =b? — 4ac is as the discriminant of the equation. 


(i) IfD =0, then ope 
2a 


So, the equation has real and equal roots each equal to — =. 
a 


(ii) If a,b,c €Q and D is positive and a perfect square, then roots are rational and 
unequal. 
(iii) Ifa, b, c€ Rand Dis positive and a perfect square, then the roots are real and distinct. 
(iv) If D >O but it is not a perfect square, then roots are irrational and unequal. 
(v) IfD <0, then the roots are imaginary and are given by 
: 2 . 2 
fos —b +ifAac —b Aer —b ~i/4ac —b 
2a 2a 
(vi) Ifa=1,b,c EI and the roots are rational numbers, then these roots must be integers. 
(vii) If a quadratic equation in x has more than two roots, then it is an identity in x 
that isa=b=c=0. 
(viii) Complex roots of an equation with real coefficients always occur in pairs. However, 
this may not be true in case of equations with complex coefficients. For example, 
x* — 2ix —1 =0 has both roots equal toi. 
(ix) Surd root of an equation with rational coefficients always occur in pairs like 
2 +3 and 2-3. However, Surd roots of an equation with irrational coefficients 
may not occur in pairs. For example, x? —2./3 x + 3 =Ohas both roots equal to /3. 
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LINEAR INEQUATIONS 


15.1 INTRODUCTION 


In this chapter, we will study linear inequations in one and two variables. The knowledge of 
linear inequations is very helpful in solving problems in Science, Mathematics, Engineering, 
Linear Programming etc. 


15.2 INEQUATIONS 


In earlier classes, we have studied equations in one and two variables. An equation is defined as 
a statement involving variable (s) and the sign of equality (=). Similarly, we define the term 
inequation as follows: 


INEQUATION A statement involving variable (s) and the sign of inequality viz, >, <, 2 or < is called an 
inequation or an inequality. 


An inequation may contain one or more variables. Also, it may be linear or quadratic or cubic 
etc. 


Following are some examples of inequations: 


(i) 3x-2<0 (ii) 2x + 3<0 (iii) 5x —3>0 

(iv) 4x+520 (v) 2x + 3y <1 (vi) 5x+4y <3 
(vii) 4x -—6y >5 (viii) 2x +5y 24 (ix) 2x7 + 3x+4>0 
(x) x7 -3x+220 (xi) x7 + 3x+2<0 (xii) x? —5x+4<0 


(xiii) x? —6x74+11x-6>0 (xiv) x°+6x74+11x+6<0 


LINEAR INEQUATION IN ONE VARIABLE Let a be a non-zero real number and x be a variable. Then 
inequations of the formax +b <0,ax+b <0, ax+b>Oandax + b 2 Oare known as linear inequations 
in one variable x. 


For example, 9x -15>0, 5x-420, 3x+2<0 and 2x—3<0 are linear inequations in one 
variable. 


LINEAR INEQUATIONS IN TWO VARIABLES Let a,b be non-zero real numbers and x, y be variables. 
Then inequations of the form ax + by <c, ax +by Sc, ax + by >c and ax + by =c are known as linear 
inequations in two variables x and y. 


For example, 2x + 3y $6, 3x-2y212, x+y<4, 2x+y26 are linear inequations in two 
variables x and y. 

QUADRATIC INEQUATION Let a be a non-zero real UTES, Then an inequation of the form 
ax* + bx +c <0, or ax* +bx +c <0, or ax* + bx +c>0, or ax2 +bx+c20 is known asa quadratic 
inequation. 

For example, x” +x—6<0,x*-3x+22>0, 2x* + 3x+1>0and x2 —5x + 4<0 are quadratic 
inequations. 

In this chapter, we shall study linear inequations in one and two variables only. 
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15.3 SOLUTIONS OF AN INEQUATION 


DEFINITION A solution of an inequation is the value (s) of the variable (s) that makes it a true statement. 


Sree oS 
3 





Consider the inequation 





Left hand side (LHS) of this inequation is snes and right hand side (RHS) is 2 — 4, 
We observe that: 
For x = 9, we have 

LHs==—=** =—3 and, RHS==-4=-1 


Clearly, — 3 <-1 
=> LHS < RHS, which is true. 


90, x = 9 is a solution of the given inequation. 
For x = 6, we have 


LHS = =—=** ~ -2 and RHS = 


Because, -2 <-—2 isnot true. So, x = 6 is not a solution of the given inequation. 


-4=-2 


G2 | oO 


We can verify that any real number greater than 7 is a solution of the given inequation. 
Let us now consider the inequation x* +1 <0. 


We know that 
x2 >0 forallxeR 


x* +121 for allxeR 
=> x? +1 ¢ Oforany x eR. 
So, there is no real value of x which makes the given inequation a true statement. Hence, it has 
no solution. 


It follows from the above discussion that an inequation may or may not have a solution. 
However, if an inequation has a solution it may have infinitely many solutions. 


SOLVING AN INEQUATION It is the process of obtaining all possible solutions of an inequation. 
SOLUTION SET The set of all posible solutions of an inequation is known as its solution set. 

For example, the solution set of the inequation x* + 1 > Ois the set R of all real numbers whereas 
the solution set of the inequation x* +1<Ois the null set d 


15.4 SOLVING LINEAR INEQUATIONS IN ONE VARIABLE 

As mentioned in the previous section that solving an inequation is the process of obtaining its all 
possible solutions. In the process of solving an inequation, we use mathematical simplifications 
which are governed by the following rules: 

RULE1 Same number may be added to (or subtracted from) both sides of an inequation without 
changing the sign of inequality. 

RULE2 Both sides of an inequation can be multiplied (or divided) by the same positive real number 
without changing the sign of inequality. However, the sign of inequality is reversed when both 
sides of an inequation are multiplied or divided by a negative number. 

tion may be taken to the other side with its sign changed without 
RULE 3 Any term of an imequation 
affecting the sign of inequality. 
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A linear inequation in one variable is of the form 
ax+b<Oor,ax+b< 0 or, ax+b>Oor,ax+b20. 


We follow the following algorithm to solve a linear inequation in one variable. 


ALGORITHM 

STEPI Obtain the linear inequation. 

STEPH Collect all terms involving the variable on one side of the inequation and the constant terms on 
the other side. 

STEP III Simplify both sides of inequality in their simplest forms to reduce the inequation in the form 
ax <b, or ax <b, or ax >b, or ax =b 

STEP IV Solve the inequation obtained in step III by dividing both sides of the inequation by the 
coefficient of the variable. 

STEP V Write the solution set obtained in step IV in the form of an interval on the real line. 


Following examples will illustrate the above algorithm. 
ILLUSTRATIVE EXAMPLES 


Type I SOLVING EQUATIONS OF THE FORM: ax +b > cx +d, or, ax+b 2 cx+d, 
or, ax+b <cx+d or, ax+b< cx+d 
EXAMPLE1 Solve the following linear inequations: 
(i) 2x-4<0 (ii) —3x+12<0 (iii) 4x-1220 (iv) 7x+9> 30 
SOLUTION (i) We have, 
2x -4<0 
(2x -4)+4 < 0+4 [Adding 4 on both sides] 


2x <4 
2x <4 


2 te 

x<S2 

Hence, any real number less than or equal to 2 is a solution of the given inequation. 
These solutions can be graphed on real line as shown in Fig. 15.1 


a 
— co 2 +c 


Fig. 15.1 
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The solution set of the given inequation is (— », 2] 
(ii) We have, 


—3x+12<0 
= — 3x <-12 [Transposing 12 on right side] 
= > a [Dividing both sides by —3] 
— x>4 


Thus, any real number greater than 4 is a solution of the given inequation. 


Hence, the solution set of the given inequation is (4, 00). This solution set can be graphed on 
real line as shown in Fig. 15.2 


ee EEEEEEssInSIUEIEEEEIE NOREEN SURI nnntinemeememeeeeeeenene  nmemmemmneeeee meme aimee este cesarean accel 
— oo 0 4 +O 


Fig. 15.2 


(iii) We have, 
4x -1220 


——a——-- . 
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=> 4x 212 [Transposing 12 on RHS] 
ae “ > - [Dividing both sides by 4] 
= x23 

— x €[3, 0) 


Hence, the solution set of the given inequation is [3, 0). This solution set can be graphed on real 
line as shown in Fig. 15.3 


—-o 0 3 + 
Fig. 15.3 


(iv) We have, 
7x+9> 30 
7x>30-9 


— 

= 7x>21 [Transposing 9 on RHS] 
7X . 21 

=> —>— 
Te ST, 

=> x>3 

=> x €(3, 0) 

Hence, (3, «) is the solution set of the given inequation. This can be graphed on real line as 

shown in Fig. 15.4. 


—0O 0 3 + 
Fig. 15.4 


EXAMPLE2 Solve: 5x—3<3x+1 when (i) x isa real number (ii) x is integer number (iii) x isa 
natural number. 


SOLUTION We have, 
5x-3<3x+1 


ox —3x<3+1 [Transposing 3x on LHS and — 3 on RHS] 
2x <4 


= < - Multiplying both sides by | 
x<2 F 
(i) If xeR,then 
x<2 > xeE(-— 1, 2) 
Hence, the solution set is (— 00, 2) as shown in Fig. 15.5. 


Y UV UY 


= 00 0 1 2 re) 
Fig. 15.5 

(ii) If x e Z, then 

x<2 => x =1,0,-1,-2,-3,-4.,..... 
So, the solution set is {.....-4, — 3, —2, -1, 0,1} 
(iii) If x EN, then 

x<2=>x=1 
So, the solution set is {1}. 
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EXAMPLE3 Solve the following equations: 
(i) 3x +17 <2(1 —-x) (ii) 2(2x + 3)-10 <6(x—2) 
SOLUTION (i) We have, 
3x +17 <2(1 —x) 
3x +17 <2-2x 
3x+2x<2-17 [Transposing — 2x to LHS and 17 to RHS] 


5x <-15 

Sx. —15 
5 5 
x<-3 


x Ee(—2, — 3] 


YU YUYY 


Hence, the solution set of the given inequation is (— «, — 3], which can be graphed on real line as 
shown in Fig. 15.6. 


a a 
—-2 -3 0 +0 


Fig. 15.6 


(ii) We have, 
2 (2x + 3) —10 < 6(x —2) 
4x+6-10<6x-12 
4x-4<6x-12 
4x-6x< -12+4 [Transposing — 4 to RHS and 6x to LHS] 
—-2x<s-8 
= 258 
—-2 -2 
> x24 
= x €[4, 00) 
Hence, the solution set of the given inequation is [4, 0) which can be graphed on real line as 
shown in Fig. 15.7. 


WY YUUY 














— 0 0 4 + 00 
Fig. 15.7 
EXAMPLE 4 Solve the following inequations: 
(i) SF 49234+5 (ii) Ox-2 _7x-3 x 
3 5 a 
(iii) 1(3 x+ 4jaz >— (x -—6) (iv) ———_—— 2 = 2) >? otic) *) 
SOLUTION (i) We have, 
on! 9 SSR = 
d 3 
2 
= a -23- -9 [ Transposing — to LHS and 9 to RHS] 
3 (2x — 3) —16x See 
12 
a 6x —9 —16x er 


12 


ee  ———~ — ~~ ~~ — 


a 
A 
s 

oO 
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=—9—10x 
12 

—9 -10x 2-72 [Multiplying both sides by 12] 

—10x 2-72+9 

—10x 2-63 

—10x _-63 
<= 

—10 ~—10 


2-6 


pyuyy Y 





= xs 
10 


=> xe (- co, 63/10] 


Hence, the solution set of the given inequation is (— 0, 63/10]. This can be graphed on real line 
as shown in Fig. 15.8. 


—-OoOOOOoOoOOOO OO OS nn — — ee O_O 
— 0 0 63 + 0 
10 
Fig. 15.8 


(ii) We have, 


5x-2 7x-3 x 
_ Se 








5 4 
ws 9 (5x —2)-3(7x—3) x 
15 4 
29x —-10 —21x+9 x 
= ———_—_—__—— >= 
15 4 
4x-1 x 
=> ——_ >-— 
15 4 
=> 4 (4x -—1) >15x [Multiplying both sides by 60 i.e. lcm of 15 and 4] 
> 16x —4>15x 
=> 16x —15x >4 [ Transposing 15x to LHS and — 4 to RHS] 
=> x>4 
=> x €(4, 00) 


Hence, the solution set of the given inequation is (4, 0). This can be graphed on the real line as 
shown in Fig. 15.9. 


=.00 0 4 +00 
Fig. 15.9 
(iii) We have, 
1/3 1 
—|—x+4]/2>—(x-6 
(2244) miss ) 
al ses at e-9 
S| 3 
3x +20 x-6 
10 3 
3 (3x + 20) 210 (x — 6) [Multiplying both sides by 30 i.e. the lcm of 3 and 10] 
9x + 60 =10x - 60 


9x —10x =-— 60 — 60 [Transposing 10x on LHS and 60 on RHS] 


sy 


YUU y 
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= -—x 2-120 
= x £120 [ Multiplying both sides by —1] 
= x €(—~, 120] 


Hence, the solution set of the given in equation is (— , 120] which can be graphed on real line 
as shown in Fig. 15.10. 





—— 120 a 
Fig. 15.10 


(iv) We have, 
3(x — 2) ‘ 9 (2 — x) 


5 3 
3x-6_ 10-—5x 
=> Se a ee oe ee 
5 3 
= 3(3x —6) = 5(10 —5x) [Multiplying both sides by 15 i.e. the lcm of 5 and 3] 
= 9x -—18 >50 —25x 
=> 9x + 25x 250 +18 [Transposing — 25x to LHS and 18 to RHS] 
= 34x = 68 
34x _ 68 
— = peas 
34 34 : 
= pa PL 
— xe [2, 20) 


Hence, [2, «) is the solution set of the given inequation. This solution set can be graphed on real 
line as shown in Fig. 15.11. 
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—cO 0 ? + CO 
Fig. 15.11 
EXAMPLES5 Solve the following inequations: 
1 x+1 
i <0 il 21 
w) x-2 (uy) x+2 
SOLUTION (i) We have, 
<0 
x-2 
=> x-2<0 F ; <Oanda>0 => b<0| 
> Xr. 
=> x €( —0, 2) 


Hence, the solution set of the given inequation is ( — ©, 2). 
(ii) We have, 
x+1 


x+2 
x+1 
x+2 
x+1-x-2 
x+2 





21 





—-120 


20 
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<4 
—- 
x+2 
=> x+2<0 ki “> 0anda<0 = b<0 
=> x<-2 
=> x E€(— 00, — 2) 


Hence, the solution set of the given inequation is (— , — 2). 


Type II EQUATIONS OF THE FORM 
x +b x+l 
ax+b oe Za - ax aie Ge ax bap 
cx +d cx +d cx+d cx +d 














In order to solve this type of inequation, we use the following algorithm. 


ALGORITHM 

STEPI Obtain the inequation. 

STEPII Transpose all terms on LHS. 

STEP IM Simplify LHS of the inequation obtained in step II to obtain an inequation of the form 

posed 0: or PESTS 9) Ota)! or ea < 0. 
rX+S rX +5 xX +s rx +s 

STEPIV Make coefficient x positive in numerator and denominator if they are not. 

STEP V Equate numerator and denominator separately to zero and obtain the values of x. These values 
of x are generally called critical points. 

STEP VI Plot the critical points obtained in step V on real line. These points will divide the real line in 
three regions. 

STEP VII In the right most region the expression on LHS of the inequation obtained in step IV will be 
positive and in other regions it will be alternatively negative and positive. So, mark positive 
sign in the right most region and then mark alternatively negative and positive signs in other 
regions. 

STEP VII Select appropriate region on the basis of the sign of the inequation obtained in step IV. Write 
these regions in the form of intervals to obtain the desired solution sets of the given inequation. 

EXAMPLE6 Solve the following linear inequations: 

















x-3 x-2 
LJ >0 se 2 
0) aE i ee 
SOLUTION (i) We have, 
BEAO () 
x—5 eee 


Equating x —-3and x-—5 to zero, we obtain x = 3,5 as critical points. Plot these points on 
real line as shown in Fig. 15.12. The real line is divided into three regions. In the right most 
region the expression on LHS of (i) is positive and in the remaining two regions it is 
alternatively negative and positive as shown in Fig. 15.12. 


48 = + 
ee —..___ — 
—-@ 3 5 + co 
Fig. 15.12 


Since the expression in (i) is positive, so the solution set of the given inequation is the union of 
regions containing positive signs. Hence, from Fig. 15.12 
PO A x 
47-50 => xE(-™, 3) UG, ~) 
x-95 
Hence, the solution set of the given inequation is(— 00, 3) U(5, %) as shown in Fig. 15.12. 


— » ~~ 
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(ii) We have, 











= 
x+5 
=> tage —2>0 
x+5 
- X¥-2-2(X+5) 9 
x+5 
x —-2—-2x-10 
=> —____———- > 0 
x+5 
= —x-12 “0 
x+5 
x +12 Multiplying by —1 to make coefficient of ; 
= x+5 <0 E soetive in he expression in arin ---(i) 


On equating x + 12 anc. x +5 to zero, we obtain x =—12, —5 as critical points. These points are 
plotted on number line as shown in Fig. 15.12. The real line is divided into three regions and the 
signs of LHS of inequation (i) are marked. Since the inequation in (i) possesses less than sign 
which means that LHS of the inequation is negative. So, the solution set of the given inequation 
is the union of the regions ontaining negative sign in Fig. 15.13. Hence, the solution set of the 
given inequation is (—12, —5). 














o = + 
ee 
—2 -—12 -5 +0 
Fig. 15.13 
EXAMPLE7 Solve the following inequations: 
(jis sc Gi) tS <o 
x-1 x-2 
SOLUTION (i) We have, 
2x+4 
x-1 
x-1 
fis ax+4-5(x-)L 4 
x-1 
&& 2x+4-5x+5 >0 
x-1 
Zs —3x+9 >0 
x-1 
3x -9 que 2 
= ray <0 [Multiplying both sides by — 1] 
=> See) S8) <0 
(x —1) 
x-3 Sere : 
=> aa <0 [Dividing both sides by 3] 
=> 1<x <3 z " [See Fig. 15.14] 
—_— FOO _».OOOTO. 
—co 1 3 +00 


Fig. 15.14 
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— x E(1, 3] 
Hence, the solution set of the given inequation is (1, 3]. 
(ii) We have, 














+3» 
x-2 
=e X+3 56 
x-2 
ay x+3-2x+4 _ 1 
x-2 
—x+7 
—— <0 
. x-2 
x-7 2 | 
a 2 = [Multiplying both sides by —1] 
x-— 
= x €(—, 2) U[7, 0) [See Fig. 15.15] 
= ~ + 
is 2 7 + 00 


Fig. 15.15 


Hence, the solution set of the given inequation is(—, 2) U[7, 0). 





















































EXERCISE 15.1 
LEVEL-1 
Solve the following linear inequations in R. 
1. Solve: 12x <50, when 
(i) xeER (ii) xEZ (iii) x EN 
2. Solve: —4x > 30, when 
(i) xER (ii) xEeZ (iii) x EN 
3. Solve: 4x —2 <8, when 
(i) xEeR (ii) xEZ (iii) xe N 
4. 3x-7 >x+1 5. x+5>4x-10 6. 3x+9>-x+19 
7 2(3-x)2—+4 8. w= 9. -—(x-3)+4<5-2x 
ee ee gg AUK) 2 S49) ii; ee ai te 
5 4 5 5 7 2 4 4 
ise eae fy BS ee I) ee |e 
3 5 4 3 3 6 
fog SG iy PES Ie AEE eer ea 
3 2 5 5 3 
6x—-—5 2x -3 3 
19. <0 20. ———- > 0 21. <1 
4x+1 3x —7 x-2 
1 4x+3 5x -—6 
22. —— <2 23. <6 24. <1 
x-1 2x-—5 x+6 
5x+8 x-1 7x-5 
: <2 26. 27. >4 
ae 4—x x+3 8x+3 
28. Peas 
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ANSWERS 
1. (i) (—~, 25/6) (ii) (..-—3,-—2,-—-1,0,1, 2, 3, 4} (iii) {1, 2, 3, 4} 
2. (ii) (—oo,-—15/2) _— (ii) {........... ,-9,-8 (iii) 
3. (i) (-~,5/2) (ii) {.......,-2,—1, 0,1, 2} (iii) {1,2} 
4. (4, ») 5. (— 1,5) 6. [5/2, «) 
7. (<0, 10/11] 8. [11/14, «) 9, (—20, —2) 
10. (—«, 2/9) 11. [—44, «) 12. [3, «) 
13. (—«#, —50) 14. (—~», -13/2) 15. (8, 0) 
16. [—26, ~) 17. (-1, ~) 18. [-—7, 0) 
19. ( -1/4,5/6) 20. (—~, 3/2) U(7/3, ~) 21. (— 20, 2) U(5, 00) 
22. (—, 1) U[3/2, «) 23. (—0,5/2)U (33/8, 0) 24. (-6, 3) 
25. (—«, 0) U(4, 0) 26. (-7, -3) 27. (-17/25, -3/8) 


28. (— «0, —5) U(5, 0) 


15.5 SOLUTION OF SYSTEM OF LINEAR INEQUATIONS IN ONE VARIABLE 

In the previous section, we have learnt how to solve a linear inequation in one variable. In this 
section, we shall use it to solve a system of linear inequations in one variable. Recall that the 
solution set of a linear inequation is the set of all points on real line satisfying the given 
inequation. Therefore, the solution set of a system of linear inequations in one variable is the 
intersection of the solution sets of the linear inequations in the given system. 


We use the following algorithm to solve a system of linear inequations in one variable. 


ALGORITHM 

STEPI Obtain the system of linear inequations. 

STEPII Solve each inequation and obtain their solution sets. Also, represent them on real time. 

STEP It Find the intersection of the solution sets obtained in step II by taking the help of the graphical 
representation of the solution sets in step II. 

EPIV The set obtained in step III is the required solution set of the given system of inequations. 


Following examples will illustrate the above algorithm. 


WN 
— 





ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Solve the following system of linear inequations: 


3x-6 20 
4x -10 <6 
SOLUTION The given system of inequations is 
3x -620 ...(1) 
4x -10 <6 ...(ii) 


Now, 3x-620 > 3x26> Fed — > ee 


ss: Solution set of inequation (i) is [2, 0) 
and, 4x-10<6 => 4x<16 > x<4 
Solution set of inequation (ii) is (— 0, 4] 


_ 7 sees ae ee a ee Ow ——— a8 6! eee mre eee 


— wo ete aD we —— oe 


ow 


resem me 
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——_—___-—-—_——————— —n—X&«—_ oO SO ee 
=o Ora. A rine 


Fig. 15.16(i) 


= :.— nn — — eeeeeeeeEeE ee tS - Ol 
—-Oo 0 5 4 + D 


a 


Fig. 15.16(ii) 


The solution sets of inequations (i) and (ii) are represented graphically on real line in Figs. 15.16 
(i) and (ii) respectively. 

Clearly, the intersection of these solution sets is the set [2, 4]. 

Hence, the solution set of the given system of inequations is the interval [2, 4]. 


EXAMPLE 2 Solve the following system of inequations: 
spe She shy 
Bee he ee > 
A 8/8 
2x x-1 3, 3X +1 


12 3 4 
SOLUTION The given system of inequation is 
ox . ox. 39 
Sa ee ee 
see.” 1S 
2x-1 x-1 2 38x+1 


12 3 4 
5x 3x. 39 
— + = > 
4 8) 8 
10x+3x 39 

=> eS co 

8 8 

=> 13x > 39 

=> x>3 

=> 

SO, 




















...(ii) 


Now, 


x €(3, 0) 
the solution set of inequation (i) is the interval (3, 0). 
2x-1 x-1 3x+1 


12 3 4 
(2x —1) —4(x-1) 2 3x+1 
12 4 
—2x+3 2 3x+1 
12 4 
— 2x + 3 <3(3x +1) [Multiplying both sides by 12 i.e. the l.c.m. of 12 and 4] 
—2x+3<9x+3 
—2x —-9x<3-3 
—11x <0 
x>0 
x €(0, 0) 
So, the solution set of inequation (ii) is the interval (0, 00). Let us now represent the solution sets 
of inequations (i) and (ii) on real line. These solution sets are graphed on real line in Figs. 15.17 (i) 
and 15.17 (ii) respectively. 
From Figs. 15.17 (i) and (ii), we observe that the intersection of the solution sets of inequations (i) 
and (ii) is interval (3, 0) represented by common thick line. 
Hence, the solution set of the given system of inequations is the interval (3, 00). 


= 








d, 


y 





VuUUNUU Y 
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—D 0 3 + 00 
Fig. 15.17(i) 
me Er ———————— 
— co 0 3 +O 
Fig. 15.17(ii) 


EXAMPLE3_ Solve the following system of inequations: 2 (2x + 3) -10 <6(x —2) 





ona Geo 
3 
SOLUTION The given system of inequations is 
2 (2x + 3) -10 <6 (x —2) ...(i) 
2x -3 65048 .--(ii) 
“ 3 


Now, 2(2x+ 3)-—-10<6(x-2) 
4x+6-10<6x—-12 
4x -4<6x-12 
4x —-6x <4—-12 
—-2x<-8 
x>4 
x €(4, 2) 
So, the solution set of the first inequation is the interval (4, 2). 


d, ce Asp prc 
4 3 


2x -3+ 24 , 6+ 4x 
4 hie" 
2x + 21 = 4x+6 
4) 27mg 
3 (2x + 21) > 4 (4x + 6) 
6x + 63 216x + 24 
6x —16x = 24 -— 63 
—10x =- 39 
xx 
10 
x<3.9 
x €(—2, 3.9] 
So, the solution set of inequation (ii) is the interval (— 00, 3.9]. 
The solution sets of inequations (i) and (ii) are graphed on real line in Figs. 15.18 (i) and (ii) 
respectively. 


We observe that there is no common solution of the two inequations. So, the given system of 
inequations has no solution. 


YUUYUY 


5 











YU YVUYYYU Y 


3.9 


— 00 0 4 + 00 
Fig. 15.18 (i) 


3.9 
—— rr 


4 
Fig. 15.18 (ii) 


(oe aes rE 2 eee oe oe ae ee oe ~— 


- —— So ee & oh Oey ees eae ww ee 
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EXAMPLE4 Solve:—11<4x-—3<13 
SOLUTION We have, 
—1124x-3213 © -1124x-3and 4x—-3213 
Thus, we have two inequations and we wish to solve them simultaneously. Instead of solving 


these inequations by using the method discussed in first three examples, let us solve them 
directly in a different way as given below. 











We have, 
-11<4x-3<13 

=> —-11+3<4x-3+35<13+3 [Adding 3 throughout] 
=> —-8<4x<16 
= " <x ~ [Dividing by 4 throughout] 
= —2<5x<4 
= x €[-—2, 4] 
Hence, the interval [ — 2, 4] is the solution set of the given system of inequations. 
EXAMPLES Solve:—5 < 29% <9 [NCERT EXEMPLAR] 
SOLUTION We have, 

2 eT 

2—3x Secs 
=> —-5x4< ale 4<9x4 [Multiplying throughout by 4] 
= —20 $<2—3x< 36 
=> —20-—252—3x-25 36-2 [Subtracting 2 throughout] 
=> —22<-3x< 34 
=D) 

= =a 2 — Pa - [Dividing throughout by — 3] 
= 22 >x> _ 34 

3 3 
= —34 <x < 22 

3 3 
=> x e[— 34/3, 22/3] 


Hence, the interval [— 34/3, 22/ 3] is the solution set of the given system of inequations. 
1 6x 1 
< oe 


/ 


2x+1 4 4x-1 2 
SOLUTION The given system of inequations is 


EXAMPLE6 Solve the system of inequations: 











x 1 
=— (I 
x+1 4 (i) 
BeOS a 5. .--(il) 
4x-1 2 
Now, se si 
2x+1 4 
x 
—-—20 
= x41 4 
4x —(2x +1) 
=> a ee ee 


4 (2x +1) 
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2x -1 
=0 Multiplying both sides by 4 
=> ay [Multiplying both sides by 4] 
= x e(—~», —1/2) U[1/2, «) [See Fig. 15.19 (i)] 
+ = + 
—-D a 1 1 +2 
2 2 
Fig. 15.19(i) 
+ = + 
——_—— OO —_...0 Ce 
—H 21 1 +2 
S a 
Fig. 15.19(ii) 
Thus, the solution set of inequation (i) is (—%, —-1/2) U[1/2, ~) .+» (iii) 
6x 1 
And, — 
4x-1 2 
—- 05s nat <0 
4x-1 2 
12x —(4x —1) 
2 (4x —1) 
8x+1 
— ga Ten 
2 (4x -1) 
=> sd ; <0 [Multiplying both sides by 2] 
x —_ 
=> x e( —1/8,1/4) [See Fig. 15.19 (ii)] 
Thus, the solution set of inequation (ii) is 
(—1/8, 1/4) ...(iv) 


It is evident from Fig. 15.19 that the intersection of (iii) and (iv) is the null set. 
Hence, the given system of equations has no solution. 


EXERCISE 15.2 





Solve each of the following system of equations in R. 














1.x+3>0, 2x<14 2. 2x-7>5-x, 11-5x<l 

3. x-2>0, 3x<18 4. 2x+6 20, 4x-7 <0 

5. 3x -6>0, 2x-5> 0 6. 2x-3<7, 2x>-4 

7. 2x+5<0, x-3<0 8. 5x-1<24, 5x+1>-24 

9. 3x-125, x+2>-1 10. 11-5x>-4, 4x+13<-11 

11. 4x-1<0, 3-4x<0 12. x+5>2(x+1), 2-—x<3(x+2) 

13. 2(x-—6) <3x—-7, 11-2x<6-x 140 Sx=7 <8 POLIS Sx-4 
2 

15. A=" 2252 -6,2(0x+ 3) <6(x—2)+10 16. Lie Mert <-3, SaE8 ag <0 

ace ea, 18. 0<— <3 

7x-1 x-8 9) 


19. 10<—5 (x —2) <20 20. —-5<2x-3<5 


oO ee 


-o wwyeverne =o ee 
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21. ae a <3< —. 7? x>0 [NCERT EXEMPLAR] 
x+ 
ANSWERS 
1. (- 3,7) 2. (4, 0) 3. (2, 6) 4. [- 3,7/4) 
5. (5/2, ©) 6. (—25) 7.(-, -5/2] 8. (-5,5) 
9. [2, 0) 10. (-«%, —6] 11. No Solution 12. (-1, 3) 
13. (5, 0) 14. (-—©, 2] 15. No Solution 16. (—0«, —21) 
17. No Solution 18. (—6, 0) 19. (-2, 0] 20. (—1, 4) 21. [1/3, 1] 


15.5.1 SOME IMPORTANT RESULTS 
In this sub-section, let us discuss some results on inequations involving modulus of the variable. 
We state and prove these results as theorems. 
THEOREM 1 [fais a positive real number, then 
(i) |x|<ag@ -a<x<a ie. x E(-4a,a) 
(ii) |x| S am -asxSai.e. x €[-a, a] 


—_ O_O OO OOvmWUUUUU- ce OO 





—-co —-f a + 
Fig. 15.20(i) 

—o —a a +o 
Fig. 15.20(ii) 


PROOF (i) We know that: Iel={_% a er 


So, we consider the following cases: 


CASEI Whenx 20: In this case,| x| = x. 
: |x|<a=>x<a 
Thus, in this case the solution set of the given inequation is given by 
x=>Oandx<a=> 0<x<a ..-(i) 
CASE It When x <0: In this case,| x] =—~. 
|x|<a => -x<a=> x>-a 
Thus, in this case the solution set of the given inequation is given by 
x<0O andx>-a=> -a<x<0 ...(ii) 
Combining (i) and (ii), we get 
|x|<a = -a<x<Oor, O<x<a& -a<x<a. 
(ii) Proceeding exactly as in (i), we get 
|x| sa=>-asx<a. 
THEOREM 2 If ais a positive real number, then 
(i) |x| >a x<-aorx>a 


— oO —Aa a co 
Fig. 15.21(1) 
(ii) |x| 2a <> xS-aorx2a 
ee  — — 


—&A a 
Fig. 15.21 (li) 
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PROOF CASEI When x > 0: In this case, | x] =x 
\*| >= x >a 
Thus, in this case the solution set of the inequation| x| >a is given by 
x>Oandx>a=> x>a [.- a>O] _ ...(i) 
CASEIL When x <0: In this case,| x| =—x 
|x| >a =>-x>a> x<-a 
Thus, in this case the solution set of the given inequation is given by 
x<Qandx<-a=>x<-a ee > Ol) (it) 
Combining (i) and (ii), we get 
|x| >acqx<-aorx>a 
(ii) Proceeding as in (i), we get 
|x| >acxs -aorxea. 
THEOREM 3 Let r be a positive real number and a be a fixed real number, Then, 
(i) |x-al<r@ a-r<x<atr iexe(a-r,a+r) 
(ii) |x-al<r = a-r<xsatr ie.xefa-r, a+r] 
(iii) |x-al>rq> x<a-r, or x>a+r 
(iv) |x-al=r @& x<sa-r,orx2a+r 
PROOF (i) Using Theorem 1, we obtain 
|x-al<r@ -r<x-a<r > a-r<x-a+a<atrs aA-r<x<atr 
(ii) Using Theorem 1 (ii), we obtain 
|x-al<r@ -rsx-asre a-rsx-a+asat+rs a-rsxsatr 
(iii) Using Theorem 2(i), we obtain 
|x-al>r & x-a<r,orx-a>re X<a-r,orx>atr 
(iv) Using Theorem 2 (ii), we obtain, 
|\x-al2>req> x-as-r,orx-a2zra xSa-r,orx2ar+r 
NOTE: These results may be used directly for solving linear inequations involving absolute values. 
THEOREM 4 Let a,b be positive real numbers. Then 
(i) a<|x|<b<= xe(-—b,-a) U(a,b) 
(ii) as|x|<b<o xe[-b,-a]VU[a, }] 
(iii) a<|x-—c| <bo xe[-—b+c,-a+c]U[a+c,b+c] 
(iv) a<|x-c|<bo xe(—-b+c,-a+c)U(a+c,b+Cc) 
PROOF (i) a<|x|<b<|x|>aand|x| <b = (x <-aorx>a) and(-b<x <b) 
<= xe(—-b, -a) U(a,b) 
Similarly, we can prove other results. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 | 3x -2| <> 


SOLUTION We know that: |x-a| <r <= a-rsx<a+r 
1 1 1 3 5 1 


Se Zee => ey a BOS is > Pies => 58x52 => xefl/2, 5/6] 
Hence, the solution set of the given inequation is the interval [1/2, 5/6]. 
EXAMPLE2 Solve:|x—2|25 
SOLUTION We know that:|x-a|l2=r <= x<a-r,orx>a+¢r 

|x-—2|25 


a 


ee ee _—— <= 


Se 


SS a a ee ed ee ee 


ake e 


eee 


rYuuvyyy y 
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xs2-5,orx22+5 
x<-30rx27 = xeE(-~,-3]orxe[7,~) > xeE(—-~%,- 3] U7, ~) 


Hence the solution set of the given inequation is (— ©, — 3] U[7, ~) 


EXAMPLE3 Solve:1<|x - 2|<3 
SOLUTION We know that : 


as|x-—c|<b @ xe[-b+c, -a+c]U[at+c, b+ c] 
1s|x - 2|<3@ xe[-3+2,-1+2]Uf1+2,3+2] > xe[-1,1]] U[3,5] 


Hence, the solution set of the given inequation is [—1, 1] U[3, 5]. 
EXAMPLE4 Solve the following system of inequations: |x -—1|<5, |x|22 [NCERT EXEMPLAR] 
SOLUTION The given system of inequations is 


Now, 
—-> 
— > 


|x-1|<5 scc() 
|x| 22 ...(ii) 

|x-1]<5 

1-5sxs1+5 [s |x-al<rqa-r<xsartr] 


-4<x<s6>=> xe[-4, 6] 


Thus, the solution set of (i) is the interval x e[ —4, 6]. 


and, 


[x] 22a xs -2,0rx2=2 [- Jxj2a => x< -aorx<al 
= x E(-—%, —2] U[2, 0) 


Thus, the solution set of (ii) is (— 0, — 2] U[2, «). 


The solution sets of inequations (i) and (ii) are represented graphically in Figures 15.22 (i) and 
15.22 (ii) respectively. The intersection of these two is[—4, — 2] U[2, 6] 


a 
=e -4-2 0 2 6 +o 
Fig. 15.22(i) 
rr a 
— oo —2 0 2 + 2 
Fig. 15.22(ii) 


Hence, the solution set of . given system of inequations is[—4, —2]U[2, 6]. 


EXAMPLES5 Solve: aa >0, xER, x¥ +2. 


x|-—2 


SOLUTION We have, 


: y- 


[x|-1 a EE ea a ee 
j=1=2 es . a. : 
Fig. 15.23 

hoe Say where y =| x 

yE2 y =|x| 


ysil See [ See Fig. 15.23] 


|x| <1.orfix|>2 

(- —1<x 1) or (x <-2o0rx>2) 
x e[—1, 1] or x €(—~, — 2) U(2, 0) 
x e[-—1, 1] U(—, —2) U(2, 2) 


the solution set of the given inequation is [—1, 1] U(— ~, — 2) U(2, «). 


EXAMPLE6 Solve: eS 1 wherex eRpx +2 


[x|-2 
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SOLUTION We have, = : >1 








| x|- 
= a5 —120 
|x|-2 
5  --(z1-2),, 
|x|-2 
—- BaIZ lo 
[el 2 ro a tT 
# => —————_—_—————— @ °, 
=> LI ! < — 2 Te i re) 
ing Fig. 15.24 
= Sy where y = |x| 
y—-—2 
= 1<y<2 [See Fig. 15.24] 
= 1<|x| <2 [- y=|<x|] 
= xe(-2, -1]VU[1, 2) [-- a<|x|<boxe[-b, -—a) U(a,b]] 


Hence, the solution set of the given inequation is(—2, —1] U[I, 2) 


Pt x4. 
x-—4 


EXAMPLE7 Solve the inequation: 





SOLUTION We have, 














2 >1 x#4 
x-4 
> seh co “° | = | a| 
|x—4| b| [5 | 
= 2>|x-4| [.- |x-—4]>0 forall x #4] 
= 4-2<x<4+2 [-s |x-al<r@ a-r<x<atr] 
= 2<x <6 
=> x €(2, 6) 
But, ene. 
Hence, the solution set of the given inequation is (2, 4) U (4, 6). 
EXAMPLES Solve; |X +31** [NCERT EXEMPLAR] 
|\x+3|+x 
SOLUTION We have, —————— > 1. 
+2 
Clearly, LHS of this inequation is meaningful for x # — 2. 
Now [x+S3]+x , 
‘ x+2 
=> [x+3l+*_ 1.6 
x+2 
= [x+3|+x-x-2_ 5 
x+2 
=> [x+3|-2.) 
x+2 


ee ee ee 


 ————— ee ee er are 


15.20 : MATHEMATICS-XI 


Now two cases arise: 
CASEI When x+320i.e.x 2-3: In this case, | x + 3|=x+ 3. 





|x+3|-2 0 
x+2 “ a S. 
ee © cena, © pe ee 

x+3-2 — —2 =; | + 0 
Ee x+2 ae Fig. 15.25 
on x+1 

x+2 

— x €(—0, —2) U(-1, ») [ See Fig. 15.25] 


But, x > — 3. Therefore, the solution set of the given inequation in this case is [—3, —-2) U(—1, ). 
CASEI When x + 3 <Oi.e.x <—3: In this case, | x + 3] =—(x + 3). 





[x+3|-2 ma 
x+2 4 = + 
—————— Or —— 
=> BABES) IE Ps 9 —© 257° SD +0 
x+2 Fig. 15.26 
=> =(&+5) L4 
x+2 
x+5 
——- 
x+2 
— x e(-—5 —2) [See Fig. 15.26] 


But, x < — 3. Therefore, the solution set of the given inequation in this case is the interval (—5, — 3). 
From Case I and Case II, we obtain that the solution set of the given inequation is 

[-3, —2) U(-1, ©) U(-5, —3) = (-5, —2) U(-1, ©). 
EXAMPLE9 Solve: |x—-1|+|x-—2|24 
SOLUTION On the LHS of the given inequation there are two terms both containing modulus. 
By equating the expressions within the modulus to zero, we get x =1, 2 as critical points. These 


points divide real line in three parts viz.(—°0, 1], [1, 2]and[2, «). So, we consider the following 
three cases. 


——e—eEeEaeaEEEEaEE———EeE—EEEE—E>E—_———EE— 
— oc 1 tee? 4 +00 
Fig. 15.27 


CASEI When —c <x <1: In this case, we have| x —1| =—(x-1) and|x-2| =-—(x —2) 
|x-1|+|x-2| 24 
—(x-1)-(x-2) 2 4 
—2x+324 
—2x21 


1 
2s — 
2 


VY uud 


But, —o <x <1.Therefore, in this case the solution set of the given inequation is(—, —1/2] 
CASEN When1 <x <2: In this case, we have| x—1| = (x—1) and|x-—2| = -(x-2) 
|x-1|+|x-2] 24 
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= x-1-(x-2)24 

= 1 > 4, which is an absurd result. 

So, the given inequation has no solution for x €[1, 2). 

CASEII1 When x >2: In this case, we have | x -1|=x-—1and|x-2|=x-2 
|x-1|+|x-2| 2 4 


— x-1+x-2 24 
= 2x-3 24 
— 2h 27 
= a eee 

2 


But, x > 2. Therefore, in this case the solution set of the given inequation is[7/2, ©). 
Combining Case I and Case II, we obtain that the solution set of the given inequation is 
(—o, —1/2]U[7/2, ~) 


EXAMPLE10 Solve: aad <is 


xX + 
SOLUTION We have, 


|x-1| bong Kass |x-1|_, nes |x —1| —(x + 2) ns 
x+2 x+2 x+2 


0 


Now the following cases arise. 
CASEI Whenx—120 i.e. x 21: In this case, we have| x-1| = x-1 
|x-—1|-—(x + 2) s 





0 

x+2 
Es (x-1I)-(@+2) — g 

x+2 
— sais < 0 

x+2 

— x+2>0 jv E<anda<o =b>0 
> x >-2 


But, x >1. Therefore, x > —2 and x >1. implies that x 21. Thus, in this case the solution set of the 
given inequation is [1, ©). 








CASEII When x-1<0 i.e. x <1: In this case, we have| x -1| = —(x—1). 
|x —1|—(x + 2) 
—_—___—__—“ < 0 
x+2 
EF —(x —1) —(x + 2) 210 
x+2 
+ = + 
BR _2x+1 i mE ee fee Sone 
x+2 ai Te 2 ee 
se Fig. 15.28 
=> > 
Xx+2 
=> xe(-—o —2)U(-1/ 2,0) [See Fig. 15.28] 
But, x <1. Therefore, x €( —0, —2) U(—1/2, «) and x <1 implies that x e€(—co, —2) u{5.1} 


eee ee Oe ee ee 
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Thus, in this case the solution set of the given inequation is (—«, — 2) U(—1/2, 1). 
Combining Case I and Case II, we obtain that the solution set of the given inequation is 


(—c, —2) U(-1/2, ©) 














EXERCISE 15.3 
LEVEL-2 
Solve each of the following system of equations in R. 
4. |x +2 5% 2.|4-x|/+1<3 
Be oO 
| [Sele ge=aZl 9 
2 12 x—2 
eioceal GU EAS hv, 
|x/-3 2 x 
77 |e 8. |x—-1]+]x-2]+|x-3]26 
x—1 
|[x-2] -1 iT eat | 
9. ————_ <0 [NCERT EXEMPLAR] 10. ———<-— [NCERT EXEMPLAR] 
|x-—2|-2 lx} -3 2 
11. |x+1|+|x|>3 [NCERT EXEMPLAR] 12.1<|x-2|/<3 
13. |3-—42| 29 [NCERT EXEMPLAR] 
ANSWERS 


3. [19/18, 29/18] 
6. (—«, 0) U(1, «) 
9. (0,1) U[3, 4) 

12. [-1,1]U[3, 5] 


1. (—c0, —3) €(7/3, «) 2. (2, 6) 
4. (2, 0) 5. (-—0, —5) U(-3, 3) UG, «) 
7. (3/4, 1) U(1, ©) 8. (—00, 0] U[A4, 00) 

10. (—c0, -5}U(-3, 3) U5, ©) 11. (—2%0,—2) U(1,0) 

13. (—co, —3/2]U[3, 00) 

15.6 SOME APPLICATIONS OF LINEAR IN EQUATIONS IN ONE VARIABLE 


In this section, we shall utilize the knowledge of solving linear in equations in one variable in 
solving different problems from various fields such as science, engineering, economics etc. 


Following examples will illustrate the same 


ILLUSTRATIVE EXAMPLES 
LEVEL-1 


EXAMPLE1 Find all pairs of consecutive odd positive integers, both of which are smaller than 18, such 
that their sum is more than 20. 

SOLUTION Let x be the smaller of the two consecutive odd positive integers. Then, the other 
odd integer is x + 2. 

It is given that both the integers are smaller than 18 and their sum is more than 20. Therefore, 


x+2<18 and, x+(x+2)>20 





=> x <16 and 2x+2>20 
=> x <16 and 2x >18 
=> x <16andx>9 => 9<x<16 => x=11,13,15 [." xis an odd integer ] 


Hence, the required pairs of odd integers are (11, 13), (13, 15) and (15, 17). 
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EXAMPLE 2 Find all pairs of consecutive even positive integers, both of which are larger than 8, such 

that their sum is less than 25. 

SOLUTION Let x be the smaller of the two consecutive even positive integers. Then, the other 

even integer is x + 2. 

It is sgiven that both the integers are larger than 8 and their sum is less than 25. Therefore, 
x>8andx+x+2<25 


oH x>8 and 2x+2<25 
=> x >8 and 2x < 23 
oy be 
= x>8andx<> = B<x<— LU [-." xis an even integer ] 


Hence, the required pair of even integers is (10, 12). 
EXAMPLE3 The cost and revenue functions of a product are given by C(x) =2x +400 and 
R(x) = 6x + 20 respectively, where x is the number of items produced by the manufacturer. How many 
items the manufacturer must sell to realize some profit? 
SOLUTION We know that: Profit = Revenue — Cost. Therefore, to earn some profit, we must 
have 

Revenue > Cost 
=> 6x + 20 > 2x + 400 

380 


=— 6%: —2%.> 400 — 20 = ee oO ae = 95 


Hence, the manufacturer must sell more than 95 items to realize some profit. 
EXAMPLE4 [Qofa person is given by the formula: IQ = a x 100, where MA is mental age andCA is 


chronological age. If 80 < IQ <140 for a group of 12 year children, find the range of their mental age. 


SOLUTION We have: CA = 12 years 
MA MA 25 





IO = i00> 10 Se 0 
Qa OR pes 3 

Now, 80 < 1Q <140 

= 80 < > MA <140 

ae 240 420 


25 MA <420 > — < MA<— => 9.6 < MAS168 
25 25 


EXAMPLE 5 In the first four papers each of 100 marks, Rishi got 95, 72, 73, 83 marks. If he wants an 
average of greater than or equal to 75 marks and less than 80 marks, find the range of marks he should score 
in the fifth paper. 
SOLUTION Suppose scores x marks in the fifth paper. Then, 
95 +72 +73 +83+x 
75 < —————_ < 80 


5 
323 +x 


— 75 < <80 => 375 < 323+x<400 => 52 < x<77 





Hence, Rishi must score between 52 and 77 marks. 


EXAMPLE6 A manufacturer has 600 litres of a 12% solution of acid. How many litres of a 30% acid 
solution must be added to it so that acid content in the resulting mixture will be more than 15% but less 
than 18% ? 
SOLUTION Let x litres of 30% acid solution be added to 600 litres of 12% solution of acid. Then, 
Total quantity of mixture = (600 + x) litres 

30x , 12 


Total acid content in the (600 + x) litres of mixture = —— + 


100 * 100 * ° 


— ~~ was ee 


ee 


Tt) er ere . 
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Itis given that acid content in the resulting mixture must be more than 15% and less than 18%. 


15% of (600 + x) <( + a x 600 <18% of (600 + x) 
100 100 
J? x (600 +x) <2 + 2 x 600 <8 x (600 +2) 
100 100 100 100 
15 (600 + x) < 30x + 12 x 600 <18 (600 + x) [Multiplying through out by 100 ] 


9000 + 15x < 30x + 7200 < 10800 + 18x 
9000 + 15x < 30x + 7200 and 30x + 7200 <10800 + 18x 
9000 —7200 < 30x —15x and 30x —18x < 10800 —7200 
1800 <15x and 12x < 3600 
15x > 1800 and 12x < 3600 
x >120 and x < 300 
120 <x < 300 
Hence, the number of litres of the 30% solution of acid must be more than 120 but less than 300. 
EXAMPLE7 A man wants to cut three lengths from a single piece of board of length 91 cm. The second 
length is to be 3. cm longer than the shortest and third length is to be twice as long as the shortest. What are 
the possible lengths for the shortest board if third piece is to be at least 5 cm longer than the second? 
SOLUTION Let the length of the shortest piece be x cm. Then, the lengths of the second and third 
piece are x + 3cm and 2x cm respectively. Then, 

x+(x+3)+2x<91and 2x 2(x+3)+5 
=> 4x+3<91 and 2x2x+8 
=> 4x<88 andx28 > x<22andx28 => 8<x<22. 
Hence, the shortest piece must be at least 8 cm long but not more than 22 cm long. 


VUUNUYUY Y 


EXERCISE 15.4 


1. Find all pairs of consecutive odd positive integers, both of which are smaller than 10, such 
that their sum is more than 11. 


2. Find all pairs of consecutive odd natural number, both of which are larger than 10, such that 
their sum is less than 40. 


3. Find all pairs of consecutive even positive integers, both of which are larger than 5, such 
that their sum is less than 23. 


4. The marks scored by Rohit in two tests were 65 and 70. Find the minimum marks he should 
score in the third test to have an average of at least 65 marks. 


5. A solution is to be kept between 86° and 95°F. What is the range of temperature in degree 
Celsius, if the Celsius (C)/Fahrenheit (F) conversion formula is given by F == C + 32. 


6. Asolution is to be kept between 30°C and 35°C. What is the range of temperature in degee 
Fahrenheit? 

7. To receive grade ‘A’ in a cource, one must obtain an average of 90 marks or more in five 
papers each of 100 marks. If Shikha scored 87, 95, 92 and 94 marks in first four papers, find 
the minimum marks that she must score in the last paper to get grade ‘A’ in the course. 

8. A company manufactures cassettes and its cost and revenue functions for a week are 


C = 300+—xandR = 2x respectively, where x is the number of cassettes produced and 
2 


sold in a week. How many cassettes must be sold for the company to realize a profit? 
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9. The longest side of a triasngle is three times the shortest side and the third side is 2 cm 
shorter than the longest side if the perimeter of the triangles at least 61 cm, Find the 
minimum length of the shortest-side. 

10. How many litres of water will have to be added to 1125 litres of the 45% solution of acid so 
that the resulting mixture will contain more than 25% but less than 30% acid content? 

11. A solution of 8% boric acid is to be diluted by adding a 2% boric acid solution to it. The 
resulting mixture is to be more than 4% but less than 6% boric acid. If there are 640 litres of 
the 8% solution, how many litres of 2% solution will have to be added? 

12. The water acidity in a pool is considered normal when the average pH reading of three 
daily measurements is between 7.2 and 7.8. If the first two pH reading are 7.48 and 7.85, 
find the range of pH value for the third reading that will result in the acidity level being 


normal. 
ANSWERS 
A. (5:7)7 (7; 9) 2. (11, 13), (13, 15), (15, 17), (17, 19) 3. (6, 8), (8, 10), (10, 12) 
4. 60 5. Between 30°C and 35°C 6. Between 86°F and 95°F 
7. 82 marks 8. More than 600 9. 9cm 
10. More than 562.5 litres but less than 900 litres 
11. More than 320 litres but less than 1280 litres 12. Between 6.27 and 8.07 


15.7 GRAPHICAL SOLUTION OF LINEAR INEQUATIONS IN TWO VARIABLES 


If a, b, c are real numbers, then the equation ax + by + c = 0 is called a linear equation in two 
variables x and y whereas the inequalities ax + by <c, ax + by >c, ax + by <c and ax + by >c are 
called linear inequations in two variables x and y. 


We have studied in coordinate geometry that the graph of the equation ax + by =c is a straight 
line which divides the xy-plane into two parts which are represented by ax + by <c and 
ax + by >c. These two parts are known as the closed half-spaces. The regions represented by 
ax + by <c and ax + by > c are known as the open half spaces. In set theoretical notations, the set 
{(x, y):ax +by =c} is the straight line, sets {(x, y):ax+by <c} and {(x, y):ax+by 2c} are 
closed half spaces and the sets {(x, y) : ax + by <c}and {(x, y) : ax + by > c} are open half-spaces. 
These half spaces are also known as the solution sets of the corresponding inequations. 


In order to find the solution set of a linear inequation in two variables, we follow the following 
algorithm. 


ALGORITHM 


STEP I Convert the given inequation, say ax + by <c, into the equation ax + by =c which represents a 
straight line in xy-plane. 


STEPII Put y=O0 in the equation obtained in step I to get the point where the line meets with x-axis. 
Similarly, put x = 0 to obtain a point where the line meets with y-axis. 


STEP Il Join the points obtained in step II to obtain the graph of the line obtained from the given 
inequation. In case of a strict inequality t.e. ax + by <c or ax + by >c, draw the dotted line, 
otherwise mark it thick line. 


STEP IV Choose a point, if possible (0, 0), not lying on this line : Substitute its coordinates in the 
inequation. If the inequation ts satisfied, then shade the portion of the plane which contains the 
chosen point; otherwise shade the portion which does not contain the chosen point. 

STEP V The shaded region obtained in step IV represents the desired solution set. 


REMARK In case of the inequalities ax + by <c and ax + by >c points on the line are also a part of the 


shaded region while in case of inequalities ax + by <c and ax + by >c points on the line ax + by =c are 
not in the shaded region. 


The following examples illustrate the above algorithm. 








Oe eee) ee 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Solve the following inequations graphically: 
(i) 2x + 3y <6 (ii) 2x -y21 (iii) x 22 (iv) ys-3 
SOLUTION (i) Converting the given inequation into equation, we obtain 2x + 3y =6. 


Putting y = 0 and x = 0 respectively in this equation, we get x = 3 and y = 2. So, this line meets 
x-axis at A(3, 0) and y-axis at B (0, 2). We plot these points and join them by a thick line. This line 
divides the xy-plane in two parts. To determine the region represented by the given inequality 
consider the point O (0, 0). Clearly, (0, 0) satisfies the inequality. So, the region containing the 
origin is represented by the given inequation as shown in Fig. 15.29. This region represents the 
solution set of the given inequations. 





Fig. 15.29 Fig. 15.30 


(ii) Converting the given inequation into equation we obtain 2x — y = 1. This line meets x and 
y-axes at A (1/2, 0) and B(0, — 1) respectively. Joining these points by a thick line we obtain the 
line passing through A and B as shown in Fig. 15.30. This line divides the xy-plane into two 
regions viz. one lying above it and the other lying below it. Consider the point O(0, 0). Clearly, 
(0, 0) does not satisfy the inequation 2x —y 21. So, the region not containing the origin is 


represented by the given inequation as shown in Fig. 15.30. Clearly it represents the solution set 
of the given inequation. 


(iii) We have x 2 2.Converting the inequation into equation, we obtain x = 2. Clearly, it is a line 
parallel to y-axis at a distance of 2 units from it. This line divides the xy-plane into two parts viz. 
one part on the LHS of x = 2 and the other on its RHS. We find that the point (0, 0) does not satisfy 
the inequation x 22. So, the region represented by the given equation is the shaded region 
shown in Fig. 15.31. The shaded region is the required solution set of the given inequation. 





Fig. 15.32 
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(iv) We have y < — 3. Converting the given inequation into equation we obtain y =—3. Clearly, it 
is a line parallel to x-axis at a distance of 3 units below it. The line y = —3 divides the xy-plane into 
two regions one below it and the other above it. Consider the point O (0, 0). We find that (0, 0) 
does not satisfy the inequation y < — 3. So, the region represented by the given inequation is the 
region not containing the origin as show in Fig. 15.32. Clearly, it is the solution set of the given 
inequation. 


EXAMPLE 2_ Solve the following inequations graphically: 

(i) |x| <3 (ii) | y-x|<3 (iii) |x —y| 21 
SOLUTION (i) Converting the given inequatino into equation, we obtain x =3. This equation 
represents a line parallel to y-axis at a distance of 3 units from it. The line given by x =3 
divides the xy-plane into two regions. Clearly, the point O (0,0) satisfies x < 3. So, the graph of 
x < 3isas shown in Fig. 15.33. The shaded region represents the solution set of this inequation. 





Fig. 15.33 
(ii) We have,| y — x| < 3. This inequation is equivalent to 
—-3<y-x<3 [. |x|saom -asx<a] 
= —3<y-x and y-xs3 


ct x-y-—3<0 and x-y+320 

The region represented by | y-—x| <3 is the region common to the regions represented by 
x-y-—3<Oandx-—y+ 3 20as shown in Fig. 15.34. This shaded region represents the solution 
set of the given inequation. 





Fig. 15.34 


(iii) Wehave, 

[x-y|2=1<— x-y21 or x-—y<-1 <= x-y-1>0 or x-y+1<0 
The required region is the union of regions represented by x-y—120 and x-y+1<0 as 
shown in Fig. 15.35. The shaded region represents the solution set of the given inequation. 
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EXERCISE 15.5 





Represent to solution set of each of the following inequations graphically in two dimensional plane: 


1.x+2y-ys0 2.xX+2y26 3. x+220 
4. x-2y <0 5. —3x+2y S56 6.x <8-4y 
7. 0S2x—-5y +10 8. 3y >6—2x 9. y>2x-8 


10. 3x-2y<x+y-8 


15.8 SOLUTION OF SIMULTANEOUS LINEAR INEQUATIONS IN TWO VARIABLE 

In this section, we will discuss the technique of finding the solution set of simultaneous linear 
inequations. Solving simultaneous linear inequations means finding the set of points (x, y) for 
which all the constraints are satisfied. Note that the solution set of simultaneous linear 
inequations may be an empty set or it may be the region bounded by the straight lines 
corresponding to linear inequations or it may be an unbounded region with straight line 
boundaries. 


ILLUSTRATIVE EXAMPLES 
LEVEL-1 


TypeI ON FINDING THE SOLUTION SET REPRESENTED BY SIMULTANEOUS LINEAR INEQUATIONS 
EXAMPLE1 Exhibit graphically the solution set of the linear inequations 
3x+4y $12, 4x+3y < 12, x 20, y= 0 
SOLUTION Converting the inequations into equations, the inequations reduce to 
3x + 4y =12, 4x + 3y =12, x =Oand y =0. 
Region Represented by 3x + 4y <12: The line 3x + 41 =12 meets 
the coordinate axes at A (4, 0) and B (0, 3). Draw a thick line 
joining A and B. We find that (0, 0) satisfies inequation 
3x + 4y $12. So, the portion containing the origin represents the 
solution set of the inequation 3x + 4y <12. 
Region Represented by 4x + 3y <12: The line 4x + 3y =12 meets 
the x and y-axes at A;(3, 0) and B,(0, 4) respectively. Join these 
two points by a thick line. Clearly, the region containing the 
origin is represented by the inequation 4x + 3y <12. 
Region Represented by x20 and y 20: Clearly, x20 and y>0 
represent the first quadrant. Fig. 15.36 
Hence, the shaded region given in Fig. 15.36 represents the solution set of the given linear 
inequations. 
EXAMPLE2 Exhibit graphically the solution set of the linear inequations 
x+y<5, 4x+y24, x+5y25, x<4, ys3 
SOLUTION Converting the inequations into equations, we obtain 
x+y=5, 4x+y=4, x+5y=5, x=4, y=3 
Region Represented by x + y <5: The line x +y =5 meets the coordinate axes at A(5, 0) and B(0, 5) 
respectively. Join these points by a thick line. Clearly, (0, 0) satisfies the inequality x + y <5. So, 
the portion containing the origin represents the solution set of the inequation x + y <5. 
Region Represented by 4x + y = 4: The line 4x + y= 4 meets the coordinate axes at A;(1, 0) and 
B, (0, 4)respectively. Join these points by a thick line. Clearly, (0, 0) does not satisfy the 
inequation 4x + y 2 4. So, the portion not containing the origin is represented by the inequation 
4x+y24. 






4x + 3y = 12 


3x + 4y = 12 
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Region Represented by x +5y 25: The line x +5y 25 meets 
the coordinate axes at A (5, 0) and Bp (0, 1) respectively. 
Join these two points by a thick line. We find that (0, 0) 
does not satisfy the inequation x + 5y 25. So, the portion 
not containing the origin is represented by the given 
inequation. 


Region Represented by x < 4: Clearly, x =4 isa line parallel to 
y-axis at a distance of 4 units from the origin. Since (0, 0) 
satisfies the inequation x < 4. So, the portion lying on the 
left side of x = 4 is the region represented by x < 4. 


Region Represented by y < 3: Clearly, y =3 is a line parallel to 
x-axis at a distance 3 from it. Since (0, 0) satisfies y < 3. So, 
the portion containing the origin is represented by the 
given inequation. 





The common region of the above five regions represents Fig. 15.37 
the solution set of the given linear constaints as shown in 
Fig. 15.37. 


EXAMPLE3 Draw the diagram of the solution set of the linear inequations 3x + 4y 212, y21, x20. 
SOLUTION Converting the inequations into equations, we get 3x + 4y =12, y=1,x =0 

Region Represented by 3x + 4y 212: The line 3x + 4y =12 meets the coordinate axes at A (4, 0) 
and B(0, 3) joining these points by a thick line we get the graph 
of 3x +4y=12. Since (0, 0) does not satisfy the inequation 
3x+4y212. So, the portion not containing the origin is 
represented by the inequation 3x + 4y 212. 

Region Represented by y 21: The line y =1 is parallel to x-axis ata 
unit distance from it. Since (0, 0) does not satisfy the inequation 
y 21. So, the region lying above the line y = 1 is represented by 
y21. 

Region Represented by x 2 0: Clearly, x 2 0 represents the region 
lying on the right side of y-axis. 

The solution set of the given linear constraints is the 
intersection of the above regions as shown in Fig. 15.38. 


Type II ON FINDING THE LINEAR INEQUATIONS WHEN THEIR 
SOLUTION SET IS GIVEN 


EXAMPLE 4 Find the linear inequations for which the shaded area in Fig. 15.39 is the solution set. 
SOLUTION Consider the line x + 2y = 8. We observe that the shaded region and the origin are 
on the same side of the line x + 2y =8 and (0, 0) satisfies the linear constraint x + 2y < 8. So, we 
must have one inequations as x + 2y <8. 

Now consider the line 2x+y=2. We find that the 
shaded region and the origin are on the opposite sides of 
the line 2x+y=2 and (0, 0) does not satisfy the 
inequation 2x+y22. So, the second inequations is 
2x+y 22. 

Finally, consider the line x —- y =1. We observe that the 
shaded region and the origin are on the same side of the 
line x — y =1. We observe that the shaded region and the 
origin are on the same side of the line x — y =1 and (0, 0) 
satisfies x — y <1. So, the third constraint is x — y <1. 
Wealso notice that the shaded region is above x-axis and 
is on the right side of y-axis. So, we must have x = 0 and 
y 20. 








Fig. 15.39 
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Thus, the linear inequations corresponding to the given solution set are 
Xx+2yS58, 2x+y22, x-ysi1, x20, y20 


EXAMPLES Find the linear inequations for which the shaded region in Fig. 15.40 is the solution set. 


SOLUTION Consider the line 2x + 3y=3. We observe 
that the shaded region and the origin lie on the opposite 
side of this line and (0, 0) satisfies 2x + 3y < 3. Therefore, 
we must have 2x+3y23 as the linear inequations 
corresponding to the line 2x + 3y = 3. 


Consider the line 3x + 4y =18. Clearly, the shaded region 
and the origin lie on the same side of this line and (0, 0) 
satisfies the inequation 3x + 4y <18. So, we must have 
3x + 4y <18 as the linear inequations corresponding to 
3x + 4y =18. 

Consider the line x — 6y = 3. It is evident from the figure 
that the origin and the shaded region lie on the same side 
of this line and (0, 0) satisfies x — 6y < 3. So, x —6y < 3 is 
the corresponding inequations. Fig. 15.40 


Consider the line —7x + 4y =14. We find that the shaded region and the origin are on the same 
side of this line and (0, 0) satisfies the inequations —7x + 4y <14. So, the corresponding linear 
inequations is —7x + 4y <14. 
Also, the shaded region is in first quadrant only. So, we must have x > 0 and y 2 0. 
Thus, the linear inequations comprising the given solution set are 

2x+ 3y23, 3x+4y<s18, -7x+4y<14, x-6y<3, x20, y20 





EXERCISE 15.6 


1. Solve the following systems of linear inequations graphically: 
(i) 2x+ 3y <6, 3x+2y<6,x20,y20 (ii) 2x+ 3y <6, x+4y<4, x20, y20 
(iii) x-y<1, x+2y<8, 2x+y22, x20, y20 
(iv) x+y21, 7x+9y<63, x<6, y<5, x20, y20 
(v) 2x+ 3y<35, y23, x22, x20, y20 
2. Show that the solution set of the following linear inequations is empty set : 
(i) x-2y20,2x-ys-2,x20,y20 (ii) x+2y <3, 3x+4y 212, y21,x2>0, y20 
3. Find the linear inequations for which the shaded area in Fig. 15.41 is the solution set. Draw 
the diagram of the solution set of the linear inequations: 





Fig. 15.41 Fig. 15.42 
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4. Find the linear inequations for which the solution set is the shaded region given in 
Fig. 15.42. 
5. Show that the solution set of the following linear in equations is an unbounded set: 
x+yY29, 3x+y212, x20, y20. 
6. Solve the following systems of inequations graphically: 
(i) 2x+y28, x+2y28, x+y<6 
(ii) 12x +12y<840, 3x+6y<300, 8x+4y<480 x20,y20 
(iii) x+ 2y<40, 3x+y230, 4x+3y260, x20, y2=0 
(iv) 5x+y210, 2x+2y212, x+4y212, x20, y20 
7. Show that the following system of linear equations has no solution: 
*+2yS53, 3X+4y212, x20, yel. 
8. Show that the solution set of the following system of linear inequalities is an unbounded 
region 2x+y 28, x+2y210, x20, y20. 


ANSWERS 





3. 2x+ 3y 26, 4x + 6y $24, -3x+2y<S3,x-2ys2,x20,y20, 
4,x+ys4,y<3,x<53,x+5y24,6x+2y28,x20,y20 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 


question: 
2) 


; : x 
1. Write the solution set of the inequation — 0. 
AG aes _ 





2. Write the solution set of the inequation x + z PE 
x 


. Write the set of values of x satisfying the inequation (x? —2x+1)(x-4) 20. 


. Write the solution set of the equation| 2 —x| =x -2. 
. Write the set of values of x satisfying| x -1| < 3 and|x-1] <1. 


qa UF W 


- Write the solution set of the inequation be - | <4. 
x 


x+2 #1 
5 s 


7. Write the number of integral solutions of airy 
x* + 





x+2 


8. Write the set of values of x satisfying the inequations 5x + 2 < 3x + 8 and 7 <4. 
x _ 


ve ]>2 
x 


10. Write the solution set of the inequation| x —1| =| x — 3]. 





9. Write the solution set of 





ANSWERS 





1. [2, 0) 2. (0, 00) 3. (— 00, 4) 4. (2, 0) 
5. [2, 4] 6. (-~ , -1/2) U(1/6 , «) 7.3 
8. (—«0, 1) U(2, 3) 9. R-{-1,0,1} 10. [2, «) 


MULTIPLE CHOICE QUESTIONS (MCQs) 





Mark the correct alternative in each of the following: 
1. If x <7, then 
(a) -x <-7 (b) -x<-7 (c) -x>-7 (d) -x>~7 
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2. If —3x+17 <-13, then 


(a) x €(10, «) (b) x €[10, «) (c) x €(—~, 10] (d) x e[-10, 10) 

3. Given that x, y and b are real numbers and x < y, b > 0, then 
Koy oy ey Key 

a) <7 Oe S5. (c) mata (d) 72s 
4. If xis a real number and |x| <5, then 

(a) x25 (b) -5<x<5 (c) xs-5 (d) -5<x<5 
5. If x and gare real numbers such that a > 0 and|x| >a, then 

(a) x e€(—a, «) (b) x €[-—©, a] (c) x €(—4a, a) (d) x €(-—«, —a) U(a, ~) 
6. If|x—1]>5, then 

(a) x e(-4, 6) (b) x e[—4, 6] 

(c) x E(—, — 4) U(6, ~) (d) x e(—~%, —4) U[6, 0) 
7. If|x+2| <9, then 

(a) x e€(-7, 11) (b) x €[-11, 7] 

(c) x €(—00,—7) U(11, 0) (d) x e(-—o, —7) Ufil, ~) 
8. The inequality representing the following graph is 

(a) |x| <3 (b) |x| <3 (c) |x|>3 (d) |x|>3 











Fig. 15.43 
9. The linear inequality representing the solution set given in Fig. 15.44 is 
(a) |x] <5 (b) |x| >5 (c) |x| 25 (d) |x| <5 
-o -5 5 co 
Fig. 15.44 
10. The solution set of the inequation|x+ 2| <5 is 
(a) (-7,5) (b) [-7, 3] (c) [-5, 5] (d) (-7, 3) 
11. 1f!%—*!>0, then 
x-2 ; 
(a) x €[2, ~) (b) x (2, «) (c) x e(—«, 2) (d) x E(—o0, 2] 
12. If|x+3| 210, then 
(a) x e(-13,7] (b) x e(-13, 7) 
(c) x e(—«, —13) U(7, ~) (d) x €(—0, —13] U[7, «) 


————————_ ——  —  LUANSWERS 


fea) eee a) eat) Pid) 6.) 7. 8) 8.) 
9. (c) 10.(b) 11.06) 12 (d) ) 
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CHARTER 16 


PERMUTATIONS 


16.1 THE FACTORIAL 
In this section, we shall introduce the term and notation of factorial which will be often used in 
this chapter and the next three chapters. 


FACTORIAL The continued product of first n natural numbers is called the “n factorial” and is denoted 
by n! or|". 

i.e n!=1x2x3x4x...x(n—1) xn. 

Thus, 3!=1x2x3=6; 4!=1x2x3x4=24, 5!=1x2x 3x 4x5=120 etc. 

Clearly, n! is defined for positive integers only. 


ZERO FACTORIAL As we will require zero factorial in the later sections of this chapter and it does not 
make any sense to define it as the product of the integers from 1 to zero. So, we define 0! = 1. 


NOTE Factorials of proper fractions or negative integers are not defined. Factorial n is defined only for 
whole numbers. 


DEDUCTION We have, 

ni=1x 2x 3x 4...x(n—-1)xn=[1 x 2x 3x 4...x(n—-1)]n=[(n—-1) Jn =nx(n—-1)! 
Thus, n!=nx(n-—1)! 
Similarly, 

n!=n(n—1) (n—2)!=n (n—1) (n—2) (n—-3)!=n(n—-1) (n—2) (n—3) (1-4)! and so on. 
For example, 8!=8(7!), 5!=5(4!) and 2!=2(1!) 
Following examples will illustrate the use of this property of factorial . 


ILLUSTRATIVE EXAMPLES 


EXAMPLE }< Compute: (1) maul (ii) eh. 
vy 18! 6! 4! 
SOLUTION (i) We have, , 
20! 20(19!) 20x19x 18! 
18! 7A es 18! STi ek ae 
= 20x19 = 380 


(ii) 10! — 10x9x8x7x6! _10x9x8x7 | 
6!4! 6!x (4x 3x 2x1) 4x3x2xl1 
EXAMPLE 2~Convert the following products into factorials: 
(i) 6-7-8-9-10 (ii) 2-4-6-8-10 
OEUTION: @) 6-78-9108 222234 G7 ee I elo 10) 
1-2-3-4-5 5! 


(ii) 2-4-6-8-10=(2x1) (2x 2)(2x 3) (2x 4) (2x5) =2? x(1-2-3-4-5)=2> x5! 


= meee 


——* -_~--o * 


ae 
atti Sal 


16.2 


EXAMPLE 3’ Find the LCM of 4!, 5! and 6! 
SOLUTION We have, 5! = 5x 4!and 6! = 
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6x5x 4! 


L.C.M. of 4!,5!, 6!=L.C.M. {4!,5 x 4!,6x5 x 4!} =(4!) x5 x 6=6!=720 


1 








1 x : 
EXAMPLE@/Tf 3+ Sp in , find x. 
SOLUTION We have, 

1 1 x 
— + — = 
9! 10! 11! 
9! 10x49! 11x 10x 9! 
9! 10 11x 10 9! 
1 ve 11 
=> 1+— = — = 





ALITER We have, 





x 
TOmeetieci0e = 10 11x10 


=> x = 11x11 = 121. 


Multiplying both sides by the LCM of 9!, 10! and 11! i.e. by 11!, we obtain 





1 1 x 

— | —— = 

9! 10! 11! 

et ox 

ee ees Seen | 

9! 10! 11! 

11x10x9! 11x10! 
=> + — 

9! 10! 

— 11x10+11=<x 
— x =121. 
EXAMPLES~ Find n, if: 


(ijn + 2)! = 2550 x n! 
SOLUTION (i) We have, 
(n + 2) !=2550 x n! 
(n+ 2) (n+1) x n! = 2550 x n! 
(n + 2) x (n+ 1) =2550 


—_ 
—_ 
=> (n+ 2) (n+1) =51«50 
= 


n+2=5lorn+1=50 — 
=> n= 49 
(ii) We have, 
(n+1)!=12x(n-1)! 
— (n+1)xnx(n—1)!=12x(n—1)! 
= n(n +1) =12 
= (n+1)n=4x3>n=3 


ii) (n+1)! = 12x (n-1)! 


Expressing 2550 as the product of 
two consecutive natural numbers 


[By comparing] 


[By comparing] 


ER «BLES be 6 eee 
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n! aad n! 
2!(n —2)! 4!(1—4)! 

SOLUTION We have, 


nt, ee 
2!(n—2)! 4!(n—4)! 


EXAMPLE 6 If are in the ratio 2 : 1, find the value of n. 








n!} 4!(n —4)! 2 
—— _— x as SS oe 
2!(n —2)! n! 1 
4!(n —4)! 2 
= re 
2!(n —2) x (n— 3) x (n—-4)! 1 
4x 3x2! 2 
— $$$ 
2!(n — 2) (n — 3) 1 
— (n—2)(n-—3) = 6=> (n—2)(n-3)=3x2>n-2=3 andn-—3=2>n=5 


EXAMPLE@ Prove that: 





{ 
ns {1-3-5 (2n-1)} 2", 
n! 
SOLUTION We have, 
(2m)! 1-2-3-4-5-6-7-8...(2n—2) (2n—1) (2n) 
n! n! 
Z {1-3-5-7...(2n—1)}-{2-4-6-8...(2n —2) (2n)} 
n! 
_ {1-3-5-7...(2n-1)} 2" (1-2- 3-4... (1-1) n} 
n! 


2) 418 +517 coke) mE eeu one 


EXAMPLES Prove that (n! +1) is not divisible by any natural number between 2 and n. 


SOLUTION Let m be divisible by k and r be any natural number between 1 and kK. Ifm-+r is 
divided by k, then we obtain r as the remainder. 
We have, n! =1-2-3-4...(n—1)-n. 


Therefore, ! is divisible by every natural number between 2 and 1. So, (n! + 1), when divided by 
any natural number between 2 and n, leaves 1 as the remainder. 
Hence, (n! + 1) is not divisible by any natural number between 2 and n. 


EXAMPLE9 Prove the inequalities (n!)* <n"(n!) <(2n)! for all positive integers n. 
SOLUTION Clearly, 
(n!)2 = (n!)(n!) = (1-2-3-4...(n—1) n) (n!) 


Now, 1sn 
2<n 


n! 


sins =>1-2-(n-1)n<n-n-n...n 
(n-1) <n n— times 
nsn 
=> nisn => (n!) (n!) <r (n!) > (ny? <n" (n) (i) 


We have, (2)! = 1-2-3...(n—1) (1 +1) (1 + 2)... (2n—1) (2n) 
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=> (2n)! = ni (1 +1) (n+ 2)... (2 —1) (2n) 
Now, n+1>n 
n+2>n 
ee == (ne 1) (9-42) (+ 3)... (2n —1) (2n) >n' 
n+(n—-1)>n 
n+nu>n 
= n!(n +1) (1 + 2)... (2n —1) (2n) >n!n' 
=> (2n)!>n! nf! => n!n" <(2n)! 


From (i) and (ii), we get (n!)? <7" (n!) <(2n)! 


.+-(Ii) 


EXAMPLE10 Prove that 33! is divisible by 2'°. What is the lar gest integer n such that 33! is divisible 


on? 

rca Let E, () denote the index of 2 in n. Then, 

E, (33!) = B (1.2.3.4.5.6.....32. 33) 

E, (33!) = B, (2.4.6.8...... 30. 32) 

E, (33!) = 16+ E, (1.2. 3......15.16) 

E, (33!) = 16+ E, (2.4.6....14.16) 

E, (33!) = 16+8+E, (1.2.3... 8) 

E, (33!) = 16+8+E, (2.4.6.8) 

E, (33!) = 16+8+4+E, (1.2.3.4) 

EF, (33!) = 16+8+4+E, (2.4) = 16+84+4+3 = 31. 
Thus, exponent of 2 in 33! is 31 i.e. 33! = 2°! x an integer 


YuUUYVUYY 








This shows that 33! is divisible by 2!> and the largest integernsuch that 33! is divisible by 2” 


is 31. 
EXERCISE 16.1 
LEVEL-1 
Compute: 
(550! ... 11!-10! si 
@ 38! G@) ry (iii) L.C.M. (6!, 7!, 8!) 
ese ia V7) 
2,/ Prove that ata Tite sell 
3., Find x in each of the following: 
ese (i) 2-245 [NCERT] (ii) [+5 = [NCERT 
o 4! 5! 6! 10! 8! 9! 6! 7! 8g! 
4. Convert the following products into factorials: 
{i} 5-6-7-8-9-10 oe 6-9-12-15-18 
(GP (n +1) + 2) (1 + 3)... (21) GY) 1-3-5-7-9...(2n-1) 


5 Which of the following are true: 
(i) (2 + 3)!=2!+ 3! (ii) (2x 3)!=2!x 3! 
Prove that :m!(1 + 2) =n!+(n+1)! 
\Z/ If (n + 2 != 60 [(n —1)!], find n. 
_ Bef (n + 1)!=90 (4 —1)1], find n. 


TY Cras ess 6 ees eee: 


BRS ER eS ee 


ad 
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9 If (n+ 3)!=56 [(n + 1)!], find n. 
oe 


io/ (2n)! n! 
3!(2n — 3)! 2!(n — 2)! 


11. Prove that: 


2 le 6 2 ee ‘3 n! n! ___(n+1)! 
O ap ON Or nil Garren 


+1)! 
12. Prove that: et = 2" 11 -3-5...(2n—1) (2n + »| 
n! 


are in the ratio 44: 3, find n. 


ANSWERS 
1.(i) 870 (ii) 100 (iii) 8! 3. (i) 36 (ii) 100 (iii) 64 4. (i) . (ii) 3° (6!) 
(iii) ia) (iv) o 5.(i) False (ii) False 7. 3 8. 9 9.5 10.,6 
n! n! 


HINTS TO NCERT & SELECTED PROBLEMS 
3. (i) Wehave, 





1 Veer 
— a 
4! 5! 6! 
| 6! 
— ries [Multiplying both sides by 6!] 
I ! 
So PXSXEL  OXOl 2 Sie pe eee arene 
+! 5 
(ii) Wehave, 
2 camped a 
a 
10! 8! 9! 
= rasa [Multiplying both sides by 10!] 
10x9x8! 10x9! 
> x=———+ 
8! 9! 


=> x=10x9+10=100 
(iii) We have, 





DD peepee 
ae fe oe SS ee 
6! 7! 8! 
8! 8! are : 
= Serta eh mes [Multiplying both sides by 8!] 
8x7x6! 8x7! 
> ——+ =X 
6! 7! 
=> 8x7+8=x 
=> x=64 


7. (n+2)!=60(n-1)! 
= (n+ 2) (n+1) (n) (1n-1)!=60x(n-1)! 
= (n+ 2) (n+1) (m) =5x4x3 [Expressing 60 as the product of three consecutive integers] 
=>n=3 [On comparing two sides] 
8. (n+1)!=90(n—-1)! 
=> n+1(n)(n—1)!=90(n—-1)! 
=> (n+1)n=10x9 [Writing 90 as the product of consecutive integers] 
=> n=9 


- ——_ 
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9. (n+ 3)!=56 (n+1)! 
=> (n+ 3) (n+ 2) (n4+1)!=56(n+1)! 
=> (n+ 3)(1+2)=8x7 [Writing 56 as the product of consecutive integers] 
=> n+2=7 >n=5 


16.2 FUNDAMENTAL PRINCIPLES OF COUNTING 


In this section, we shall discuss two fundamental principles viz. principle of addition and 
principle of multiplication. These two principles will enable us to understand permutations and 
combinations. In fact these two principles form the base of permutations and combinations. 
FUNDAMENTAL PRINCIPLE OF MULTIPLICATION If there are two jobs such that one of them can be 
completed in m ways, and when it has been completed in any one of these m ways, second job can be 
completed in n ways; then the two jobs in succession can be completed in m x n ways. 

EXPLANATION If the first job is performed in any one of the m ways, we can associate with this 
any one of the 7 ways of performing the second job: and thus there are 1 ways of performing the 
two jobs without considering more than one way of performing the first; and so corresponding 
to each of the m ways of performing the first job, we have n ways of performing the second job. 
Hence, the number of ways in which the two jobs can be performed is 7 x n. 


ILLUSTRATION 1 In a class there are 10 boys and 8 girls. The teacher wants to select a boy and a girl to 
represent the class in a function. In how many ways can the teacher make this selection ? 
SOLUTION Here the teacher is to perform two jobs: 

(i) selecting a boy among 10 boys, and (ii) selecting a girl among 8 girls. 
The first of these can be performed in 10 ways and the second in 8 ways. Therefore by the 
fundamental principle of multiplication, the required number of ways is 10 x 8 = 80. 
REMARK The above principle can be extended for any finite number of jobs as stated below: 


If there are n jobs J, Jo,.-- Jy such that job J; can be performed independently in mj ways; t = 1, 2, ..., n. 
Then the total number of ways in which all the jobs can be performed is m, x my X Mz x... X My 
FUNDAMENTAL PRINCIPLE OF ADDITION [f there are two jobs such that they can be performed 
independently in m and n ways respectively, then either of the two jobs can be performed in (m + n) 
ways. 
ILLUSTRATION 2 Inaclass there are 10 boys and & girls. The teacher wants to select either a boy or a 
girl to represent the class in a function. In how many ways the teacher can make this selection? 
SOLUTION Here the teacher is to perform either of the following two jobs : 

(i) selecting a boy among 10 boys. or, (ii) selecting a girl among 8 girls. 
The first of these can be performed in 10 ways and the second in 8 ways. Therefore, by 
fundamental principle of addition either of the two jobs can be performed in (10 + 8) = 18 ways. 
Hence, the teacher can make the selection of either a boy or a girl in 18 ways. 
DIFFERENCE BETWEENTHETWOPRINCIPLES As we have discussed in the principle of multiplication 
a job is divided or decomposed into a number of sub-jobs which are unconnected to each other and the job is 
said to be performed if each sub-job is performed. While in the principle of addition there are a number of 


independent jobs and we have to perform one of them. So, the total number of ways of completing any one 
of the sub-jobs is the sum of the number of ways of completing each sub-jobs. 


ILLUSTRATIVE EXAMPLES 





EXAMPLE1 There are 3 candidates for a Classical, 5 for a Mathematical, and 4 for a Natural science 


cholarship. 
i hak ce many ways can these scholarships be awarded? 


(ii) In how many ways one of these scholarships be awarded? 
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SOLUTION Clearly, Classical scholarship can be awarded to any one of the three candidates. So, 
there are 3 ways of awarding the Classical scholarship. 


Similarly, Mathematical and Natural science scholarships can be awarded in 5 and 4 ways 
respectively. So, by Fundamental Principle of multiplication, 

Number of ways of awarding three scholarships = 3 x 5 x 4 = 60 
By Fundamental Principle of addition, 

Number of way of awarding one of the three scholarships = 3 +5 + 4=12 


EXAMPLE 2. A room lias 6 doors. In how many ways can a man enter the room through one door and 
come out through a different door ? 

SOLUTION Clearly, a person can enter the room through any one of the six doors. So, there are 
six ways of entering into the room. After entering into the room, the man can come out through 
any one of the remaining five doors. So, he can come out through a different door in 5 ways. 


Hence, the number of ways in which a man can enter a room through one door and come out 
through a different door = 6 x 5 = 30. 


EXAMPLE 3 Tlie flag of a newly formed forum is in the form ——_ of three blocks, each to be coloured 
differently. If there are six different colours on the whole to choose from, how many such designs are 
possible ? 

SOLUTION Since there are six colours to choose from, therefore, first block can be coloured in 6 
ways. Now, the second block can be coloured by any one of the remaining colours in five ways. 
So, there are five ways to colour the second block. 


After colouring first two blocks only four colours are left. The third block can now be coloured 
by any one of the remaining four colours. So, there are four ways to colour the third block. 


Hence, by the fundamental principle of multiplication, the number of flag-designs is 
6x5x 4=120. 


EXAMPLE4 Find the number of 4 letter words, with or without meaning, which can be formed out of the 
letters of the word ROSE, when [NCERT] 
(i) the repetition of the letters is not allowed. (ii) the repetition of the letters is allowed. 
SOLUTION (i) The total number of words is same as the number of ways of filling in 4 vacant 
places (0 by the 4 letters. The first place can be filled in 4 different ways by any one of the 4 
letters R, O, S, E. Since the repetition of letters is not allowed. Therefore, the second place can be 
filled in by any one of the remaining 3 letters in 3 different ways, following which the third place 
can be filled in by the remaining 2 letters in 2 different ways; following which the fourth place 
can be filled in by the remaining one letter in one way. Thus, by the fundamental principle of 
counting the required number of ways is 4x 3x 2x 1 = 24. 


Hence, required number of words = 24. 


(ii) If the repetition of the letters is allowed, then each of the 4 vacant places can be filled in 
succession in 4 different ways. 


Hence, required number of words = 4x 4x 4x 4 =256. 


EXAMPLE5 Given 4 flags of different colours, how many different signals can be generated, if a signal 
requires the use of 2 flags one below the other? [NCERT] 


SOLUTION The total number of signals is equal to the number of ways of filling in 2 vacant 
places == in succession by four flags of different colours. The upper cacant place can be filled 
in 4 different ways by any one of the 4 flags; following which, the lower vacant place can be filled 
in 3 different ways by any one of the remaining the different flags. 


Hence, by the fundamental principle of multiplication, the required number of signals is 
4x 3=12. 


——— a 
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EXAMPLE6 Find the number of different signals that can be generated by arranging at least 2 flags in 
order (one below the other) on a vertical staff, if five different flags are available. [NCERT] 


SOLUTION _ Since a signal may consist of either 2 flags, 3 flags, 4 flags or 5 flags. Therefore, 
Total number of signals = Number of 2 flags signals Sees 

+ Nnumber of 3 flags signals = 

+ Number of 4 flags signals eS 


+ Number of 5 flags signals 4 


= 5x4+5x4x3+5x4x3x2+5x4x3x2xIl 
= 20+ 60 + 120 + 120 = 320 


EXAMPLE7 Ina monthly test, the teacher decides that there will be three questions, one from each of 
Exercises 7, 8 and 9 of the text book. If there are 12 questions in Exercise 7,18 in Exercise 8 and 9 in 
Exercise 9, in how many ways can three questions be selected ? 


SOLUTION There are 12 questions in exercise 7. So, one question from exercise 7 can be selected 
in 12 ways. Exercise 8 contains 18 questions. So, second question can be selected in 18 ways. 
There are 9 questions in exercise 9. So, third question can be selected in 9 ways. Hence, three 
questions can be selected in 12 x 18 x 9=1944 ways. 

EXAMPLES How many words (with or without meaning) of three distinct letters of the English 
alphabets are there ? 

SOLUTION Here we have to fill up three places by distinct letters of the English alphabets. Since 
there are 26 letters of the English alphabet, the first place can be filled by any of these letters. So, 
there are 26 ways of filling up the first place. Now, the second place can be filled up by any of the 
remaining 25 letters. So, there are 25 ways of filling up the second place. After filling up the first 
two places only 24 letters are left to fill up the third place. So, the third place can be filled in 24 
ways. 

Hence, the required number of words = 26 x 25 x 24 = 15600 

EXAMPLE9 There are 6 multiple choice questions in an examination. How many sequence of answers 
are possible, if the first three questions have 4 choices each and the next three have 5 each ? 
SOLUTION Here we have to perform 6 jobs of answering 6 multiple choice questions. Each one 
of the first three questions can be answered in 4 ways and each one of the next three can be 
answered in 5 different ways. 

So, the total number of different sequences = 4x 4x 4x5x5x5 = 8000 


EXAMPLE10 Find the total number of ways of answering 5 objective type questions, each question 
having 4 chotces. 

SOLUTION Since each question can be answered in 4 ways. So, the total number of ways of 
answering 5 questions is 4x 4x4x 4x4 =4, 

EXAMPLE11 How many three-digit numbers can be formed without using the digits 0, 2,3, 4,5 and 6? 
SOLUTION We have to determine the total number of three digit numbers formed by using the 
digits 1, 7, 8, 9. Clearly, the repetition of digits is allowed. 


A three digit number has three places viz. units’s, ten’s and hundred’s. Unit's place can be filled 
by any of the digits 1, 7, 8, 9. So, unit's place can be filled in 4 ways. Similarly, each one of the 
ten’s and hundred’s place can be filled in 4 ways. 

; Total number of required numbers = 4 x 4x 4 = 64. 


EXAMPLE12 How many numbersare there between 100 and 1000 in which all the digits are distinct ? 


is 
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SOLUTION A number between 100 and 1000 has three digits. So, we have to form all possible 
3-digit numbers with distinct digits. We cannot have 0 at the hundred’s place. So, the hundred’s 
place can be filled with any of the 9 digits 1, 2, 3, ...,9. So, there are 9 ways of filling the hundred’s 
place. 

Now, 9 digits are left including 0. So, ten’s place can be filled with any of the remaining 9 digits 
in 9 ways. Now, the unit’s place can be filled with in any of the remaining 8 digits. So, there are 8 
ways of filling the unit’s place. 

Hence, the total number of required numbers = 9 x 9 x 8 = 648. 

EXAMPLE13 How many numbers are there between 100 and 1000 such that every digit is either 2 or 9? 


SOLUTION Every number between 100 and 1000 consists of three digits. So, we have to 
determine the total number of three digit numbers such that every digit is either 2 or 9. 
Clearly, each one of the unit’s, ten’s and hundred’s place can be filled in 2 ways. 

So, the total number of required numbers = 2x 2x 2 =8. 

EXAMPLE 14 How many numbers are there between 100 and 1000 such that 7 is in the unit’s place. 
SOLUTION Every number between 100 and 1000 is a three digit number. So, we have to form 
3-digit numbers with 7 at the unit’s place by using the digits 0, 1, 2, ..., 9. Clearly, repetition of 
digits is allowed. The hundred’s place can be filled with any of the digits from 1 to 9 (zero cannot 
be there at hundred’s place). So, hundred ’s place can be filled in 9 ways. Now, the ten’s place can 
be filled with any of the digits from 0 to 9. So, ten’s place can be filled in 10 ways. Since all the 
numbers have digit 7 at the unit’s place, so, unit’s place can be filled in only one way. Hence, by 
the fundamental principle of counting the total number of numbers between 100 and 1000 
having 7 at the unit’s place = 9 x 10 x 1 = 90. 

EXAMPLE 15 A gentleman has 6 friends to invite. In how many ways can he send invitation cards to 
them, if he has three servants to carry the cards ? 

SOLUTION Since a card can be sent by any one of the three servants, so the number of ways of 
sending the invitation card to the first friend =3. Similarly, invitation cards can be sent to each of 
the six friends in 3 ways. 

So, the required number of ways =3x 3x 3x 3x 3x 3= 3° =729. 


EXAMPLE16 How many three-digit numbers more than 600 can be formed by using the digits 2, 3, 4, 6, 7. 


SOLUTION Clearly, repetition of digits is allowed. Since a three-digit number greater than 600 
will have 6 or 7 at hundred’s place. So, hundred’s place can be filled in 2 ways. Each of the ten’s 
and one’s place can be filled in 5 ways. 

Hence, total number of required numbers =2 x 5 x 5 =50. 


EXAMPLE17_ How many numbers between 3000 and 4000 can be formed from the digits 3, 4,5, 6, 7 and 
8, no digit being repeated in any number ? 

SOLUTION Clearly, a number between 3000 and 4000 must have 3 at thousand’s place. So, 
thousand’s place can be filled in only one way. Now, hundred’s place can be filled in 5 ways. 
Since repetition of digits is not allowed so ten’s and one’s places can be filled in 4 and 3 ways 
respectively. 

So, total number of required numbers =1 x 5 x 4x 3 =60. 

EXAMPLE18 How many numbers divisible by 5 and lying between 4000 and 5000 can be formed from 
the digits 4, 5, 6, 7 and 8. 

SOLUTION Clearly, a number between 4000 and 5000 must have 4 at thousand’s place. Since the 
number is divisible by 5 it must have 5 at unit’s place. Now, each of the remaining places (viz. 
hundred’s and ten’s) can be filled in 5 ways. 


Hence, total number of required numbers =1x5x5x1=25. 
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EXAMPLE19 How many four-digit numbers can be formed using the digits 0, 1, 2, 3, 4, 5 if (i) repetition 
of digits is not allowed (ii) repetition of digits is allowed ? 

SOLUTION (i) In a four-digit number 0 cannot appear in the thousand’s place. So, thousand’s 
place can be filled in 5 ways. (viz. 1, 2,3, 4, 5). Since repetition of digits is not allowed and 0 can 
be used at hundred’s place, so hundred’s place can be filled in 5 ways. 


Now, any one of the remaining four digits can be used to fill up ten’s place. So, ten’s place can be 
filled in 4 ways. One’s place can be filled from the remaining three digits in 3 ways. 


Hence, the required number of numbers =5 x5 x 4x 3 = 300. 


(ii) Fora four-digit number we have to fill up four places and 0 cannot appear in the thousand’s 
place. So, thousand’s place can be filled in 5 ways. Since repetition of digits is allowed, so each of 
the remaining three places viz. hundred’s, ten’s and one’s can be filled in 6 ways. 


Hence, the required number of numbers =5 x 6 x 6 x 6 = 1080.. 


EXAMPLE 20 How many numbers greater than 1000, but not greater than 4000 can be formed with the 
digits 0, 1, 2, 3, 4 if : (i) repetition of digits is allowed ? (ii) repetition of digits is not allowed ? 


SOLUTION (i) Every number between 1000 and 4000 is a four digit number. In thousands place 
we can put either 1 or 2 or 3 but not 4. So, thousand’s place can be filled in 3 ways. Since 
repetition of digits is allowed, so each of the hundred’s, ten’s and one’s place can be filled in 5 
) ways. So, total number of numbers between 1000 and 4000, including 1000 and excluding 4000 is 
| 3x5x5~x5 = 375. But, we have to find the total number of numbers greater than 1000 but not 
greater than 4000. 


Hence, required number of numbers = 375 + 1 (for 4000) —1 (for 1000) = 375. 


| (ii) As discussed above thousand’s place can be filled in 3 ways. Since repetition of digits is not 

allowed, so, hundred’s place can be filled from the remaining digits in 4 ways. Now, three digits 

are left, so ten’s place can be filled in 3 ways. One’s place can be filled in 2 ways. 

Hence, required number of numbers = 3x 4x 3x 2 =72. 

EXAMPLE21 How many three digit odd numbers can be formed by using the digits 1, 2, 3, 4, 5, 6 if: 
[NCERT] 


——<—_ 


(1) the repetition of digits is not allowed ? (ii) the repetition of digits is allowed ? 


SOLUTION For a number to be odd, we must have 1, 3 or 5 at the unit’s place. So, there are 3 
ways Of filling the unit’s place. 


(i) Since the repetition of digits is not allowed, the ten’s place can be filled with any of the 
remaining 5 digits in 5 ways. Now, four digits are left. So, hundred’s place can be filled in 4 
ways. 
So, required number of numbers = 3 x 5 x 4=60 

(ii) Since the repetition of digits is allowed, so each of the ten’s and hundred’s place can be filled 
in 6 ways. 

Hence, required number of numbers = 3 x 6 x 6 = 108. 

EXAMPLE 22 How many 3-digit even numbers can be formed from the digits 1, 2, 3, 4, 5, 6 if the digits 
can be repeated? [NCERT] 
SOLUTION Fora number to be even, we must have 2, 4 or 6 at the unit's place. So, there are 3 
ways to fill in the unit's place. Since digits can be repeated, so each of the ten’s and hundred’s 
place can be filled in 6 ways. 

EXAMPLE 23 How many numbers of 3 digits can be formed with the digits 1, 2,3, 4,5 when digits may 
be repeated ? 
SOLUTION The unit’s place can be filled in 5 ways. Since, the repetition of digits is allowed, 
therefore ten’s place can be filled in 5 ways and hundred’s place can also be filled in 5 ways. 


ee ee oe er oe 
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Therefore, by the fundamental principle of counting, the required number of three digit 
numbers =5x5x5=125. 


EXAMPLE 24 Find the number of numbers of 5 digits that can be formed with the digits 0, 1, 2, 3, 4 if the 
digits can be repeated in the same number. 


SOLUTION In a five digit number 0 cannot be put in ten thousand’s place. So, the number of 
ways Of filling up the ten thousand’s place = 4. 


Since the repetition of digits is allowed, therefore each of the other places can be filled in 5 ways. 
So, the required number of numbers = 4x 5x 5x 5x5 =2500. 
EXAMPLE25 How many 4-digit numbers are there, when a digit may be repeated any number of times ? 


SOLUTION Ina four digit number 0 cannot be placed at thousand’s place. So, thousand’s place 
can be filled with any digit from 1 to 9. Thus, thousand’s place can be filled in 9 ways. 


Since repetition of digits is allowed, therefore each of the remaining 3 places can be filled in 10 
ways by using the digits from 0 to 9. 


Hence, the required number of numbers = 9 x 10 x 10 x 10 = 9000. 


EXAMPLE 26 How many three-letter words can be formed using a, b, c, d, e if : (1) repetition is not 
allowed (ii) repetition is allowed ? 


SOLUTION (i) Clearly, the total number of three-letter words is equal to the number of ways of 
filling three places. First place can be filled in 5 ways. Now, four letters are left. So, the second 
place can be filled in 4 ways. Since the repetition of letters is not allowed, so the third place can 
be filled from any one of the remaining 3 digits in 3 ways. 


Hence, total number of words =5x 4x 3 =60. 
(ii) In this case repetition of letters is allowed, so each of the three places can be filled in 5 ways. 
Hence, total number of words =5 x 5 x 5 =125. 


EXAMPLE 27. In how many ways can the following prizes be given away to a class of 30 students, first 
and second in Mathematics, first and second in Physics, first in Chemistry and first in English ? 


SOLUTION Here we have to give prizes in four subjects and the process of distributing prizes 
can be completed by giving prizes in the four subjects. 


First and second prizes can be given in Mathematics in (30 x 29) ways. 
First and second prizes can be given in Physics in (30 x 29) ways. 
First prize can be given in Chemistry in 30 ways. 
First prize can be given in English in 30 ways. 
Hence, the number of ways to give prizes in all the four subjects 
= (30x 29) x (30x 29) x 30x 30 = 6.8121 x 10° 
EXAMPLE 28 In how many ways 5 rings of different types can be worn in 4 fingers ? 


SOLUTION The first ring can be worn in any of the 4 fingers. So, there are 4 ways of wearing it. 
Similarly, each one of the other rings can be worn in 4 ways. 


Hence, the requisite number of ways=4x 4x 4x4x4= rah 
EXAMPLE 29 In how many ways can 5 letters be posted in 4 letter boxes ? 


SOLUTION Since each letter can be posted in any one of the four letter boxes. So, a letter can be 
posted in 4 ways. Since there are 5 letters and each letter can be posted in 4 ways. So, total 
number of ways in which all the five letters can be posted is 4x 4x 4x 4x 4=4), 
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EXAMPLE 30 Five persons entered the lift cabin on the ground floor of an 8-floor house. Suppose each of 
them can leave the cabin independently at any floor beginning with the first. Find the total number of ways 
in which each of the five persons can leave the cabin (i) at any one of the 7 floors (ii) at different floors. 
SOLUTION Suppose Aj, Ay, A3, Aq, As are five persons. 


(i) A, can leave the cabin at any of the seven floors. So, A; can leave the cabin in 7 ways. 
Similarly, each of Ay, A3, Ag, As can leave the cabin in 7 ways. Thus, the total number of ways 
in which each of the five persons can leave the cabin at any of the seven floors is 
7x7x7x7x7=7>. 


(ii) A, can leave the cabin at any of the seven floors. So, A; can leave the cabin in 7 ways. Now, 
A, can leave the cabin at any of the remaining 6 floors. So, Az can leave the cabin in 6 ways. 
Similarly, A3, Ay, and As can leave the cabin in 5, 4 and 3 ways respectively. Thus, the total 
number of ways in which each of the five persons can leave the cabin at different floors is 
7x6x5x4x 3 =2520. 

EXAMPLE 31 A mint prepares metallic calendars specifying months, dates and days in the form of 
monthly sheets (one plate for each month). How many types of February calendars should it prepare to 
serve for all the possibilities in the future years ? 

SOLUTION The mint has to perform two jobs, viz. 


(i) selecting the number of days in the February month (there can be 28 days or 29 days), and 
(ii) selecting the first day of the February month. 
The first job can be completed in 2 ways while the second can be performed in 7 ways by 
selecting any one of the seven days of a week. 
Thus, the required number of plates = 2 x 7 =14. 
EXAMPLE32 Fora set of five true/false questions, no student has written all correct answers, and no two 


students have given the same sequence of answers. What is the maximum number of students in the class, 
for this to be possible ? 


SOLUTION Since a true/false type question can be answered in 2 ways either by marking it 
true or false. So, there are 2 ways of answering each of the 5 questions. 
Total number of different sequences of answers = 2x 2x 2x 2x 2= 2° = 32. 


Out of these 32 sequences of answers there is only one sequence of answering all the five 
questions correctly. But no student has written all the correct answers and different students 
have given different sequences of answers. 


‘. Maximum number of students in the class 7 
= Number of sequences except one sequence in which all answers are correct = 32 —1 = 31 
EXAMPLE33 How many numbers are there between 100 and 1000 such that at least one of their 
digits is 7? 
SOLUTION Clearly, a number between 100 and 1000 has 3-digits 

Total number of 3-digit numbers having at least one of their digits as 7 

= (Total number of three-digit numbers) — (Total number of 3-digit numbers in which7 

does not appear at all) 


Total number of three-digit numbers: We have to form three-digit numbers by using the digits 0, 1, 
2, 3, ..-, 9. Clearly, hundred’s place can be filled in 9 ways and each of the ten’s and one’s place 
can be filled in 10 ways. 


So, total number of 3-digit number = 9 x 10 x 10 = 900. 


Total number of three-digit number in which 7 does not appear at all : Here we have to form 
three-digit numbers by using the digits 0 to 9, except 7. So, hundred’s place can be filled in 8 
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ways and each of the ten’s and one’s place can be filled in 9 ways. So, total number of three-digit 
numbers in which 7 does not appear at allis 8x 9 x 9. 
Hence, total number of 3-digit numbers having at least one of their digits as 7 is 
9x10x10-8x 9x 9 = 252. 
EXAMPLE34 How many numbers are there between 100 and 1000 which have exactly one of their digits 
as 7? 
SOLUTION A number between 100 and 1000 contains 3-digits. So, we have to form 3-digit 
numbers having exactly one of their digits as 7. Such type of numbers can be divided into three 
types: 
Hy (i) Those numbers that have 7 in the unit’s place but not in any other place. 
(ii) Those numbers that have 7 in the ten’s place but not in any other place. 
(iii) —Those numbers that have 7 in the hundred ’s place but not in any other place. 
Required number of numbers is the total number of these three types of numbers. 
We shall now count these three types of numbers separately. 
(i) Those three-digit numbers that have 7 in the unit's place but not in any other place. 
The hundred’s place can have any one of the digits from 0 to 9 except 0 and 7. So, hundred’s 
place can be filled in 8 ways. The ten’s place can have any one of the digits from 0 to 9 except 7. 
So, the number of ways the ten’s place can be filled is 9. The unit’s place has 7. So, it can be filled 
in only one way. 
Thus, there are 8 x 9 x 1 =72 numbers of the first kind. 
(ii) Those three-digit numbers that have 7 in the ten’s place but not in any other place. 
The number of ways to fill the hundred’s place =8 
(by any one of the digits from 1, 2, 3, 4, 5, 6,8, 9) 
The number of ways to fill the ten’s place =1 (by 7 only) 
The number of ways to fill the one’s place = 9 (by any one of the digits 0, 1, 2, 3, 4, 5, 6, 8, 9) 
Thus, there are 8x 1x 9 =72 numbers of the second kind. 
(iii) Those three-digit numbers that have 7 in the hundred’s place but not at any other place. 
In this case, the hundred’s place can be filled only in one way and each of the ten’s and one’s 
place can be filled in 9 ways. 
So, there are 1 x 9 x 9 =81 numbers of the third kind. 
Hence, the total number of required type of numbers =72 + 72 + 81 = 225. 
EXAMPLE 35 A felegraph has 5 arms and each arm is capable of 4 distinct positions, including the 
position of rest. What is the total number of signals that can be made ? 
SOLUTION Since each arm can be kept in 4 positions and a signal is possible when all the 5 arms 
are simultaneously placed in positions. 
Total number of ways of placing the arms =4x 4x 4x4x4= 4? 


But, this includes one inadmissible case, when all the arms are in the position of rest and then no 
signal can be made. 


Hence, required number of signals = (4° —1) =1023. 


EXAMPLE 36 In how many ways can 3 prizes be distributed among 4 boys, when 


(i) no boy gets more than one prize ? (ii) a boy may get any number of prizes ? (iii) no boy gets all the 
prizes ? 

SOLUTION (i) The first prize can be given away in 4 ways as it may be given to any one of the 4 
boys. The second prize can be given away in 3 ways, because the boy who got the first prize 
cannot receive the second prize. The third prize can be given away to anyone of the remaining 2 
boys in 2 ways. So, the number of ways in which all the prizes can be given away =4x 3x2 =24. 
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ALITER The total number of ways is the number of arrangements of 4 taken 3 at a time. So, the 
requisite number of ways = *P, = 4!= 24, 


(ii) The first prize can be given away in 4 ways as it may be given to anyone of the 4 boys. The 
second prize can also be given away in 4 ways, since it may be obtained by the boy who has 
already received a prize. Similarly, third prize can be given away in 4 ways. 


Hence, the number of ways in which all the prizes can be given away =4 x 4x 4= 43 = 64. 


(iii) Since any one of the 4 boys may get all the prizes. So, the number of ways in which a boy 
gets all the 3 prizes is 4. 


So, the number of ways in which a boy does not get all the prizes = 64 — 4 = 60. 
EXAMPLE 37 Find the total number of ways in which n distinct objects can be put into two different 
boxes. 
SOLUTION Let the two boxes be B, and B5. We observe that there are two choices for each of the 
n objects. Therefore, by fundamental principle of counting 
Total number of ways = 2x 2x....x 2 = 2” 
n— times 

EXAMPLE 38 Find the total number of ways in which n-distinct objects can be put into two different 
boxes so that no box remains empty. 
SOLUTION Each object can be put either in box B, (say) or in box B, (say). So, there are two 
choices for each of the n objects. Therefore, the number of choices for n distinct objects is 
2x 2x...x 2 = 2". Two of these choices correspond to either the first or the second box being 

n— times 


empty. Thus, there are 2” — 2 ways in which neither box is empty. 


EXAMPLE 39 By using the digits 0, 1, 2, 3, 4 and 5 (repetitions not allowed) numbers are formed by 
using any number of digits. Find the total number of non-zero numbers that can be formed. 


SOLUTION Required number of numbers 
= Number of 1 digit number + No. of 2 digit numbers + ... + Number of 6 digit numbers 
=5+5x5+5x5x4+5x5x4x34+5x5x4x3x24+5x5x4x3x2xIl 
= 5+ 25+100 + 300 + 600 + 600 =1630. 


EXERCISE 16.2 


1. In a class there are 27 boys and 14 girls. The teacher wants to select 1 boy and 1 girl to 
represent the class in a function. In how many ways can the teacher make this selection? 


2. A person wants to buy one fountain pen, one ball pen and one pencil from a stationery 
shop. If there are 10 fountain pen varieties, 12 ball pen varieties and 5 pencil varieties, in 
how many ways can he select these articles? 


3. From Goa to Bombay there are two roots; air, and sea. From Bombay to Delhi there are three 
routes; air, rail and road. From Goa to Delhi via Bombay, how many kinds of routes are 
there? 


4. A mint prepares metallic calenders specifying months, dates and days in the form of 
monthly sheets (one plate for each month). How many types of calendars should it prepare 
to serve for all the possibilities in future years? 


5, There are four parcels and five post-offices. In how many different ways can the parcels be 
sent by registered post? 
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6. 


A coin is tossed five times and outcomes are recorded. How many possible outcomes are 
there? 


7. In how many ways can an examinee answer a set of ten true/false type questions? 


10. 


11. 


ibe 


16. 


14. 


15. 


16. 
17. 
18. 
19. 


20. 


21. 


2D 
26. 


27. 


28. 


29. 


. A letter lock consists of three rings each marked with 10 different letters. In how many 


ways it is possible to make an unsuccessful attempt to open the lock? 


. There are 6 multiple choice questions in an examination. How many sequences of answers 


are possible, if the first three questions have 4 choices each and the next three have 2 each? 


There are 5 books on Mathematics and 6 books on Physics in a book shop. In how many 
ways can a student buy : (i) a Mathematics book and a Physics book (ii) either a 
Mathematics book or a Physics book? 


Given 7 flags of different colours, how many different signals can be generated if a signal 
requires the use of two flags, one below the other? [NCERT] 


A team consists of 6 boys and 4 girls and other has 5 boys and 3 girls. How many single 
matches can be arranged between the two teams when a boy plays against a boy and a girl 
plays against a girl? 


Twelve students compete in a race. In how many ways first three prizes be given? 


How many A.P.’s with 10 terms are there whose first term is in the set {1, 2, 3} and whose 
common difference is in the set {1, 2, 3, 4, 5}? 


From among the 36 teachers in a college, one principal, one vice-principal and the 
teacher-incharge are to be appointed. In how many ways can this be done? 


How many three-digit numbers are there with no digit repeated? 
How many three-digit numbers are there? 
How many three-digit odd numbers are there? 
How many different five-digit number licence plates can be made if 
(i) first digit cannot be zero and the repetition of digits is not allowed, 
(ii) the first-digit cannot be zero, but the repetition of digits is allowed? 


How many four-digit numbers can be formed with the digits 3, 5, 7, 8, 9 which are greater 
than 7000, if repetition of digits is not allowed? 


How many four-digit numbers can be formed with the digits 3, 5, 7, 8, 9 which are greater 
than 8000, if repetition of digits is not allowed? 


. In how many ways can six persons be seated in a row? 
23. 
24. 


How many 9-digit numbers of different digits can be formed? 


How many odd numbers less than 1000 can be formed by using the digits 0, 3, 5, 7 when 
repetition of digits is not allowed? 


How many 3-digit numbers are there, with distinct digits, with each digit odd? 


How many different numbers of six digits each can be formed from the digits 4, 5, 6, 7, 8,9 
when repetition of digits is not allowed? 


How many different numbers of six digits can be formed from the digits 3, 1, 7,0, 9,5 when 
repetition of digits is not allowed? 


How many four digit different numbers, greater than 5000 can be formed with the digits 1, 
2,5, 9, 0 when repetition of digits is not allowed? 


Serial numbers for an item produced in a factory are to be made using two letters followed 
by four digits (0 to 9). If the letters are to be taken from six letters of English alphabet 


16.16 MATHEMATICS-XI 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Sh fs 


without repetition and the digits are also not repeated in a serial number, how many serial 
numbers are possible? 


A number lock on a suitcase has 3 wheels each labelled with ten digits 0 to 9. If opening of 
the lock is a particular sequence of three digits with no repeats, how many such sequences 
will be possible? Also, find the number of unsuccessful attempts to open the lock. 


A customer forgets a four-digit code for an Automatic Teller Machine (ATM) in a bank. 
However, he remembers that this code consists of digits 3, 5, 6 and 9. Find the largest 
possible number of trials necessary to obtain the correct code. 


In how many ways can three jobs I, II and III be assigned to three persons A, B and C if one 
person is assigned only one job and all are capable of doing each job? 


How many four digit natural numbers not exceeding 4321 can be formed with the digits 1, 
2,3 and 4, if the digits can repeat? 


How many numbers of six digits can be formed from the digits 0, 1, 3, 5, 7 and 9 when no 
digit is repeated? How many of them are divisible by 10? 


If three six faced die each marked with numbers 1 to 6 on six faces, are thrown find the total 
number of possible outcomes. 


A coin is tossed three times and the outcomes are recorded. How many possible outcomes 
are there ? How many possible outcomes if the coin is tossed four times? Five times? n 
times? 


How many numbers of four digits can be formed with the digits 1, 2, 3, 4,5 if the digits can 
be repeated in the same number? 


How many three digit numbers can be formed by using the digits 0, 1, 3, 5, 7 while each 
digit may be repeated any number of times? 


How many natural numbers less than 1000 can be formed from the digits 0, 1,2,3,4,5 when 
a digit may be repeated any number of times? 


How many five digit telephone numbers can be constructed using the digits 0 to 9. If each 
number starts with 67 and no digit appears more than once? [NCERT] 


. Find the number of ways in which 8 distinct toys can be distributed among 5 children. 
. Find the number of ways in which one can post 5 letters in 7 letter boxes. 


. Three dice are rolled. Find the number of possible outcomes in which at least one die 


shows 5. 


44. Find the total number of ways in which 20 balls can be put into 5 boxes so that first box 


45. 
46. 
47. 


48. 


contains just one ball. 
In how many ways can 5 different balls be distributed among three boxes? 
In how many ways can 7 letters be posted in 4 letter boxes? 
In how many ways can 4 prizes be distributed among 5 students, when 
(i) no student gets more than one prize? 
(ii) a student may get any number of prizes? 
(iii) no student gets all the prizes? 


There are 10 lamps in a hall. Each one of them can be switched on independently. Find the 
number of ways in which the hall can be illuminated. [NCERT] 
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ANSWERS 
1. 378 2. 600 3. 6 4. 14 5. 625 6. 32 7.1024 8. 999 
9,512 10. (i)30 (ii) 11 11. 42 12. 42 13.1320 14.15 15. 42840 
16. 648 17. 900 18. 450 19. (i) 27216 (ii) 90000 20. 72 21. 48 
22. 720 23. 9(9!) 24. 21 25. 60 26. 720 27. 600 28. 48 29. 151200 
30. 720, 719 31. 24 32. 6 33. 229 34. 600, 120 35. 216 
36. 8,16, 2” 37. 625 38.100 39.215 40.336 41.5% 427° 
43.91 44. 204)? 45.243 46. 4” 47. (i)5! (ii) 625 (iii) 620 
48. 21° =1. 
HINTS TO NCERT & SELECTED PROBLEMS 
1. No. of ways = 27 x 14. 
2. Required number of ways =10 x 12 x 5 = 600. 
3. No of routes =2 x 3 =6. 
4. Total number of calendars =7 x 2 =14. 
5. Since a parcel can be sent to any one of the five post offices. So, required number of ways 


=5x5x5x5=5'. 


6. Since toss of each coin can result in 2 ways. So, required no. of ways=2x 2x 2x2x2= P. 


11. 
12. 


13. 
14. 


15. 
16. 
17. 
18. 
19. 


20. 


a Ss 


. Required no. of ways =10 x 10 x 10 —1. 
. Each one of the first three questions can be answered in 4 ways and each one of the next 


three questions can be answered in 2 ways. So, total no. of sequences of answers 
=4x4x4x2x2x 2. 


Required no. of signals =7 x 6. 


A boy can be selected from the first team in 6 ways, and from the second in 5 ways. So, no. of 
single matches between the boys of two teams = 6x5 = 30. Similarly, the no. of single 
matches between the girls of two teams =4x 3=12. So, total number of matches 
= 30 + 12 = 42. 


Required no. of ways =12 x 11 x 10. 


There are 3 ways to choose the first term and corresponding to each such way there are 5 
ways of selecting the common difference. So, required no. of A.P.’s = 3 x 5. 


Required no. of ways = 36 x 35 x 34. 
The total no. of required numbers = 9 x 9 x 8. 
The total no. of required numbers = 9 x 10 x 10. 
The total no. of required number = 9 x 10 x 5. 
(i) Required no. of licence plates =9 x 9x 8x7 x 6 
(ii) Required no. of licence plates = 9 x 10 x 10 x 10 x 10. 
Required no. of numbers = 3 x 4x 3x 2. 


. Required no. of numbers =2 x 4x 3x 2. 

. Required no. of ways=6x5x 4x 3x 2x1. 

. Required no. of numbers =9x 9x 8x7 x6x5x4x 3x2. 

. An odd number less than 1000 may be a one-digit number, two-digit number or a 


three-digit number. So, required no. of numbers is 
3 (one- digit nos.) + 2x 3 (two- digit nos.) + 2x 2x 3(3—digit nos.). 


. Required no. of numbers =5 x 4 x 3. 
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26. Required no. of numbers =6x5x 4x 3x 2x1. 
27. Required no. of numbers =5 x 5x 4x 3x 2x1. 

28. Required no. of numbers =2 x 4x 3x 2. 

29. Here we have to perform 6 jobs. So, required number of serial numbers i 

6x5x10x9x8x7 
30. Required number of sequences =10 x 9 x 8. 
Also, total number of unsuccessful attempts =10 x 9x 8 -1 
31. Number of trials =4x 3x 2x1 
32. Required number of ways =3x 2x1 


36. Since a toss of a coin can result in a head or a tail. Therefore, if a coin is tossed n-times, then 
the total number of outcomes is 2x 2x 2x...x 2 = 2” 
n—ftimes 
41. Each toy can be distributed in 5 ways. 
So, total number of ways= 5x5x5x5x5x5x5x5 = 56 


42. Each letter can be posted in any one of the 7 letter boxes. 
90, required number of ways =7x7x7x7x7 = 7 
43. Required number of possible outcomes 
= Total number of possible outcomes — Number of possible out- comes in which 5 


does not appear on any dice. 
=6° -5° =216-125 =91. 
44. One ball can be put in first box in 20 ways because we can put any one of the twenty balls in 
the first box. Now, remaining 19 balls are to be put into remaining 4 boxes. This can be done 


in 41? ways, because there are 4 choices for each ball. Hence, the required number of ways 
=20x 4). 


16.3 PERMUTATIONS 


Each of the arrangements which can be made by taking some or all of a number of things is 
called a permutation. 


For example, if there are three objects, then the permutations of these objects, taking two at a 
time, are 


ab, Uaje = be, © cbs ac,” mH 
So, the number of permutations of three different things taken two at a time is 6. 


NOTE It should be noted that in permutations the order of arrangement is taken into account; 
when the order is changed, a different permutation is obtained. 


ILLUSTRATION 1 Write down all the permutations of the set of three letters A, B, C. 


SOLUTION The permutations of three letters A, B, C taking all at a time are: 
ABC, ACB, BCA, BAC, CBA, CAB. 


Clearly, there are 6 permutations. 


ILLUSTRATION 2 Write down all the permutations of the vowels A, E, I, O, U in English alphabets 
taking three at a time, and starting with A. 


SOLUTION The permutations of vowels A, E, I, O, U taking three at a time, and starting with A 
are: 
AEI, AIE, AEO, AOE, AEU, AUE, AIO, AOI, AIU, AUI, AOU, AUO 


Clearly, there are 12 permutations. 
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ILLUSTRATION 3. Write down all the permutations of letters A, B, C, D taking three at a time. 
SOLUTION The desired permutations are : 


ABC ABD BCD ACD 
ACB ADB BDC ADC 
BCA BDA CBD CAD 
BAC BAD CDB CDA 
CAB DAB DCB DAC 
CBA DBA DBC DCA 


Clearly, there are 24 permutations. These permutations are obtained by first selecting three 
letters out of 4 and then arranging them in all possible ways. 

A NOTATION [fnand rare positive integers such that1 <r <n, then the number of all permutations of n 
distinct things, taken r at a time is denoted by the symbol P(n, r) or "P.. 


Thus, 
"P. or, P(n,r) = Total number of permutations of n distinct things, taken rata time. 


In illustration 3, we have seen that there are 24 permutations, on a set of 4 letters, taken 3 ata 
time. Therefore, as per our notation, we have *P, = 24 or, P(4, 3) = 24. 


THEOREM 1 Let rand n be positive integers such that1 <r <n. Then the number of all permutations of n 
distinct things taken r at a time is given by n(n —1) (n — 2) (1 — 3)... (n —(r —1)). 
i.e. P(n,r) = "PB. = n(n—-1)(n—-2)...(1—-(r —1)). 


PROOF The number of permutations of n distinct things, taken r ata time, is same as the number 
of ways in which we can fill up r-places when we have n different things at our disposal. 


The first place can be filled in n ways, for any one of the n things can be used to fill up the first 
place. Having filled it, there are (1-1) things left and any one of these (n — 1) things can be used 
to fill up the second place. So, the second place can be filled in (1-1) ways. Hence, by the 
fundamental principle of counting, the first two places can be filled in n (n— 1) ways. When the 
first two places are filled, there are (11— 2) places left, so that the third place can be filled from the 
remaining (1 — 2) things in (1 — 2) ways. Therefore, the first three places can be filled in n(m — 1) 
(n-— 2) ways. Continuing in this manner, we find that the first (r —1) places can be filled in 
n(n —1) (1-2)... (1 —(r —2)) ways. After filling up first(r —1) places, exactlyn —(r -—1) =n—-r+1 
things are left. So, the rth place can be filled in (1—(r —1)) ways. Hence, the r places can be filled 
inn (n—1) (n— 2)... (1 —(r —1)) ways. ’ 
Hence, the total number of permutations of n distinct things, taken r at a time is 

n(n —1) (n —2) (n— 3)... (n —(r —1)). 
Thus, P(n,r) = n(n—1)(n—2)(n-— 3)... (1 = —1)). 

n! 


THEOREM 2 Prove that: P(n,r) = "P. = ——. 
(n-r)! 
PROOF We have, 
P (n,r) = n(n—1) (1-2) (n—- 3)... (n—-(r -1)) 
a Dipl n(n —1) (n—2) (n— 3)... (1-—(r -1)) (n—r) (n-(r +1)... 3.2.1 
(n—r) (n-(r +1))... 3.2.1 


ak aml 
> P (n,r) —y (n—r)! 


= “cere =8- ee ee grter te oe 


_. Seb Shee 
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THEOREM 3 The number of all permutations of n distinct things, taken all at a time is n!. 


PROOF The number of all permutations of n distinct things, taken all at a time is same as the 
number of ways of filling n places when we have n distinct things at our disposal. 


Proceeding as in theorem 1, we have 

P (n,n) = n(n—1)(n—2) (n—-3)...(n-—(n -1)) = n(n —-1) (n-2) (n- 3)...3.2.1 = n! 
THEOREM 4 Prove that 0! = 1. 
PROOF We have, 


I 
Pinyr)i = 


(n=7)! 
= P (n,n) = . . [Putting r =] 
rs n! = - [- P (n,n) =n!(See Theorem 3)] 
— 0! = se 
n! 
ILLUSTRATIVE EXAMPLES 


Type I PROBLEMS BASED UPON THE VALUE OF "Pp. OR P(n, r) 
EXAMPLE1 Evaluate the following: 








(i) °P3 (ii) P (15, 3) (iii) P (5, 5) 
SOLUTION (i) 5 P3 = of 7 sf np. : n! 
(5 — 3)! (n—r)! 
x Dy ea 
2! 2! 

= 15! 15! 15x14x13x12! 

ii P (15, 3) = ——_—_ = — = — _ =: 2730 

@) ( (15-3)! 12! 12! 

(ii)  P(G,5)=—— == =5! = 120 

lil P SES — ET —-l = } 

(5-5)! O! 
TypeII ONFINDING THE VALUE OF REQUIRED UN-KNOWN WHEN A RELATION CONNECTING P (n, r) 
IS GIVEN 
EXAMPLE 2, If 2. P(5, 3) = P(n, 4), find n. 
SOLUTION We have, 
2. P (5, 3) =P (n, 4) 
=> P (n, 4) =2.P (5, 3) 
n! =? eH 
i (G2 aay 
n(n-1)(n-2)(n-3)(1-4)! _ 26!) 

=z (n — 4)! 2! 

=> n(n —1)(n-—2)(n-3) = 5! 

= n(n —1)(n—-2)(n-3) =5x4x3x2x1 
=> n(n—1) (n—2) (1-3) = 5-1) (6-2) (5-3) 
=> n=9 [By comparing two sides] 
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EXAMPLE 3/ If P(n, 4) = 20x P(n, 2), find n. 
SOLUTION We have, 
P(n, 4) = 20 x P(n, 2) 
n! n! 








— = x 
(1 — 4)! (n — 2)! 
= (n—2)! = 20x (n—4)! ‘ 
—- (n — 2) (n — 3) (n-—4)! = 20x (n—4)! 
= (1 —2)(n—3) = 20 
= (1 —2)(n—-3)=5x4 
a n-3=4 
=> n= 7 [By comparing two sides] 
EXAMPLE4~Tf P(5,1r) = 2. P(6, r—1), find r. [NCERT] 


SOLUTION We have, 
P(5,r) =2. P(6,r —1) 
5! 6! 


— ———— = 2,————— 
(5—r)! (6 —(r —1))! 
5! 2x6x5! 
—" eee 
(5—r)! (7 -r)! 
5! 125! 
— —_—_—<——— 9S 
(5—-r)! (7 -r)(6-r)(5-r)! 
12 
= = 
(7 —r) (6-r) 
= (7 —r)(6—-r) = 12 
— (7 —2)(6-r) = 4x3 
— 7 eis oa [By comparing] 
=> foo 


EXAMPLE ¥ If 10 p =5040, find the value of r. 
SOLUTION We have, 





0p =5040 
=> = 0h = 10504 

(10 -r)! 
= eae 10x9x 8x7 

(10 -r)! 
a 10!  10x9x8x7x6! 

(10 -r)! 6! 

10! __—‘10! er eer a z 

= Go-ni 6! = (10-r)! = 6!>10-r = 6>r = 4. 


Baie P(n—1, 3): P(n, 4) =1:9, find n. 
SOLUTION We have, 
P(n—-1, 3): P(n, 4) =1:9 : 
P(n-1,3) 1 


a P(,4) 9 
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(n=)! 
es (n —1 — 3)! z 1 
wus = 9 
(1 — 4)! 
a (n—1)!  (n—4)! z on (1 —1)! 3 uF Hh (n —1)! i Le sds 
(n — 4)! n! 9 n! 9 n-(n—1)! 9 


EXAMPLE If ?P.+5-°P, = !°P,, find r. 


SOLUTION We have, 
9p +5-P, = 0p 














9! 9! 10! 
=> oe er _ TE — EES 
(9-5)! (9-4)! (10-n)! 
9! 9! 10! 
=> 2 Oe = lS 
ar «5! C10. = 7)! 
9! 9! 10! 
—- — + —S i= —s ———————— 
41. 4! (10-7)! 
=> x2: = awlOh o 
4! (10-r)! 
es 37) aT 
5x4! (10-7)! 
os 10 x 9! = 10! 
5! (10 —r)! 
{ | I 
: — ‘= = mS = (10—r)! = 5!>10-r =5>r=5 


: EXAMPLE & If pg: PB... 3 = 30 800:1, find r. 


: SOLUTION We have, » 
Sop ¢: 4 P.. 3 =30800:1 
33 56! ——SA! _ 30800 
(56 -r—6)! (54-r-3)! 1 
! 1 
= peal = 3080021 


(50 —r)! (61-7)! 
56! _ (51-1)! _ 30800 


= a = 

(50 — (50-7)! 54! 1 

56 x 55 x 54! : (51—r)x(50—r)! 30800 
a (50 —r)! 5A! 1 





eee 56 x 55x (51—r) = 30800 => (61-7) = 10=>r = 41. 
| . EXAMPLEO If 2"*1p._,:7"'~ 4p, =3:5, find n. 


Sao Welure 
! ~2nm—Ip 9. 
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2n+ 1 
a Py 1 
> res Ip, * 5 
_ (2n + It Met) Lb pe 3 
(11 + 2)! * (2n —1)! 5 
n+) QNQn-! , (n=! _ 3 
(14+2)(7+1)n(n—1)! (2n-1)! 2 
(2(2n +1) 3 
—— — aos 
(n + 2) (7 +1) 3. 
= 10 = +1) = 3(n+ 2) (n+1) 
= 3n7+9n+6 = 20n+10 
— 3n7 —11n-4 = 0 => (n—4)(3n+1) = O=>n = 4 [. n4#—1/3] 
EXAMPLE10 If ~P., 1: 79P., 5 =11:52, find r. 
SOLUTION We have, 
227) os Po =e 
es 22 208 eae 
(21 -r)! (18 -r)! 
22! (18—-r)! 11 
—_ = —— 
(21 -r)! 20! 52 
oe 22 x 21 x 20! , a8 -n! = ue 
(21 —r) (20 -r) (19 —r) -(18 -r)! 20! 52 
22 x 21 11 
=> —__—$—$— $$ —————— 
(21 —r) (20 -r) (19 -r) 52 
= (21 —r) (20 —-r) (19 -r) = 2x 21x52 
=> (21 —r) (20 —-r) (19 —-r) = 2x 3x7x4x13 
=> (21 —r) (20 -r) (19 -r) = 12x 13x14 
= (21 —r) (20 —r) (19 —r) = (21 -7) (20 —7) (19 -7) 
= r=7 


Type III ON PROVING RESULTS RELATED TO P (1, r) or "P, 


EXAMPLE 11 _ Prove the following: 
(i) P(n,n) = 2 P(n,n—2) 


(iii) P(n,r) = P(n-1,r)+r.P(n—-1,r-1) 


P (n,n —-1) 


(ii) P(n,n) ,= 
= n-P(n—-1,r-1) 


(iv) P(1,7r) 


: = n! {me 
SOLUTION (i) 2P (n,n —-2) acean a) = P(n, n) 
(ii) P(n,n-1) = A aE = P(n,n) 
(n—(n—1))! 1! 
a8 < ae ee ‘(n-2)! (n—1)! 
(iii) P(n—-1, r) +r-P(n—-1,r—1) (2—-1-n! (i=) =(r-1)! 
_ =)! | @-!_ @-! a-9) 
(n-—r-1)! (n-n! (m-r-1)! (n-r)(n—-r-1D)! 
= (n —1)! bie eoli-ell ies (n-—1)! (n-—re+r 
(n—r—1)! n—r (n—r—-1)!\ n-—r 


oe a. Ve 6. Se. + 


ee ee 


Ce i 
we 8 


| Sei 
= 
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Peaewien — nt 
(n—r—-1)! n—r (r=) = P(n,r) 


(1-1)! tas ile) 


Type III PRACTICAL PROBLEMS ON PERMUTATIONS 


(iv) n-P(n-1,r-—1)=n 


NOTE ALITER 2 of each of the following examples should be done after stud ying permutations 
and combinations. 


EXAMPLE 12 In how many ways three different rings can be worn in four fingers with at most one inl 
each finger? 


SOLUTION The total number of ways is same as the number of arrangements of 4 fingers, taken3 
at a time. 


= Os ee er 

So, required number of ways P3 (4-3)! 57 4! = 24 

ALITER 1 Let Rj, Rz, R3 be three rings. Since R, can be put in any one of the four fingers. So, 
there are four ways in which R, can be worn. Now, R> can be worn in any one of the remaining 
three fingers in 3 ways. In the remaining 2 fingers ring R3 can be worn in 2 ways. So, by the 
fundamental principle of counting the total number of ways in which three different rings can 
be worn in four fingers is 4x 3 x 2 = 24. 





ALITER2 Outof4 fingers, 3 fingers can be chosen in *C 3 ways. Now, three rings can be worn in 


the selected three fingers in 3! ways. Hence, three rings can be worn in four fingers in 
2G 3 x 3!=24 ways. 


EXAMPLE 13 Seven athletes are participating in a race. In how many ways can the first three prizes be 
won? 


SOLUTION The total number of ways in which first three prizes can be won is the number of 
arrangements of seven different things taken 3 at a time. 
So, required number of ways = 7 P3 = penile ee LR OKONS 210. 

(7-3)! 4! 4! 
ALITER1 First prize can be won in seven ways. Second prize can be won by any one of the 
remaining six athletes in 6 ways. Now, five athletes are left. So, third prize can be won by any 
one of the remaining 5 athletes in 5 ways. 


Hence, by the fundamental principle of counting, the required number of ways =7 x 6 x 5 = 210. 


ALITER 2 Out of 7 athletes, 3 can be chosen for prize in ZC 3 ways. Now, three prizes can be 
given to three chosen athletes in 3! ways. 
Numbers of ways in which 3 prizes can be won = 7C3x 3!=210 


EXAMPLE 14 How many different signals can be made by 5 flags from 8 flags of different colours? 
SOLUTION The total number of signals is the number of arrangements of 8 flags by taking 5 
flags at a time. 
Meee thet apeesemesc ee Ses Sl 28% 7 HOMO Ee ST 6720 

Hence, req number of signals = “F; “@-5)! 3! 31 

EXAMPLE15 In how many ways can 6 persons stand in a queue? 

SOLUTION The number of ways in which 6 persons can stand in a queue Is same as the number 
of arrangements of 6 different things taken all at a time. 


Hence, the required number of ways = 6p, = 6!=720. 
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EXAMPLE 16 It is required to seat 8 men and 4 women in a row so that the women occupy the even 
places. How many such arrangements are possible? 


SOLUTION In all 12 persons are to be seated in a row and in the row of 12 positions there are 
exactly 6 even places viz second, fourth, sixth, eighth, tenth and twelfth. It is given that four 
women are to occupy 4 places out of these six even places. This can be done in : P, ways (ways of 
arranging 6 women in 4 positions). The remaining 8 positions can be filled by the 8 men in 8 P, 
ways. So, by the fundamental principle of counting, the number of seating arrangements as 
required, is °P, x ®P, = 360 40320 = 14515200. 

ALITER1 In all 12 persons are to be seated in a row and in the row of 12 positions there are 
exactly 6 even places viz. 2nd, 4th, 6th, 8th and 12th. It is given that 4 women are to occupy any 4 
places out of these six positions. This can be done in °e 4 x 4! ways. The remaining 8 positions 


are to be occupied by 8 men. This can be done in 26a x 8! ways. 
Hence, total number of seating arrangements = ( °C 4 x 4!) x ( "G g x 8!) 
= 360 x 40320 = 14515200. 


EXAMPLE17 Three men have 4 coats, 5 waist coats and 6 caps. In how many ways can they wear them ? 
SOLUTION The total number of ways in which three men can wear 4 coats is the ne of 
arrangements of 4 different coats taken 3 at a time. So, three men can wear 4 coats in 4p, ways. 
Similarly, 5 waist coats and 6 caps can be worn by three men in : P3 and ©p, ways respectively. 
Hence, by the fundamental principle of counting, the required number of ways as desired 

= 4p, x °P3 x ©P; =(4!) x (5x 4x 3) x (6x5 x 4) =172800 
EXAMPLE 18 How many different signals can be given using any number of flags from 5 flags of different 
colours ? 
SOLUTION The signals can be made by using ata time one or two or three or four or five flags. 
The total number of signals when r flags are used at a time from 5 flags is equal to the number of 
arrangements of 5, taking r at a time i.e. > p.. Since r can take values 1, 2, 3, 4, 5. Hence, by the 
fundamental principle of addition, the total number of signals 

= 9p 4+°PR) +P, b Pit oe 

=5+5x4+5x4x3+5x4x3x2+5x4x 3x2x1=5+20+ 60 +120 +120 = 325 
EXAMPLE19 How many numbers lying between 100 and 1000 can be formed with the digits 1, 2,3, 4,5 
if the repetition of digits is not allowed ? 
SOLUTION Every number lying between 100 and 1000 is a three digit number. Therefore, we 


have to find the number of permutations of five digits 1, 2, 3, 4, 5 taken three at a time. 
{ 

Hence, the required number of numbers = >P = Seal ee =5x4x 3=60 

(—3)! 2! 
EXAMPLE 20 How many four digit numbers are there with distinct digits ? 
EON The total number of arrangements of ten digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 taking 4 ata 
time is 1° P,. But, these arrangements also include those numbers which have 0 at thousand’s 
place. Such numbers are not four digit numbers. When 0 is fixed at thousand’s place, we have to 
arrange remaining 9 digits by taking 3 at a time. The number of such arrangements is 7 P3. 


So, the total number of numbers having 0 at thousand’s place = 2Ps. 
Hence, the total number of four digit numbers = 10p; - °P3 =5040 —504 = 4536. 
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EXAMPLE 21 In how many ways 7 pictures can be hung from 5 picture nails on a wall ? 


SOLUTION The number of ways in which 7 pictures can be hung from 5 picture nails on a wall is 
same as the number of arrangements of 7 things, taking 5 at a time. 


! ! 
Hence, the required number = ys era ee 2520. 


EXAMPLE 22 Determine the number of natural numbers smaller than 10*, in the decimal notation of 
which all the digits are distinct. 


SOLUTION The required natural numbers consist of 4 digits, 3 digits, 2 digits and one digit. 
Total number of 4 digit natural numbers with distinct digits = a) 3 - °P, 
Total number of 3 digit natural numbers with distinct digits = !°P, - °P, 


Total number of 2 digit natural numbers with distinct digits = PoP, 

Total number of one digit natural numbers = 9 

Hence, the required number of natural numbers = (29 P, = P3) + (9p, =e P5) + co P> 2 P;)+9 
= 9x9x8x7+9x9x8+9x9+9 = 5274. 


EXAMPLE23 How many words, with or without meaning, can be formed using all the letters of the word 
EQUATION, using each letter exactly once. 


SOLUTION There are eight letters in the word ‘EQUATION’. So, the total number of words is 
equal to the number of arrangements of these letters, taken all at a time. The number of such 
arrangements is 8 Ps = 8! Hence, the total number of words = 8! 
EXAMPLE 24 How many 4-letter words, with or without meaning, can be formed out of the letters of the 
word, ‘LOGARITHMS;, if repetition of letters is not allowed? 
SOLUTION There are 10 letters in the word ‘LOGARITHMS’. 
90, the number of 4 - letter word = Number of arrangements of 10 letters, taken 4 at a time 
10 
= ~ Py =5040. 


EXAMPLE 25 Prove that ifr <s <n, then P(n, s) is divisible by P(n, r). 
SOLUTION Lets =r +k where 0 <k <s —r. Then, 

Bate an (1) (22). (2 (5 —1)) 

(n—s)! 

P(n, s) = n(n—1) (n—-2)... {n—(r +k -1)} 

P(n, s) = n(n—1) (n—2)... {n—(r -1)} @—-r) {n-(r +1)}... fn -(7 +k -1)} 
P(n,s) = {n(n—-1) (n-2)...n—(r —1)} {((n-1r) (n-(7 +1))... (n-(r +k -1))} 
P(n,s) = P(n,r)-{(—-7) (n-(r +1))...2-(r +k -1))} 


YUUY 





P(t, 7) =" =n(n—1) (1-2). -1)] 
= P(n,s) = P(n,r)-((n-r)(2-( +1))...-(7+k-1)} 
— P (n, s) is divisible by P(n, 7). 
EXAMPLE 26 If P» stands for” P, , then prove that: 
14+1-P,+2°R+3-P3 +...¢n:-PB, = (n +1)! 
SOLUTION Wehave, Fy = mp, =m! 
So, 1+1-P)+2-P,+3-P3t...+n-F, 





— Pai? 
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14+414+2-2!+3-3!4+4-4!4+...4n-n! 


iN 
1+ 2 r-r'! 
= 


Ii 


il 
1+ = {(r+1)-1}r! 
r=l 


i 
1+ 2 [(r+1)r!-r!}] ' 
r=1 


1+ E [e+ Di-rl 


1 + [(2!—1!) +(3!—2!) + (4!- 3!) +... +((n + 1)!—n!)] = 1+ ((n+1)!-1!) = (n +1)! 
EXAMPLE 27 [nan examination hall there are four rows of chairs. Each row has 8 chairs one behind the 
other. There are two classes sitting for the examination with 16 students in each class. It is desired that in 
each row, all students belong to the same class and that no two adjacent rows are allotted to the same class. 
In how many ways can these 32 students be seated? 


SOLUTION Let the two classes be C; and Cp and the four rows be Ry Rz R3 R4. There are 16 
students in each class. So, there are 32 students. According to the given conditions there are two 
different ways in which 32 students can be seated: 


Ry Ro R3 Ry 
1 C5 Gi Cy Ci 


Since the seating arrangement can be completed by using any one of these two ways. So, by the 
fundamental principle of addition, 


Total number of seating arrangements = No. of arrangement in I case + No. of arrangements in 
II case. 


In case I, 16 students of class C, can be seated in R; and R3 in 16 p, x 8!=16! ways. And 16 
students of class C> can be seated in Ro and Ry in us Pg x 8!=16! ways 


Number of seating arrangements in case J = 16! x 16! 
Similarly, Number of seating arrangements in case IJ =16!x 16! 
Hence, Total number of seating arrangements = (16!x 16!) + (16! x 16!) =2 (16! x 16!) 


EXAMPLE 28 _ Ten different letters of an alphabet are given. Words with five letters are formed from these 
given letters. Determine the number of words which have at least one letter repeated. 


SOLUTION The number of 5-letter words which can be formed from 10 letters when one or more 
of its letters is repeated =10 x 10 x 10 x 10 x 10 =10°. 


The number of 5-letter words which can be formed when none of their letters is repeated 
= Number of arrangements of 10 letters by taking 5 at a time = 10p. = 30240 


Hence, the number of 5-letter words which have at least one of their letters repeated is 
10° — 30240 = 69760. 


EXAMPLE 29 Find the sum of all the numbers that can be formed with the digits 2, 3, 4, 5 taken all at a 
time. 


SOLUTION The total number of numbers formed with the digits 2, 3, 4, 5 taken all at a time 
= Number of arrangement of 4 digits, taken all at a time = *P, =4!=24. 


To find the sum of these 24 numbers, we will find the sum of digits at unit’s, ten’s, hundred’s 
and thousand’s places in all these numbers. 


a EEE ——— -— = 
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Consider the digits in the unit’s places in all these numbers. Each of the digits 2,3, 4, 5 occurs in 
3! (= 6) times in the unit’s place. 


So, total for the digits in the unit’s place in all the numbers = (2 + 3+ 4+5) x 3!=84. 

Since each of the digits 2, 3, 4,5 occurs 3! times in any one of the remaining places. 

So, the sum of the digits in the ten’s, hundred’s and thousand’s places in all the numbers 
= (2+3+4+5)x 3!=84. 

Hence, the sum of all the numbers = 84 (10° +10! +107 + 103) = 93324. 


EXERCISE 16.3 





LEVEL-1 
1. Evaluate each of the following: 


(i) §P, (ii) 1p, (iii) ° P, (iv) P(6, 4) 
. If P(5,r)=P (6, r—1), findr. [NCERT] 
. I§5 P(4, 1) = 6. P (5,n—1), find n. 
. If P (n, 5) =20. P(n, 3), find n 
. If" P, = 360, find the value of n. 
. If P (9, 7r) = 3024, find r. 
. If P(i1,r) =P (12,r—-1) find r. 
. If P(n, 4) =12. P (n, 2), find n. 
. IfP(n—-1, 3): P (n, 4) =1:9, find n. [NCERT] 
. If P(2n—-1,n): P (2n+1,n—-1) =22:7 find n. 
If P (n, 5): P (n, 3) =2:1, find n. 
Prove that:1.P (1,1) +2.P(2,2)+3.P(3, 3)+...+n.P (n,n) =P (n+1,n+1)-1. 
. If P(15,r —1): P (16,r —2) =3: 4, findr. 
4 ae ; ie n+ Spy find n. 
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15. In how many ways can five children stand in a queue? 


16. From among the 36 teachers in a school, one principal and one vice-principal are to be 
appointed. In how many ways can this be done? 


17. Four letters E, K, S and V, one in each, were purchased from a plastic warehouse. How 
many ordered pairs of letters, to be used as initials, can be formed from them? 


18. Four books, one each in Chemistry, Physics, Biology and Mathematics, are to be arranged 
in a shelf. In how many ways can this be done? 


19. Find the number of different 4-letter words, with or without meanings, that can be formed 
from the letters of the word ‘NUMBER’. 


20. How many three-digit numbers are there, with distinct digits, with each digit odd? 


21. How many words, with or without meaning, can be formed by using all the letters of the 
word ‘DELHI’, using each letter exactly once? 


22. How many words, with or without meaning, can be formed by using the letters of the word 


TRIANGLE’? 
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23. 


24. 


2D 
26. 
27. 


28. 


There are two works each of 3 volumes and two works each of 2 volumes; In how many 
ways can the 10 books be placed on a shelf so that the volumes of the same work are not 
separated? 


There are 6 items in column A and 6 items in column B. A student is asked to match each 
item in column A with an item in column B. How many possible, correct or incorrect, 
answers are there to this question? 


How many three-digit numbers are there, with no digit repeated? 


How many 6-digit telephone numbers can be constructed with digits 0, 1, 2, 3, 4, 5, 6, 7, 8,9 
if each number starts with 35 and no digit appears more than once? 


In how many ways can 6 boys and 5 girls be arranged for a group photograph if the girls are 
to sit on chairs in a row and the boys are to stand in a row behind them? 


If a denotes the number of permutations of (x + 2) things taken all at a time, b the number of 
permutations of x things taken 11 at a time and c the number of permutations of x - 11 
things taken all at a time such that a =182 bc, find the value of x. 


29. How many 3-digit numbers can be formed by using the digits 1 to 9 if no digit is 
repeated? [NCERT] 
30. How many 3-digit even numbers can be made using the digits 1, 2, 3, 4, 5, 6, 7, if no digits is 
repeated? [NCERT] 
31. Find the numbers of 4-digit numbers that can be formed using the digits 1, 2, 3, 4, 5, if no 
digit is repreated? Howmany of these will be even? [NCERT] 
32. All the letters of the word ‘EAMCOT’ are arranged in different possible ways. Find the 
number of arrangements in which no two vowels are adjacent to each other. 
ANSWERS 
1. (i) 336 (ii) 5040 (iii) 720 (iv) 360 
2. 4 oh Ss! 4.8 5. 6 
6. 4 729) 8. 6 Le ) 
10. 10 11. 5 13. 14 14. 6,7 
15. 120 16. 1260 17. 12 18. 24 
19. 360 20. 60 21. 120 22. 8! 
23. 3456 24. 720 25. 648 26. 1680 
27. 86400 28. 12 29. 504 30. 90 
31. 120, 48 32. 144 
HINTS TO NCERT & SELECTED PROBLEMS 
2. We have 
P(5,r) = P(6,r —1) 
5! 6! 
=> ——EE——————————eee 
(5-r)! {6-(r-1)}! 
Sto Gx 6b 
— 
6-n! (7-7)! 
SRLS 6 
=> ——— 
6-n! 7-n (6-6-7! 
Ae eee = (7 -r) (6-r) =3x257-r=3>r=4 


(7 —r) (6-7) 
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) E aft 7 4Y 
U (1-1, 3) = 1 = (1 —1)! x (n 4)! ye = I =< => n=J. 


9. P(n—-1, 3): P(n,4)=1:9 => - 
P (n, 4) 9 (71 — 4)! n! 9 HN 


15. The total no. of ways = No. of arrangements of 5 things, taken all at a time = ° Ps. 


16. Total no of ways = No. of arrangements of 36 things taken two at a time = ie Po. 
17. The total no. of ordered pairs = No. of arrangements of 4 letters, taken twoata time = 4 P». 
18. No. of ways = No. of arrangements of 4 books, taken all at a time = *P,. 


19. Total no. of words = No. of arrangements of 6 letters, taken 4 at a time = Sp. 


20. Required number of numbers = Number of arrangements of digits 1, 3, 5, 7, 9 by taking 
3 ata time = ayes 
et War Wi2, Wiz , Wor, Woo, Wo3 . Wai W32 , War, War 


W, W> ‘ Ws W, 
be arranged in 4! ways. Now, volumes of each work can be arranged in the following ways: 
W, — 3! ways; Wp —> 3! ways, W3 > 2! ways, W, — 2! ways. 


23. L be 4 works. These 4 works can 


Hence, total no. of ways to arrange all books = 4!(3!x 3!x 2!x 2!) = 3456. 


24. Each answer to the given question is an arrangement of the 6 items of column B keeping the 
order of items in column A fixed. Hence, the total number of answers = Number of 
arrangements of 6 items in column B = ° Pp. =6!. 


25. Total number of three digit numbers with distinct digits = a0 P3 - 7 Pr. 
26. Required number of telephone numbers = SP. 


27. Five girls can sit on chairs in a row in : P; =5! ways. Also, 6 boys can stand behind them ina 
row in Sp. =6! ways. Hence, the total number of ways =5! x 61 


31. The total number of 4 digit numbers formed by using the digits 1, 2, 3, 4, 5 is same as the 


number of arrangements of 5 digits taken 4 at a time. 


Bi 190 
(5 —4)! 
An even number will have 2 or 4 at its unit’s place. So, unit’s place can be filled in 2 ways 
and the remaining three places (tens, hundreds and thousands) can be filled with 
remaining 4 digits in 4p, ways. Hence, total number of 4 digit even numbers formed by 


using the given digits is *P3 x 2 =48. 





So, required number of numbers = ° Py = 


16.4 PERMUTATIONS UNDER CERTAIN CONDITIONS 


In this section, we shall discuss permutations where either repetitions of items are allowed or 
distinction between some of the items are ignored or a particular item occurs in every 
arrangement etc. Such type of permutations are known as permutations under certain 
conditions as discussed below. 


THEOREM 1 Prove that the number of all permutations of n different objects taken r at a time, when a 
particular object is to be always included in each arrangement, is r."~ Ip Eas 


PROOF Here we have to find the number of ways in which r places can be filled with n given 
objects such that a particular object occurs in each arrangement. Suppose the particular object is 
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placed at the first place. Then, the remaining (7 —1) places can be filled with remaining (r —1) 
objects in" ~ 'P. _ , ways. Similarly, by fixing the particular object at the second, third, fourth, . 


rth places, we find that the number of permutations in each case is "~ 2) = 


Hence, by the fundamental principle of addition, 
The required number of permutations = "~1P._,+"~'P._1+...+"7'B_,=r.""'PB_y. 
Q.E.D. 
THEOREM 2 Prove that the number of permutations of n distinct objects taken r at a time, when a 
particular object is never taken in each arrangement, is "~ “Dy, 
PROOF Since one particular object out of 1 given objects is never taken. So, we have to 
determine the number of ways in which r places can be filled with (1 —1) distinct objects. 
Clearly, the number of such arrangement is ”~ Be 
Q.E.D. 
THEOREM 3 Prove that the number of permutations of n different objects taken rat a time in which two 
specified objects always occur together is 2!(r —1) "~ 2p. ajo 


PROOF First let us leave out the two specified sellsses Then the number of permutations of the 
remaining (1 —2) objects, taken (r —2)at a time, is ’ —2p _9- Now, we consider two specified 


objects temporarily as a single object and add it to each of these "~ 2p. _2 permutations which 
can be done in (r —1) ways. Thus, the number of permutations becomes(r—1)"~ 7 P, _ 5. But two 
specified things can be put together in 2! ways. 

Hence, the required number of permutations is 2!.(r —1)."~ 2p S 


Q.E.D. 
ILLUSTRATIVE EXAMPLES 


| LEVEL-1 | 


EXAMPLE1 In how many ways can the letters of the word PENCIL be arranged so that (i) N is always 
next to E ? (it) Nand E are always together ? 

SOLUTION (i) Let us keep EN together and consider it as one letter. Now, we have 5 letters 
which can be arranged in a row in” Rj =5!=120 ways. Hence, the total number of ways in which 
N is always next to E is 120. 

(ii) SEEP UNS: E and N together and considering it as one letter, we have 5 letters which can be 
arranged in ° Ps = =5! ways. But, E and N can be put together 2! ways (viz. EN, NE). 

Hence, the total number of ways =5!x 2! = 240. 

EXAMPLE2 How many different words can be formed with the letters of the word EQUATION so that 


(i) the words begin with E ? (ii) the words begin with E and end with N ? 
(iii) the words begin and end with a consonant ? 


SOLUTION Clearly, the given word contains 8 letters out of which 5 are vowels and 3 
consonants. 


(i) Since all words must begin with E. So, we fix E at the first place. Now, remaining 7 letters can 
be arranged in 7P, = 7! ways. 


So, total number of words = 7 ! 


A ge wee . 
ce ATb ew cee 
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(ii) Since all words must begin with E and end with N. So, we fix E at the first place and N at the 
last place. Now, remaining 6 letters can be arranged in : P, = 6! ways. 


Hence, the required number of words = °P. = 6! 


(iii) There are 3 consonants and all words should begin and end with a consonant. So, first and 
last places can be filled with 3 consonants in : P, ways. Now, the remaining 6 places are to be 


filled up with the remaining 6 letters in B Pe ways. 

Hence, the required number of words = “Pp, x °P. = 6 x 720 = 4320 
EXAMPLE3 How many words can be formed from the letters of the word, ‘TRIANGLE’ ? How many of 
these will begin with T and end with E ? 


SOLUTION There are 8 letters in the word ‘TRIANGLE’. The total number of words formed 
with these 8 letters is the number of arrangements of 8 items, taken all at a time, which is equal to 
Sp. = 8! = 40320. If we fix up T in the beginning and E at the end, then the remaining 6 letters can 


be arranged in oP. = 6! ways. 
So, the total number of words which begin with T and end with E = 6! = 720. 


EXAMPLE4 How many words can be formed with the letters of the word ‘ORDINATE’ so that vowels 
occupy odd places? 


SOLUTION There are 4 vowels and 4 consonants in the word “ORDINATE’. We have to arrange 
8 letters in a row such that vowels occupy odd places. There are 4 odd places viz. 1, 3,5, 7. Four 
vowels can be arranged in these 4 odd places in 4! ways. Remaining 4 even places viz. 2, 4, 6,8 
are to be occupied by the 4 consonants. This can be done in 4! ways. Hence, the total number of 
words in which vowels occupy odd places= 4!x 4!=576. 


EXAMPLES5 In how many ways 5 boys and 3 girls can be seated in a row so that no two girls are 
together? 
SOLUTION The 5 boys can be seated in a row in” P; =5! ways. In each of these arrangements 6 
places are created, shown by the cross-marks, as given below: 

x Bx Bx Bx Bx Bx 


Since no two girls are to sit together, so we may arrange 3 girls in 6 places. This can be done in 
6p, ways 1.e. 3 girls can be seated in Sp, ways. 


Hence, the total number of seating arrangements = >P. x SP, =5!x 6x5 x 4=14400. 
EXAMPLE6 In how many ways can the letters of the word ‘DELHI’ be arranged so that the vowels 
occupy only even places? 


SOLUTION There are 5 distinct letters in the word ‘DELHI’. We wish to find the total number of 
arrangements of these 5 letters so that vowels occupy only even places. There are two vowels E 
and I and 2 even places viz 2° and 4". These two vowels can be arranged in the two even places 
in 2! ways. The remaining three letters (D, L, H) can be arranged in 3 places (viz Ist 3rd, 5th) in 3! 
ways. Hence, by the fundamental principle of counting the total number of arrangements 
= 3!x 2!=12. 
EXAMPLE 7 How many words can be formed from the letters of the word ‘DAUGHTER’ so that 
(i) the vowels always come together ? (ii) the vowels never come together ? ([NCERT] 
SOLUTION There are 8 letters in the word “DAUGHTER, including 3 vowels (A, U, E) and 5 
consonants (D, G, H, T, R). 
(i) Considering three vowels as one letter, we have 6 letters which can be arranged in °P, = 6! 
ways. But, corresponding each way of these arrangements, the vowels A, U, E can be put 
together in 3! ways. 


gg CODERS 6 CSS OTF8 AST EFS = TSSOSF8 OS'S SETS SSoesre 8 
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Hence, required number of words = 6!x 3!=720 x 6 = 4320 
(ii) The total number of words formed by using all the eight letters of the word ‘DAUGHTER’ is 
8 Pp, = 8! = 40320. 
So, the total number of words in which vowels are never together 
= Total number of words — Number of words in which vowels are always together 
= 40320 - 4320 = 36000 


EXAMPLE 8 I[n how many ways can 9 examination papers be arranged so that the best and the worst 
papers are never together? 


SOLUTION The number of arrangements in which the best and the worst papers never come 
together can be obtained by subtracting from the total number of arrangements, the number of 
arrangements in which the best and worst come together. 


The total number of arrangements of 9 papers = Ps =9! 


Considering the best and the worst papers as one paper, we have 8 papers which can be 
arranged in 2 Pg = 8! ways. But, the best and worst papers can be put together in 2! ways. So, the 
number of permutations in which the best and the worst papers can be put together =(2! x 8!). 
Hence, the number of ways in which the best and the worst papers never come together 
= 9!-2!x 8! = 9x 8!-2x 8! = 7x 8! = 282240. 
EXAMPLE9 In how many ways can 5 children be arranged in a row such that 

(i) two of them, Ram and Shyam, are always together? 

(ii) two of them, Ram and Shyam, are never together? 
SOLUTION There are five children including Ram and Shyam. 


(i) Considering Ram and Shyam as one child, there are four children. They can be arranged ina 
row in 4! ways. But Ram and Shyam can be arranged together in 2! ways. 
Hence, the required number of arrangements = 4! x 2! = 48. 
(ii) Total number of arrangements of 5 children in a row = 5! = 120. 
Total number of arrangements in which Ram and Shyam are never together 
= Total number of arrangements — Number of arrangements in which Ram and Shyam 
are together 
= 120 — 48 = 72. 


EXAMPLE 10 A code word is to consist of two distinct English alphabets followed by two distinct 
numbers from 1 to 9. For example, CA 23 is a code word. How many such code words are there? How 
many of them end with an even integer ? 


SOLUTION There are 26 English alphabets. So, first two places in the code word can be filled in 
a6 P> ways. In last two places we have to use two distinct numbers from 1 to 9. So, last two places 
can be filled in ? P> ways. Hence, by the fundamental principle of counting, the total number of 
code words = 26p, x 235 = 650 x 72 = 46800. 


Number of code words ending with an even integer. 


In this case, the code word can have any of the numbers 2, 4, 6, 8 at the extreme right position. So, 
the extreme right position can be filled in 4 ways. Now, next left position can be filled with any 
one of the remaining 8 digits in 8 ways and the two extreme left positions can be filled by two 
English alphabets in ae P> ways. 


Hence, the total number of code words which end with an even integer = 4 x 8 x 26p, 
=4x 8 x 650 = 20800. 


Se" ae ce —2—e 
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EXAMPLE 11 The Principal wants to arrange 5 students on the platform such that the boy ‘SALIM’ 
occupies the second position and such that the girl, ‘SITA’ is always adjacent to the girl ‘RITA’. How 
many such arrangements are possible ? 


SOLUTION Since SALIM occupies the second position and the two girls RITA and SITA are 
always adjacent to each other. So, none of these two girls can occupy the first seat. Thus, first seat 
can be occupied by any one of the remaining two students in 2 ways. Second seat can be 
occupied by SALIM in only one way. 


Now, in the remaining three seats SITA and RITA can be seated in the following four ways: 


I II Ii IV V 
1 x SALIM SITA RITA x 
2. x SALIM RITA SITA x 
3 x SALIM x SITA RITA 
4, x SALIM x RITA SITA 


Now, only one seat is left which can be occupied by the 5th student in one way. 

Hence, the number of required type of arrangements = 2 x 4x 1 =8. 

EXAMPLE12 How many numbers between 400 and 1000 can be formed with the digits 0, 2, 3, 4, 5, 6 if 
no digit is repeated in the same number ? 

SOLUTION Number between 400 and 1000 consist of three digits with digit at hundred’s place 
greater than or equal to 4. Hundred’s place can be filled, by using the digits 4, 5, 6 in 3 ways. 


Now, ten’s and unit’s places can be filled by the remaining 5 digits in 2 Py ways. 

Hence, the required number of numbers = 3 x >P> =3x = = 3x 20 =60. 

EXAMPLE13 Ina class of 10 students there are 3 girls A, B, C. In how many different ways can they be 
arranged in a row such that no two of the three girls are consecutive. 

SOLUTION There are 7 boys and 3 girls. Seven boys can be arranged in a row in 7R =7! ways. 


Now, we have 8 places in which we can arrange 3 girls in . P3 ways. 
Hence, by the fundamental principle of counting, the number of arrangements =7! x SP, 
=7!x 336. 
LEVEL-2 
EXAMPLE 14 When a group photograph is taken, all the seven teachers should be in the first row and all 
the twenty students should be in the second row. If the two corners of the second row are reserved for the 


two tallest students, interchangeable only between them, and if the middle seat of the front row is reserved 
for the Principal, how many arrangements are possible? 


SOLUTION Since the middle seat of the front row is reserved for the Principal, the remaining 6 
teachers can be arranged in the front row in 6p. = 6! ways. 


The two corners of the second row are reserved for the two tallest students. They can occupy 
these two places in 2! ways. The remaining 18 seats may be occupied by the remaining 18 
students in 18! ways. 


Hence, by the fundamental principle of counting, the total number of arrangements 
= 6!x (18! x 2!) =18! x 1440. 


betters. be wea bases. SF SSPE bess ce SPee Set eee 8 PerEereee se eee 
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EXAMPLE15 How many even numbers are there with three digits such that if 5 is one of the digits, then 
7 is the next digit? 

SOLUTION We have to determine the total number of even numbers formed by using the given 
condition. So, at unit’s place we can use one of the digits 0, 2, 4, 6, 8. If 5 is at ten’s place then, as 
per the given condition, 7 should be at unit’s place. In such a case the number will not be an even 
number. So, 5 cannot be at ten’s and one’s places. Hence, 5 can be only at hundred ’s place. 


Now two cases arise. 
CASEI When 5 is at hundred’s place: 


If 5 is at hundred’s place, then 7 will be at ten’s place. So, unit’s place can be filled in 5 ways by 
using the digits 0, 2, 4, 6, 8. 

So, total number of even numbers = 1 x 1 x 5 =5. 

CASEI When 5 is not at hundred’s place: 

In this case, hundred’s place can be filled in 8 ways (0 and 5 cannot be used at hundred’s place). 
In ten’s place we can use any one of the ten digits except 5. So, ten’s place can be filled in 9 ways. 
At unit’s place we have to use one of the even digits 0, 2, 4, 6, 8. So, units place can be filled in 5 
ways. 

So, total number of even numbers = 8 x 9 x 5 = 360 

Hence, the total number of required even numbers = 360 + 5 = 365. 

EXAMPLE16 How many four digit numbers divisible by 4 can be made with the digits 1, 2, 3, 4, 5 if the 
repetition of digits is not allowed ? 


SOLUTION Recall that a number is divisible by 4 if the number formed by the last two digits is 
divisible by 4. The digits at unit’s and ten’s places can be arranged as follows: 


Th H 1b O 
x x 1 2. 
x x 2 4 
x x 3 2 
x x 5 2 


Now, corresponding each such way the remaining three digits at thousand’s and hundred’s 
places can be arranged in ~ P ways. 


Hence, the required number of numbers = 3P, x4=3!x4=24. 
EXAMPLE17_ Find the number of ways in which 5 boys and 5 girls be seated in a row so that 
(i) No two girls may sit together. (ii) All thgirls sit together and all the boys sit together. 
(iii) All the girls are never together. 

SOLUTION (i) 5 boys can be seated in a row in ? P; =5! ways. Now, in the 6 gaps 5 girls can be 
arranged in © P; ways. 

Hence, the number of ways in which no two girls sit together = 5! x oR =5!x 6! 

(ii) The two groups of girls and boys can be arranged in 2! ways. 5 girls can be arranged 
among themselves in 5! ways. Similarly, 5 boys can be arranged among themselves in 5! 


ways. Hence, by the fundamental panels of counting, the total number of requisite 
seating arrangements = 2! (5! x 5!) =2 (5!)*. 
(iii) The total number of ways in which all the girls are never together 
= Total number of arrangements — Total number of arrangements in which all the girls are 
always together 
=10!—5!~x 6! 


ae 
. 
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EXAMPLE18 Five boys and five girls forma line with the boys and girls alternating. Find the number of 
ways of making the line. 


SOLUTION 5 boys can be arranged in‘a' line in > Ps =5! ways. Since the boys and girls are 


alternating. So, corresponding each of the 5! ways of arrangements of 5 boys we obtain 5 places 
marked by cross as shown below: 


(i) B, x By x Bz x By x Bx (ii) x B, x By x Bz x By x Bs. 
Clearly, 5 girls can be arranged in 5 places marked by cross in (5! + 5!) ways. 
Hence, the total number of ways of making the line =5! x (5!+5!) =2 (5!)? 


EXAMPLE 19 In how many ways three girls and nine boys can be seated in two vans, each having 
numbered seats, 3 in the front and 4.at the back? How many seating arrangements are possible if 3 girls sit 
together in a back row on adjacent seats ? 


SOLUTION Total number of persons = 3 girls + 9 boys = 12. 
Total number of numbered seats = 2x 3+ 4x 2=14 
So, total number of ways in which 12 persons can be seated on 14 seats 


= Number of arrangements or 14 seats by taking 12 ata time = /*P,5. 


Three girls can be seated together in a back row on adjacent seats in the following ways: 
1,2,3 or 2,3,4 of first van 
and, 1,2,3 or 2,3,4 ofsecond one. 


In each way the three girls can interchange among themselves in 3! ways. So, the total number of 
ways in which three girls can be seated together in a back row on adjacent seats = 4 x 3! 


Now, 9 boys are to be seated on remaining 11 seats, which can be done in !! Py ways. 


Hence, by the fundamental principle of counting, the total number of seating arrangements is 
11 . 
Py x 4x'3!. - : 


EXAMPLE20 A tea party is arranged for 16 persons along two sides of a long table with 8 chairs on each 


side. Four persons wish to sit on one particular and two on the other side. In how many ways can they be 
seated? 


SOLUTION Let the two sides be A and B. Assume that four persons wish to sit on side A. Four 
persons who wish to sit on side A can be accommodated on eight chairs in Ae ways and two 


persons who wish to sit on side B can be accommodated on 8 chairs in SP, ways. Now, 10 
persons are left, who can sit on 10 chairs on both the sides of the table in 10! ways. 


Hence, the total number of ways in which 16 persons can be seated = SP} x 8p, x 10! 


EXERCISE 16.4 





1. In how many ways can the letters of the word ‘FAILURE’ be arranged so that the 
consonants may occupy only odd positions? 
2. In how many ways can the letters of the word ‘STRANGE’ be arranged so that 
(i) the vowels come together ? (ii) the vowels never come together? and 
(iii) the vowels occupy only the odd places? 
3. How many words can be formed from the letters of the word ‘SUNDAY’? How many of 
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4. How many words can be formed out of the letters of the word, ‘ORIENTAL’, so that the 
vowels always occupy the odd places ? 
5. How many different words can be formed with the letters of word ‘SUNDAY’? How many 
of the words begin with N? How many begin with N and end in Y? 
6. How many different words can be formed from the letters of the word ‘GANESHPURI’ ? In 
how many of these words: 
(i) the letter G always occupies the first place? 
(ii) the letters P and I respectively occupy first and last place? 
(iii) the vowels are always together? 
(iv) the vowels always occupy even places? 


7. How many permutations can be formed by the letters of the word, “VOWELS’, when 
(i) there is no restriction on letters? (ii) each word begins with E? 
(iii) each word begins with O and ends with L? (iv) all vowels come together? 
(v) all consonants come together? 
8. How many words can be formed out of the letters of the word ‘ARTICLE’, so that vowels 
occupy even places? 
9. In how many ways can a lawn tennis mixed double be made up from seven married 
couples if no husband and wife play in the same set? 


10. men and n women are to be seated in a row so that no two women sit together. If 1 > n 
m! (+1)! 


then show that the number of ways in which they can be seated as ' rp! 
m—n ! 


11. How many words (with or without dictionary meaning) can be made from the letters in the 
word MONDAY, assuming that no letter is repeated, if 
(i) 4 letters are used at a time? (ii) all letters are used at a time? 
(iii) all letters are used but first is vowel? 


12. How many three letter words can be made using the letters of the word ‘ORIENTAL’? 


ANSWERS 
1.576 2. - (i) 1440 (ii) 3600 (iii) 1440 3. 720,120 4. 576 
5. 720, 120, 24 6.10! (i) 9! (ii) 8! ~— (iii) 7! x 4! (iv) 5!x 6! 
7. (i) 720 (ii) 120 (iii) 24 (iv) 240 «~(v) 144~—s«88. «144-9. 8:40 
11. (i) 360 (ii) 720 (iii) 240 12. 336 


16.5 PERMUTATIONS OF OBJECTS NOT ALL DISTINCT 


So far we were discusing permutations of distinct objects (things) by taking some or all at a time. 
In this section, we intend to discuss the permutations of a given number of objects when objects 
are not all different. For example, the number of arrangements of the letters of the word 
MISSISSIPPI, the number of six digit numbers formed by using the digits 1, 1, 2, 3, 3, 4 etc. The 
following theorem is very helpful to determine the number of such arrangements. 


THEOREM The number of mutually distinguishable permutations of n things, taken all at a time, of 
{ 
which p are alike of one kind, q alike of second such that p + q =n is ——. 
Ped: 

PROOF Let the required number of permutations be x. Consider one of these x permutations. 
Now, replace p alike things in this permutation by p distinct things which are also different from 
others. These p different things may be permuted among themselves in p! ways without 
changing the positions of other things. Similarly, if we replace q alike things by q distinct things, 
which are also different from others, then they can be permuted among themselves in q! ways. 





09" > = 
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Thus, if both the replacements are done simultaneously, then we find that each one of the x 
permutations give rise to p! x q! permutations. Therefore, x permutations give rise to x x p!x q! 
permutations. Now, each of these x x p!x q! permutations, is a permutation of n different things, 
taken all at a time. 


x x p!x q!= Number of permutations of 1 different things taken all ata time =n! 
n! 
Hence, x = — 
pig! 
Q.E.D. 
REMARK1 The number of permutations of n things, of which p are alike of one kind; p> are alike of 
second kind; p3 are alike of third kind; ...; py are alike of rth kind such that py + pz +... +p, = 0,is 
n! 


Py! po! Pg! Pr! 
REMARK2 The number of permutations of n things, of which p are alike of one kind, q are alike of second 
; ee oars Na: 
kind and remaining all are distinct, is STE 
pq! 


REMARK3 Suppose there are r things to be arranged, allowing repetitions. Let further p;, po, ... py be 

the integers such that the first object occurs exactly p, times, the second occurs exactly p> times, etc. Then 
. . ae... «. (Py + Po + Pe)! 

the total number of permutations of these r objects to the above condition is VALS Seah 

P1+-P2-P3 +++ Pr = 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 How many different words can be formed with the letters of the word ‘MISSISSIPPI’ ? In 
how many of these permutations four I’s do not come together? [NCERT] 
SOLUTION There are 11 letters in the given word, of which 4 are S’s, 4 are I’s and 2 are P’s. So, 
total number of words is the number of arrangements of 11 things, of which 4 are similar of one 


kind, 4 are similar of second kind and 2 are similar of third kind i.e. Pacer 
Fa 141! 


i 
Hence,the total number of words = ———-_ = 34650. 
41412! 


Considering 4 I's as one letter, we have 8 letters of which 4 are S’s and 2 are P’s. These 8 letters 
can be arranged in Ap ee: 





Number of words in which 4 I's come together = = = 840. 


Hence, number of words in which 4 I’s do not come together = 34650 — 840 = 33810. 


EXAMPLE2 How many permutations of the letters of the word ‘APPLE’ are there? 
SOLUTION Here there are 5 letters, two of which are of the same kind. The others are each of its 
i 


120 
dni 2 


EXAMPLE3 How many words can be formed using the letter A thrice, the letter B twice and the letter C 


own kind. So, the required number of permutations is 


__ thrice ? 


SOLUTION Weare given 8 letters viz. A, A, A, B, B, C, C, C. Clearly, there are 8 letters of which 
three are of one kind, two are of second kind and three are of third kind. 


So, the total number of permutations = 31o131 =560. 


Hence, the requisite number of words = 560. 
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EXAMPLE4 Find the number of different permutations of the letters of the word BANANA ? 
SOLUTION Clearly, there are six letters in the word ‘BANANA’ of which three are alike of one 
kind (3 A‘s), two are alike of second kind (2 N’s) and one of its own kind. 


= 60 
3I2!1! 





Total number of their permutations = 


Hence, the requisite number of words = 60 
EXAMPLE5 (i) How many different words can be formed with the letters of the word HARYANA? 
(ii) How many of these begin with H and end with N? 
(iii) In how many of these H and N are together? 
SOLUTION (i) There are 7 letters in the word ‘HARYANA’ of which 3 are A’s and remaining all 
are each of its own kind. 


! | 
pO — BAT 
B311!1!4!1! 3! 


(ii) After fixing H in first place and N in last place, we have 5 letters out of which three are alike 
i.e. A’s and remaining all are each of its own kind. 


So, total number of words = 


! 
So, total number of words = rs =2(): 


(iii) Considering H and N together we have 7 — 2 + 1 = 6 letters out of which three are alike i.e. 


A’s and others are each of its own kind. These six letters can be arranged in 2 ways. But Hand N 


can be arranged amongst themselves in 2! ways. 


Hence, the requisite number of words = x 2!=120 x 2 = 240. 


EXAMPLE6 How many different words can be formed by using all the letters of the word 
‘ALLAHABAD’ ? [NCERT] 
(i) In how many of them vowels occupy the even positions ? 
(ii) In how many of them both L do not come together ? 
SOLUTION There are 9 letters in the word ‘ALLAHABAD?’ out of which 4 are A’s, 2 are L’s and 
the rest are all distinct. 


So, the requisite number of words = 5 =7560. 


(i) There are 4 vowels and all are alike i.e. 4 A’s. Also, there are 4 even places viz 2nd, 4th, 6th 
f 
and 8th. So, these 4 even places can be occupied by 4 vowels in =1 way. Now, weare left with 


I 
5 places in which 5 letters, of which two are alike (2 L’s) and other distinct, can be arranged in _ 


ways. 


i inate 5] 
Hence, the total number of words in which vowels occupy the even places = i x - == = 60. 
(ii) Considering both L together and treating them as one letter we have 8 letters out of which A 


repeats 4 times and others are distinct. These 8 letters can be arranged in - ways. 


So, the number of words in which both L come together == = 1680. 


Hence, the number of words in which both L do not come together 
= Total no. of words — No. of words in which both L come together = 7560 —1680 = 5880. 


/ SSLLRE BIR. 2! 
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EXAMPLE 7 Find the number of arrangements of the letters of the word INDEPENDENCE. In how 
many of these arrangements [NCERT] 
(i) do the words start with P? (ii) do all the vowels always occur together? 
(iii) do all the vowels never occur together? (iv) do the words begin with I and end in P? 
SOLUTION Inthe word ‘INDEPENDENCE’ there are 12 letters of which 3 are N’s, 4 are E’s and 
2 are D’s. Therefore, 


VU 
Total number of arrangements = WIRT = 1663200 


(i) After fixing the letter P at the extreme left position, there are 11 letters consisting of 3 N’s, 


4E’s and 2D’s. These 11 letters can be arranged in eer = 138600 
Number of words beginning with P = a5 = 138600 
(ii) There are i vowels in the given word of which 4 are E’s and one I. These vowels can be put 


together in ani ways. Considering these 5 vowels as one letter there are 8 letters (taking 7 


remaining letters) which can be arranged in er ways (as there are 3 N’s and 2D’s). Since 


corresponding to each arrangement of 5 vowels there are 





ai ways of arranging remaining 7 


letters and one letter formed by 5 vowels. 
Bence: oa fundamental principle of multiplication, the required number of arrangements is 


— =16800 
312!” 4!1! 


(iii) The required number of arrangements 
= The total number of arrangements — The number of arrangements in which all the 
vowels occur together 
= 1663200 — 16800 =1646400 


(iv) Let us fix I at the extreme left end and P at the extreme right end. Now, we are left with 10 


letters of which 3 are N’s, 4 are E’s and 2 are D’s. These ten letters can be arranged in WINDY 31D 


ways. 


Hence, required number of arrangements = paOlet = 12600. 


4!3!2! 
EXAMPLE 8 In how many ways can the letters of the word PERMUTATIONS be arranged if (i) the 
words start with P end with S (ii) vowels are all together. 
SOLUTION (i) There are 12 letters in the given word of which 2 are J's and the remaining are 
distinct. Remaining 10 letters between P and S can be arranged in ways. 


Total number of words starting with P and ending in S = ~~ = 1814400 


(ii) There are 5 vowels in the given word. These vowels can = put together in 5! ways. 
Considering these 5 vowels as one letter, we have 8 letters (7 remaining letters and one letter 


formed by 5 vowels) of which 2 are T’s. These 8 letters can be arranged in Bi ways. 


Hence, by the fundamental principle of multiplication, required number of words is 
51x = = 2419200. 


“orerrr. om « 
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EXAMPLE9 How many numbers greater than a million can be formed with the digits 2, 3, 0, 3, 4, 2,3 ? 
SOLUTION Any number greater than a million will contain all the seven digits. 


Now, we have to arrange these seven digits, out of which 2 occur twice, 3 occurs twice and the 
rest are distinct. 





The number of such arrangements = 53 = 420. 

ix 3! 
These arrangements also include those numbers which contain 0 at the million’s place. 
Keeping 0 fixed at the millionth place, we have 6 digits out of which 2 occurs twice, 3 occurs 


thrice and the rest are distinct. These 6 digits can be arranged in 





T ance ways. 
2X Oo. 


Hence, the number of required numbers = 420 — 60 = 360. 


EXAMPLE10 There are six periods in each working day of a school. In how many ways can one arrange 5 
subjects such that each subject is allowed at least one period? 


SOLUTION Since each subject is allowed at least one period. So, we first select one subject for 
- 
the left out period. This can be done in’C, ways. Now, six subject can be arranged in - ways. 


- 
Hence, the total number of arrangements =°C, x - = 1800 


EXAMPLE 11 How many arrangements can be made with the letters of the word ‘MATHEMATICS’? In 
how many of them vowels are together ? 


SOLUTION There are 11 letters in the word ‘MATHEMATICS’ of which two are M’s, two are A’s, 


two are T’s and all other are distinct. So, : 
—_*'__ ~ 4989600 

2!x 2!x 2! 

There are 4 vowels viz. A, E, A, I. Considering these four vowels as one letter we have 8 letters 

(M, T, H, M, T, C, S and one letter obtained by combining all vowels), out of which M occurs 


Required number of arrangements = 


twice, T occurs twice and the rest all different. These 8 letters can be arranged in 





Apaog ee 
But, the four vowels (A, E, A, I) can be put together in 5 ways. 


8! 4! 
——es 0 ee 
21x21 2! 

= 10080 x 12 = 120960. 
EXAMPLE 12 If all the letters of the word ‘AGAIN’ be arranged as in a dictionary, what is the fiftieth 
word? [NCERT] 


SOLUTION In dictionary the words at each stage are arranged in alphabetical order. Starting 
with the letter A, and arranging the other four letters GAIN, we obtain 4! = 24 words. 

Thus, there are 24 words which start with A. These are the first 24 words. 

anen. starting with G, and arranging the other four letters A, A, I, N in different ways, we obtain 


a = = = 12 words. Thus, there are 12 words, which start with G. 


Hence, the total number of arrangements in which vowels are always together = 


Now, we start with I. The remaining 4 letters A, G, A, N can be arranged in 5 =12 ways. So, 
there are 12 words, which start with I. 
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Thus, we have so far constructed 48 words. The 49th word is NAAGI and hence the 50th word is 
NAAIG. 
EXAMPLE13_ Thi letters of the word ‘RANDOM are written in all possible orders and these words are 
written out as in a dictionary. Find the rank of the word ‘RANDOM’. 
SOLUTION Ina dictionary the words at each stage are arranged in alphabetical order. In the 
given problem we must therefore consider the words beginning with A, D, M, N, O, R in order. 
A will occur in the first place as often as there are ways of arranging the remaining 5 letters all at 
a time i.e. A will occur 5! times. Similarly, D, M, N, O will occur in the first place the same 
number of times. 
Number of words starting with A = 5! = 120 
Number of words starting with D = 5! = 120 
Number of words starting with M = 5! = 120 
Number of words starting with N = 5! = 120 
Number of words starting with O = 5! = 120 
Number of words beginning with R is 5!, but one of these words is the word RANDOM. So, we 
first find the number of words beginning with RAD and RAM. 
No. of words starting with RAD = 3! = 6 
No. of words starting with RAM = 3! = 6 
Now, the words beginning with ‘RAN’ must follow. There are 3! words beginning with RAN. 
One of these words is the word RANDOM itself. 
The first word beginning with RAN is the word RANDMO and the next word is RANDOM. 
Rank of RANDOM =5 x 120 + 2x 6+ 2=614. 
EXAMPLE14 If the different permutations of the word, ‘EXAMINATION are listed as in a dictionary, 
how many items are there in the list before the first word starting with E? [NCERT] 
SOLUTION In a dictionary the words at each stage are arranged in alphabetical order. In the 
given problem we have to find the total number of words starting with A, because the very next 
word will start with E. 
For finding the number of words starting with A, we have to find the number of arrangements 
of the remaining 10 letters, EXMINATION, of which there are 2 I’s, 2 N’s and the others each of 
its own kind. 
The number of such arrangements = ae = 907200. 


Hence, the required number of items = 907200. 


EXERCISE 16.5 





LEVEL-1 


1. Find the number of words formed by permuting all the letters of the following words: 
(i) INDEPENDENCE (ii) INTERMEDIATE (iii) ARRANGE 
(iv) INDIA (v) PAKISTAN (vi) RUSSIA 
(vii) SERIES (viii) EXERCISES (ix) CONSTANTINOPLE 
2. In how many ways can the letters of the word ‘ALGEBRA’ be arranged without changing 
the relative order of the vowels and consonants? 
3. How many words can be formed with the letters of the word ‘UNIVERSITY’, the vowels 
remaining together? 
4. Find the total number of arrangements of the letters in the expression a? b2 c+ when 
written at full length. 
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5. 


6. 


11. 
12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


ys 


22. 


24. 


25. 


26. 


How many words can be formed with the letters of the word ‘PARALLEL’ so that all L’s do 
not come together? 


How many words can be formed by arranging the letters of the word ‘MUMBAI’ so that all 
M’s come together? 


. How many numbers can be formed with the digits 1, 2, 3, 4, 3, 2, 1 so that the odd digits 


always occupy the odd places? 


. How many different signals can be made from 4 red, 2 white and 3 green flags by arranging 


all of them vertically on a flagstaff? 


- How many number of four digits can be formed with the digits 1, 3, 3, 0? 
10. 


In how many ways can the letters of the word ‘ARRANGE’ be arranged so that the two R’s 
are never together? 


How many different numbers, greater than 50000 can be formed with the digits 0, 1,1, 5, 9. 


How many words can be formed from the letters of the word ‘SERIES’ which start with S 
and end with S? 


How many permutations of the letters of the word ‘MADHUBANI’ do not begin with M 
but end with I? 


Find the number of numbers, greater than a million, that can be formed with the digits 2, 3, 
0,.3, 4, 2, 3. 

There are three copies each of 4 different books. In how many ways can they be arranged in 
a shelf? 

How many different arrangements can be made by using all the letters in the word 
‘MATHEMATICS’. How many of them begin with C? How many of them begin with T? 

A biologist studying the genetic code is interested to know the number of possible 
arrangements of 12 molecules in a chain. The chain contains 4 different molecules 
represented by the initials A (for Adenine), C (for Cytosine),G (for Guanine) and T (for 
Thymine) and 3 molecules of each kind. How many different such arrangements are 
possible? 

In how many ways can 4 red, 3 yellow and 2 green discs be arranged in a row if the discs of 
the same colour are indistinguishable? [NCERT] 


How many numbers greater than 1000000 can be formed by using the digits 1, 2, 0, 2, 
4,2,4? [NCERT] 


In how many ways can the letters of the word ASSASSINATION be arranged so that all the 
S’s are together? [NCERT] 


Find the total number of permutations of the letters of the word ‘INSTITUTE’. [NCERT] 


The letters of the word ‘SURITI’ are written in all possible orders and these words are 
written out as in a dictionary. Find the rank of the word ‘SURITI’. 


. If the letters of the word ‘LATE’ be permuted and the words so formed be arranged as ina 


dictionary, find the rank of the word LATE. 


If the letters of the word ‘MOTHER’ are written in all possible orders and these words are 
written out as in a dictionary, find the rank of the word ‘MOTHER’. 


If the permutations of a, b, c, d, e taken all together be written down in alphabetical order as 
in dictionary and numbered, find the rank of the permutation debac. 


Find the total number of ways in which six ‘+’ and four ‘’ signs can be arranged ina line 
such that no two ‘—’ signs occur together. 
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27. In how many ways can the letters of the word “INTERMEDIATE” be arranged so that: 


28. 


(i) the vowels always occupy even places? 
(ii) the relative order of vowels and consonants do not alter? 
The letters of the word ‘ZENITH’ are written in all possible orders. How many words are 


possible if all these words are written out as in a dictionary ? What is the rank of the word 
‘ZENITH’? 








ANSWERS 
1. (i) 1663200 (ii) 19958400 (iii) 1260 (iv) 60 
(v) 20160 (vi) 360 (vii) 180 (viii) 30240 
(ix) sy 2. 72 3. 60480 | 4. 1260 
5. 3000 6. 120 7. 18 8. 1260 
9. 9 10. 900 11. 24 125-12 
13. 17640 14. 360 15. 12!/(3!)4 16h, 
2!2!2! 2'2!2! 2ta2! 
17. 369600 18. 1260 19. 360 20. 151200 
igs 22. 236 23. 14 24. 309 
2! 3! 
25090 26. 35 27. (i) 21600 (ii) 21600 
28. 616 
HINTS TO NCERT & SELECTED PROBLEMS 
2. The congonants:can be arranged among themselves in 4! ways and the vowels among 


themselves in > ways. Hence, the required number of arrangements = 4! x 5 = 72. 


4. There are 3 a's, 2b's and 4 c's. So, the total number of arrangements = soi = 1260. 
7. There are 4 odd digits 1, 1, 3, 3 and 4 odd places. So, odd digits can be arranged in odd 
I 
places in APT ways. The remaining 3 even digits 2, 2,4 can be arranged in 3 even places in ml 
ways. Hence, the requisite number of numbers = i x =; =18. 
8. We have to arrange 9 flags, out of which 4 are of one kind, 2 are of another kind and 3 are of 
third kind. So, total number of signals = ———_. 
4!2!3! 
: 4! 3! 
9. Required number of numbers = Aion 





11. 


Numbers greater than 50000 will have either 5 or 9 in the first place and will consist of 5 
digits. 
Number of numbers of with digit 5 at first place = . 


Number of numbers with digit 9 at first place =F 


1 4! 
Hence, the required number of numbers == + ;. = 24. 
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18 


19. 


20. 


21. 


26. 


Required number of ways = qisione argiol = 1260 


Number of numbers greater than 1000000 that can be formed by using the digits 1, 2, 0, 2, 4, 
2, 4. 


= Number of numbers formed by given digits - Number of numbers having 0 as left 
most digit 
peel 
A716) Sl OR Ol oer 
S120 SIZE Slot ah2t 
Considering all Sas one letter there are 10 letters containing 3A’s, 2I’s, 2N’s, 1T, 10 which 


can be arranged in ee 151200 ways. 
3!2!2! 


There are 9 letters in the word INSTITUTE containing 2I’s, 3T’s, 1N, 1S, 1U and 1E. These 
! 
— = 21040 ways. 





letters can be arranged in TE 


2! 
: : se 4) 
Six ‘+’ signs can be arranged in a row in 7 i 1 way. Now, we are left with seven places in 
which four different things can be arranged in ‘ P, ways but as all the four “—’ signs are 

”P 
identical, therefore, four ‘“—’ signs can be arranged in rr = 35 ways. 


Hence, the required number of ways =1 x 35 = 35. 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. 


In how many ways can 4 letters be posted in 5 letter boxes? 


2. Write the number of 5 digit numbers that can be formed using digits 0, 1 and 2. 
3. 
4 


. Write the total number of possible outcomes in a throw of 3 dice in which at least one of the 


In how many ways 4 women draw water from 4 taps, if no tap remains unused? 


dice shows an even number. 


. Write the number of arrangements of the letters of the word BANANA in which two N’s 


come together. 


. Write the number of ways in which 7 men and 7 women can sit on a round table such that 


no two women sit together. 


7. Write the number of words that can be formed out of the letters of the word ‘COMMITTEE’. 


10. 


IGE 
12. 


. Write the number of all possible words that can be formed using the letters of the word 


‘MATHEMATICS’. 


. Write the number of ways in which 6 men and 5 women can dine at a round table if no two 


women sit together. 


Write the number of ways in which 5 boys and 3 girls can be seated ina row so that each girl 
is between 2 boys. 


Write the remainder obtained when 1! + 2!+ 3!+... + 200!is divided by 14. 
Write the number of numbers that can be formed using all for digits 1, 2, 3, 4. 


ie ow 


16.46 


1. 


9. 


MATHEMATICS-AI 


ANSWERS 
4 4 : 9! 11! 
5 2, 2x Oo; 3. 4! 4. 189 5. 20 6.7!x 6! 7. a a 8. ———_— 
(2!)° 2!2!2! 
6!x 5! 10. 2880 11. 5 12. 24 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. The number of permutations of n different things taking rata time when 3 particular things 
are to be included is 
(a) [iat ae (c) ek 9S (d) lt med Chae 
2. Thenumber of five- numbers having at least one of their digits repeated is 
(a) 90000 (c) 30240 (d) 69760 
3. The number of wor med out of the letters of the word “ARTICLE” so that 
vowels occupy ever | 
(a) 574 (b) 36 (c) 754 (d) 144 
4. How many numbers greater than 10 lacs be formed from 2, 3, 0, 3, 4, 2,3 ? 
(a) 420 (b) 360 (c) 400 (d) 300 
5. The number of different signals which can.be given from 6 flags of different colours taking 


10. 


11. 


one or more at a time, is 
(a) 1958 (b) 1956 (c) 16 (d) 64 


. The number of words from the letters of the word ‘BHARAT’ in which B and H will never 


come together, is 
(a) 360 (b) 240 (c) 120 (d) none of these 


. The number of six letter words that can be formed using the letters of the word “ASSIST” in 


which S’s alternate with other letters is 
(a) 12 (b) 24 (c) 18 (d) none of these 


- The number of arrangements of the word “DELHI” in which E precedes / is 


(a) 30 (b) 60 (c) 120 (d) 59 


- The number of ways in which the letters of the word ‘CONSTANT’ can be arranged 


without changing the relative positions of the vowels and consonants is 


(a) 360 (b) 256 (c) 444 (d) none of these 
The number of ways to arrange the letters of the word CHEESE are 
(a) 120 (b) 240 (c) 720 (d) 6 


Number of all four digit numbers having different digits formed of the digits 1,2,3,4 and5 
and divisible by 4 is 

(a) 24 (b) 30 (c) 125 (d) 100 

If the letters of the word KRISNA are arranged in all possible ways and these words are 
written out as in a dictionary, then the rank of the word KRISNA is 

(a) 324 (b) 341 (c) 359 (d) none of these 

If in a group of n distinct objects, the number of arrangements of 4 objects is 12 times the 
number of arrangements of 2 objects, then the number of objects is 

(a) 10 (b) 8 (c) 6 (d) none of these 
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14. The number of ways in which 6 men can be arranged in a row so that three particular men 
are consecutive, is 
(a) 4!x 3! (b) 4! (c) 3!x 3! (d) none of these 

15. A 5-digit number divisible by 3 is to be formed using the digits 0, 1, 2, 3, 4 and 5 without 
repetition. The total number of ways in which this can be done is 


(a) 216 (b) 600 (c) 240 (d) 3125 
16. The product of r consecutive positive integers is divisible by 
(a) r! (b) r!+1] (c) (r +1)! (d) none of these 
Wile et P. +1 aera fides 3P, , then the values of k are 
(a) 7 and11 (b) 6 and 7 (c) 2and11 (d) 2and6 
18. The number of arrangements of the letters of the word BHARAT taking 3 at a time is 
(a) 72 (b) 120 (c) 14 (d) none of these. 


19. The number of words that can be made by re-arranging the letters of the word APURBA so 
that vowels and consonants are alternate is 


(a) 18 (b) 35 (c) 36 (d) none of these 
20. The number of different ways in which 8 persons can stand in a row so that between two 
particular persons A and B there are always two persons, is 


(a) 60x5! (b) 15x 4!x 5! (c) 4!x5! (d) none of these 
21. The number of ways in which the letters of the word ARTICLE can be arranged so that even 
places are always occupied by consonants is 


(a) 576 (b) i @ 3 x4! (c) 2x 4! (d) none of these 


22. In a room there are 12 bulbs of the same wattage, each having a separate switch. The 
number of ways to light the room with different amounts of illumination is 


(a) ibys oa (b) gi (c) pie = (d) none of these 


ANSWERS 
1. (d) 22 i(d)i aaa) 4. (b) 5.(b) 6.(b) 7. (a) ~~ 8. (b) 9. (a) 

10. (a) 11. (a) 12. (a) 13. (c) 14.(a) 15. (a) 16. (a) 17. (b) 18. (a) 

19. (c) 20. (a) 21. (a) 22. (c) 


SUMMARY 


1. The continued product of first 2 natural numbers is called the “n factorial” and is denoted 
by Lnor nt. 
Thus,n! = 1x2x 3x4x...x(n-1)xn 
Factorials of proper fractions and negative integers are not defined. 


ae = 1-3-5...(2n—1) 2” 


3. n!+1 is not divisible by any natural number between 2 and n. 
4. Let p bea prime number and be a natural number, if E, (1) denotes the exponent of p inn, 


then 
Ep (m!) = =] [5] +4] 


NO UO”O SST 
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s+ 1 


where s is the largest positive integer such that p* <n <p*”* ° and [x] denotes the greatest 


integer less than or equal to x. 
n! 
(n—r)! 





5. Ifmis a natural number andr is a positive integer such that 0 <r <n, then” P. = 


6. (i) (Fundamental Principle of Multiplication): If there are two jobs such that one of them can be 
completed in 1 ways, and when it has been completed in any one of these m ways, 
second job can be completed in ways; then the two jobs in succession can be completed 
in m1 x nN ways. 

(ii) (Fundamental Principle of Addition) If there are two jobs such that they can be performed 
independently in m and n ways respectively, then either of the two jobs can be performed 
in ( ways. 

7. (i) Letr and be positive integers such that1 <r <n. Then, the number of all permutations of 
n distinct items or objects taken r at a time is 

n(n —1) (1 —2) (n-— 3)... (n —(r —1)) 

(ii) The number of all permutations (arrangements) of n distinct objects taken all at a time is 

n}. 


(iii) The number of mutually distinguishable permutations of n things, taken all at a time, of 
which p are alike of one kind, q alike of second such that p + g =n, is oe 


pig! 
(iv) The number of permutations of n things, of which pj are alike of one kind; p> are alike of 
second kind; p3 are alike of third kind; ...; pr are alike of rth kind such that 
Pi + pot+...+ p, =n, is ee a 
Py! P2! pz! Pr ! 
(v) The number of permutations of n things, of which p are alike of one kind, q are alike of 
second kind and remaining all are distinct, is a, 
pq! 


(vi) Suppose there are r things to be arranged, allowing repetitions. Let further p1, p,... p, be 
the integers such that the first object occurs exactly p times, the second occurs exactly p> 
times, etc. Then the total number of permutations of these r objects to the above condition 
i, (Pit P2 +--+ Pr)! 

Py'P2!p3!. Pr ! 


ama | / 


COMBINATIONS 


17.1 INTRODUCTION 

In the previous chapter, we have studied arrangements of a certain number of objects by taking 
some of them or all ata time. Most of the times we are not interested in arranging the objects, but 
we are more concerned in selecting a number of objects from given number of objects. In other 
words, we do not want to specify the ordering of selected objects. For example, a company may 
want to select 3 persons out of 10 applicants, a student may want to choose three books from his 
library at a time etc. 

Suppose we want to select three persons out of 4 persons A, B, Cand D. We may choose A, B, C 
or A, B, DorA, C, Dor B,C, D. Note that we have not listed A, B, C; B, C, A; C, A, B; B, A, C; C, B, A 
and A, C, B separately here, because they represent the same selection A, B, C. But, they give rise 
to different arrangements. It is evident from the above discussion that in a selection the order in 
which objects are arranged is immaterial. 


17.2 COMBINATIONS 


COMBINATIONS Each of the different selections made by taking some or all of a number of objects, 
irrespective of their arrangements is called a combination. 


ILLUSTRATION 1 List the different combinations formed of three letters A, B, C taken two at a time. 
SOLUTION The different combinations formed of three letters A, B, C are: AB, AC, BC. 
ILLUSTRATION 2. Write all combinations of four letters A, B, C, D taken two at a time. 
SOLUTION Various combinations of two letters out of four letters A, B, C, D are: 

AB, AC, AD, BC, BD, CD. 
DIFFERENCE BETWEEN A PERMUTATION AND COMBINATION 


(i) In a combination only selection is made whereas in a permutation not only a selection is 
made but also an arrangement in a definite order is considered. 

(ii) Ina combination, the ordering of the selected objects is immaterial whereas ina 
permutation, the ordering is essential. For example, A, B and B, A are same as combinations 
but different as permutations. 

(iii) Practically to find the permutations of n different items, taken r at a time, we first select r 
items from items and then arrange them. So, usually the number of permutations exceeds the 
number of combinations. 


(iv) Each combination corresponds to many permutations. For example, the six permutations 
ABC, ACB, BCA, BAC, CBA and CAB correspond to the same combination ABC. 


REMARK Generally we use the word ‘arrangements’ for permutations and the word ‘selections’ for 
combinations. 


NOTATION The number of all combinations of n objects, taken r at a time is generally denoted by C(n, r) 
or,"C, or, (7) 


Thus, "C, or C (n, r) = Number of ways of selecting r objects from n objects. 
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Clearly, "C, is defined only when n and r are non-negative integers such that 0 <r <n. 


THEOREM The number of all combinations of n distinct objects, taken r at a time is given by 
nC n! 


pa 


(n—r)!r! 





PROOF Let the number of combinations of n distinct objects taken rat a time be x. Consider one 
of these x ways. There are r objects in this selection which can be arranged in r! ways. Thus, each 
of the x combinations gives rise to r! permutations. So, x combinations will give rise to x x (r!) 
permutations. Consequently, the number of permutations of things, taken r ata time is x x (r!). 
But, this number is also equal to” P.. 


Gl) = 7. 


" ! | 
= Aerials d 4, ee E "Pp. ie iH: | 





r! (n—-r)!r! (1 —r)! 
Gane nN: .E.D. 
a fi (1—r)!r! Q 
REMARK1 We have, 
ae n! 
f (n—r)!r! 
is mC = n(n—1)(n—2)...(n—r+1) (n—r) (n—r—1)...3.2.1 
3 {(n—r)(n—r—1)...3.2.9}(1.2.3....7 
= nC = n(n—1)(n—2)...(n—r+1) 
Wha 3) SR re 
Sometimes this form of "C, is also very convenient to use. 
REMARK2 We have, "C, =——~— 
(n—r)!r! 
Putting r =n, we obtain 
nC ~ n! ms n! ="4 [-.- 0! =1] 
(n—n)!n!  n!O! 
Putting r =0, we obtain 
io 


ia n! 
Thus, “C, = "Cp = 
REMARK3 We have, 


nc om! = A(_m!t_ )_ "Bh 
Yr (n-nir!oril(n—-yi) ort” 


17.3 PROPERTIES OF "C. OR,C (1,7) 
In this section, we shall discuss some important properties of "C, . 
PROPERTY 1 For0 <r<n, wehave "C, = "C,_,. 


PROOF We have, 


"Ca-r = (n- AT ta= (n—r))! 5 (n- piri DS: 


REMARK1 The use of this property simplifies the calculation of "C.. when r is large. 
For example, if we want to calculate Gio; by using this property, we get 
20C19 = C29 - 19 = PCy = 20. 
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REMARK2_ The above property can be restated as follows: 
If x and y are non-negative integers such that x + y =n, then "Ge = "Cy 


This can also be stated as:"C, = "Cy => X=y, orx+y =n 


ILLUSTRATION 1. If "C7 ="C4, find the value of n. 


SOLUTION We know that: "C,="C, <> x+y=n or x=y. 
"Cia", = n=7 44211 
PROPERTY 2 Let n and r be non-negative integers such that r <n. Then,"C, + "C,_ 4 ="" Lee. 


PROOF We have, 
gies 4: "Cc a 


eer! — mn} 
(a—r)!r! (n—(r —1)}! (r-1)! 
n! n! 
(n—r)ir! “ (n—r+1)!(r —1)! 
n! n! 
2 (1 —r)!r(r—1)! ;: (n—r+1)(n—-r)!(r-1)! 


ee ee 
(n—r)i(r—-1)! |r n—-r+i 


st n! n-r+1lé+r 
ae io ES 
“ ni (1 +1) 
a (1 —r)!(r —1)!r (n—r +1) 
(1 +1) n! —~ (ied! = (1 +1)! _ ont 
(n—r+1)(n—r)ir(r-1)! (n—re+)!r! ((n+1)- r)!r! 





REMARK 3 This property is known as Pascal's rule and it can also be proved by giving combinatorial 


arguments, 


2 
ILLUSTRATION 2 Find the value of the expression an Cy + 2 VAC 3° 


SOLUTION We have, 


5 
er $213} 
j=l 


jel 


52- ic, 


= EO + eur + an + Gr + Gx + 2G. 


Gs + Ge + 2G. + 2G, + Ca + es 

(2703 + 97C4) + C3 + PC3 + C3 4+ 7C3 

2G, + 265 + PCS oes Nee re hes [-. NG 5 MC aut Gn 
(4G, + 2G,) + Ca + ern + ee [-. ie oats nC: unt Ic] 


= PC, + C3 + C3 +°1C3 


(Geet: ~G,) 4 Gach Gs as otery i liad coy 
a Er + 0C 3+ ey 

Pc, + 50C,) + 5Ic, [- "C14", ="*1¢] 
Hes, bo Gi is 20; [-. es ate —_ n+ ei] 
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PROPERTY 3 Let n and r be non-negative integers such that 1<r<n. Then,"C, = ~-"~3C,_4. 
é 


PROOF We have, 
1 n! 


we (n—r)!r! 
eae en tL =I 

"  {((n-1) -(r-1)!r (r-1)! or (9-1) -(r-1) '(r-D! or r-1 
REMARK4 This property is very useful to find the value of "C,. 


For example, °C 3= 5 x ter = ee x ; x 


— 


REMARK5 By using the above property, we obtain that 





nc a2 n+l n-2 n(r-1) n-(r-1) 
aaa > 2 4 
For example, aC; = ca ae oS 126. 
AW 16 2. 
PROPERTY 4 If 1<r<n,thenn"”~'C,_, = (n-r+1)"C,_}. 
PROOF Wehave, 
—1)! 
AC, 5 = oll) 
{((7 —1) —(r —1)}!(r -1)! 
=> nite, = 2 
(n—r)!(r —1)! 
— nl 
= fs Ce = pea teach herb 
(n—r+1)(n—-r)!(r -1)! 
=> See (Gia eh) ls 
‘ et a | aoe 
= n."-I¢c ===) ee 
Boas Oe eae 
=> ne C5 = (n—r+1)"C,_, 
PROPERTYS "C, = "Cy=> x=y or, x+y=n. 
PROOF We have, 
MC. = "Cy 
= ECs a "Cy = "Cn—y [ "Cy ="C,—yl 
= x=yYy or x =n-y 
= Xx=yYy or x+y =n. 
REMARK 6 If "C,="C, and x #y,thenx+y =n. 
ILLUSTRATION3 If "Cys ="Cg , find the value of "Co}. 
SOLUTION We have, 
"C5 = "Cg=>n = (15+ 8) = 23 [Cy ="Cy > x+y=n] 
"Coy Eo Coy = Cos -21 [- "C, ="Cy_7] 
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23 23: 22. 294 n n u-1l. n-2 

— Oe — —_———_ —— C mh C =—_—-x- C —_ 

9 5 x ; x 0 r= mars r-2 
= Sx Sx1= 23x11 = 253 [ss "Cp = 1] 


ILLUSTRATION 4 If Cy = WG. , 4, find the value of x. 
SOLUTION We have, 19°C, = C,,4=>x+x+4=10=> 2x=6>5x=3. 


PROPERTY 6 [fn isan even natural number, then the greatest of the values 
i iN iN nN ef 
Co / Cy , Co genes Cy is Cy/ 2 
Ifn is an odd natural number, then the greatest of the values 


nN N n nN 1 " 
Co, Ci, Cov--- Cy Is Cy 1/2 = C+ 1/2 


ILLUSTRATIVE EXAMPLES 
LEVEL-1 


EXAMPLE1 Evaluate the following: (i) Gs (ii) IM CEs (iii) of Gea 


soturion: (i) °e¢, = "Gin s [- "C, ="C,_-] 
1 Wo & es Nn n-1 
= [ee = > x 1 x 4G - Ace = me m C, — 1 
10,9 n 
=. —— 5 Ke] ey Gey | 
4” ord 
= 45 [s KC = Gr _r] 
(ii) Cog = ™Ci00-98 E "Cr = "Car 
100 99 ee 
= 100c,, =, ee ea ts 226. [-. NG ate vn Kee % 
100 99 } f 
= —x—x] a EG =i 
oe alee EeinSo =o 
= 4950 
(ii) Cag = 1 [. "C, =1] 


EXAMPLE2 If "Cg ="C¢, find "Co 
SOLUTION If"C, ="C, and x # y, then x + y=n. 
uGs = UGE —>n = (8 + 6) = 14 


Now, iG = Gs wee x Sx Gy [-- AC =o IG, <1 
aS x Sx1=91 [> "G5 =a 


EXAMPLE3 If "P. =720 and "C, =120, find r. 
SOLUTION We know that 


iG. = fie 
r! 
720 
120 = = k NC, =120 and "P, =720] 


zz ta i ia iat ima -_ er - 
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EXAMPLE 4 If the ratio 2"C 3 :"Cx is equal to 11: 1, find n. 
SOLUTION. We have, 
21C,:"C4 = 11:1 
Gy 11 
"C3 1 
eQnr 
(2n—3)!3! 11 
pita * J 
(n — 3)!(3!) 
(2n)! 3 (= .S) I 11 
(2n — 3)! n! 1 
ee (21) (21 —1) (2n — 2) (2n — 3)! 3 (n — 3)! 2 aul 
(2n — 3)! n(n —1) (n — 2) (n — 3)! 1 
(2n) (2n—1)(2n-2) | 11 
n(n —1) (n — 2) 1 
4(2n-1) __ 11 =a 


=> —————_—- = —=> 8n-4 = 1ln-22 > 3n = 18>2n = 
n—2 1 





n bey 
EXAMPLES5 Prove that: Zn = co eer 
n! 


SOLUTION We have, 
2n 2n! (2n)! 
Cr = Se Le 
(2n —n)!n! nin! 
_ (2n) (2n -1) (2n—2)...5-4-3-2-1 
2 nin! 
_ {1-3-5-...(2n—1)} {2-4-6-... 2n} 
nin! 





_ {1-3-5-...(2n-1)} x 2" {1-2-3-...n} 
a nin! 
_ {1-3-5:...(2n-1)} x2" xn! _ on (1-3-5... (2n-1)} 
nin! n! 
EXAMPLE6 If "*?C,:"—2P, = 57:16, findn. 


SOLUTION We have, 
n+2c,:"-2p, = 57:16 











n+2 
Bes RCS Be 
Gap) 16 
(n+2)!  (n-6)! 57 
=< x Siar 
8!(n—6)! (n—2)! 16 
(n+2)(2t+1)n@—-DYM-2)! 1 _ 57 
ee 8! (n—2)! 16 
57 19 
=> G@+2)(n+1)a@-l) = 7x8 = TS x 8x7 x 6x5x 4x 3x 2x1 
= 143640 


=> (n+ 2)(n+1)(n-I)n 
= (n —1) n(n +1) (1+ 2) = 19x 3x7x6x5x4x 3 


COMBINATIONS 
=> (1-1) n(n+1)(n+2) = 19x (3x7) x (6x 3) x (4x5) 
= (n—-1) n(n +1) (n+ 2) = 18x19x 20x 21 > n-1 = 18 > n = 19 


EXAMPLE7 If "C,_ 4 =36,"C, =84and"C, , 1 =126, then find "Cp. 


SOLUTION We know that 


It is given that "C, =84 and "C,., 1 =126 

















Ga 
"Cn 1 126 
— i oe Sn aaae 
n-r 3 
n cnt 
Replacing r by (r—1) in— Cr salable we get 
ice ey ba ah 
"Cy =i ee r 
es n—(r —1) 
as 5, SO ee : "C,_1=36 and "C, 
84. n-r+1 
= __ te Es 3n-10r = -3 
n—7 +) 
Solving (i) and (ii), we get r= 3. 
r 3 3! 
C5 = C5 = ——— = 3 
(3 —2)!2! 
"C n-r+1l_... 
NOTE Students are advised to learn that "ic = ——_—— as it is a very useful result. 
r-1 f 


EXAMPLES If "P. ="P., 1 and"C, ="C, _ 1, find the values of n and r. 
SOLUTION We have, 
iM P it 
 clatilney so! 


n! n! 


— ae ee 
(1—r)! (n-—r-1)! 
1 1 
= ea oF a 
(n-r)(n-r—-1)! (n-r-1)! 
=> n—-r =1 
and, {Cr = Henne 
n! n! 
— Ge SS SSS 
(n—r)!r! (n—r+1)!(r—-1)! 
eX n! i, n! 
(n—r)'r(r—-1)! (n-—r+1)(1-7r)!(r -1)! 
=> ened aoe 5 n-r+1l= 
r n-r+i1 Boe to 


Solving (i) and (ii), we obtain n = 3 and r =2. 
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0), 


~ 


..-(ii) 


(i) 


(ii) 


je +e 


—s 


ee eee 


CE vat 
eee Se ee ge ee ee ee ee 
al - -~ - -—= 
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EXAMPLE9 Prove that the product of r consecutive positive integers is divisible by r!. 
SOLUTION Let the r consecutive positive integers be (n + 1), (n + 2),(1 + 3),..., (1 +r). Then, 


Product = (+1) (n+ 2) (1+ 3)...(1 +7) 


n! 
1-2-3: ...m-(n+1) (1+ 2)...(n+7r) 
n! 





! | 
= (n+7)! = SEED Lay 
n! ri{(n+r) —7}! 
n+r . 
= ( G. r!, which is divisible by r! [.- "*"C, is an integer] 
EXERCISE 17.1 
LEVEL-1 
1. Evaluate the following: 
5 
Gyo (ent) pea adil) Coe (iy). "* 4G, (vy) = es 
r= 
2. If"Cy> ="Cz, find the value of n. By lhiG@a="Ge,find “C,. 
AD IeGsy = Cy find —C,,. 5. If 74C, = 74C,,., 3, find x. 
6. If Eee = SIGS 5 wy find x. The MOF Se. = 2G: + 37 find r. 
SuibeG, “GC, ="G, Gnd. 9. If ®c, : 9c,_, =11:5, find r. 
10. If"* 2C, :"—2P, =57 :16, find n. 11. If 8c, : *4C,, _ 4 =225:11, find r. 
12. If"C, , "Cz and"C, arein A-P., then findn. 13. If "C3 :"C =44: 3, find n. 
14 teete =O" 5, find Cy. 15. Ifa ="C,, then find the value of “C5. 


16. Prove that the product of 2n consecutive negative integers is divisible by (21)! 


17. For all positive integers n, show that 7"C,, + 7"C,,_4 =- (Cae G4): 
18. Prove that: “C,,:2"C, =[1-3-5...(4n—1)]:[1-3-5...(2n-1)/. 
5 
19. Evaluate Ge + 2 2 Bul Ge 
r=2 


20. Let r and 1 be positive integers such that1 <r <n. Then prove the following: 


(i) = vote (ii) n a Gna =(n-r+1)"C,_4 
= 
aa (iv) "C. +2 "C,_4+"C--9="*2c,. 
= 


ee ee fi ANSWERS 


1. (i) 364 (ii) 66 (iii) 1 (iv) (n +1) (v) 31 2; 17 3. 66 
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4. 23 5. 7 6. 8 7. 3 8. 3,5 9,5 10.19 11.7 
12. 14,7. 13. 6 14.35 15. eee 19. 42504 


HINTS TO NCERT & SELECTED PROBLEM 


16. Let (—r), (—r —1), (—r —2),... ,(—r —2n + 1) be 2n consecutive negative integers. Then, their 

product P is given by 

P= (—1)7" r(r +1) (r + 2)... (r + 2n—-1) 
ArH DI) eee ee) 
(r —1)! 

+I9n—1)! yt + 2n—-1 

= P= Vis 2h SEs pen -("* : Cy Jem 
(r —1)! (r —1)!(2n)! ae 

Clearly, P is divisible by (2n)! 


<->) 


17.4 PRACTICAL PROBLEMS ON COMBINATIONS 


In this section, we intend to discuss some problems in real life where the formula for LS and its 


meaning can be applied. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 From aclass of 32 students, 4 are to be chosen for a competition. In how many ways can this 
be done ? 
SOLUTION Out of 32 students, 4 students can be selected in 2G, ways. 

32! 
2814! 
EXAMPLE2 Three gentlemen and three ladies are candidates for two vacancies. A voter has to vote for 
two candidates. In how many ways can one cast his vote ? 
SOLUTION Clearly, there are 6 candidates and a voter has to vote for any two of them. So, the 
required number of ways is the number of ways of selecting 2 out of 6 i.e. oo: 


Required number of ways a2 i= 


Hence, the required number of ways = °C> = arin = 15. 


EXAMPLE3_ [f there are 12 persons in a party, and if each two of them shake hands with each other, how 
many handshakes happen in the party? 


SOLUTION Itis to note here that, when two persons shake hands, it is counted as one handshake, 
not two. So, this is a problem on combinations. 


The total number of handshakes is same as the number of ways of selecting 2 persons among 12 
persons i.e. Ce = 





10!x 2! 


EXAMPLE 4 A question paper has two parts, Part A and Part B, each containing 10 questions. If a 
student has to choose 8 from Part A and 5 from Part B, in how many ways can he choose the questions ? 
SOLUTION There are 10 questions in Part A out of which 8 questions can be chosen in WG. 


ways. Similarly, 5 questions can be chosen from part B containing 10 questions in 10¢,. ways. 
Hence, the total number of ways of selecting 8 questions from part A and 5 from part B 


_ 10 10- _ 10! 10} ee 
= Cg x Cs ~ B12! T x Bix 5! 51 =11340. 
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EXAMPLE 5 [n how many ways a committee of 5 members can be selected from 6 men and 5 women, 
consisting of 3 men and 2 women ? 


SOLUTION Three men out of 6 men can be selected in °C3 ways. Two women out of 5 women 
can be selected in 265 ways. Therefore, by the fundamental principle of counting, 3 men out of 6 
men and 2 women out of 5 women can be selected in 


6 Bie 6x5x4 5x4 
eo © Corarer 





= 200 ways. 


EXAMPLE6 /n how many ways can a cricket eleven be chosen out of a batch of 15 players if 
(i) there is no restriction on the selection? (it) a particular player is always chosen? 
(iti) a particular player is never chosen? 


SOLUTION (i) The total number of ways of selecting 11 players out of 15 is 


15 15 15 15x14x13x12 
m oe - 4x3x2x1 


(ii) If a particular player is always chosen. This means that 10 players are selected out of the 
remaining 14 players. 

Required number of ways = cc 10 = 5G 14-10 = 4c, =1001 
(iii) If a particular player is never chosen. This means that 11 players are selected out of the 
remaining 14 players. 

Required number of ways = Seng = Mc 14-11= GC 3 = 364 
EXAMPLE7 A committee of 12 is to be formed from 9 women and 8 men. In how many ways this can be 


done if at least five women have to be included in a committee ? In how many of these committees (i) the 
women are in majority (ti) the men are in majority ? 


SOLUTION There are 9 women and 8 men. A committee of 12, consisting of at least 5 women, can 
be formed by choosing : 


(i) 5 women and 7 men _ (ii) 6 women and 6 men (iii) 7 women and 5 men 
(iv) 8 women and 4 men (v) 9womenand 3 men 


Total number of ways of forming the committee 
paeeG- ee cGomt Gn x Get *Gyix (GC. + °C, x Cyt Cox 8Cs 
126 x 8 + 84x 28 + 36x 56+9x70+1 x 56 = 6062 
Clearly, women are in majority in (iii), (iv) and (v) cases as discussed above. 
So, total number of committees in which women are in majority 
= °C, x C5 + °Cg x BC + 9Cg x 8C3 = 36x564+9x 70 +156 =2702 


Clearly, men are in majority in only (i) case as discussed above. 
So, total number of committees in which men are in majority = 5c. x iG =126 x 8 =1008. 


EXAMPLES A committee of three persons is to be constituted from a group of 2 men and 3 women. In 
how many ways can this be done? How many of these committees would consist of 1 man and 2 women? 

[NCERT] 

SOLUTION There are 5 persons (2 men and 3 women). In order consitute a committee of 3 

persons we need to select three persons out of given 5 persons. This can be done in > C3 ways. 
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So, the committee can be formed in ?C 3 = a =10 ways. 


ng? n 

Now, 1 man can be selected from 2 men in “C, ways and 2 women can be selected from 3 women 
in 3c, ways. 

Therefore, required number of committees is EG 1* x05 =2x3=6 


EXAMPLE9 What is the number of ways of choosing 4 cards from a pack of 52 playing cards? In how 
many of these 


(i) four cards are of the same suit? (ii) four cards belong to four different suits? 
(iii) four cards are face cards? (iv) two are red cards and two are black cards? 
(v) cards are of the same colour? [NCERT] 
SOLUTION Four cards can be chosen from 52 playing cards in er ways. 
Now, 6, 202! Se eu ras 
48! 4! 2x 3x4 


Hence, required number of ways = 270725 

(i) There are four suits (diamond, spade, club and heart) of 13 cards each. Therefore, there are 
oe ways of choosing 4 diamond cards, as C, ways of choosing 4 club cards, 2G; ways of 
choosing 4 spade cards and Ba, ways of choosing heart cards. 

13! 

9! 4! 

(ii) There are 13 cards in each suit. Four cards drawn belong to four different suits means one 
card is drawn from each suit. Out of 13 diamond cards one card can be drawn in eG; ways. 


Similarly, there are “AE 1 Ways of choosing one club card, WG 1 Ways of choosing one spade card 
and Ge ways of choosing one heart card. 


Required number of ways = Gt + Gs - 1G, + se =4x NG, =4x = 2860 





‘. Number of ways of selecting one card from each suit = 2G 1* HG 1% eG 1x eG =134 


(iii) There are 12 face cards out of which 4 cards can be chosen in set Os ways. 
12! 


Required number of ways = 2G) = —— = 495 
4!8! 
(iv) There are 26 red cards and 26 black cards. Therefore, 2 red cards can be chosen in 2G. ways 
and 2 black cards can be chosen in 25 G5 ways. Hence, 2 red and 2 black cards can be chosen in 


2 
26 26 26! 2 
G Cy =| —— | =(325)* = 105625 ways. 
2x “Co a) (325) y 


(v) Out of 26 red cards, 4 red cards can be chosen in cGy ways. Similarly, 4 black cards can be 
chosen in 26C,4 ways. 


Hence, 4 red or 4 black cards can be chosen in °C, + 76C 4 =2x 7c, =2x 26! 


4122! 


EXAMPLE10 Out of 5 men and 2 women, a committee of 3 is to be formed. In how many ways can it be 
formed if at least one woman is to be included ? 


SOLUTION The committee can be formed in the following ways: 
(i) By selecting 2 men and 1 woman (ii) By selecting 1 man and 2 women 
Now, 2 men out of 5 men and 1 woman out of 2 woman can be chosen in 45 x 2c) ways. 





= 29900 ways. 


And, 1 man out of 5 men and 2 women out of 2 women can be chosen in 2G; x Aor, ways. 


‘. Total number of ways of forming the committee = {oA x aes + "e x ae, =20+5=25. 


- 
———— or 


a ee a 
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EXAMPLE11 = [n how many ways can a cricket team be selected from a group of 25 players containing 10 
batsmen, 8 bowlers, 5 all-rounders and 2 wicket keepers ? Assume that the team of 11 players requires 5 
batsmen,’3 all-rounder, 2 bowlers and 1 wicket keeper. 


SOLUTION The selection of team is divided into four phases: 
(i) Selection of 5 batsmen out of 10. This can be done in LOC. ways. 


(ii) Selection of 3 all-rounders out of 5. This can be done in =. 3 Ways. 
(iii) Selection of 2 bowlers out of 8. This can be done in 5C. ways. 
(iv) Selection of one wicket keeper out of 2. This can be done in 2C, ways. 


selection of team is completed by completing all the four phases. 
The team can be selected in Mer x ee x °C x Cc, = 141120 ways. 


MPLE12 A committee of 5 is to be formed out of 6 gents and 4 ladies. In how many ways this can be 


, when 
(i) at least two ladies are included? (ti) at most two ladies are included ? 
LUTION (i) A committee of 5 persons, consisting of at least two ladies, can be formed in the 
-ollowing ways: 


I Selecting 2 ladies out of 4 and 3 gents out of 6. This can be done in 2C5 “°C 3 ways. 
II Selecting 3 ladies out of 4 and 2 gents out of 6. This can be done in a 3 x °c; ways. 
Ill Selecting 4 ladies out of 4 and 1 gent out of 6. This can be done in 4Gpx SG 1 Ways. 
Since the committee is formed in each case. Therefore, by the fundamental principle of addition, 
The total number of ways of forming the committee = *C5 xPG 3 + = 3 x Jone aC 4 PCs 
=120 + 60 + 6 =186 
(ii) A committee of 5 persons, consisting of at most two ladies, can be constituted in the 
following ways : 
{ Selecting 5 gents only out of 6. This can be done in °C. ways. 
Yl Selecting 4 gents only out of 6 and one lady out of 4. This can be done in °c, x 4C, ways. 
Ill Selecting 3 gents only out of 6 and two ladies out of 4. This can be done is eC 3 x *c ways. 


Since the committee is formed in each case. So, the total number of ways of forming the 
committee = °C; + °C, x 4C, + °C3 x 4C, =6 + 60 +120 =186. 

EXAMPLE13 A box contains 5 different red and 6 different white balls. In how many ways can 6 balls be 
selected so that there are at least two balls of each colour ? 


SOLUTION The selection of 6 balls, consisting of at least two balls of each colour from 5 red and 
6 white balls, can be made in the following ways : 
(i) By selecting 2 red balls out of 5 and 4 white balls out of 6. This can be done in 


°C> x €C, ways. 
(ii) By selecting 3 red balls out of 5 and 3 white balls out of 6. This can be done in 
°C, x °C, ways. 
(iii) By selecting 4 red balls out of 5 and 2 white balls out of 6. This can be done in 
5C, x °Co ways. 
Since the selection of 6 balls can be completed in any one of the above ways. 
the fundamental principle of addition, the total number of ways to select the balls 


Hence, b 
5c, x C4 + °C3 x "C3 + °C, x °Cy =10x 15 +10 x 20+5x 15 = 425, 
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EXAMPLE 14 For the post of 5 teachers, there are 23 applicants, 2 posts are reserved for SC candidates 
and there are 7 SC candidates among the applicants. In how many ways can the selection be made ? 
SOLUTION Clearly, there are 7 SC candidates and 16 other candidates. We have to select 2 out 
of 7 SC candidates and 3 out of 16 other candidates. This can be done in {G; x 16 3 Ways. 


The number of ways of making the selection = Aes. x 16c 3 =11760. 


EXAMPLE 15 How many triangles can be formed by joining the vertices of a hexagon ? 


SOLUTION There are 6 vertices of a hexagon. One triangle is formed by selecting a group of 3 
vertices from given 6 vertices. This can be done in SG 3 Ways. 
Number of triangles = x0 3 = gO a 2 
3! 3! 
EXAMPLE 16 How many diagonals are there in a polygon with n sides ? 


SOLUTION A polygon of n sides has n vertices. By joining any two vertices of a polygon, we 
obtain either a side or a diagonal of the polygon. Number of line segments obtained by joining 


the vertices of an 1 sided polygon taken two at a time 


= Number of ways of selecting 2 out of 1 = "CaS TEE). (n —1) 


Out of these lines, n lines are the sides of the polygon. 
wn (t—1). >. 3) 
cs Die n= wo caiearss 


Number of diagonals of the polygon = 


EXAMPLE17_ A polygon has 44 diagonals. Find the number of its sides. 
SOLUTION Let there be n sides of the polygon. We know that the number of diagonals of n 
sided polygon is Ee), 
n(n — 3) 
2 
Hence, there are 11 sides of the polygon. 


= 44 = n* —3n-—88 =0= (n—11) (n+ 8) =0 => n=11 ( n>0) 


EXAMPLE18 How many chords can be drawn through 21 points on a circle? 

SOLUTION Achord is obtained by joining any two points ona circle. Therefore, total number of 
chords drawn through 21 points is same as the number of ways of selecting 2 points out of 21 
points. This can be done in sae ways. 


Hence, total number of chords = ales = a =21 x 10 =210. 


EXAMPLE19 A person wishes to make up as many different parties as he can out of his 20 friends such 
that each party consists of the same number of persons. How many friends should he invite ? 


SOLUTION Suppose he invites r friends at a time. Then the total number of parties is De. 
We have to find the maximum value of 72°C, which is for r = 10, because "C. is maximum for 
r=n/2,whenn is even. 


Hence, he should invite 10 friends at a time in order to form the maximum number of parties. 
EXAMPLE 20 [fm parallel lines in plane are intersected by a family of n parallel lines. Find the 
number of parallelograms formed. 

SOLUTION A parallelogram is formed by choosing two straight lines from the set of m parallel 
lines and two straight lines from the set of n parallel lines. 
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Two straight lines from the set of m parallel lines can be chosen in C5 ways and two straight 
k 2 y & 
lines from the set of n parallel lines can be chosen in "C5 ways. 


Hence, the number of parallelograms formed = "C5 x "C5 

_m(m—1)— n(@i—1) — mn(m—1) (n~—1) 

z _ aaa eae 
EXAMPLE 21 There are 10 points in a plane, no three of which are in the same straight line, excepting 4 
points, which are collinear. Find the (i) number of straight lines obtained from the pairs of these points; (ii) 
number of triangles that can be formed with the vertices as these points. 


SOLUTION (i) Number of straight lines formed joining the 10 points, taking 2 ata time = Was 


=a” = 45, 
2! 8! 
Al 
Number of straight lines formed by joining the four points, taking 2 at a time = C5 = i = 
But, 4 collinear points, when joined pairwise give only one line. 
Required number of straight lines = 45 —6 + 1 = 40. 

y 

(ii) Number of triangles formed by joining the points, taking 3 at a time = 1°C 3 = ae = 120. 


Number of triangles formed by joining the 4 points, taken 3 at a time = *C 3 = 4c, =4. 


But, 4 collinear points cannot form a triangle when taken 3 at a time. 
So, Required number of triangles = 120 — 4 =116. 


EXAMPLE 22 In a plane there are 37 straight lines, of which 13 pass through the point A and 11 pass 
through the point B. Besides, no three lines pass through one point, no line passes through both points A 
and B, and no two are parallel. Find the number of points of intersection of the straight lines. 

SOLUTION Thenumber of points of intersection of 37 straight lines is 27 C>. But 13 straight lines 
out of the given 37 straight lines pass through the same point A. Therefore instead of getting 
Gs points, we get merely one point A. Similarly, 11 straight lines out of the given 37 straight 
lines intersect at point B. Therefore instead of getting aG> points, we get only one point B. 
Hence, the number of intersection points of the lines is 9”C 2- Gs — 1c, +2 =535. 

EXAMPLE23_ From aclass of 25 students, 10 are to be chosen for an excursion party. There are 3 students 


who decide that either all of them will join or none of them will join. In how many ways can they be 
chosen ? ' [NCERT] 


SOLUTION We have the following possibilities: 
(i) Three particular students join the excursion party: In this case, we have to choose 7 students 
from the remaining 22 students. This can be done in 77C, ways. 


(ii) Three particular students do not join the excursion party: In this case, we have to choose 10 
students from the remaining 22 students. This can be done in 72C 1) ways. 


Hence, the required number of ways = 2G. + an = 817190. 


EXAMPLE24 A boy has 3 library tickets and 8 books of his interest in the library. Of these 8, he does not 
want to borrow Chemistry Part Il, unless Chemistry Part I is also borrowed. In how many ways can he 
choose the three books to be borrowed ? 

SOLUTION We have the following two possibilities : 

(i) When Chemistry part Iis borrowed: In this case the boy may borrow Chemistry Part II. So, he 
has to select now two books out of the remaining 7 books of his interest. This can be done in 7 G 


ways. 


COMBINATIONS 17.15 


(ii) When Chemistry part I is not borrowed : In this case the boy does not want to borrow 
Chemistry Part II. So, he has to select three books from the remaining 6 books. This can be done 


in °C3 ways. 
Hence, the required number of ways = "G, + °C, =2] + 20 =41. 


EXAMPLE 25 In how many ways can 7 plus (+) signs and 5 minus (—) signs be arranged in a row so that 
no two minus signs are together ? 

SOLUTION The plus signs can be arranged in only one way, because all are identical, as shown 
below: 


4 


+| | + + + | +} ft} [+] 


——— — : 4 . - - —_ . : —-- —. —-- o es ee oe ——- 


A blank box in the above arrangement shows available space for the minus signs. Since there are 
7 plus signs, the number of blank boxes is therefore 8. The five minus signs are now to be 
arranged in the 8 boxes so that no two of them are together. Now, 5 boxes out of 8 can be chosen 
in °C. ways. Since all minus signs are identical, so 5 minus signs can be arranged in 5 chosen 


boxes in only one way. Hence, the number of possible arrangements =1 x or x 1 =56. 


EXAMPLE 26 In how many ways can 21 identical books on English and 19 identical books on Hindi be 
placed in a row on a shelf so that two books on Hindi may not be together? 
SOLUTION In order that no two books on Hindi are together, we must first arrange all books in 
English in a row. Since all English books are identical, so they can be arranged in a row in only 
one way as shown below: 

xExExExEx...x ExE 
Here E denotes the position of an English book and x that of a Hindi book. 
Since there are 21 books on English, the number places mark x are therefore 22. Now, 19 books 
on Hindi are to be arranged in these 22 places so that no two of them are together. Out of 22 
places 19 places for Hindi books can be chosen in 226 19 Ways. Since all books on Hindi are 
identical, so 19 books on Hindi can be arranged in 19 chosen places in only one way. Hence, the 

a) 

required number of ways =1 x =<G 19 x 1 =1540. 


EXERCISE 17.2 


1. Froma group of 15 cricket players, a team of 11 players is to be chosen. In how many ways 
can this be done? 


2. How many different boat parties of 8, consisting of 5 boys and 3 girls, can be made from 25 
boys and 10 girls? 

3. In how many ways can a student choose 5 courses out of 9 courses if 2 courses are 
compulsory for every student? 

4. In how many ways can a football team of 11 players be selected from 16 players? How 
many of these will (i) include 2 particular players? (ii) exclude 2 particular players? 

5. There are 10 professors and 20 students out of whom a committee of 2 professors and 3 
students is to be formed. Find the number of ways in which this can be done. Further find in 
how many of these committees: 


(i) a particular professor is included. (ii) a particular studentis included. 
(iii) a particular student is excluded. 


6. How many different products can be obtained by multiplying two or more of the numbers 
3, 5, 7, 11 (without repetition)? 


ee ee 


—— a er rr 2 ~ 
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7. From a class of 12 boys and 10 girls, 10 students are to be chosen for a competition; at least 
including 4 boys and 4 girls. The 2 girls who won the prizes last year should be included. In 
how many ways can the selection be made? 

8. How many different selections of 4 books can be made from 10 different books, if 
(i) there is no restriction; (ii) two particular books are always selected; 
(iii) two particular books are never selected? 
9. From 4 officers and 8 jawans in how many ways can 6 be chosen (i) to include exactly one 
officer (ii) to include at least one officer? 

10. A sports team of 11 students is to be constituted, choosing at least 5 from class XI and at 
least 5 from class XII. If there are 20 students in each of these classes, in how many ways can 
the teams be constituted? 

11. A student has to answer 10 questions, choosing at least 4 from each of part A and part B. If 
there are 6 questions in part A and 7 in part B, in how many ways can the student choose 10 
questions? 

12. In an examination, a student has to answer 4 questions out of 5 questions; questions 1 and 2 
are however compulsory. Determine the number of ways in which the student can make 
the choice. 

13. A candidate is required to answer 7 questions out of 12 questions which are divided into 
two groups, each containing 6 questions. He is not permitted to attempt more than 5 
questions from either group. In how many ways can he choose the 7 questions? 

14. There are 10 points in a plane of which 4 are collinear. How many different straight lines 
can be drawn by joining these points. 

15. Find the number of diagonals of (i) a hexagon (ii) a polygon of 16 sides. 

16. How many triangles can be obtained by joining 12 points, five of which are collinear ? 

17. In how many ways can a committee of 5 persons be formed out of 6 men and 4 women 
when at least one woman has to be necessarily selected ? 

18. In a village, there are 87 families of which 52 families have at most 2 children. In a rural 
development programme, 20 families are to be helped chosen for assistance, of which at 
least 18 families must have at most 2 children. In how many ways can the choice be made? 

19. A group consists of 4 girls and 7 boys. In how many ways can a tem of 5 members be 
selected if the team has (i) no girl? (ii) at least one boy and one girl? (iii) at least 3 
girls? [NCERT] 

20. A committee of 3 persons is to be constituted from a group of 2 men and 3 women. In how 
many ways can this be done? How many of these committees would consist of 1 man and 2 
women? [NCERT] 

20. Find the number of (i) diagonals (ii) triangles formed in a decagon. 

22. Determine the number of 5 cards combinations out of a deck of 52 cards if at least one of the 
5 cards has to bea king ? [NCERT] 

23. We wish to select 6 persons from 8, but if the person A is chosen, then B must be chosen. In 
how many ways can the selection be made ? 


24. In how many ways can a team of 3 boys and 3 girls be selected from 5 boys and 4 


girls? [NCERT] 
25. Find the number of ways of selecting 9 balls from 6 red balls, 5 white balls and 5 blue balls if 
each selection consists of 3 balls of each colour. [NCERT] 


26. Determine the number of 5 cards combinations out of a deck of 52 cards if there is exactly 
one ace in each combination. [NCERT] 
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27. 


28. 


29. 


30. 


31. 


32. 


In how many ways can one select a circket team of eleven from 17 players in which only 5 
persons can bow] if each cricket team of 11 must include exactly 4 bowlers? 


A bag contains 5 black and 6 red balls. Determine the number of ways in which 2 black and 


3 red balls can be selected. [NCERT] 
In how many ways cana student choose a programme of 5 courses if 9 courses are available 
and 2 specific courses are compulsory for every student? [NCERT] 


A committee of 7 has to be formed from 9 boys and 4 girls. In haw many ways can this be 
done when the committee consits of : 

(i) exactly 3 girls? (ii) atleast3 girls? (iii) at most 3 girls? [NCERT] 
In an examination, a question paper consists of 12 questions divided into two parts 1.e., Part 
[ and Part II, containing 5 and 7 questions, respectively. A student is required to attempt 8 


questions in all, selecting at least 3 from each part. In how many ways can a student select 
the questions? [NCERT] 


A parallelogram is cut by two sets of m lines parallel to its sides. Find the number of 
parallelograms thus formed. 


33. Out of 18 points ina plane, no three are in the same straight line except five points which are 
collinear. How many (i) straight lines (ii) triangles can be formed by joining them ? 
ANSWERS 
1. 1365 2. 6375600 3. 35 4.4368 (i) 2002 (ii) 364 
5. 51300 (i) 10260 (ii) 7695 (iii) 43605 6. 11 7. 104874 
8. (i) 210 (ii) 28 (iii) 70 9. (i) 224 (ii) 896 10. 2(79C; x 79C,) 
11.266 12.3 13. 780 14. 40 15. (i) 9 (ii) 104 16. 210 17. 246 
18: 92 G55 x Gp. Cig > Gee een 19. (i) 21(ii) 441(iii) 91 
20. (i) 35 (ii) 120 21. 10, 6 22. 886656 23.22 24.40 25. 2000 
26. 77832027. 3960 28. 200 
29.35 30. (i) 504 (ii) 588 (iii) 1630 $10 1400" 620" 9265)" 


33. (i) 144 (ii) 806 


HINTS TO NCERT & SELECTED PROBLEMS 


2. Required no. of boat parties = 2G; x 1C 3: 


. Since 2 courses are compulsory: So, the student is to choose 3 courses:out of the remaining 7 
€ 


courses. This can be done in “ C3 ways. 


. We have to select 11 players out of 16. So, required number of ways = ANG 11: 


(i) Since 2 particular players are always included, so, we have to select 9 players out of 
the remaining 14 players. This can be done in Gg ways. 

(ii) Since 2 particular players are excluded from every selection, so, we have to select 11 
players from the remaining 14 players. This can be done in Ci ways. 


. Total number of products = Number of ways of selecting 2 or 3 or all out of 4 numbers 


3,5,7,11 
=*C) + 4C3 + 4C,=64+441=11. 


. Since two girls who won the prizes last year are to be included in every selection. So, we 


have to select 8 students out of 12 boys and 8 girls, choosing at least 4 boys and at least two 
girls. This can be done in 2c, x XC + 2c. x Hoe + "ce, x 2G, = 104874 ways. 


-* 
~ —— Se ee ee ee 
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9. (i) Required number of ways = ba Gi 1* PG: 


(ii) Required number of ways = Total no. of ways— No. of ways of selecting no officer 
~12¢ _ 8 
= 6 6° 
10. Required number of ways = 20C.. x auGe 1 Ce x Ge. 
11. The various possibilities are : (i) 4 from part A and 6 from part B (ii) 5 from part A and 5 
from part B (iii) 6 from part A and 4 from part B. 


So, the required number of ways = SC, x 1G, + °C. x "Ce + °Cy x "Cy = 266. 
12. Required number of ways = 46. 2: 
13. Required number of ways = Sc. x °c; + [Gy x °C 3 + e: 3 x °C, + °C; x °C. =780. 
14. Number of straight lines = 9G5 = 4c, +1. 
16. Number of triangles = iG a= 2G 3° 
18. 52 families have at most 2 children, while 35 families have more than 2 children. The 
selection of 20 families of which at least 18 families must have at most 2 children can be 
made as under: 
(i) 18 families out of 52 and 2 families out of 35 
or, (ii) 19 families out of 52 and 1 family out of 35 
or, (iii) 20 families out of 52. 
19. (i) From a group of 4 girls and 7 boys, a team of 5 consisting of no girls can be chosen 
in AGE = 21 ways. 
(ii) A team of 5 consisting of at least one boy and one girl can be chosen in 
UG eCre/G, x (Go $Ca x 1Co + Cy, x 4C, =441 ways. 
(iii) A team of 5 consisting of at least 3 girls can be chosen in 
7G. x Kol + C4 x iC = 9] ways. 
21. A committee of 3 persons out of 2 men and 3 women can be constituted in °C 3 =10 ways. 


A committee of 1 man and 2 women can be constituted in 2c, x 265 = 6 ways. 


22. Required number of combinations = Total number of 5 card combinations 
—Number of 5 car combinations having:no king. 


= c,, — 8c. = 886656. 

24. Number of ways of selecting team =°C, x 4C, =40. 

25. Number of ways of selecting 9 balls = °C, x Ga x °C3 = 2000. 

26. Out of 4 aces one ace can be selected in aC, ways and from the remaining 48 cards, four 
cards can be selected in “°C, ways. So, number of 5 cards combinations consisting of 
exactly one ace = 4c, x 48C,, =778320. 

27. Required number of ways = LORNA es 

28. Out of 5 black and 6 red balls, 2 black and 3 red balls can be chosen in°C, x C3 = 200 ways. 


29. Required number of ways = Number of ways of selecting 3 courses out of 7 courses. 
=/’C 2 
=“C3 ways = 35. 


pe! ee 
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30. (i) A committee consisting of 3 girls and 4 boys can be formed in "Gi. x Ic 3 =904 ways. 


(ii) A committee consisting of at least 3 girls can be formed in "Cy x Gn + "Gs x "Cc, 
= 588 ways. 
(iii) A committee of at most 3 girls can be formed in 
9Cy x 8Cy + 2C6 x 7C, + 7C5 x 4Co + °C, x “Cy = 1632 ways. 
31. At least 3 questions can be selected in the following ways: 


Part I Part IT 
3 5 
4 4 
5 3 


So, required number of ways = {Oe x “Ce + = x NOP + "G: x {Ga = 420. 


32. Each set of parallel lines consists of (m + 2) lines and each parallelogram is formed by 
choosing two lines from the first set and two straight lines from the second set. 


Hence, the total number of parallelograms =""* 7C, x ™* 2C,. 


17.5 MIXED PROBLEMS ON PERMUTATIONS AND COMBINATIONS 
In this section, we intend to discuss some practical problems where both permutations and 
combinations are used as is illustrated in the following examples. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Out of 7 consonants and 4 vowels, how many words of 3 consonants and 2 vowels can be 
formed ? 


SOLUTION Three consonants out of 7 and 2 vowels out of 4 can be chosen in 7 C 3 x *C> ways. 

Thus, there are 7 C 3 x 46 9 groups each containing 3 consonants and 2 vowels. Since each group 

contains 5 letters, which can be arranged among themselves in 5! ways. 

Hence, the required number of words = (46 3 x 4c.) x 5!= 25200. 

EXAMPLE2 How many four-letter words can be formed using the letters of the word ‘FAILURE’, so that 
(i) F is included in each word ? (ii) F is not included in any word ? 

SOLUTION There are 7 letters in the word ‘FAILURE’. 


(i) To include F in every 4 letter word, we first select four letters from the 7 letters of the word 
‘FAILURE’ such that F is included in every selection. This can be done by selecting three letters 
from the remaining 6 letters i.e. A, I, L, U, R, Ein Fe 3 ways. Now, there are 4 letters in each of 


9G 3 selections. Consider one of these te 3 selections. This selection contains 4 letters which can 
be arranged in 4! ways. Thus, each of SG 3 selections provides 4! words. 


Hence, the total number of words = °C 3 x 4!=480. 


(ii) If F is not to be included in any word, then we first select 4 letters from the remaining 6 
letters. This can be done in ey ways. Now, every selection has 4 letters which can be arranged 
in a row in 4! ways. 

Hence, the total number of words = Sc, x 4!= 360. 


EXAMPLE3 How many words with or without meaning, can be formed using all the letters of the word 
EQUATION at a time so that vowels and consonants occur together? [NCERT] 
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SOLUTION There are 5 vowels and 3 consonants in the word EQUATION. All vowels can be 
put together in 5! ways and all consonants can be put together in 3! ways. Considering all vowels 
as one letter and all consonants as at letter, vowels and consonants can be arranged in 2! ways. 
Therefore, vowels and consonants can be put together in 5!x 3! 2! ways i.e. 1440 ways. 


EXAMPLE4 How many five-letter words containing 3 vowels and 2 consonants can be formed using the 
letters of the word ‘EQUATION’ so that. the two consonants occur together ? 


SOLUTION There are 5 vowels and 3 consonants in the word ‘EQUATION’. Three vowels out 
of 5 and 2 consonants out of 3 can be chosen in 5C 3 x 3C 9 ways. So, there are SC 3 x 3C 9 groups 


each containing 3 consonants and two vowels. Now, each group contains 5 letters which are to 
be arranged in such a way that 2 consonants occur together. Considering 2 consonants as one 
letter, we have 4 letters which can be arranged in 4! ways. But two consonants can be put 
together in 2! ways. Therefore, 5 letters in each group can be arranged in 4! x 2! ways. 


Hence, the required number of words =(?°C 3 x 9Co) x 41x 2!=1440. 

EXAMPLE5 How many words with or without meaning, each 2 of vowels and 3 consonants can be 
formed from the letters of the word DAUGHTER? [NCERT] 
SOLUTION There are 3 vowels and 5 consonants in the word DAUGHTER out of which 2 
vowels and 3 consonants can be chosen in 3 Cy x 2G 3 ways. These selected five letters can now 
be arranged in 5! ways. 


Hence, required number of words = 3c, xi 3 x 5!=3 x 10 x 120 = 3600 


EXAMPLE6 The English alphabet has 5 vowels and 21 consonants. How many words with two different 
vowels and 2 different consonants can be formed from the alphabet ? [NCERT] 
SOLUTION Out of 5 vowels and 21 consonants, 2 vowels and 2 consonants can be chosen in 
°C) x A ways. These selected 4 letters can now be arranged in 4! ways. Therefore, by the 
fundamental principle of counting, required number of words is 

°C, x 21C, x 41=10 x 210 x 24 =50400. 


EXAMPLE7 In how many ways can 5 girls and 3 boys be seated in a row so that no two boys are 

together? - [NCERT] 

SOLUTION _ Since boys are to be separated. Therefore, let us first seat 5 girls. This can be done in 

5! ways. For each such arrangement, three boys can be seated only at the cross marked places. 
xGxGxGxGxGx 


There are 6 crossed marked places and three boys can be seated in ‘Ye 3 x 3! ways. Hence, by the 
fundamental principle of counting, the total number of ways is5!x °C 3 x 3!=14400. 


LEVEL-2 


EXAMPLE8 How many words can be formed by taking 4 letters at a time out of the letters of the word 
‘MATHEMATICS’. 

SOLUTION Thereare 11 letters viz. MM, AA, TT,H,E,I,C,S. All these letters are not distinct, so 
we cannot use "P.. We can choose 4 letters from the following ways: 

(i) All the four peut letters: There are 8 distinct letters viz. M, A, T, H, EB I, C,S out of which 4 
can be chosen in Sc, ways. So, the total number of groups of 4 letters = Kore Each such group 
has 4 letters which can be arranged in A! ways. 


Hence, the total number of words = cc, x 4!= SP: = 1680. 
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(ii) Two distinct and two alike letters: There are 3 pairs of alike letters viz MM, AA, TT, out of 
which one pair can be chosen in 7G 1 ways. Now we have to choose two letters out of the 
remaining 7 different types of letters which can be done in Les ways. So, the total number of 


groups of 4 letters in which two are different and 2 are alike is “6 1* 1Gs. Each such group has 4 


t 
letters of which 2 are alike and remaining two distinct and they can be arranged in 5 ways. 

: { 
Hence, the total number of words in which two letters are alike =9C 1x Kee x x =756. 


(iii) Two alike of one kind and two alike of other kind: There are 3 pairs of 2 alike letters out of 
which 2 pairs can be chosen in ° Cy ways. So, there are "cy groups of 4 letters each. In each 
group there are 4 letters of which 2 are alike of one kind and two alike of other kind. These 4 





_ Al 
letters can be arranged in ToT wath Hence, the total number of words in which two letters are 


+! 
212! 


alike of one kind and two alike of other kind = “e x = 18. 





From (i), (ii) and (iii) the total number of 4 letter words = 1680 + 756 + 18 = 2454. 


EXAMPLE9 Eighteen guests have to be seated, half on each side of a long table. Four particular guests 
desire to sit on one particular side and three others on the other side. Determine the number of ways in 
which the seating arrangement can be made. 


SOLUTION _ Since four particular guests want to sit on a particular side A (say) and three others 
on the other side B (say). So, we are left with 11 guests out of which we choose 5 for side A in 


MC. ways and the remaining 6 for side B in Jar ways. Hence, the number of selections for the 
two sides is !1C; x ®C¢. 
Now 9 persons on each side of the table can be arranged among themselves in 9! ways. 


Hence, the total number of arrangements = myc x te x 91x 9! = we x 9!x 9! 


EXAMPLE10 How many four-letter words can be formed using the letter of the word ‘INEFFECTIVE’ ? 
SOLUTION There are 11 letters in the word ‘INEFFECTIVE’. viz. EEE, FF, II, C, T, N, V. 
The four-letter words may consist of: 
(i) 3 alike letters and 1 distinct letter 

(ii) 2 alike letters of one kind and 2 alike letters of the second kind 

(iii) 2 alike letters and 2 distinct letters 7 

(iv) all different letters 
Now we, shall discuss these four cases one by one: 
(i) 3 alike letters and 1 distinct letter: There is one set of three alike letters viz. EEE. So, three alike 
letters can be selected in one way. Out of the 6 different letters F, I, T, N, V, C one letter can be 
selected in °C, ways. Thus, three alike and one different letter can be selected in 1 x Kee = eS 


ways. So, there are te groups each of which contains 3 alike letters and one different letter. 


These 4 letters can be arranged in —— ways. 


4! 
3!1! 
Hence, the total number of words consisting of three alike and one distinct letters 


= 
were et © ae ce eee ——s wares -——we « =. 


a a 22 = 2 
= os ee oe om —— 
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(ii) 2 alike letters of one kind and 2 alike letters of second kind: There are three sets of two alike letters 

viz EE, FF, Il. Out of these three sets two can be selected in °C ways. So, there are 3C, groups 

each of which contains 4 letters out of which 2 are alike of one type and two are alike of second 
! 


type. Now, 4 letters in each group can be arranged in BIO ways. 


Hence, the total number of words consisting of two alike letters of one type and 2 alike letters of 
— = 18. 





= 
second type = ~C» x TET 


(iii) 2 alike and 2 different letters: Out of 3 sets of two alike letters one set can be chosen in ite | 
ways. Now, from the remaining 6 distinct letters, 2 letters can be chosen in °C, ways. Thus, 2 
alike letters and 2 distinct letters can be selected in (°C, x °C) ways. So, there are (PC; °C) 
groups of 4 letters each. Now, letters of each group can be arranged among themselves in > 
ways. 

Hence, the total number of words consisting of two alike letters and 2 distinct 


! 
= 9C, x °C, x 5 540. 


cs 


(iv) All different letters: There are 7 distinct letters E, F, I, T, N, V, C out of which 4 can be selected 
in CG; ways. So, there are ics groups of 4 letters each. The letters in each of iG 4 groups can be 
arranged in 4! ways. 


So, the total number of 4 letter words in which all letters are distinct = 7C 4 x 4!= 840. 


Hence, the total number of 4-letter words = 24 + 18 + 540 + 840 =1422. 


EXAMPLE11 In how many ways can the letters of the word PERMUTATIONS be arranged if there are 
always 4 letters between P and S? [NCERT] 


SOLUTION There 12 letters in the given word of which 2 are T’s. There can be 4 letters between 
P and S in one of the following ways: 


(i) There are 2T’s and 2 other letters from the remaining 8 letters (excluding 2T’s and P 
and S). 
(ii) One T and 3 other letters from the remaining 8 letters. 
(iii) —There is noT and 4 other letters. 


Let us now find the number of words in each case. 


(i) In the first case, 2 letters can be chosen from remaining 8 letters in 8C, ways. Now, 2T’s and 2 


other letters can be arranged between P and Sin = ways. Also, P and S can interchange their 


positions. So, 2T’s and 2 other letters can be arranged between P and S in Hes x =x 2! ways. 


Considering these six letters as one letter and the remaining 6 letters can be arranged in 7! ways. 
Total number of words, in this case = °c. x = x 2!x 7! 


(ii) In this case, 3 letters can be chosen from the remaining 8 letters in 8c 3 ways. Now, one T and 


3 other letters from the remaining 8 letters can be arranged between P and Sin 4! ways. Also, P 
and Scan interchange their positions. So, one T and 3 other letters can be arranged between 


Brand) Sin "C3 x 41x 2! ways. Considering these six letters as one letter and the remaining 6 
letters can be arranged in 7! ways. 
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Total number of words formed = 5C 3 x 4!x 2!x 7! 


(iii) In this case, 4 letters other than 2T’s can be chosen from the remaining 8 letters in Se) ways. 
These 4 letters can be arranged between P and S in 4! ways. Also, P and S er interchange their 
positions in 2! ways. Thus, 4 letters between P and S can be arranged in °Gq x 4!x 2! ways. 


Taking these 6 letters as one letter with the remaining 6 letters (including 2T’s), we have 7 letters 


eA 
which can be arranged in aI ways. 


I 
Number of words formed = °G) x 4!x 2! x f 


Hence, total number of words = [Ga x — 2!x 7! + G4 x 41x 21x 7148 Cy x 4!x 2!x f 


= 25401600 


1. How many different words, each containing 2 vowels and 3 consonants can be formed with 
5 vowels and 17 consonants? 

2. There are 10 persons named P;, P >, P3 ..., Pig. Qut of 10 persons, 5 persons are to be 
arranged in a line such that is each arrangement P; must occur whereas P,; and FB, do not 
occur. Find the number of such possible arrangements. 

3. How many words, with or without meaning can be formed from the letters of the word 
‘MONDAY’, assuming that no letter is repeated, if (i) 4 letters are used at a time (ii) all 
letters are used at a time (iii) all letters are used but first letter is a vowel? [NCERT] 

4, Find the number of permutations of distinct things taken r together, in which 3 particular 
things must occur together. 

5. How many words each of 3 vowels and 2 consonants canbe formed from the letters of the 
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word INVOLUTE? [NCERT] 
6. Find the number of permutations of different things taken r at a time such that two 
specified things occur together? [NCERT] 


LEVEL-2 
7. Find the number of ways in which: (a) a selection (b) an arrangement, of four letters can be 
made from the letters of the word ‘PROPORTION’. 


8. How many words can be formed by taking 4 letters at a time from the letters of the word 
‘MORADABAD’? 


9. A business man hosts a dinner to 21 guests. He is having 2 round tables which can 
accommodate 15 and 6 persons each. In how many ways can he arrange the guests? 


10. Find the number of combinations and permutations of 4 letters peat from the word 
‘EXAMINATION’. 


11. A tea party is arranged for 16 persons along two sides of a long table with 8 chairs on each 
side. Four persons wish to sit on one particular side and two on the other side. In how many 
ways can they be seated? 


ANSWERS 
1. 816000 2. 7C,x5! 3. (i) 360 (ii) 720 (iii) 240 4, ™2Ce (—2)3! 

5. 2880 6. 2(r-1)""*PB_» 7. (a) 53 (b) 758 8. 626 

9, 210). x 14!x 5! 10. 2454 11. °c, x (8!)? 
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HINTS TO NCERT & SELECTED PROBLEMS 


1. 2 vowels out of 5 and 3 consonants out of 17 can be chosen in ° Cy x Aes 3 ways. 
Now, 5 letters in each selection can be arranged in 5! ways. 
So, total number of words = 6% VE 3 x 5!= 816000 
3. (i) Total number of 4 letter words formed from the letters of the word ‘MONDAY" 
= °C, x 4! = 360. 
(ii) ‘Total number of words formed by using all letters of the word ‘MONDAY’ 
= 6!=720 
(iii) There are two vowels A and O.So, first place can be filled in 2 ways and the remaining 
5 places can be filled in 5! ways. 
So, total number of words beginning with a vowel = 2x5! = 240. 
5. Required number of words = “G 3 x Go x 5! 


6. Out of (1-2) remaining things select (r —2) things in BaaG. _2 ways. Consider two 


specified things as one and mix it with (r — 2) selected things. Now we have (r —1) things 
which can be arranged in (r —1) ! ways, but two specified things can be put together in 2! 
ways. Hence, required number of ways = "~7C,_ 5 x (r—1)!« 24 


9. Total number of ways = Ger x NG x 14! 5! 

11. 4 persons wish to sit on side A(say) and two on the other side B(say). So, 10 persons are left, 
out of which 4 persons for side A can be selected in 19°C 4 ways and 6 persons for side B from 
the remaining 6 persons in °ce ways. Hence, the number of selections for two sides 
= WG; x SG. Now, 8 persons on each side can be arranged amongst themselves in 8! ways. 
Hence, the total number of seating arrangements = ANG 4% °C. x 8!x 8! 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


m1 
1. Write 2 "*TC, in the simplified form. 
r= 


2. If Sa +7 = Erne 9 , then write the values of n. 


3. Write the number of diagonals of an n-sided polygon. 
4. Write the expression "C, , , + "C, _, + 2x "C, in the simplest form. 


' 6 
5. Write the value of. Zr "Gs + SOV 
r= 


6. There are 3 letters and 3 directed envelopes. Write the number of ways in which no letter is 
put in the correct envelope. 

7. Write the maximum number of points of intersection of 8 straight lines in a plane. 

8. Write the number of parallelograms that can be formed from a set of four parallel lines 
intersecting another set of three parallel lines. 

9. Write the number of ways in which 5 red and 4 white balls can be drawn from a bag 
containing 10 red and 8 white balls. 

10. Write the number of ways in which 12 boys may be divided into three groups of 4 boys 


each. 
11. Write the total number of words formed by 2 vowels and 3 consonants taken from 4 vowels 
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ANSWERS 
4. Ntm+ oda ; 2 36 3: n “ 3) 4. "+ 2c. mt 5. oC, 
! 
6. 2 7.28 8.18 9, Gea = 
(4!)~ 3! 


11. *C5 x C3 x 5! 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


116 G. = oe 19 , then IBC is equal to 
(a) 4896 (b) 816 (c) 1632 (d) ‘none of these 
2. If 9c, =°C, , 4, then” C3 is equal to 
(a) 54 (b) 56 (c) 58 (d) none of these 
3. If °C 3r = 1G. ,3, thenr is equal to 
(a) 5 (b) 4 (c) 3 (d) 2 
4, If ac +1= 26 _1,,thenr is equal to 
(a) 10 (b) 11 (c) 19 (d) 12 
5. IfC (n, 12) =C (n, 8), then C (22, n) is equal to 
(a) 231 (b) 210 (c) 252 (d) 303 
6. If"C, ="C> , then 
(a) 2m=n (b) 2m=n(n+1) (c) 2m=n(n-1) (dd) 2n=m(m-1) 
7. If"Cy ="Cg, thenn= 
(a) 20 (b) 12 (c) 6 (d) 30 
g, I€"C, + "C4, ="*1C,, thenx= 
(a) r (b) r-1 (c) n (d) r+1 
9. If (a - QC, = (a — QC, ,thena= 
(a) 2 (b) 3 (c) 4 (d) none of these 
10. °C, + °Gy + °Ga +. °G, + Gs is'equal to 
(a) 30 (b) 31 (c) 32 (d) 33 
11. Total number of words formed by 2 vowels and 3 consonants taken from 4 vowels and 5 


12. 


13. 


14. 


consonants is equal to 

(a) 60 (b) 120 (c) 7200 (d) none of these 

There are 12 points in a plane. The number of the straight lines joining any two of them 
when 3 of them are collinear, is 

(a) 62 (b) 63 (c) 64 (d) 65 

Three persons enter a railway compartment. If there are 5 seats vacant, in how many 
ways can they take these seats ? 

(a) 60 (b) 20 (c) 15 (d) 125 


In how many ways can a committee of 5 be made out of 6 men and 4 women containing at 
least one women ? 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


24. 


25. 


26. 


27. 
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17. 
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(a) 246 (b) 222 (c) 186 (d) none of these 


There are 10 points in a plane and 4 of them are collinear. The number of straight lines 
joining any two of them is 


(a) 45 (b) 40 (c) 39 (d) 38 


There are 13 players of cricket, out of which 4 are bowlers. In how many ways a team of 
eleven be selected from them so as to include at least two bowlers ? 


(a) 72 (b) 78 (c) 42 (d) none of these 
IfCy + C, + Co +... +C, = 256, then 2"C, is equal to 
(a) 56 (b) 120 (c) 28 (d) 91 


The number of ways in which a host lady can invite for a party of 8 out of 12 people of 
whom two do not want to attend the party together is 


(a) 2x "ic, + cg (b) Cg + Nc, 
(c): eg — °C, (d) none of these 


Given 11 points, of which 5 lie on one circle, other than these 5, no 4 lie on one circle. Then the 
number of circles that can be drawn so that each contains at least 3 of the given points is 


(a) 216 (b) 156 (c) 172 (d) none of these 


How many different committees of 5 can be formed from 6 men and 4 women on which 
exact 3 men and 2 women serve ? 


(a) 6 (b) 20 (c) 60 (d) 120 

If aon =6= = Gey +1, then the value ofr is 

(a) 12 (b) 8 (c) 6 (d) 10 (e) 14 
The number of diagonals that can be drawn by joining the vertices of an octagon is 
(a) 20 (b) 28 (c) 8 (d) 16 


k The value of ”Cq +7} +7, +70 |4..4(7Cg +70, i 


(a) 27 -1 (b) 2° -2 (c) 28 -1 (d) 28 


Among 14 players, 5 are bowlers. In how many ways a team of 11 may be formed with at 
least 4 bowlers? 

(a) 265 (b) 263 (c) 264 (d) 275 

A lady gives a dinner party for six guests. The number of ways in which they may be 
selected from among ten friends if two of the friends will not attend the party together is 


(a) 112 (b) 140 (c) 164 (d) none of these 
yee ics =2-"C, , then 1 = 
(a) 3 (b) 4 (c) 5 (d) 6 


The number of parallelograms that can be formed from a set of four parallel lines 
intersecting another set of three parallel lines is 


(a) 6 (b) 9 (c) 12 (d) 18 


ANSWERS 
(b) 2. (b) 3. (c) 4. (a) 5. (a) 6. (c) 7. (a) 8. (d) 

(b) 10. (b) 11. (c) 12. (c) 13. (a) 14. (a) 15. (b) 16. (b) 

(b) 18. (c) 19. (6b) 20. (d) 21. (a) 22. (a) 23. (b) 24. (c) 

(b) 26. (c) 27. (d) 
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SUMMARY 

1. Ifnis a natural number andr is a non-negative integer such that 0 <r <n, then 

(i) "Cc, = ——— Gi) "C, xr! = "B 

(n—r)!r! 
iit) Me "CS, (iv) "C+ "Cn, = BIG, 
= —] y= n n-1l n-2 n—(r—1) 
0) MCI, le ee ee eee a ee 
Wh r die oes | a r PT Was i 2 1 


*\ i n 
(vi) (Cy = “Cy > x =y or, X+y =n 
(vii) Ifnisan even natural number, then the greatestamong "Cy , "Cj, "Co,..., "Cyis"C » 
2 
If nis an odd natural number, then the greatest among "Cy , "C, "Co,..., "Cy is 
iH " 
Cy—1 O, Cy41- 


2 2 


2. The number of ways of selecting items or objects from a group of» distinct items or objects 
; n! _n 


(n—r)ir! 





Ta 
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BINOMIAL THEOREM 


18.1 INTRODUCTION 
An algebraic expression containing two terms is called a binomial expression. 


? 
For example, (a + b), (2x — 3y), c + | {x + 3) ; 2 - + etc. are binomial expressions. 
Y x a a 


Similarly, an algebraic expression containing three terms is called a trinomial. In general, 
expressions containing more than two terms are known as multinomial expression. 


The general form of the binomial expression is (x + a) and the expansion of (x + a)", neéN is 


called the binomial theorem. This theorem was first given by Sir Issac Newton. It gives a formula 
for the expansion of the powers of a binomial expression. 


In earlier classes, we have learnt that: 
(x + a)° =) 
(x + a)’ =XxX+a 


v] 
(x + a)” = x*° 42ax+a" 


9 
(x + a)? x? + 3x7a + 3xa7 + a> 
d 5; 9 
(x +a)? = x* 4 4x3 a+ 6x7 a? + 4xa? +a" 


We observe that the coefficients in the above expansions follow a particular pattern as given 
below: 


Index of the binomial Coefficients of various terms 
0 1 


=~ W NN 
— 
— 
— 
mm OO 
N 
OO WwW 
— 
s 
— 


We also observe that each row is bounded by 1 on both sides. Any entry, except the first and 
last, in a row is the sum of two entries in the preceding row, one on the immediate left and the 
other on the immediate right. The above pattern is known as Pascal’s triangle. It has been 
checked that the above pattern also holds good for the coefficients in the expansions of the 
binomial expressions having index (exponent) greater than 4 as given below. 


18.2 MATHEMATICS-AI 


Index of the binomial Coefficients of various terms 
0 1 
1 Let ye § a) 
2 oe ee I~ 
3 ley Oo. “Vo BS: Vo] 
4 ive ae Vo 6 VY 46 UY 
5 (fovea vO VIO V Sv J 
6 [oven Onty eto 'V 20° ¥ 2515: Vo 6) Via 
Pascal's Triangle 
Using the above Pascal’s triangle, we obtain 
(x + a)? =XxX+AaA ) 
or, (x + a)’ = 125 x a? + es x° q! E ‘Gq =1= | 
(x +a)” = x7 +2ax+a7 
Or, (x + a)? = 265 x? a? 4 “er get gly 2G, eee Qt i 205 =1, 2G; =2, 2a; -1 
(x +a)? = x° + 3x7a+ 3x07 +a° 
Or, (x+a)? = Go x3 a? + {ey Pay ae {en ea cae 2Ge xo Pig? 
(x + a)* = x° +4x°a+ 6x707 + 4xa? + a4 
Or, (x+a)* = *Gy x" a? + Gy to a ser remy ar "Ge ieee fade *G; ge ngs 


(x +a)? ="Cy x a® ceu(oh eal a en aie az ates ~~ 3 4? PG, x * a4 Ge Po 


By looking at the above expansions we can easily guess that the general formula would be of the 
form as given in the following theorem. 


18.2 BINOMIAL THEOREM FOR POSITIVE INTEGRAL INDEX 
THEOREM If x and aare real numbers, then for alln EN, . 
(Gea e=etCni a eG a Coa a eC, od 4... 
4 te ; x) qi} a er Pa a 


ie, (x+a)" = E Ao amar 6 


PROOF Weshall prove the theorem by using the principle of mathematical induction on n. 
Let P (n) be the statement: 
featia senna st (Gece age Goat a4 Ca dd +... 
4 veme 5 x} Bs 1 + sen x? a! 
STEPI We have, P (1): (x+ a)! = 1Gn xt g® + ey x° a} 
We know that: (x+a)'=x+a="Cy x} a? + 1G; xo a 
P (1) is true. 
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STEP II Let P (m) be Bue Then, 
(x+ a)" es er, ea O m CG, gt- 1 a 4 G; yt 2 az eae mG. Ss “ ql 1 <"G, x? a! (i) 


We shall now show that P (1 + 1) is true. For this we have to show that 


(x + a)” so a 1G nt 1 a? 4 m+ ren PL a 4 m+ Gs yt ] an <,, 


m+ 1 l m+ 1 N+ 
+ + Co x a’ nae Ga oa BA rade 1 


Now, (x+a)”"* . 


=(x+a).(x+a)” = (x +a) "Co 0” a Cua ate ae Ga eee 
i sfc fe x! a” —1 i iif es Pa a 


ES Lien x! + 1 a 4. OS < mGrS " a +. (7G; + Wey xt -—1 az +. 
r (me 4 Lf Cs x —-r+1 a rae (™ Ce =F sit om ) x! a" * was qi" +1 


m + IC, yin + l)j-ror 


es a 


+ ail by 4 
_m ere yt 1 ay 4 m+ es vn 1 4 m+ ICs vt 1 av + 

_m + ee = ql 4. mt ice ie a” +1 : Es rae afer _ m+ 1c, =O ns m| 
P (m +1) is true. 


Thus, P(m) is true => P (m-+1) is true. 


Hence, by the principle of mathematical induction, the theorem is true for all 1 € N. 
Q.E.D. 


18.3 SOME IMPORTANT CONCLUSIONS FROM THE BINOMIAL THEOREM 


In this section, we shall draw some useful conclusions from the binomial theorem. 
(i) We have, 


n _ 
(x40) = E NC git" of 
— 9 — 
or, (x + a)" = "Cy th a? + Cyt Nabe Ga a at re ene nee x? a" 


Since r can have values from 0 to n, the total number of terms in the expansion is (” + 1). 
(ii) The sum of the indices of x and a in each term is n. 


(iii) Since"C, = "C,_,, for r=0,1,27...,n 
"Co ="Cn, "Cy 7 "Gis 1 "Co 7 ‘ce 2 


So, the coefficients of terms equidistant from the beginning and end are equal. These coefficients 
are known as the binomial coefficients. 


(iv) Replacing a by -1, we get 
(x —a)" = MCh x" a® —"Cy ig + "Gp gt 2 ae iGs z- 3 3 Sn 1) Hee int df 
+...4(—1)" Kee x? di. 


i.e. (x-a)" = z (=1)) "Ge ee fat 


Thus, the terms in the expansion of (x — a)" are alternatively positive and negative, the last term 
is positive or negative according as 7 is even or odd. 
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(v) Putting x =1 and a =x in the expansion of (x + a)", we get 
(1+x)" = "Cy + "C1 x+ [Gp + TCX, te... + "Oe 


| . 
i.e. Gitex = "Cc, x 
r=0 


This is the expansion of (1 + x)” in ascending powers of x. 
(vi) Putting a =1 in the expansion of (x + a)", we get 
eee PEG xs $Cs x eC tt Cae qtr Ge 


nN 
i.e. (1+x)" = 2 tered 


This is the expansion of (1 + x)" in descending powers of x. 
(vii) Putting x =1 and a =—x in the expansion of (x + a)", we get 
(ey = "Cp "Cpt Co x7 - Grreee st (1) Cl tn (dy Co ee 
i.e. (1-x)" = > (-1)' "Cc, x" 
r=0 
(viii) The coefficient of (r + 1)th term in the expansion of (1 + x)" is "C,. 
(ix) The coefficient of x” in the expansion of (1 + x)” is "C,. 


(x) (x +a)" +(x—a)"* = 2 {"Co SL Me aad gare Mera ts a 
and, (x+a)"—(x-a)" = 24"Cy xt als [One tia? aes: } 


NOTE: If nis odd than {(x + a)" +(x —a)'}and {(x + a)” —(x —a)"} both have the same number of terms 


equal to (*2) whereas if n is even, then {(x+a)" +(x—a)"} has (2 + 1 terms and 


cs +a) —(x—- ay" has (=) terms. 





ILLUSTRATIVE EXAMPLES 


Type I DETERMINING THE NUMBER OF TERMS IN THE EXPANSIONS OF BINOMIAL AND TRINOMIAL 


EXPRESSIONS 
EXAMPLE }- Find ae number of terms in the Expansions of the following: 3 
(i) (2x — 3y) Gi) (1+5./2 x)* +(1-5 /2 x) 
(iii) (Vx + fy)? + (Vx - fy)” (iv) (2x + 3y - 42)" 
(v) [((3x + y)® —(3x - y)*] (vi) (1+2x+ x7)70 


SOLUTION (i) The expansion of (x + a)" has(n + 1) terms. So, the expansion of (2x — 3y)° has 10 
terms. 
n+1 


(i) If n is odd, then the expansion of (x +a)" +(x —a)" contains (ae) terms. So, the expansion 


9+1 
2 





of (1 +5 2x)? + (1-5 v2 2)” has( )-s terms. 
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(iii) If 2 is even, then the expansion of cs +a)" +(x ay" has (2 + 1| terms. 


So, (/x + Jy)" fe (ale = fy)” has 6 terms. 


(iv) We have, 
ii 
(2x + 3y — 42)" = 2x + (3y- 42)| 


="Cq (2x)" (3y — 42)" + "C, (2x)"" 1 (3y — 42)! + "Cp (2x)"" 7 (By — 42)* +... 
+ "Cy —1 (2a)" (By — 42)" " + "Cy (By — 42)". 


Clearly, the first term in the above expansion gives one term, second term gives two terms, third 
term gives three terms and so on. 
(11 + 1) (n + 2) 


2 
(v) If nis even, then {x +a) —(x- ay" has = terms. So, (3x + y)® —(3x- y)® has 4 terms. 


SO, total number of terms = 1+2+3+...+n+(n+1) = 


(vi) We have, 
20 
(1+2x+ x7)70 = ic +x) =(1+ x)*° 


So, there are 41 terms in the expansion of (1 + 2x + x7)79 
Type II EXPANDING A GIVEN EXPRESSION USING THE BINOMIAL THEOREM 
EXAMPLE 2, Expand (x? + 2a) by binomial theorem. 
SOLUTION Using binomial theorem, 

(x2 + 2a)” = 9Cp (x?)® (2a)° + 5C, (x7)* (2a)! + 2Co (x7)? (2a)? 

+ C5 (x?) (20)? + 5Cq (x) (2a)* + C5 (x?)° (20)? 

x! 4.5 (x8) (2a) + 10 (x°) (4a7) + 10 (x4) (8a) +5 (x?) (16 a4) + 320° 
= x9 4409x5440 x° a2 +80x* a? + 80x72 at +32a@ 


EXAMPLE3- Expand (2x — 3y)* by binomial theorem. 
SOLUTION Using binomial theorem, we obtain 
(2x — 3y)* ={2x+(- 3y)}* 
= 4c, (2x)4 (- 3y)° + 4C; (2x)? (— 3y) + 4Cp (2x)? (— 3y)? + 4C3 (2x)' (— 3y)? + “Cy (—3y)” 
= 16 x* + 4(8x°) (— 3y) + 6 (4x2) (9?) + 4 (2x) (-27 y*) + 81 y* 
= 16x* —96x3y + 216x7y” —216xy* + 81y* 
EXAMPLE4 By using binomial theorem, expand: 
@ (1+x+x°) (ii) (1—x+x*)* 
SOLUTION (i) Let y=x+ x7. Then, [NCERT EXEMPLAR] 
(1+x+x7)? = (1+y)° = ena Sc, y+ “Gyo 46r y? = 1+ 3y+ 3y” +y° 
= 1+3(x+x7)+ 3 (x + x7)? +(x+x7)? 


=1+ 3 (x +x) + 3 (x? + 2x? +x') + {cq x? (x?)° + 40) xo} (x23 


‘ 3c, x32 (x2)? 4. 3c, 0 (x)°} 
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1+ 3(x+x7) +3 (x2 4 2x9 +24) + (x9 + 3x7 + 3x” + 2°) 


x° 4 3x° + 6x" +7x° + 6x7 + 3x41 


(ii) Let y=—x+x7. Then, 
(1—x+x7)4 = (1 +y)* = sGact Giyt Cp Vat fern y> + "Cy y* 
=14 4y + 6y* +4y°+y* = 144(—x+x7)4+6(—x4x7)7 +.4(-x42x7)9 +(-x4+27)* 
= 1 —4x (1 —x) + 6x” (1 —x)? ~ 4x9 (1x)? +x? (1 —x)* 
=]-4x(1 —x)+6x7(1 ~2x +x) -4x°(3Cp = Cyx+° C5 yo C3 x) 


5 
+x" ( 4co = (en x+4 Cy x” = C3 x? Ga | 


1—4x + 4x7 + 6x? (1 —2x + x7) ~ 4x9 (1-—3x+ 3x7 —~x>)+ x4 (1 —4x + 6x7 —4x° + x*) 
1 —4x + 4x7 + 6x2 —12x? + 6x* — 4x? +.:12x4 -12x” + 4x9 4 x4 — 4x" + 6x® — 4x7 +x° 


= 1-4x + 10x” -16x° + 19x* -16x” +10x° — 4x” +x° 
x 2) 
EXAMPLE > Using binomial theorem, expand (1 + AS 2) ,x #0. 
x 


SOLUTION Wehave, [NCERT] 
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18.7 
3 9 9) x°. x* (8h 124)0 (patter) o2 te 
= (1-12 + 6) +(2x —6x)+| — x" -x +E $44), = - = |- st 
2 Din Gs. = ae Py ee 
ge 9? HE OS Go 16 
= —5 -—4x + — + — + — + — +--+ 
2. 16° 2 it yee oe 
EXAMPLE6 Find the expansion of ( 3x7 —2ax + 3a7)° using binomial theorem. [NCERT] 


SOLUTION We have, 
(3x? — 2ax + 3a)? 


{(3x7 — 2ax) + 3a} 


3Cy (3x7 — 2ax)? (3a)® + 3C, (3x? — 2ax)? (3a?) + Co (3x? - 2ax)! (307)? 
+ oGa (3x? - 2ax)° (3a7)° 


(3x7 —2ax)? + 9a? (3x7 —2ax)? + 27a (3x7 —2ax) + 270° 
= i $C (3x7) 3 (-2ax)° +3 Cy (3x7)? (-2ax)! +3 Co (3x?) (-2ax)? +9 C3 (3x7)? (-2ax)*} 


+ 9a? (9x* —12ax? + 4a” x”) + 27a" (3x7 —2ax) + 270° 
(27x° —54 x a+ 36x" a* —8x° a®) +(81x* a* —108x° a? + 36x" a’) 


+ (81x? a* —54.xa”) + 270° 
27x° —~542x° a + 117x° a ~116x° a° + 117x? at —54xa° + 270° 


11 
. . . 1 

EXAMPLE7 Llsing binomial theorem, expand (: + 1) ; 
wf y 


~ 


SOLUTION We have, 


11 0 3 
[+2] = co x¥(2] He, x(2 J+ Me, x (2 } es (2) 
y y y 
Le 1 y 1) 
ae x! 2) +e x° i" Ce x (2 1) 4 Ge a ‘(2 + “CG, x? ) 
y y y 
1 1 10 1 11 
i 11 
Cy 10 *| — 1 cu(?] 
coat: Js Bs y 


10 ek we ~ 
= x} 1 et 455% 4165224 330 2 + 462% + 462 = 
Ye ae y y y 


* 330x* 165x° 55x* 11x 1 
= Fi tcsrgey 9. {Sag aan 
y Ye kine, FY 


[NCERT] 








i 
EXAMPLES Provethat = "C. 3’ =4" 
r=0 & 
SOLUTION We have, 
(l+2)" = "Co + "Cy x+ "Cy x7 4...47C, 2 
nl 
or, (1+x)" = z NOt aa 
T= 
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Putting x = 3 on both sides, we get 
i" 


N , 
Geos GC, 8 or, 4% = 5 "C. 3° 
r=0 r=0 


Type IIIT ON APPLICATIONS OF BINOMIAL THEOREM 


EXAMPLE9 Find an approximation of( 0.99)? using the first three terms of its expansion. [NCERT] 
SOLUTION We have, 


5 5 OV 
(0.99) = (1-0.01)° = (1 - 55 


100 
2 3 t 5 
5 5 1 hadi Bs 1 5 1 5 1 5 1 
= “Cp -~C, x —+°C ——/| —~C3/ — C4| —| -~Cy| —— 
07 *1* 700 (5) (355 i; (35 s(i35 | 
= fee AO. a — 
~ 100 ” 70000 1000000 (100)* (100)° 
= 1-—0.05 + 0.001 [Neglecting fourth and other terms] 
= 0.951 
EXAMPLE10 Using binomial Hieorett, compute the peng: 
(i) (99)? (ii) (102)° (iii) (10.1)° 


SOLUTION (i) We have, 

(99)? = (100 -1)° 

"Co x (100)? ~°C, x (100)* + 5c, x (100)? — 5c x (100)? + 5c, x (100)! — "Cz x (100)? 
(100)” —5 x (100)* + 10 x (100)? ~10 x (100)? +5 x 100 —1 

= 10°? -5x 10° +10” -10° +5107 -1 


= (107° +10” +5x 107) -(5 x 10° +. 10° +1) = 10010000500 —500100001 = 9509900499. 


(ii) We have, 
(102)° 


(100 + 2)° 
6c 6. 6 6 
0x 2) + °C, x (100) x 2+ Ca x (100)* x 2? 
i Gax ny: x 2° + °C, x (100)? x 24 4+ Ss x (100)* x 2° + °C¢ x (100)? x 2° 
= (100)° + 6 x (100)? x 2 +15 x (100)* x 2? + 20 x (100)? x 23 +15 x (200); x 24 
+ 6x (100)! x 2° + 26 


= 107 +1210" + 6x10? +16x 10" + 24x 10° +192 x 102 + 64 
= 1126162419264. 


(iii) We have, 
(101)° = (10 + 01)° 
= "Cp x (10)° x (04)? + °C, x (10)* x (02) + 8C, x (10)? x (0.1)? + 5c x (10)? x (01) 
+°Cq x (10)? x (01)* + 5c, x (10)° x (019° 
= (10)? +5x 10° x 0.1 +10 10° x (01)* +10 x (10)? x (01)? +5 x 10 (01)* + (01)? 
10° +5x 10° +107 +1 +5 0.001 + 0.00001 
= 100000 + 5000 + 100 +1 + 0.005 + 0.00001 = 105101.00501. 
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EXAMPLE11 Write down the binomial expansion of (1 +x)" 1 when x=8. Deduce that 
g"* 1 _ gn — 9 is divisible by 64, where n is a positive integer. [NCERT] 
SOLUTION We have, 

(1+ xy"* Lanes trick Ne, 5 tt he ius N+ Tes x ‘i n+ es yo ROP oe n+ oN F vit 1 


Putting x = 8, we get 
(1 + g)" +1 _N+ ICR ant a oF (8)! 4+ TGACS) a is n+ 'c3(8)° sg, Split ie : (g)"* 1 ...(i) 


git 1 =14+(n+ 1) x g-purtas (8) 4 nt ICS (8) aah oe s Gea 1 3) a 
git 1 ~8n—9 =(8)" iat 1G, ‘ n+ nee (8) + N+ ay) (8) Lier: n+ beret 


g'*1_¢gn-9 = 64x an integer 
g"* 1 _ gn —9 is divisible by 64. 


Yu vd 


EXAMPLE 12 Lsing binomial theorem, prove that 6" —5n always leaves the remainder 1 when divided 
by 25. [NCERT] 
SOLUTION We have, 

6" —5n = (1+ 5)" —5n 


=> 6" —5n = "Co + "C, x (5) + "Co x (5)7 + "C3 x 6) >, Co "| —5n 
=> 6" —5n = 145+ "Cp x57 4+"C3x5° +...4"C, x5 —5n 

=> 6° —5n-1 = Kemp ccer aliens. cy: Feat CX Se 

=> 6" -5n-1 = 57 "C2 + "Cy x54"Cyx57 +...+ "Cy x * 

=> 6" —5n-—1 = 25~ an integer 

=> 6" —5n = 25x an integer + 1 

= 6" —5n leaves the remainder 1 when divided by 25. 


Type IV ON EXPANSION OF A BINOMIAL BY USING BINOMIAL THEOREM 
EXAMPLE13_ Lising binomial theorem, expand {x + yy +(x—- wy} and hence find the value of 


12 +1) + (V2 -1)}. 
SOLUTION We have, 
(x+y +(x-y)> =2 {°Co Po Coa ye Oa y'| =2(2° + 10x°y* +5xy'] 
Putting x =./2 and y =1, we get 
(J2 +1) +(J2-1)9 = 24 (V3 +10 (./2)? +5 2} =2(42 +2012 + 5 2) =58 2 


EXAMPLE 14 If O be the sum of odd terms and E that of even terms in the expansion of (x + a)", prove 
that: 


(i) 0? —E* =(x? —a?)" (ii) 4 OE =(x+ a)" —(x—a)™ 
(iii) 2(O7 + E*) =(x +a)" +(x —a)™" 
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SOLUTION We have, 

(x + a)" ze neh, PL a? 3 Nee Pe l ai +. {er vt 2 an ber a on 1x 7 1 rm ter a! 
—s (x+a)" = 1"Co Bey ean + ca + "C1 gta ght HC ltr iat 4 ‘a 
= (x+a)" =O+E 


.+(i) 


T —-2 2 ~ 3 
and, (x - a)" = Yer xy ic x! 1 a e eR x az —~"Cn x! 3 3%, 


3% + 


4. RG: «i 1x (1) l Ps 1 4. ye 1" a 


= (x —a)" = 1"Co te Gs yi 2 az 4 -{"Cy os ae 1G 2 ey 3 a> + 2 
=> (x-a)" =O-E ...(ii) 
(i) Multiplying (i) and (ii), we get 
(x +a)" (x—a)" = (O+E)(O-E) 
=s (x? aay = o2 _ KF? 
(ii) We have, 
4OE = (0+E)* -(O-E)* 
2 2 
=e OE = {c + a)" 2 {c : a)" [Using (i) and (ii)] 
=> 4OE = (x+a)"" —(x-a)™" 
(iii) Squaring (i) and (ii) and then adding, we get 
(x + a)7" + (x-a)™" = (O+5)*+(O-B)* = 2(07 +E’). 
Type V ON APPLICATIONS OF BINOMIAL THEOREM 
-EXAMPLE15 Which is larger (1.01) 10000 or, 10,000 ? [NCERT] 


SOLUTION We have, 
(1.01) 1000? _ +0000 


= (1 + 0.01) 100? _ 0000 


aaa Geen (OO I) tae oo Co (0.01) > bisa PoC ggo0cg % (0.01) 1 —10000 


= (1 + 1000000 x 0.01 + other positive terms) — 10000 
= (1 + 10000 + other positive terms) — 10000 
= 1 + other positive terms > 0 


(1.01) 1000? 5 10000 
EXAMPLE16 Ifaand bare distinct integers, prove that a —b" is divisible by (a —b), whenevern EN. 


[NCERT] 
SOLUTION We have, 


qd" = {(a—b) +b}" 
=> dq! ="Co (a—b)" +"Cy (a—b)"” 1b? +"Co (a—b)" 7 b? 4...4"C,_ 1 (a—b) Bb" 1 4."C, B 
— qf? —b" =(a—-b)" + "Cy (a—b)"~ 1b) 4 "Cp (a—b)" 7b? +... "C,_ 4 (a@—b) bY} 
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=> q' —b" =(a—b) (4 byt Ma Cable Gy a by Be ee Ce ‘} 
Clearly, RHS is divisible by (a —b). Hence, a —b" is divisible by (a —b). 
EXAMPLE 17 Lsing binomial theorem, prove that (101)? >100°° + 99°°. [NCERT EXEMPLAR] 
SOLUTION Letx = 101° and y = 100°” + 99°". Then, 

x~y = 101" 100-99" 
x-y = 101° —99°" —100" 


—> 

> x-y = (100+1)” -(100 -1)°? - 1007 

=> X-y =2 {cy x 1007” + = (08s x 100°” +...+ 2Cjs x 100} ~100°° 
= < Sy = 100" 2% Ca e100 ee, He age 100) LOO 

=> x-y = 2x Ga x 100 4... 45208" \Gig.e 100 

= x-—y = a positive integer 

= x-y>0 => x>y => 101° >100° + 99% 


EXERCISE 18.1 





1. Using binomial theorem, write down the expansions of the following: 


(i) (2x + 3y)? (ii) (2x - 3y)* (ii) x s 4 
6 6 
(iv) (1 - 3x)" (v) G = 2) (vi) x. s) 
x a x 
ie 3 
(vii) G¥x —7Yay® (wii) (+ 2x - 3x”) (ix) ( ol 1) 


(x) (1 -—2x + 3x7)° 


2. Evaluate the following: 


(i) (Jeet + feat ) (yea _e=t) (ii) (z+ 72) +(2- a} 


(iii) (1+ 2 Vx)? +(1-2Jx)°- (iv) (¥2 +1)° +(¥2 -1)° 
(v) (3 + /2) -(3 -/2)° (vi) (2+ /3)’ +(2-V3) 
(vii) (V3 +1) -(./3 -1) (viii) (0.99)° +(1.01)” 
(ix) (V3 + /2)° -(¥3 -2)° [NCERT] 
4 4 
(x) {0 + fe? ~1 + {0 =e = [NCERT, NCERT EXEMPLAR] 


4 A 
3. Find(a+ b)* —(a =)". Hence, evaluate( /3 + 2) -(3 - 2) - 
4. Find(x + 1)° +(x - 1)°. Hence, or otherwise evaluate (./2 + 1)° + 4/2 =). [NCERT] 


[NCERT] 
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5. Using binomial theorem evaluate each of the following: 
(i) (96)° [NCERT] (ii) (102) [NCERT] (iii) (101) [NCERT] (iv) (98)” [NCERT] 
6. Using binomial theorem, prove that 2°" _7n -1 is divisible by 49, wheren EN. 


- Using binomial theorem, prove that g+2 _8n_gis divisible by 64,n EN. 


8. If is a positive integer, prove that 3°" _ 26n -1 is divisible by 676. 


9. Using binomial theorem, indicate which is larger (1.1) oD 1000? [NCERT] 


10. Using binomial theorem determine which number is larger (oy or 800? 
11. Find the value of (1.01)?° +(1—- 0.01)'° correct to 7 places of decimal. 


12. Show that2"* 4 -15n-16, where n € Nis divisible by 225. [NCERT EXEMPLAR] 





ANSWERS 
1. (i) 322° + 240 x4y +720 xy? +1080 x7y> + 810 xy? + 243 


(ii) 16 x* — 96 xy + 216 x*y? —216 xy? +81 y! 


(iii) x° — 6x4 +.15x2 a pee ee Oe 
2 4 6 
x x x 


(iv) 1-21x + 189x* — 945x° + 2835x4 —5103x° +5103x° — 218747 
2,4 5 6 
(v) a°x° —6 @x4*b +15 a*x7b? -2005p3 41582 _Oab | b 


a 
x? x4 x° 





3 2 2 3 
(vi) = -6= +15~-20+154-6 2 4 
a a a x x x 
(vii) x* 6/3 als 4.15 x4/3 92/3 _ 90 ax 4.15 x2/3 a’! 3 6 V3 (6/3 , 42 


(viii) 1+ 10x + 25x — 40x3 ~190x* + 92x" +570x° — 360x” —675x® + 810x9 — 243! 
(ix) x? + 3x? -5+5 + 
x x 


(x) 1 —6x + 21x” — 44x? + 63x4 54,5 4 2746 


2. (i) 16x(4x7-3) (ii) 64x° —96x4 + 36x2 2 (iii) 2(1 + 40x + 80x2) 


(iv) 198 (v) 1178 /2 (vi) 10084 (vii) 152 
(viii) 2.0020001 (ix) 396 /6 (x) 2a® +12a° —10a* — 4a? +2 
3. 8 (a® b +ab =) , 40/6 4. 2 (x® +15x* +15x2 + 1), 198 
5. (i) 884736 (ii) 11040808032 (iii) 104060401 (iv) 9039207968 
9, (1.1)1 > 1000 —-10. 800 11. 2.0090042 





HINTS TO NCERT & SELECTED PROBLEMS 
a =65°3 
2. (ix) We know that (x + a)" —(x-a)" =2 "Cy pesto Geax ~ a> 4. =} 
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» (v3 + ¥2)° -(/3 - V2)° = 24 8c (V3)? (V2) + °C3 (V3)? (/2)3 + °C; (V3) (2° 
2(6x 9x /6 +20x 6x /6+6x 4x 6) 
2 (54/6 +1206 + 24,6 ] = 2x198/6 = 396,/6 


_— 


(x) Using (x + a)" +(x -a)" =2 {"Cox"a® pat sar ma we get 


[ef] fe 
feu (Pa teen Jt ( Fa) 


2 {0 =f + 6a" (a> —1)+ F 


2 (a° + 6a° —5a* —207 +1) = 20° + 120° —1004 — 492 +2 


3. Using (x + a)" —(x —a)" =2 "C3" Tae (Gantt ay pele op we get 
(a+b)* -(a-b)* = 24 4c, a7? & “Caw! b? | = 2(4a°b + 4ab*) = Sab (a? +b?) 
(/3 + 2)" ~ (3 - \2)* = 83 x VB | (V3) + (V2)*} = 406 

4. Using (x + a)" +(x-a)" = 2( "Cox" a + "Chote ae i} we get 


(x +1)® +(x -1)° = 2( Scox® 4 Cox = Care & Cex” | =2(x° +15x* + 15x? +1) 
Putting x =./2, we get 
(.[2i-ei)o + C2 —A1)° =2 (W2)® +15 (/2)* +15 (./2)" +1} = 2(8+60+ 30+1) = 198 
5. (i) 96° = (100-4)? 
*Co (100)* (4)° — 3c, (100)? (4)! + 3c (100)? (4)? — 3c, (100)° (43 
= 10° —12x 10* + 4800 — 64 = 1000000 — 120000 + 4800 — 64 = 884736 


(ii) (102)? = (100 +2) 
= "Co (100) 2° + 9¢,(100)* x 2 + 5c, x (100)? x 2? + °C x (100)? x 23 
+°Cq x (100)1 x 24 + 5cq x (100)? x 25 
= 10°° +10? + 40x 10° + 80x 10 + 80x 10? + 32 = 11040808032 
(iii) (101)* = (107 +1)4 


"Co (107)? + 4€,(107)1 + 4c, (102)? + 4c, (102)3 + 4c, (107)4 
1+400+6x10* +4x 10° +108 = 104060401 


meyer? 


sire ewir ere 


’ 8 


° ee ks ne ee RP STARE FO LAN we pm 8 
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(ix) (98) = (100-2) 
Cp (100)° -°C,(100)* x 2 + °C, x (100)? x 2—5C5 x (100)? x 23 
+ °C, x (100)! x 2* — cx x (100)° x 2° 


= 101° -10? + 40x 10° + 8000 — 32 = 1039207968 


9. Using (x +a)" ="Cox"a? + "Cyx"~ ta) + "Cox" 303 +...4"C, x9 a, we get 
(1 3) 10000 _ (1 A at (ea 
10 
Seg ee UGY aes OM, 5 ea Pie ent c ie 
10 10 10 
= 1+1000+ 7c, x (ay tees + 100006, (2 a 
10 10 


; - 1 2 10000 
(1.1) O00 —1000 = 1+ Bu ters x (+ Shciatasts SEY Cop (=) 


=> (11)10 _ioo0>0 


=> (11) . i000 
12, 297+ 4 _15n-16 =2 8) _15y_15-1 
=(27)"*1_45 (n41)-1 
=16"* +_15 (n+1)-1 
=(1 Sc etaeg (n+1)-1 


={" Icy 'Cy(15) #"* 1, (15)? 4"*1¢,(15)34...... 


doo IG. i (is) ‘} ~15(n+1)-1 


={1 +15 (2+1) +"* *C, (15)* +"* 1, (15)9+...4"* 1c, 4 5)"* ‘} 


-15 (n+1)-1 
= 225 { mt 1Cy 4716s (15) +..4 YC, , 15)" ‘} 
= 225x A natural number. 
Hence, 2™"** 15-16 is divisible by 225. 
18.4 GENERAL TERM AND MIDDLE TERMS IN A BINOMIAL EXPANSION 
We have, 
Cay Cpa ae te a4 "Cok a tt Gd 44 Cd 
We find that: The firstterm = "Cp x" a® 


The second term = "C, x*~ 4a! 
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The third term = "C5 x"7 2a 
The fourth term = "C3 x"~%a°, andsoon. 


We thus observe that the suffix of C in any term is one less than the number of terms, the index of 
x is m minus the suffix of C and the index of a is the same as the suffix of C. 


Hence, the(r + 1)th termis givenby "C, x"~" a’ .Thus, if T, , , denotes the (r + 1)" term, then 
het mC yint of 


This is called the general term, because by giving different values to r we can determine all terms 
of the expansion. 


Since, (x —a)" —{x +(—a)}". So, the general term in the binomial expansion of (x —a)" is given by 
Ey p="C x Cy HCD Ge a 

In the binomial expansion of (1 + x)", the general term is given by 
Tei = Cx 

In the binomial expansion of (1 — x)", the general term is given by 
Gai Cl! "Got 


NOTE: In the binomial expansion of (x + a)", the Hh term from the end is((n + 1) —r +1)=(n—r + 2)th 
term from the beginning. 


18.4.1 MIDDLE TERMS IN A BINOMIAL EXPANSION 


The binomial expansion of (x + a)" contains (n + 1) terms. Therefore, 
th 
(i) If m is even, then (2 + 1] term is the middle term. 


n+1 n+3 


th 
(ii) If m is odd, then (*22) and ( 





th 
terms are the two middle terms. 


ILLUSTRATIVE EXAMPLES 


TypeI ONFINDING THE GENERAL TERM OR AN INDICATED TERM IN THE BINOMIAL EXPANSION OF 
SOME GIVEN EXPRESSION 


EXAMPLE1 Write the general term in the expansion of (x? - y)°. [NCERT] 
SOLUTION We have, (x? — y)° = 137 +(- a} 

The general term in the expansion of the above binomial is given by 

°C, (27)°~" (-y)" te Tai a"G d] 
(-1)" 6c. y12-2r y 


V4 


= T+ 


12 
EXAMPLE2 Find the 10th term in the binomial expansion of 23" + 2) . 
x 


eee perenne emer sea 
et ee 


ets ea te = 
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SOLUTION We know that the (r +1)th term in the expansion of (x + a)" is given by 


Naw .N-ror 
Tr41 = Gx a 


12 
Therefore, in the expansion of (22? + 2) , the tenth term 7j9 is given by 


9 
Tio = T9414 = aa CF caatyi2-9(2 Here n=12, r=9,x=2x" and a=1 
x = 
12 Dec iely cs 12 3/ 1 
=> Tio = Co (2x°) SPsgr Co x2 > 
x x 
12 8 12x11x10 8 1760 12 12 
Tip = “C3 — = FE ~ “Co= 4G 
r 10 Scr axel = »° ~ 33 eet 


12 
EXAMPLE3_ Find the 9th term in the expansion of = - 2) 
= 


SOLUTION We know that the (r + 1)th term in the expansion of (x + a)" is given by 
i 7 = ECoax nu—?T a 


12 
Therefore, in the expansion of = - sy, the 9th term Tg is given by 
Bink 


12 le Sa ; 12 x\( 32 ; 12 a i 
=> Tg = Tg 44 = c3(2) (35) a c3(=) (25 = Cy x3 S12, 


= To = (2G; — 12 a*) 38 


9 
EXAMPLE4 Find the 6th term in the expansion of [2 - 2.) ; 


2x 
4x 5) {4 5\\° 
SOLUTION Clearly, (= x 2) = {2 + (- | 





2x 5 2x 
on (4x) (5 
n iT 27 
Te = x 1= Cs] (-5] he, pate a 
4 4 5 
=> Te = aCe (=) (- 1) S = 4G) (= & [es 7G; = 7Gi] 
5 2x 
rE Te _9x8x7x6 >> __ 9040 
Ax 3x2x1 PP» x 
1 18 
EXAMPLES Find 13th term in the expansion of [sx-7- Os [NCERT] 
x 


SOLUTION Clearly, 


(=-35) -f(Se}} 
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12 12 
18 18-12 1 18 6 1 
The =T- = “Can (9x - — and @ ox — -——: 
13 =412+1 12 (9x) oe 12 (9x) 
= Tia = 8G 9° 30 Oe a Ge er TAG 
13 6 312 6 12! 6! 


7 
3 
EXAMPLE6 Find the 4th term from the end in the expansion of 3 - _ 
x 


SOLUTION Clearly, the given expansion contains 8 terms. 
So, 4th term from the end =(8 — 4 + 1)th =5th term from the beginning 


7-4 3\" 
7 3 x 
Required term= Ts = Ty, 4 = Cy (3 -= 
x 


3 4 
Ae-| 8 x?) 7x 6x5 cs x} 35 a | eee 
hg ots pe ||) Se LSS | mie oe ee Cae 
x 6) 3x2xl 67 48 


25 
EXAMPLE7 Find the 11th term from the end in the expansion of re - 4 ' 
x 
SOLUTION Clearly, the given expansion contains 26 terms. 


So, 11th term from the end = (26 — 11 + 1)th term from the beginning i.e. 16th term from the 
beginning 


1 
Required term = Tyg = 115.1 = "C15 (QR) i (- 4 
x 


~ ay 15 10 
5c 5 x 210 x x10, § Die. 295 2 


= Ci5 * = 
729 20 
EXAMPLES Find n, if the ratio of the fifth term from the beginning to the fifth term from the end in 


the expansion uh 2+ a3) is 6:1. [NCERT] 


SOLUTION Clearly, 
Fifth term from the end = (n+1—-5+ 1" term from the beginning 
= (n- es term from the beginning 


n-4/( 4 4 n—-4 1 
Now, T; =T4.4='C4 {42 } (zs ="C4x2 4 x 








V3 3 
- n—(n— 4) 1 n—4 1 
and, Ty-3~Ra~4ye1="Cn-a {42 } (as) ="Cn—4* 2x 
3 4 
It is given that 
_& _v6 


T,-3 1 


et ie ee e+ SS mrs x. — rs 





18.18 
n—4 
UG 4 xe s 
3 6 
a jo sy 
Cr seas 2.x 3 4 
poe 4 iS) 
= 2% x3 4 =6)/? E "Cd 
n-8 n-8 
2 eee 
n-8 n-8 
— (2x 3) 4 =-6/2=564 =6/2 = "a =* => n-8=2 => n=10 


EXAMPLE9 Finda, if 17th and 18th terms in the expansion of(2 + ay” are equal. 


SOLUTION We have, 
50 50-16 16 _50 34. 16 
Ty7 =T1641= C16 (2) a =" Cig x 2° xa 








erat = C,, (270-7 a7 50, 233 x gi 
It is given that 17 and 18" terms are equal. 
1.e. Ty7 =Tig 
5 50016 x 254 x al6 = 500, x 233 x qi? 
NE av’ 50! 33!17!_ 17 
=> poe *2== > 4=5=* x2 = —x2=1 
Cy a 34!16! 50! 34 
Type II ON FINDING THE MIDDLE TERM(S) 
9 3 20 
EXAMPLE10 Find the middle term in the expansion of (2 x? — 2) 
x 


MATHEMATICS-XI 


7 Ker - | 


[NCERT] 


th 
SOLUTION Here n = 20, which is an even number. So, (2 + 1| term i.e. 11th term is the 


middle term. 
3 


20 — 10 10 
Hence, the middle term =T34 =Ti0 + il = Gone (2 a (- =) = BGs 5 x10 
x 


if 
3 
EXAMPLE 11 Find the middle terms in the expansion of [ — 7 


7 
3 
SOLUTION The given expression s( - _ . Here n =7, which is an odd number. 


th th 
So, (2%) and eat + 1] i.e. 4th and 5th terms are two middle terms. 


3 3 
3 3 13 
Now T= Tye = Cs (xy >? - =(-1)3 7c, (3x) Gg -- SE 
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4 4 3 4 35 15 
-_ x x x 
and, Ts = Ty 1 ="C4 (3x)’ ‘(-2] ='C, an? 2] = 48 


05 x} 35 x} 


Hence, the middle terms are — veg and 








EXAMPLE 12 = Show that the middle term in the expansion of (1 + x)" is 
-3-5...(2n- 
Lye ge oft st [NCERT] 
n! 
SOLUTION The exponent of (1 +x) in (1 + x)" is an even number 211. 
th 
so,( 2 + | i.e. (n + iy a term is the middle term in the binomial expansion of (1 + x)" 


Now, Ti -1= zai) (j= —n x! = ze xv 
in (2n) ! x! 
(2n—n)!n! 
_ 1-2-3-4-5-6...(2n— 3) (2n — 2) (2 —1) (2) ul 
ae Re Nae 


{1-3-5...(21-3) (2n-1)} }2-4-6.. (2n ~2) (2n)} 
ss ry 


nin! 
1-3+5...(2n—3) (2n-1)} j1:2-3... (2-1) (my }2" n 
Ee ae ie se 


i ih 
1-3-5...(2n— 3) Q2n-1)} nt.2 “x " 1-3-5... (2n-1) ott yl 


nin! n! 


2n 
EXAMPLE13 = Show that the middle term in the expansion of [x - 1) is 
x 


1-3-5...(2n—-1) 


. (-2)" [NCERT EXEMPLAR] 
i: 


2 th 
SOLUTION The exponent in [ -1) is an even natural number. So, (2 + 1] i.e. (n + 1)" 
x 


term is the middle term and is given by 
3 1 nN 
Th+1= aC (x)*" e (-+) 


(2n)! an 0)" 

n! n! x 

1-2-3-4-5-6...(2n—1) (2m) 
nin! 


=> Th+1= 


= Th+1= x (-1)" 
; {1.3-5...(2n-1) Mo.4-6... (2n—2)(2n)} 


2. del > “eee i ee 
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11: 3°5...(2n—1) } {1 -2-3...(n—-1) n} 


= Th4+1= ater] 


. ays 


1-3:5...(2n—-1) | 
n! 


= ioe i= 1-3-5 wen —1) sy ol y (-1)" = (-2)" 


EXAMPLE 14 Prove that the coefficient of the middle term in the expansion of (1 + x) = 


2n— 1 


is equal to the 
[NCERT] 
2n 


sum of the coefficients of middle terms in the expansion of (1 + x) 


SOLUTION As discussed in the previous example, the middle term in the expansion of (1 + x) 


is given by Ty, 1 = 7"C, x". 


So, the coefficient of the middle term in the expansion of (1 + x) an ig LC... 


2n — 


Now, consider the expansion of (1 + x) 7 Here, the index (2n —1) is odd. 


So, (o —1)+1 


im (2n -—1) +1 o 
5 and papa + 1 i.e. n' and (1 + 1)" terms are middle terms. 


Now, tern Cy De) 9 0 le ae yin! 


S36, Tha = 7726 (Gaim aes Oe 


So, the coefficients of two middle terms in the expansion of (1 + x)7"— 7 are 7 ole 1 and 
2n— iG 
- 


Sum of these coefficients = 2”~ 1 _1+ oS {es 


= (2n — 1) + 16 [- NG ah "C yee 1c] 


2n 
= Cy 


= Coefficient of middle term in the expansion of (1 + x)" 
Type III ON FINDING THE COEFFICIENT FOR A GIVEN INDEX (EXPONENT) OF THE VARIABLE 


11 
EXAMPLE 15 Find the coefficient of x)° in the binomial expansion of 22" _ 2) , when x # 0. 
x 


, 11 
SOLUTION Suppose (r +1)th term contains x?” in the binomial expansion of 23” - 2) 
x 


6: 
Now, T, ay a oes (2x7)11-" (- 2) = (- 1)" ao 9(il-r) : 3h yee 3r (i) 
If T, 1 contains x) then 
22 -—3r=10 => r=4. 
So, (4 + 1)th ie. 5th term contains x!°, 
Putting 7 = 4 in (i), we get . 
Coefficient of ye uC, x2’ x 34 
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15 
EXAMPLE 16 Find the coefficients of x>* and x" ” in the expansion of G - 2, : 
x 


15 
SOLUTION Suppose (r + 1)th term involves x" in the expansion of ( oe | : 
x 


r 
: = 1 ss = 
Now, J,41 = rie (xy) ‘{-3] = (-1)’ LC: x69 ar (i) 
x 


For this term to contain x, we must have 
60 -—7r=32 > r=4 
So, (4 + 1)th i.e. 5th term contains xo. 
Putting r = 4 in (1), we get 
T =(-1)* ce, 6-28) = We, 32, 


Coefficient of x°* = We, = 1365. 


15 
Suppose (s + 1)th term in the binomial expansion of 34 - | contains x 7. 
; x 
Now, Daa = 15c. (x4)15-s - +) = (1) 15. 00 -7s (ii) 
x 

If this term contains x 1”, we must have 

60-7s = -17 => s=11 
So, (11 + 1)th i.e. 12th term contains x ie 
Putting s =11 in (ii), we get 

To = (-2)'! 8¢,, 277 = Be, 2-7 =e, 7 tC, ="C,_-] 

Coefficient of x” = - ZC; = —1365. 
EXAMPLE17_ Find the coefficient of x° y> in the expansion of (x + 2y)?. [NCERT] 


" term of the expansion of (x + 2y)’. 


SOLUTION Suppose x° y> occurs in (r +1) 
Now, 

T, 4 1 = °C, x(x)?" x (2y)" = °C, x x x9" x yf 
This will contain x° y°, if 

9-r=6 and r=3 > r=3 


! 
Coefficient of x° y> = °C x 2° = 9 o3 9x 8x7%x 6! 


3!6! 3!x 6! 
EXAMPLE 18 Find the coefficient of x*° in the expansion of (1 + 2x + x7) : 
SOLUTION We have, 


27 
(1 + 2x + x7)?” ={a + »?} =(1+x)* 


x 8=672 


Suppose x? occurs in (r +1)" term in the expansion of (1 + xy, 
Now, 1,41 = "C; x” 


~~ - 
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For this term to contain x10 we must have r = 40. 
So, coefficient of x“? =4c 40° 

erie ° nm. Nn 
ALITER We know that the coefficient of x’ in(1 + x)” is "C,. 


Coefficient of x7? in (1 + x)” is Cant 
3 11 
EXAMPLE19 Prove that there is no term involving x° in the expansion of ( hae 2] , wherer # 0, 
x 


11 
SOLUTION Suppose x° occurs in (r + ie term in the expansion of 23? - 3) : 
z 


E 
Now, T._ = Mc, (2x2)!-7 (-2) = Me (1) l=" gf 422-3 A) 


For this term to contain x°, we must have 


22-3r=6 > r= = which is a fraction. 


But, ris a natural number. Hence, there is no term containing x°. 

EXAMPLE 20 Find the coefficient of x° in the expansion of the product (1 + 2x)° (1 ~x). [NCERT] 
SOLUTION We have, | 

(1+2x)°(1-x) = 1 + °C; (2x) + °C, (2x)? + °Cg (2x)? + §Cy (2x)* + 8C (2x)° + 8C, (2x)$| 


x ‘1 MGs Gola” "Cait? +.’ Cyat =’ Coe +} 


= (1+12x + 60x? + 160x° + 240x4 +192x° +...) 
x (1 —7x + 21x? -— 35x? + 35x4 — 212° +...) 


.. Coefficient of x in the product =1 x (—21) +12 35 + 60 x (—35) +160 21 + 240x -7 +1921 
= —21 + 420 —2100 + 3360 —-1680 +192 = 171 
Type IV ON FINDING THE TERM INDEPENDENT OF THE VARIABLE 


10 
EXAMPLE 21 Find the term independent of x in the expansion of ca _ 2s | , 
2x 


SOLUTION Let(r + 1)th term be independent of x in the given expression. 


r r 
om 1 — — 
Now, 7, 41= °C, (3x*)? ‘(3s | =G:, 6)° "{-2] ot wa(i) 
x 


This term will be independent of x, if 
20 -5r=0 > r=4 
So, (4 + 1)th Le. Sth term is independent of x. Putting r = 4 in (i), we get 
4 
10. »6{ 1 10x9x8x7 729 76545 
= (g3°|--=}| = ————x«— - = 
ts 4 (-3} 4x3x2xl 16 8 


Hence, required term = 





=e’ ot 2 = e<@ast> & EE a, 


BINOMIAL THEOREM 18.23 


EXAMPLE 22 Find the term independent of x in the expansion of 


12 10 
(i) ( -2) (ii) [2x -2) 
x x 


SOLUTION (i) Let (r + 1)th term be independent of x in the given expression. 


r 
Now, Ty4= “G -r(_2) a GY a) iar cua w«(i) 
x 


For this term to be independent of x, we must have 
12-—2r=0 => r=6. 
So, (6 + 1)thi.e. 7th term is independent of x. Putting r = 6 in (i), we get 
12 12 
T7 — Ce (- 1)° = Ce 
Hence, required term = at 


(ii) Let (r + 1)th term be independent of x in the given expression. 


r 
Now, T41 = "CG, c2ayt-r(-4) =(itye MOG ptt a ead (i) 


For this term to be independent of x, we must have 
10-2r=0 > r=5 
So, (5 + 1)thi.e. 6th term is independent of x. Putting r =5 in (i), we get 


Te = (21)?) Cee Oe ORES STS OS 
5x4x3x2x1 


32 = —8064 
Hence, required term =— 8064 


10 
EXAMPLE 23 Find the value of a so that the term independent of x in Ge + 4 is 405. 
x 


10 
SOLUTION Let(r+ yh term in the expansion of va + a be independent of x. 


x 
Now, 
r r 
10 10-r { @ 10-ARe ae pines 
Big = Gp) si/= Gx a ...(i) 
x 
This will be independent of x, if 
r or or 
5-—-2r =0> 5-— =0>5=—->re=2 
2 2 2 


Puttingr = 2in (i), we get:T3 = ve a” 
It is given that the term independent of x is equal to 405. 
0G, a? = 405 => 4507 = 405 > a =9 > a = +3 
Type V PROBLEMS RELATING TO COEFFICIENTS IN A BINOMIAL EXPANSION 


In solving the problems relating the coefficients in the binomial expansion we generally use the 
following results: 


(i) Coefficient of (r + 1)th term in the binomial expansion of (1 + x)” is "Ce 
(ii) Coefficient of x’ in the binomial expansion of (1 + x)” is "C, . 
(iii) Coefficient of x’ in the expansion of (1 — x)" is(—1)’ "C,. 
(iv) Coefficient of (r + 1)th term in the expansion of (1 — x)" is (-1)" "Ce ‘ 
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EXAMPLE 24 In the binomial expansion of (1 + a)" *", prove that the coefficients of a" and a’ are equal. 


[NCERT] 
SOLUTION Let A and B be the coefficients of a” and a’ respectively in the expansion of 
(1 +a)"*". Then, 


A =Coefficient of a” in the binomial expansion of (1 + a)" *" 








m+n)! | 
= Nee An ..-(i) 
m!n! 
B = Coefficient of a’ in the binomial expansion of (1 + a)" *" 
m+n) ! 5 
i B= ™t fe 2 ( ) a 
mn! 
Clearly, A =B i.e. the coefficients of a” anda’ in the binomial expansion of (1 + a)" ~ " are equal. 


EXAMPLE 25. Prove that the coefficients of x" in(1 + x)?" is twice the coefficient of x’ x" in (1 + rae 7 


[NCERT] 
SOLUTION Let A and B be the coefficients of x" in the binomial expansions of (1 + x)*" and 


(1 + 7 ome respectively. Then, 


1 (2 =): hy 
A = Coefficient of x” in (1+ x)" =7"C,, = pe ee net 5 ast ..-(i) 
min! n(n—1)!n! (1 —1) !n! 
and, 
—1)! 
B = Coefficient of x” in (1 ix - “ast Om elena dD): ...(ii) 
(1 —1) !n! 


From (i) and (ii), we get 


A = 2B i.e. Coefficient of x” in (1 + x)*” =2 x Coefficient of x” in (1 + x)?"7} 


EXAMPLE 26 In the binomial expansion of(a + b)", the coefficients of the fourth and thirteenth terms are 
equal to each other. Find n. 

SOLUTION The coefficients of the fourth and thirteenth terms in the binomial expansion of 
(a+b)" are"C3 and "C;, respectively. It is given that: 

Coefficient of 4th term in(a+b)" = Coefficient of 13th term in (a +b)" 


x "C3 = "Cy 
=> gh AES Is "Cy atCy => x=y,orx+y=n] 
EXAMPLE27 Finda positive value of m for which the coefficient of x in the expansion of (1 + x)"" is 6. 


[NCERT] 
SOLUTION We know that the coefficient of x” in (1 + x)" is "C,. Therefore, coefficient of x” in 


(1+x)” is™Cp. 
It is given that the coefficient of x? in (1+x)” is 6. 
™Co =6 
m(m —1) 
2! 
2 
— m” —m=12 


=6 
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- 
m” —m—12=0 


— 

— (mt — 4) (m+ 3) =0 

= m—-4=0 : [ m+3+40] 
=> m= 4, 

EXAMPLE 28 _ If the coefficients of (r — 5)" and (2r —1)' terms in the expansion of (1 +-x) + are equal, 
find. [NCERT] 


SOLUTION We know that the coefficient of r“" term in the expansion of (1 + x)" is "C, _ 1. 

Therefore, 

Coeffici th poe ant alee 34.34 34 
oefficients of (r —5)" and(2r—1)” terms in the expansion of (1 + x)"" are C, _ ¢ and ~C5, _ 5 


respectively. 
It is given that these coefficients are equal 
34 34 
Cry_6= Cor-2 


= r—-6=2r-2 or,r-6+2r—-2=34 E: "C, ="C, => r=s or, r+s=n| 
= 3r — 8 = 34 [. r-—6=2r-—2 => r=-A4, which is not possible] 
= 3r=42 > r=14 


Type VI PROBLEMS BASED ON CONSECUTIVE TERMS OR CONSECUTIVE COEFFICIENTS 
If consecutive terms or coefficients of consecutive terms in the expansion of (x + a)" are given, 
we assume that the consecutive terms are r™, (r + 1b and (r + 2h i.e.T, ,Tp4.4 and T, 4.5. 


Ty 1 ff. 


and 
r r-1l 








In case of consecutive terms, we find 


jet = 
It should be noted that 2—— no-r+la 





r a aa 

ae : r® coefficient (r+ yee coefficient 
In case of consecutive coefficients, we find the ratios SL ee and aR ae 
(r+1) coefficient (r+2) coefficient 


etc. to get equations and solve them. 
In computing these ratios, we may use the following results: 


i 
"C,  _ n-r+1 poe Cr+ Srey 
n = Nl ae 
Cun r ee r+1 








EXAMPLE 29 The coefficients of three consecutive terms in the expansion of (1 + x)" are in the ratio 
1:7:42. Find n. [NCERT] 
SOLUTION Let the three consecutive terms be rth, (r+1)th and (r+2)th terms. Their 
coefficients in the expansion of (1 + x)" are"C, _1,"C, and"C, , 1 respectively. It is given that, 


EG ole Cota Gnas = 1:7: 42. 





i 
(enw 
Now, — : as Je 
G 7 
= SE il Te Tate 
n—-r+1 7 ‘ 


abe ee es ries 
eres 


res - 
ene Sears. 2: ve 
= a rye amore 


oe hee Ss eo 
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= n-8r+1=0 w(1) 
n 
and, = Ee a 
C, +1 42 
tas r+1 aN "Cray omer 
n—r 6 "Ca 
— n—-7r-—6 = 0 .+(li) 


Solving (i) and (ii), we get r =7.andn=55. 
EXAMPLE 30 In the binomial expansion of (1 + x)", the coefficients of the fifth, sixth and seventh terms 
are in A.P. Find all values of n for which this can happen. 
SOLUTION The coefficients of fifth, sixth and seventh terms in the binomial expansion of (1 + x)" 
are "C4, "Cs and "C¢ respectively. We are given that "C4 , "C5 and "Cg are in A.P. 

y) "Cr = MEF, + "Ce 





BG iG 
=> 2 = —4 + —6 [Dividing both sides by Cs] 
Cs Gs 
ee " i 
— Phi aac aL ee = Bae 
n—-4 6 Gist } 
5, > = 30 + (n — 4) (n —5) 


6 (n — 4) 
=> 12n — 48 = 30 +7 -9n+20 => n*-21n+98=0 => (n—14)(n-7) = 0 => n=7,14. 


EXAMPLE31 Ifthe coefficients of a — 1 da’ ** in the binomial expansion of(1 + a)’ arein A.P., prove 
thatn? —n(4r +1) + 4r* —2=0. [NCERT] 
SOLUTION The coefficients of a’ ~+ a’ and a'*? in the binomial expansion of (1 +4)” are 


"C,_1,"C, and "C, , ; respectively. It is given that "C, _4,"C, and "C, , , are in A.P. 
25G, Se near + “Gr +1 


n n 
C.-1 C44 
- —— 








=> = 
C, "Cy 
nt 
= >. = r papal si Cr n—-r+1 
n—-r+1 r+1 "Gan r 
at _ (r+1)+(@-r) -r+)) 


(r +1) (n-r +1) 
=> 24 (nr +1) (+b are+t)+(-n(n—r +) 


= Onr —2r* + 2n+Q=ar2+r4¢n- —-2nr+r +n-r 


= n° -—4nr —n+ 4r7 -2=0 => n? —n(4r +1) +4r? -2=0 
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EXAMPLE 32. The coefficients of (r — 1, rth and (r + 1" terms in the expansion of (x + 1)" are in the 
ratio 1:3:5. Find nand r. [NCERT] 


SOLUTION We know that the coefficient of rth term in the expansion of (x +1)" is "C, _ 1. 
Therefore, coefficients of (15) rN and (7 +1)" ferms are "G._9, “G..,71and “G 
respectively. 


It is given that 
'Co 2 NG, ae Cpa 








N= He 
=> - Spee 2 snd = As 
oe Crane o 
n—-r+1 5 n-r+2 3 "Cc, n-r+1 
— ———— =— and ——— =— orepste as = 
r 3 r—1 1 Cis r 
— 3n —8r+3=0 and n—-4r+5=0 => n=7 and r=3 


Type VII ON FINDING THE UNKNOWN WHEN THE VALUE OF A TERM IS GIVEN 


5 
EXAMPLE 33 | If the third term in the expansion of (2 + x/°810 ‘| is 1000, then find x. 
x 


SOLUTION Wehave, 





T3 = 1000 
=> To 4. ip 1000 
1 es 2 
=> G5 (2) (x!°8 *)? = 1000 
x 
=> 10 (x19810 *)? x xF = 1000 
=> x7 !0810* x x = 100 
aS x2 logi9 *-3 _ 102 
=> 2 logi9 x-3 = log, 107 
2 
= 2 logi9 X-3 = 
he logio x 
=> 2y-3 = . where y =logig x 
=> 2y" —-3y-2 =0 
=> (2y+1)(y-—2) = 0 


=> y = 2 or y=-— 


1 


10° 


1 = 
=> logio x=2 Or, logiox =, > x= 107 = 100 or, x=10 Y/2 _ 


a Ft Ee Ae el 


elnino 
—= = 
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6 


iy | eee ed 
EXAMPLE 34 If the fourth term in the expansion of ; \ x OBEN gl is equal to 200 and x >1, 








then find x. 
SOLUTION It is given that 
T4 = 200 
=> T. = 200 
3+1 63 
=> EGe | ae (x¥/12)3 _ 200 
log x+ 1 
x 
1 3/2 
Sol S22) 1/4 _ 200 
3 1 1 
Misgts i}+3 
=> x 10 
MSc. 2 y peciee’ 
=> —| ——— |+—=log,10 
ata] qo 
= 2/22 eee 
2\ logigx+1}) 4 logigx 
3 15 1 
=> eS — h = | 
2(y+1) ri y wnere y 0810 x 
6+y+1 1 
=> —————— 
4(y+1) oy 
=> y+ 3y—4 = 0 
> (y+4)(y—1) = 0 
= y =1,-4 
=> logi9 x = 1,-4 
=> x=10 or, x=10* > x=10 | : | . [. x>1] 


EXAMPLE 35 For what value of.x is the ninth term in the expansion of 
0 
logs 25% 247 x-1 
gre >) aap 1/8) log3 (5 "+ 1) is equal to 180? 


SOLUTION We know that @°8aN —n. 


10 
f2%-te7 x—1 10 
3°83 +7 | 4(-1/8)log3 (5 s -{ D5*=7 4.7 4 6*-1 4.17 ie 


Let To be the 9th term in the above expansion. Then, 
Tg = 180 
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10-8 8 
=> Ne, {25°77 {ort +1y 78 = 180 





=> 106, (25 847) (GP 241), S180 
x-1 
au sleet = 180 
5a ape 
x-1 
<5 ee a2 
ay +1 
y> +7 
=> J = 4,wherey = 5*~! 
y+1 
= y* -4y+3 = 0 
=> (y—3)(y-1) = 0 
=> y = 3,-1 
= 5*-1 = 3 or, 5% ' =1=>5* = 15 or, 5° =5 => x = logs 15 or, x = 1. 


EXAMPLE 36 If the fourth term in the expansion of ax + at 82, then find the values of a and n. 
x 


SOLUTION It is given that 


fe) 
Tj, == 
tiaras 
5 
= T: =— 
3+ 1 2 
3 " 
nN n—3(1 5 n n-3 n-6 3 : 
— Cr (ax —| =—-=> Caa x = — wel 
3 (ax) (2) 5 3 5 (i) 


Clearly, RHS of the above equality is independent of x. 
n-6=0 => n = 6. 
Putting n = 6in (i), we get 
6 3 6x5x4 3 
C3a” =—- > —a 
2 3x2x1 


5 3 1 1 
=s—- > a4 =—->4==— 
2 8 2 


Hence, a= : and n = 6. 


Type VIII ON MIDDLE TERM (S) IN A BINOMIAL EXPENSION 
Be Walaes 37 Find Hie value of a for which the coefficients of the middle terms in the expansions of 
(1 + ax)" and (1 — ax)° are equal, find a. 
SOLUTION In the expansion of (1 + ax)*. 
Middle term = *C, (ax)? = 6a7 x” 
In the expansion of (1 — ax)°®. 
Middle term = °C3 (— ax)? =-20 a? 
It is given that: 
Coefficient of the middle term in (1 + ax)* = Coefficient of the middle term in (1 — ax)® 


=> 6 a7 =-20a? => a =0,a=—— 


een ees “eo res 


— oe 
ee an 


—— 


 smeee 


ae i 


SS tet en See te. SS 
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10 
EXAMPLE 38 If the middle term in the binomial expansion of ( u +xsin *] is equal to =, find the 
- 
value of x. [NCERT EXEMPLAR] 
1 10 th 
SOLUTION In the binomial expansion of (2 x sin *] Z (2 + 1| i.e. 6th term is the middle 
x 


term. 
It is given that 


Tl, =— 
Bg 
10-5 
10 1 Sianh- 63 
Ce} — xsinx) =— 
ee, er -S 
i 
=> LON GRO ee 
5!5! 8 
=> ina)? -( 
3 1 Sova 
oe sin x =— = sin — 
2 6 
=> x=nn+(-1)"—,neZ 


Type IX ON COEFFICIENTS OF TERMS IN A BINOMIAL EXPANSION 


ml 
di ; 3 
EXAMPLE 39 The sum of the coefficients of first three terms in the expansion of [: - 5] ,x #0, 


m being a natural number, is 559. Find the term of the expansion containing x?, [NCERT] 
SOLUTION We have, 


m | 2 m 
[+-$) Low x fe ne, x" - 1 (- 5] ee yt 2 - 5 Prue. mee eau - 5) 
x x x x 


m 
as [+3 = “dens yt +(—3x mG) xt 38 +(9 x Meo) x - 6 ae ne é But . yo 2m 


x 
Clearly, the coefficients of first three terms are: "Cy ,- 3x "C, and 9x Cy 
It is given that the sum of these coefficients is 559. 
™Co — 3x C1 +9x "Co =559 
1-—3m+ eee =559 
2 —6m + 9m (m —1) =1118 
9m* —15m -1116 =0 
3m* —5m — 372 =0 
3m” — 36m + 31m — 372 =0 
3m (m —12) + 31 (m —12) =0 
(m —12) (3m + 31) =0 
m=12 [. meN ..3m+ 3140] 


VYUYU YUN JY 


= 
Ss 
4 
® 
oy 
+ 
= 
= 
& 
A w 
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Now, 


r 
Tr sid (Kj (-$ | a Ly (= 3)" Pe Sr _ ees e 3)" yi2- 3r [< m=12] 
x 


This will contain x°, if 12 -— 3r = 3i.e.r = 3. 
Putting r = 3 inT, , 1, we get 
Required term =T; = 2Ge (- 3)? x2-? =-5940x° 


11 11 
EXAMPLE 40 Find the coefficient of x’ in CG + | and x~? in (a _ 5] and find the relation 
x bx 


between a and b so that these coefficients are equal. 
7 th oe 
SOLUTION Suppose x occursin(r+1)~ term of the expansion of{ ax + 2) 
x 


Now, 


F 
T.1 =", (a2)? (2) = Mg gll-ry-r 22-37 Ai) 


This will contain x’, if 
22—oF =f =o =>) 
Putting? = 5 in (i), we obtain that 


1 
Coefficient of x” in the expansion of{ ax" + a is BG a® bb”. 
x 


11 
Suppose x 7 occurs in (r+ ine term of the expansion of (a - | ’ 
bx 


1 


r 
Now, T.41= Me (ax)!1-7 (-25) 1 on qier (-1)" 07" yll- 3r GD 
ve 


This will contain x as if 
11-3r = —7 > 3r =18 > r 
Puttingr = 6 in (ii), we obtain that 


i 
9’ 


Coefficient of x~” in the expansion oa — 3) is Ge ab ° (- 1)°. 
x 


11 11 
If the coefficient of x” in (ax? + 2) is equal to the coefficient of x 7 in (a -_ | , then 
x bx 


uc. a® b~? = No, a Bae (—1)° => ee ab = Ge => ab =1 E nee = "ce | 
1 2n 
EXAMPLE 41 If x? occurs in the expansion of (3? + 2) , prove that its coefficient is 
x 


(2n) ! 


4n—p),(2n+p),| 
Baki agai 


colnet Sa eS = 


Sa oe 


J he nein at 
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2n 
SOLUTION Suppose x? occurs in (r + ibys. term in the expansion of (3? + | : 
x 





ss 
Nowe dreg = 1G, (x) (2) PG ..(i) 
For this term to contain x”, we must have 
4n-—3r =p=>r = ae 
Coefficient of x? = ane where r = ao 
! — 
=> Coefficient of x? = GO) , where r= ela J 
(2n—r)!r! 3 
(2n) ! (2n) ! 


Cogtehhatertevan scot fk0 see NN 
>, (4n-P)| (4n-p), (2n+P), anor) 
3 Be wis: 3 3 


EXAMPLE 42 Find the coefficient of x" in the expansion of (1 + x) (1 — x)”. 
SOLUTION Coefficient of x” in (1 + x) (1 —x)” 
= Coefficient of x” in (1 — x)” + Coefficient of x”~ Lin (1 =)" 
=(-1)" "+60" *"C,-1 
= (=1)" (1-n) 
EXAMPLE 43 Find the coefficient of x* in the expansion of (1 + x+ x? + via ya 
[NCERT EXEMPLAR] 


SOLUTION (1+x+x74+x°)! =((14x)4+x7(1+x)}!! =((14+0 (14.x2)19 <4! 1422)" 
=(cp ae Cn x? ot C3 x? hE, x4 Hes +... x 
("co tar (Ewer aan @ ale) fore tal OP Eom)? e 
Coefficient of x* in (1 +x+x7 +x3)4 = "ep xMo, +Ne, xMe, Moy xMey 
= 55+55x11+ 330 =990 


EXAMPLE 44 If the coefficients of x and x* in the expansion of (1+ x)" (1—x)" are 3 and -6 
respectively. Find the values of m and n. 
SOLUTION We have, 

(1 +x)” (1—x)" 


{"Co + aif Oy xX + ™Co x? eis ese "| x {"Co at Cy <b "Co x? Seebe + (- 1)" ‘; x} 


™C, "Co -("Co ehemiton "Cy ) x + ("Co Fey Cy MCMC, "c,) 4 oh 


It is given that the coefficients of x and x* in the expansion of (1 + x)” (1 — x)" are 3 and —6 
respectively. 
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—("Co oe a "Co ic = 3 and, Gp eS ve "Co iG * ™Cy i 1 a: 6 
m—n = 3 and n(n—1)+m(m—1) —2mn = -12 
m—-n 3 and (m —n)* —(m+n) = -12 


m—n = 3 and m+n = 21 

m=12,n =9 

Type X ON FINDING THE TERM INDEPENDENT OF THE VARIABLE 

EXAMPLE 45 Find the coefficient of the rege independent of x in the expansion of 
1 


x+1 a x-1 
2/3 _xV/3 +1 y—x'/2 


SOLUTION Wehave, 


Yu YY 


x +1 is ea 
gt _ WS nl oe 
5 (x¥9)2 414 E x—1 
2/38 V3 4 V2 (4/2 3) 


M3 4 1) (x2/3 x3 41) (x7? 41)(x¥? -1) 


OU CORRS 


2/3 _ V3 4 y/2 (x? -1} 
1/2 
-(”903) {2+ gW¥3 2421-47 V2 y/3_y- V2 
xV/2 
10 
x+1 x-1 ifs = 1/2410 
ooo (XX ) 
asthe oe 


10. 
Let T, ,. ; be the general term in je er *) Then, 


10-r r 


- -1/2 10 
Ma RCo CHV (e (I Cs 8 
For this term to be independent of x, we must have 


ae =0 => 20-2r-3r =O>r=4 


So, required coefficient = MG, (— 1)* = 210. 





EXAMPLE 46 Find the greatest value of the term independent of x in the expansion of 


10 
cos & 
, wWherea eR. 





[sin a+ 


SOLUTION Let(r + 1)" term be independent of x. 


cos &@ 


Now, T41 = 1, (xsin a) 7" ( : 


= 10C y10-2F (sin a) 9-" (cos a)! 


If it is independent of x, then r =5. 
Term independent of x = Tg = ater (sin a cos a) = Wek ome (sin 2 a)? 


Clearly, it is greatest when 2 a =1/2 and its greatest value is ae x2°> = ae 5 
(5!) 


ot 8 + Sree B* “- 


a — 


: 

cael z : 
al ~~ = 
Strom ineatyaligtieembuadhonaamementeed 
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Type XI ON COEFFICIENTS OF TERMS IN A BINOMIAL EXPANSION 
EXAMPLE 47 Find the coefficient of x” in the expansion of (1 + x)! +(1+ x)? +... +(1 +x) st 
SOLUTION We have, 

(1 + x)?! + (1+ x) +...4+(1 + x) 


10 
73 9 aa | 31 a 
= (1+x ee 1 XY) 1 ey 
(1 +x) een — (1 +4)" —(1 +3) 
'. Coefficient of x in the given expression = Coefficient of X in 2 ‘(1 + X) oh (1 + al 


= Coefficient of x° in 1a + x) —(1+ yt 
=3Ic, _21¢, 
EXAMPLE 48 Find the coefficient of x after simplifying and collecting the like terms in the expansion 
of (1 Fe ose +x(1+ x)?” +x" (1+ x) +. gg OD 


SOLUTION Let S=(1 exo +x(1 +x)?” ++ x7(1 +x)? Pee Clearly, it is a GP. 


1000 


consisting of 1001 terms with first term (1 + x) and common ratio i 


1001 
ies, 
S=(1 +x) 10 pane 
1 (4) 
1+x 


(1 +.) 1001 _ ,.1001 


ss sa0-9'| } =a 


(1+ x) 1000 


Coefficient of x”? in $ = Coefficient of x” in a $x) -x10| 


= Coefficient of x” in (1+ x) 1001 
= 1001¢. 
i 
EXAMPLE 49 If 1 is a positive integer, find the coefficient of x" in the expansion of (1+ x)" (1 + 2) 
x 
SOLUTION Clearly, [NCERT EXEMPLAR] 
n n n 2n 
+z)" (1+4) _ (+x) (1+x)" _ (1+) 
x ri x" 


i 2n 
Coefficient of x7* in (1 +x)" (1 + +) BIGnaritient of enn a 


= Coefficient of x” in (1 + x)2" 


2n 
= Cu-1 
EXAMPLE 50 If in the expansion of (1 —x)*"~1 the coefficient of x’ is denoted by a,, then prove that 
a, -1 + 42n—r = 9 
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SOLUTION We have, 


a, 1 = Coefficient of x” ~ lin (1 agent = (—1) ~ ca ‘a 4 
A>, , = Coefficient of gO Min(=xyos > See ee ae ‘Gone 
M4 + My_,= (-1) “tae tee 1G _1+ (i) ea ‘Creme 
= (1 ey -GaytCD Glen oo peMCuale a] 
= (18 Ce HED) A nes [- (-1)" =1] 


3 ((-1)" —] 4. (ahyaay 2n — one 


= Layo 1 nae Ee 
(a1) 


2r-1 
3 jo eC 42 4 eB ene =() [i (any =3 =-1] 








Guy (-1)' 
Type XII ON CONSECUTIVE TERMS AND THEIR COEFFICIENTS 
EXAMPLE 51 If ay, ap, 43, ag be the coefficients of four consecutive terms in the expansion of (1 + x)", 


then prove that: —“1— + —*3_ = a he [NCERT EXEMPLAR] 
M4 + ay a3 + ay @y +3 





SOLUTION Let ay, a9, 43, a4 be the coefficients of 4 consecutive terms viz. the rth, the (r + 1)th, 
the (r + 2)th and the (r + 3)th terms. Then, 


i i Hl i" 
a= C,_1, = C,, a3= G41 and ay= C49 




















Now, atin Co eo er mPa ee Cea” EtG 
+1 
and, a3 +0,="C.4 ,+"C..59=" G5 
i" " 
ma Cre-1 Gra 
——— To OS oe 
M4+a) agtiay ec a Carag 
n il 
C, 1 Cai n 1 n—1 
Se a tS ~~ C, =-: Cr 14 
[##4 }¥c 1 n+1 IC r 
T-— 
r rao cet 
r r+2 r+1 ‘ 
= - = 2 ...(i) 
n+1 n+l n+1 
" | 
a (& C r 
and, © 2—“2_ = 2-22 | et | o| Te i) 
ag + Ag Go j Nu n+1 
r+1 


From (i) and (ii), we obtain 


ay 4 a3 — 2a> 
a, + ap ag + ay ag + a3 
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EXAMPLE 52 Thie am 4!” and 5" terms in the expansion of (x + a)" are respectively 84, 280 and 560, 
find the values of x, a and n. 
SOLUTION Itis given that: T; = 84, T, = 280 and Ts = 560 














We have, 
Te 41 Ms Gog" AF eagle aa 
T = te 0 RS a r "¥ 
Ty = n-2 a and Ts _- n-3 a 
T3 oy ee T, 4 %x 
280 n—-2 a 560 n-3 a 
— = —.— and — = — .' T, = 84, T; = 280 and T= =560 
a 84 3 °x DR) ae x [eT 4 a 
10 n-2 a 2 n-3 a 
=> — = — .— and — = —.— 
3 oS. x 1 /, | Sle 
a 10 a 8 
— —= and — = —— 
x n—2 x n—3 
— me is = dn 8 n=.7 
n—-2 n—-3 
a 10 
Puttingn = 7in— = ——, we get 
6 x n—2 6 


Cee 
x 5 


Now, T3 = 84 


= > yi- 2 42 — 84 

7 5 2 
= Cy x (2x) = 84 [. a=2x and n=7] 
=> DO = BAS! = lox a1 


aia a2a= 2x = 2x 1=2 

Hence, n = 7,a = 2 and x = 1. 

Type XIII ON APPLICATIONS OF BINOMIAL THEOREM 

EXAMPLE 53 How many terms are free from radical signs in the expansion of (x¥/ oEe y/ see 


V5 | BALD 5S 


SOLUTION The general term in the expansion of (x is given by 


y 


55—r r 
55 1/5 1/10 11- 


Clearly, T, , 1 will be free from radical signs, if and a are integers for 0 <r <55 

r = 0,10, 20, 30, 40, 50. 
Hence, there are 6 terms in the expansion of (x?/° + y/ 10)°° which are independent of radical 
signs. 


1024 
EXAMPLE 54 Find the number of integral terms in the expansion of Gs Saag ad *) . 


1024 
SOLUTION The general term T, , ; in the expansion of Gs +708) 


is given by 
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7 _ 1024, pte A ie (7 se 
ik, aed Cis 

re 

2 


512 - 


Si Tecan im te 5 qr /8 

es pee ene, Pid 2 Loe ak 
r/8 

#5 jee pene cial el (in) 


Clearly, T, ,. 1 will be an integer, iff 


: is an integer such that 0 <r < 1024 


> ris a multiple of 8 satisfying 0 <r < 1024 
= r = 0,8,16, 24,... , 1024 
— r can assume 129 values. 


We ei/By 
Hence, there are 129 integral terms in the expansion of (5 “+7 : 


EXERCISE 18.2 


1. Find the 11th term from the beginning and the 11th term from the end in the expansion of 
25 
1 
2X-—z| .- 
( x* | 
1 


10 
2. Find the 7th term in the expansion of as? - “| - 
x 


x 


10 
3. Find the 5th term from the end in the expansion of ( 3X — 5] : 
3/2 yW/2_ V2 3/210 


4, Find the 8th term in the expansion of (x 


8 
5. Find the 7th term in the expansion of (= + 2) ‘ 


Do 2x 
6. Find the 4th term from the beginning and 4th term from the end in the expansion of 


3) 


9 
7. Find the 4th term from the end in the expansion of (= = 2). 
x 


8 
8. Find the 7th term from the end in the expansion of 2x" - 2) - 
x 


9. Find the coefficient of: 


20 
(i) x} in the expansion of{ 20” _ +) 
x 
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2 


40 
(ii) x” in the expansion of [ - 5] 
B 


10 
(iii) x” > in the expansion of f ax2 = <5] 


3x° 
9 
(iv) x” in the expansion of{ 2 - 4) 


i 
(v) x” in the expansion of{ x + 2) : 
x 
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8 
(vi) x in the expansion of (1 — 2x? + 3x”) (1 + 7 
% 


(vii) a b’ inthe expansion of (a — 2p)'? 


(viii) xin the expansion of (1 — 3x + 7x7) (1-x)'® 


1/3 
10. Which term in the expansion of =] + 


Ty 


same power? 


20 
11. Does the expansion of 23” - +) contain any term involving x*? 
a 


12 
12. Show that the expansion of (x? + | does not contain any term involving x 
x 


13. Find the middle term in the expansion of: 


20 
3 
(i) *( as) 


10 
x 


14. Find the middle terms in the expansion of: 


3 
(i) [os = : [NCERT EXEMPLAR] 


2 15 
ity | 99 —2- 
can ( x 5) 


15. Find the middle term(s) in the expansion of: 


10 
‘ 1 
al-3) 


(iii) (1 + 3x + 3x? + x°)*" 


x/ 3 


[NCERT] 
[NCERT EXEMPLAR] 


1/2 
contains x and y to one and the 


9 


—1 


(ii) (1 —2x + x2)" 


a 9 
(iv) as =] 
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17. 


18. 


19. 


20. 


21. 
22. 


24. 


25. 
26. 





2n+ 1 =. 10 
(v) t - =| (vi) (= + oy | [NCERT] 
x 
8 7 b 12 
(vii) | 3= s;| (viii) 2a -+) [NCERT EXEMPLAR] 
x? 
» x , x a a 
(ix) u + | [NCERT EXEMPLAR] (x) E -4) [NCERT EXEMPLAR] 
re ae 
16. Find the term independent of x in the expansion of the following expressions: 
9 9 
inl (7 ae? eee 3 1 
—x -— ii) | 2x + ——— 
@ (32-2) a (2e+ 5] 
3 25 5 \15 
(iii) (234 = 5, (iv) Sx 4 [NCERT EXEMPLAR] 
x x 
10 3n 
(v) fz + V3 [NCERT EXEMPLAR] (vi) | x- pa 
3 x x? 
1 : Sion dey 
(vii) | — x Shien 1/9 (viii) (1+#x+ 2x3) — x? -- i] 
2 2 3x 
[NCERT EXEMPLAR] 
ae 3 ny 
: 3/— li, 2 anes 
(ix) a5 #5 im > 2 (x) (3 x =] [NCERT] 
If the coefficients of (2r + 4)th and (r — 2)th terms in the expansion of (1 + x8 are equal, 
find r. [NCERT EXEMPLAR] 


If the coefficients of (2r + 1)th term and (r + 2)th term in the expansion of (1 + x) are equal, 
find r. 


Prove that the coefficient of (r + 1)th term in the expansion of (1 + x)"* : 


is equal to the sum 
of the coefficients of rth and (r + 1)th terms in the expansion of (1 + x) 

2n 
Prove that the term independent of x in the expansion of{ + +) is ero ‘2. 
The coefficients of 5th, 6th and 7th terms in the expansion of (1 + x)” are in A-P., find n. 
If the coefficients of 2nd, 3rd and 4th terms in the expansion of (1 + x)" are in A.P., show 


that 2n> —9n +7 =0. [NCERT EXEMPLAR] 


. If the coefficients of 2nd, 3rd and 4th terms in the expansion of (1 + x)" are in A.P., then find 


the value of n. 
If in the expansion of (1 + x)", the coefficients of pth and qth terms are equal, prove that 
p+q=n-+ 2, where p + q. 


Find 4, if the coefficients of x? and x3 


in the expansion of (3 + ax)? are equal. [NCERT] 
Find the coefficient of a* in the product (1 + 2a)* (2—- ay using binomial theorem. 
[NCERT] 


bb. 4) Life 66 il 


oo 


mor~ hee 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


In the expansion of (1+.x)" the binomial coefficients of three consecutive terms are 
respectively 220, 495 and 792, find the value of n. 

If in the expansion of (1 + x)", the coefficients of three consecutive terms are 56, 70 and 56, 
then find n and the position of the terms of these coefficients. 

If 3rd, 4th, 5th and 6th terms in the expansion of (x + a)" be respectively a, b, cand d, prove 








2 
that a “= che 
c~-bd 3c 
If a, b,c and d in any binomial expansion be the 6th, 7th, 8th and 9th terms respectively, then 
prove that a ane 
c—bd 3c 


If the coefficients of three consecutive terms in the expansion of (1 + x)" be 76, 95 and 76, 
find n. 
If the 6th, 7th and 8th terms in the expansion of (x + a)" are respectively 112, 7 and 1/4, find 
X, A, Nh. 
If the 2nd, 3rd and 4th terms in the expansion of (x + a)" are 240, 720 and 1080 respectively, 


find x, a, Nn. [NCERT] 
Find a, b and n in the expansion of (a + b)”, if the first three terms in the expansion are 729, 
7290 and 30375 respectively. [NCERT] 


If the term free from x in the expansion of Gc =). is 405, find the value of k. 
; [NCERT EXEMPLAR] 
Find the sixth term in the expansion ( y/ a xl/ 3 iE if the binomial coefficient of the third 
term from the end is 45. [NCERT EXEMPLAR] 
If p is a real number and if the middle term in the expansion of(2 + 2) is 1120, find p. 
[NCERT EXEMPLAR] 


n 
Find in the binomial + a , if the ratio of 7 term from the beginning to the 7" term 


73 


fronithe endis =. [NCERT EXEMPLAR] 


nt 
If the seventh term from the beginning and end in the binomial expansion of 3/2 + ‘a 


are equal, find n. [NCERT EXEMPLAR] 


Sea cere ANSWERS 


15 10 
aaa i) 25. |2 17010 17010 





x x 


BINOMIAL THEOREM 











18.41 





4. —120 x8y!2 see pera ee eye 
x x x 
8. 4032 x! $0) ~Cio-2  G— "CG. (iii) -= a’ 
! 
ivy oe (sy 5c aE os a (vii) —101376 (viii) -19 
9 Te | ene | 
le ; rel 
10. 10% 11. No ; 
18) () “Gi (ii) 924 a®b® (iii) — 8064 x (iv) — 252 
1s: (Goel, eee (ii) —560 x°, 280 x2 
‘ ane 7 7 8 
(iii) a ia (iv) —462 x", 462 x2 
x x 
1 
15. (i) -252 qiy 2 ee te = x 
(n!)? [(3n 1] 
(iv) 22 = ee _ 63 x4 (v) (2 1)". 2n + 1G x, (- mye 1 2n + +e: 1 
32 x 
6,6 
(vi) 61236 x” y? (vii) — = gf SO law Au ean ae Oa: Boe g 
ee x 
Gx) (x) —252 
16. (i) a (ii) x "Ca (iii), G19. 4a) 
(iv) — 3003 x 32 x 2° (v) . (vi) (-1)" *"c,, 
18 
(vii) 7 (viii) a Gx) ae (x) 5 
17. 6 18. 14 21. 7or 14 23. 7 
25. : 26. —438 27. 12 28. n=8, 4th, 5th, 6th 
31. 8 32. n=8, x=4,a=— SSaN= 2) a6 
34.a=3,b=5,n=6 35. k=+3 36. 252 y/7x/3 37. p=42 
38. n=9 39. n=12 


HINTS TO NCERT & SELECTED PROBLEMS 


9. (vii) Let T, , ,be the (r +1) thierm in the expansion of (a— 


R re = He. qi2-7 (- 2b)" = Ue (- 1) 7h qi2-T pr 


term, then 
12-r=5andr=7 =>r=7 


Ifa b” appears in (r + ib) 


Thus, a> b” appears in 8" term given by T, = G Aer En 2’ ab’ 


Hence, Coefficient of ab” =—101376 


2b) '*. Then, 


=~—101376a°b” 
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(viii) (1-3x+7x7) (1-x)'© =(1-3x+7x7) (Cy —C, x1C, x? — C4 x34...) 
Coefficient of x in (1 - 3x +7x7) (1—x)'® =1x —"®c, -3x!®c, =-16-3 =-19 


2 10 th 
15. (vi) In the expansion of & oy) there are 11 terms. So, [P+] i.e. 6th term is the 


middle term. 


-\10-5 
Now, Ts = Ty,1 = 1°Cs (=) (9y)” = 61236x°y° 


6 
Ey 
16. (x) Let (r 71)" term in the expansion of ss 4] be independent of x. Then the 
= 


exponent of x in (r + ibys term must be zero. 


6 Be 6-r 1 r 
Now, Bay = CG (3s (-2) 


Meee i AUN 49.3 
=> i bee = Gc (3) (-2] ae " ..-(i) 


For T, , 1 to be independent of x, we must have 
12-—3r=0>r=4 

Hence, 5"" term is independent of x. 

Puting r = 4 in (i), we get 


| 2 4 
; Tear la) a15>— 2 > 
2) \ 3 4x9 12 


BSweeG i= CG. => (2r+ 3) +(r- 3) =18 = r=6 
25. We have, 





(3 + ax)” = "Co x 37 + °C, x 38 x (ax)! + °C, x 37 x (ax)? + 9Cg x 3° x (ax)? +...47 Co (ax)? 
Coefficient of x” = a5 x 3’ xa” and, Coefficient of x? = 9C 3 x 3°x 4? 


4 
f Now, Coefficient of x* = Coefficient of x? 





: ; ( 
a = 'GaS xan” 3x 3° x a? => 36x 3” x a* =84x 3° xa? = ga r*9 =2 
ti 84x 3° 7 


26. (1 + 2a)*(2—a) ={ ‘cp + 7C, (2a) + *C5 (2a)* + 4C3 (2a)* + 4c, (2a) 
x {°Co 2 SE Cr 2Aa+ te Pat S05 Dae: "Gy (2) a* =e | 
Coefficient of a* = *C, x (PC x 2) + (4c; x 2) x (- C3 x 2?) + (4c, x 2?) x (Pc, x 2°) 


+(4cs x 2°) (-°c1 x 2) +(4c, x 24) (Pee x 2) 
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=10 + 8x (—40) + 24 x 80 + (4 8) (— 80) + (16 x 32) 
= 10 — 320 + 1920 — 2560 +512 = —438 


33. It is given that in the expansion of (x + a)" 


34. 


= 19:9 andi = 
T: 
= Doors = 3end———— = 
4 5 : 


= (n-1) 4 = 6 and (1-2) — 
x x 


T> = 240, T3 =720 and Ty =1080 
3 
2 3 


n—-2+ 1) n-3+1 


a2), 
N | Go 


T+ 
2 x se 7 


Nj} 


n—1 = Gs n—1 iz 


eee => 4n-8=3n-3 > n=5 
n—2 9 n—2 


G2 | 


Putting 7 =5 in (71 —1) “=6,we get 2a = 3x. 
x 


Now, T> = 240 

=> "Cj x" 1a = 240 
= nx" 'q = 240 
= 5xa = 240 


= xt Se = 48 


mi Ge BO. axes (Dum 2 
22 = 30% > a= 8s 
Hence, x =2,a=3 andn=5. 
We have, 
"Cy al’ b® =729,"C, a" 1b =7290 and "C2 a"~* b* = 30375 
= q@'=729,na'_ 1, =7290 and n (1 —1) a’? b? =60750 
na'~'b 7290 n(n—1)a"~ 7b? 60750 
———_—_—_—. = ——. and ——————————_ =¥ — 


aq’ 729 Hit Eb 7290 
puto and MaDe —2 
a a 3 
(@-1)— 95 n-1 5 
= =— > —_ =— > n=6 





Now, @' =729= a° =3° >a=3 
nb 6xb 
3 





a ee =10>b=5 


r 
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Wider! a 
x 


~~ ee 2. 


bu 


a es 


RM Ne 
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2 


10 
35. Let(r+ ib} term, in the expansion of G - ‘ , be free from x and be equal toT, , 4. Then, 
x 


r 5r 
-r( -k = 
Tae” Cp'(VE) (3) ="c,x 2 (-k =i 


If T, , ; is independent of x, then 

5 ale =O 7. =2 

2 

Putting r = 2 in (i), we obtain 

T; = °c, (-k)? = 45k? 
But, it is given that the value of term free from x is 405. 

45k? =405=> k* =9=> k=+3 

36. In the binomial expansion of (y'/ 2 xl AU there are (1 +1) terms. The third term from the 

end is ((n+1)-3+ 1)" i.e. (n aye term from the beginning. 

The binomial coefficient of 3rd term from the end 

= The binomial coefficient of (1 =1)" term from the beginning ="C,,_5 ="C> 
It is given that the binomial coefficient of the third term from the end is 45. 

"Co =45=> “—" =45=> n* -n-90=0=> (n—10) (n+ 9) =O=> n=10. 


Let Tg be the sixth term in the binomial expansion of (y 2 soe oy Then, 


8 th 
37. In the expansion of(E + 2| , we observe that (2 + 1| i.e. 5th term is the middle term. It is 
given that the middle term is 1120. 
T =1120 


8-4 
=> %, (E (2)* =1120 = p* =16=> p=+2 
; n th < 
38. In the binomial expansion of [92 +95] {own —7 sa ie. (n —5)h term from the 


3 
beginning is the 7th term from the end. 
Now, 


6 n 
7-1 heal tee. ef 
Be {as oe 


n—6 
1 1 
tts "Cane Wye) ~"ox2 x a7 


It is given that 
Jt magi 


Ty-5 6 
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1G. 5 a(n/ 3)-2 - s 


U shee 2s ee aad ee 
"Cox 2? x —— 6 
— olul 3)-4 gitt/ 3)=4) = 67) 
= 6(/3)-4 _ 61. a =-1=>n=9 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


L. 


Zs 


3. 


10. 


11. 
12. 


13. 


14. 
15. 


16. 


10 
2 
2 
. Write the middle term in the expansion of 2s + s | 


9 
. Which term is independent of x, in the expansion of - ts] 2 


. Ifa andb denote respectively the coefficients of x 


Write the number of terms in the expansion of (2 + J 3x) aa (2 —./3x) A 


Write the sum of the coefficients in the expansion of (1 — 3x + rn ee 


Write the number of terms in the expansion of (1 — 3x + ee x98, 





3x? 


mt m+ 1 
, 


and x" in the expansion of (1 + x) 
then write the relation between a and b. 


. Ifa and b are coefficients of x” in the expansions of (1 + x)" and (1 + x)”"~ ! respectively, 


then write the relation between a and b. 


10 
. Write the middle term in the expansion of{ x + 1 : 
x 


. If aandb denote the sum of the coefficients in the expansions of (1 — 3x + 10x7)" and 


(1 + x7)" respectively, then write the relation between a and b. 

Write the coefficient of the middle term in the expansion of (1 + x)", 

Write the number of terms in the expansion of {(2x + y>) é 

Find the sum of the coefficients of two middle terms in the binomial expansion of 
(14x71, 

Find the ratio of the coefficients of x? and x? in the expansion of (1 + x)P* 4, 

Write last two digits of the number gu: 

Find the number of terms in the expansion of (a+b +c)". 

If aand b are the coefficients of x” in the expansions of (1 + x) and (1 + joo respectively, 


find “. 
b 
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100 100 


17. Write the total number of terms in the expansion of (x+a) +(x —a) 


18. If(1-—x+ xy" =o +0, X +A xt Ao», x7" find the value of Ay + Az + Agt...+Agy. 





ANSWERS 
1.6 5-1 3,25 4,252 5, 4"term6.a=b 7. a= 2 
8, 0G. 29). = b° Omer tie 29) 4p) Wc fay. 1° | tay ‘01 
i 
15. mt 16.2 17.51 18.2 _ 


MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternative in each of the following: 


1. Ifin the expansion of (1 + x79 the coefficients of rth and (r + 4)th terms are equal, then r is 
equal to 
(a) 7 (b) 8 (c) 9 (d) 10 
12 
2. The term without x in the expansion of [2 - 4 is 
2X 
(a) 495 (b) —495 (c) — 7920 (d) 7920 


12 
3. If rth term in the expansion of 23" - 2) is without x, then r is equal to 
x 
(a) 8 (b) 7 (c) 9 (d) 10 


4. Ifin the expansion of (a + b)" and(a+b)"* s the ratio of the coefficients of second and third 
terms, and third and fourth terms respectively are equal, then 7 is 


(a) 3 (b) 4 (c) 5 (d) 6 
5. If Aand Bare the sums of odd and even terms respectively in the expansion of (x + a)", then 
(x +a)" —(x —a)”" is equal to 
(a) 4(A + B) (b) 4(A —B) (c) AB (d) 4 AB 
: ; ; : 1/5 1/10 = : 
6. The number of irrational terms in the expansion of (4 +7 ) is 
(a) 40 (b) 5 (c) 41 (d) none of these 


7. 


x? 


(a) 1365 (b) — 1365 (c) 3003 (d) —3003 


15 
The coefficient of x !” in the expansion of G - | is 


9 
8. In the expansion of (x — 4) , the term without x is equal to 
x 


(a) a (b) a (c) 3 (d) none of these 

9. If in the expansion of (1 + x)», the coefficients of (2r + 3)" and (r —1)™ terms are equal, 
then the value of r is 
(a) 5 (b) 6 (c) 4 (d) 3 


ta 
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10 
2 
10. The middle term in the expansion of + | is 


2x? 
(a) 251 (b) 252 (c) 250 (d) none of these 
15 
11. If in the expansion os 4 ~ 5 - ane occurs in rth term, then 
x 
(a) r=10 (b) r=11 (c) r=12 (d) r=13 
\9 
12. In the expansion of [: - = , the term independent of x is 
3x 

(a) T3 (b) Ty (c) T; (d) none of these 
13. If in the expansion of (1 + y)", the coefficients of 5th, 6th and 7th terms are in A.P., then n is 

equal to 

(a) 7,11 (b) 7,14 (c) 8, 16 (d) none of these 


_\8 
14. In the expansion of (3 gee oe ;) , the term independent of x is 


(a) Ts (b) T¢ (c) T7 (d) Tg 
15. If the sum of odd numbered terms and the sum of even numbered terms in the expansion of 
(x + a)" are A and B respectively, then the value of (x* — a)" is 


(a) AC aR (b) Az Be (c) 4AB (d) none of these 


5 
16. If the coefficient of x in 3? + x is 270, then A = 
= 


(a) 3 (b) 4 (c) 5 (d) none of these 
10 
17. The coefficient of x" n( 3 — 5) is 
x2 
405 504 450 
a) — b) — —- d) none of these 
(9) 356 () 559 ©) 363 2 non 
18. The total number of terms in the expansion of (x + a)! +(x-— a) 100 -fter simplification is 
(a) 202 (b) 51 (c) 50 (d) none of these 
19. If T,/T3 in the expansion of (a +b)" and T3/T, in the expansion of (a + b)"* 3 are equal, 
then n = 
(a) 3 (b) 4 (c) 5 (d) 6 
n 
20. The coefficient of is in the expansion of (1 + x)” (1 + 2) is 
x x 
n! (2n) ! 
ee cs 
(a) {(2 —1) !(1 +1) !} (») [(m —1) !(2 +1) !] 
(2n) ! 


(c) 


(Qn-1) (n+)! (d) none of these 


nt 
21. If the sum of the binomial coefficients of the expansion [2s + 2) is equal to 256, then the 


term independent of x is 
(a) 1120 (b) 1020 (c) 512 (d) none of these 
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22. If the fifth term of the expansion (a/ 3 4a7')" does not contain ‘a’. Then 11 is equal to 
(a) 2 (b) 5 (c) 10 (d) none of these 


1 
. « en . . M1 . 
23. The coefficient of x ~ in the expansion of ( - ") is 
x 


(a) —924 mn’ (b) —792 m (c) —792 m° (d) — 330 mn 


14 
24. The coefficient of the term independent of x in the expansion of G + 4 is 
= 








(a) 14! a7 b7 (b) a’ (3) SI en 
(7!)° (71)° 
25. The coefficient of x5 in the expansion of (1 + x)?! +(1+ x) +...+(1+%) 30 is 
(a) "Ic, (b) °C: ©) Ste 4c, dy MO 4 AG, 
26. The coefficient of x° y? in the expansion of (x + y)'® is 
(a) ster (b) ene (c) 5° (d) none of these 


th 


27. If the coefficients of the (1 + 1)" term and the(n + 3)” term in the expansion of (1 + x) are 


equal, then the value of n is 


(a) 10 (b) 8 (c) 9 (d) none of these 

28. If the coefficients of 2nd, 3rd and 4th terms in the expansion of (1 + x)",n EN are in AP., 
then n = 
(a) 7 (b) 14 (c) 2 (d) none of these 


2n 
29. The middle term in the expansion of [*: — ,) is 
2x 


(a) 2"c,, (bei)? Few ©) Vc.27" (d) none of these 


; 20 
30. Ifr’” term is the middle term in the expansion of (3? = 2) , then (r + Be term is 
x 


(a) 2 Gi (5) (b) ata ne ge (c) - ae ay Ti (d) none of these 


600 
31. The number of terms with integral coefficients in the expansion of (17 34.35! x) 


is 
(a) 100 (b) 50 (c) 150 (d) 101 


10 
32. Constant term in the expansion of E ~ 2) is 
x 


(a) 152 (b) —152 (c) — 252 (d) 252 
33, Ifthe coefficients of x* and x? in the expansion of (3 + ax)? are the same, then the value of a 
is 
7 9 7 9 
et. Si es ts: d) 2 
a) -> (b) 7 (c) 5 (d) i 
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ANSWERS 


ot phi tess ES ee ee ie ee 
1. (c) 2. (d) 3. (c) 4. (c) 5. (d) 6. (c) 7. (b) 8. (c) 
9. (a) 10. (b)~ 11. (c) 12. (b) 13. (b) 14. (b) 15. (a) 16. (a) 
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SUMMARY 
1. (Binomial theorem) If x and a are real numbers, then for all € N, we have 
(xe alt = "Coal a) eC, ae a Ca ae ee 
4 hes Pe ied aa ak co ~ qa} + NG x? a 
n san 
i.e., (xtay’ = 3 "Coed 
r=0 


This expansion has the following properties: 
(i) It has (n +1) terms. 
(ii) The sum of the indices of x and a in each term is 1. 


(iii) The coefficients of terms equidistant from the beginning and the end are equal. 
n-?r r 
x 


(vi) General term is given by J, , 1 = "C; a 
n ¥ { 
(v) (x+a)" = = "C, x"7' d' canalso be expressed as(x+a)"= = eee 
r=0 r+s=n ris! 


(vi) Replacing a by —a in the expansion of (x + a)", we get 
(x — a)" rs op x a is ste Pie 1 at 4 Te om 2 az 
esi? ae EI) "Cn BS al ee) Ge x? a 
The general term in the expansion of (x —a)" isT, . 1 =(-1)" "C, x" " d 


(vii) Putting x = 1 and replacing a by x in the expansion of (x + a)", we get 


" 
(Lax)" = "Cy +2 Ce iGo ae eae Ge = z 1G. a 


This is expansion of (1 + x)" is ascending powers of x. In this case, T, , 1 = Coca 
(viii) Putting a =1 in the expansion of (x + a)", we get 


n 
1x)” me "Coin R "Grek nas gee. ce x TO 
r= 


This is the expansion of (1 + x)” in descending powers of x. In this case, T, , 1 = "Gt ape 
2 "Co Sa? eC a To at +f 


(ix) (x +a)" +(x—a)" 
2 {Sum of the odd terms in the expansion of (x + a)"} 
2 "C1 gh Gh NG, gh S98 +f 


2 {Sum of the even terms in the expansion of (x + a)"} 


(x + a)" —(x—a)" 





y valid 
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n+1 





ee “Ifnis aslihwien {Ox + a)! +(x 0)" oe {(x +a)" —(x - ay" both have terms. 


If nis even, then { (x +a)" +(x "| has {2 + 1] terms whereas {cx +a) —(x—- a)"| has 


(x) If Oand E denote respectively the sums of odd terms and even terms in the expansion of 


(x + a)", then 
(a) (x+a)" = O+E and(x-a)" =O-E —(b) (x* a7)" = 07 -F? 
(c) 40E = (x-a)™" -(n-a)™” (d) (x +a)7" +(x-a)™" = 2(07 +E?) 


f th 
(xi) Ifnis even, then (2 + 1] term is the middle term. 





If nis odd, then (=) and (* - *) are middle terms. 
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CHARTER | 9 


ARITHMETIC PROGRESSIONS 


19.1 SEQUENCE 
A sequence is a function whose domain ts the set N of natural numbers. 


It is customary to denote a sequence by a letter ‘a’ and the image a(n) of n € N undera by a,,. Since 
the domain for every sequence is the set N of natural numbers, therefore a sequence is 
represented by its range. The images of 1, 2, 3, ..., 1, ... under a sequence ‘a’ are generally denoted 
by @), 47, 43,... M,... respectively. a1, 49, @3,.-. 4,,... are known as first term, second term ..., 
nth term,... respectively of the sequence. If 4, is the mth term of a sequence, ‘a’ then we write 
REAL SEQUENCE A sequence whose range is a subset of R ts called a real sequence. 
In other words, a real sequence is a function with domain N and the range a subset of the set R of real 
numbers. 
REPRESENTATION OF ASEQUENCE § There are several ways of representing a real sequence. 
One way to represent a real sequence is to list its first few terms till the rule for writing down 
other terms becomes clear. For example, 1, 3, 5, ... is a sequence whose nth term is (2 —1). 
Another way to represent a real sequence is to give a rule of writing the nth term of the sequence. 
For example, the sequence 1, 3, 5, 7, ... can be written as a, =2n —1. 
Sometimes we represent a real sequence by using a recursive relation. For example, the 
Fibonacci sequence is given by 

a, =1,a) =landa,., 1 =a, +a,14,"22 
The terms of this sequence are 1, 1, 2, 3, 5, 8, ...... 





n 
ILLUSTRATION 1 Give first 3 terms of the sequence defined by a, =— 
n” +1 





SOLUTION Puttingn=1, 2,3 ina, = uit , we get 
n~ +1 
2 2 3 3 
5 = and a3 =-5 =—. 
2-+1 9 eal eee 


ILLUSTRATION 2 Find the first four terms of the sequence whose first term is 1 and whose (n + 1)th 
term is obtained by subtracting n from its nth term. 
SOLUTION Weare given that a, =land a,, , =a, —n. 
Putting  =1, we obtain 

Ay =@, -1> a) =1-1=0 [. a, =1] 
Putting 7 = 2, we obtain 

A3 =a -2> a3 =0-2=-2 
Similarly, by putting n = 3, we obtain 

a4 =a3 -3=-2-3=-5 
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SERIES Ifa, 02,3, 4,..., %,.-.i8.a sequence, then the expression a1 + Ay + Az + Ag + ...+ My +. 
is a series. 


A series is finite or infinite according as the number of terms in the corresponding sequence is 
finite or infinite. 
PROGRESSIONS It is not necessary that the terms of a sequence always follow a certain pattern or they 


are described by some explicit formula for the nth term. Those sequences whose terms follow certain 
patterns are called progressions. 


In this chapter, we shall study arithmetical progressions as defined below. 


19.2 ARITHMETIC PROGRESSION (A.P.) 


A sequence is called an arithmetic progression if the difference of a term and the previous term is always 
same. 


i.e. My + 1 — % = constant (=d) for allne N 
The constant difference, generally denoted by d is called the common difference. 


ILLUSTRATION 1 1,4, 7, 10, ... isan A.P. whose first term is 1 and the common difference is equal to 
4-1=3. 


ILLUSTRATION 2 11,7,3,-1,... isan A.P. whose first term is 11 and the common difference is equal to 
7 -11=-4. 


In order to determine whether a sequence is an A.P. or not when its nth term is given, we may 
use the following algorithm. 


ALGORITHM 
STEPI Obtain a,. 


STEPII Replacen byn+1in4a, to geta,. 4. 
STEPMI Calculate a,. 4 —M%,- 


STEPIV Ifa, 1 —4, is independent of n, the given sequence is an A.P. Otherwise it is not an A.P. 
Following examples illustrate the procedure: 


ILLUSTRATIVE EXAMPLES 
LEVEL-1 


EXAMPLE1 Show that the sequence defined by a, = 4n + 5isan A.P. Also, find its common difference. 
SOLUTION We have, 4a, =4n+5 


Replacing n by (n + 1), we get 

yay = An+1)+5 = 4n+9 
fis O441—-% = (4n+9)-(4n+5) = 4 
Clearly, a, , 1 — 4, is independent of n and is equal to 4. 
So, the given sequence is an A.P. with common difference 4. 
EXAMPLE2 Show that the sequence defined by a, = 2n* +1 is not an A.P. 
SOLUTION We have, a, =2n* +1 


Replacing 7 by (n + 1) in a,,, we obtain 
Ona = 2An+1)7 +1=2n* +4n4+3 


Gye 1% = (2n* +4n+ 3)—(2n2 +1) = 4n+2 


Clearly, a, , 1 — 4 is not independent of n and is therefore not constant. So, the given sequence is 
not an A.P. 


ARITHMETIC PROGRESSIONS 19.3 


2 3 4 
EXAMPLE3_ Sliow that the sequence log a, log = , log a , log | a preciieel forms an A.P. 
} 


SOLUTION We have, 


2° ? 3 
log aaa fae log a= log as x I = log A 
“| b b a "\b 
a° a” a> ob a 
log be i log + = log b2 x Pp = log b 
log a — log a = log a x b* = log (=) 


This shows that the difference of a term and the preceding term is always same. 
Hence, the given sequence forms an A.P. 





ALITER From the symmetry, we obtain 


a 
8 p” —] 


n+ 1 
a 
—— 


i (ond , a!’ Sy qi? } pt-1 = a 
08 pt m6 pin} eas pt x a = 208 b 


Clearly, a, , 1 — 4% is constant for all values of 11. 





My, 





+1—4y 


So, the given sequence is an A.P. with common difference log (= 


EXAMPLE 4 Show that a sequence is an A.P. if its nth term is a linear expression in n and in such a case 
the common difference is equal to the coefficient of n. 


SOLUTION Leta, be the n™ term of a sequence. Let a, be a linear expression in 1. 
i.e. a, = An+B, where A, B are constants. 
= O41 = A(n+1)+B 
O41 —% = {A(n+1) +B} —-{An+ B}=A 
Clearly, a, ,. 1 — 4, is independent of and is therefore a constant. 
Hence, the sequence is an A.P. with common difference A. 
NOTE Students are advised to use the statement of the above example as a standard result. 
EXAMPLES The n'"" term of a sequence is 3n — 2. Is the sequence an A.P. ? If so, find its 10th term. 
SOLUTION Here, a,, = 3n —2. 


Clearly, a, is a linear expression in n. So, the given sequence is an A.P. with common 
difference 3. 


Putting n=10, we get: aj) =3x10—-2=28 
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REMARK It is evident from the above examples that a sequence is not an A.P. if its nth term is not a 
linear expression in n. 


EXERCISE 19.1 


1. If the n‘h term a, of a sequence is given by 4,, = n* —n +1, write down its first five terms. 


2. Asequence is defined by a,, = n° —6n? +11n —6,n € N. Show that the first three terms of the 
sequence are zero and all other terms are positive. 
3. Find the first four terms of the sequence defined by a,=3 and, 4, = 34, 1+ 2, for all 
n>1. [NCERT] 
4. Write the first five terms in each of the following sequences: 
(i) ay = 1,4, = &—~1+2,n>1 
(ii) ay = 1 = A9,% = M_1+%_2,n>2 


(iii) a] = ay = 2,4, = 4,_1-1,n>2 [NCERT] 
5. The Fibonacci sequence is defined by a =1 =ap, 4, =4,_ 14 +4, 2 forn>2. 
Find “*1 for n = 1,2, 3,4,5. [NCERT] 


6. Show that each of the following sequences is an A.P. Also, find the common difference and 
write 3 more terms in each case. 


(i) 3,-1,-5,-9... (ii) -1,1/4, 3/2, 11/4,... 
(iit)! 2 62; 5-/2y 75/2502. (iv) 9, 7,5, 3, «. 
7. The n“ term of a sequence is given by a, =2n + 7. Show that it is an A.P. Also, find its 7th 
term. 


8. The n'+ term of a sequence is given by 4, = 2n* +n +1. Show that it is not an A.P. 


ANSWERS 
1. a, =1, a9 =3, A3 =7, 44 =13, 4§=21 3. a, = 3,a =11,a3 = 35,a4, = 107 
4, (i) a, =1, ay =3, a3 =5, 44 =7,05 =9 = (ii) ay =1, ap =1, 03 =2, ag =3, 5 =5 
(iii) a, =2, ag =2, a3 =1, ag =0, os =— 


6.(i)-4 (ii) - (iii) 2./2 (iv) 2 7. 21 


HINTS TO NCERT & SELECTED PROBLEMS 
3. We have,a, =3 anda,=34,_1,+2 forn>1 
~ @ = 34,+2 = 3x34+2 =11, ag = 327 +2 = 3x114+2 = 35 
and, a4 = 3a3+2 = 3x 35+2 = 107. 

4. (iii) We have, a, =a) =2 and 4, =a,_ 4-1 forn>2. 

a3 =@ -1=2-1=1, ag =a3 —-1=1-1=0 and, 4 =a,-1=0-1=-1 
5. We have, a, =1 =a and a, =a,_4+4,_ > forn>2. 

a3 = A +a =1+1 = 2, a =agta =2+1=38 

5 = Mg+a3 = 34+2=5, ap = Oo ta, =5+3 =8 


Welitveto find "torn = =1,2, 3,4,5. i.e. f2. s.. a4: % and “6 
ay ay a3 a4 as 
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Clearly, “ = ee a 2 _ 7 age ee 3% _ Fang % = 8 
ay 1 3 5 
7. We have, 
, =2Nn+7 => M4 1 =2n+1) +7 =2n+ 9. 
Oy 1 —% =(2n + 9) —(2n + 7) =2 (a constant). So, the sequence is an A.P. 
8. Show that a,,, 1 — 4, is not independent of n. 


19.3 GENERAL TERM OF AN A.P. 
THEOREM Let a be the first term and d be the common difference of an A.P. Then, its nth term is 
a+(n—1) di.e.a, =a+(n—1) d. 
PROOF Let ay, Ay, 43,44 +--+, M,--. be the given A.P. Then, 
a, = First term =a 
= a, =a+(1-1) d. 
By the definition, we have 
fg —0, = d=>> My = 4, +d>@ =a+d>a =a+(2-1)d 
a3 —@y =d=>> 03 = &9+d> a3 =(a+d)+d >az = a+2d=> a3 = at+(3-1)d 
fg —A3 =d=> ay = 43 +d=> ay =(a+2d) +d >ay = a+ 3d>a, = at+(4-1d 
Similarly, a; =a + (5-1) d,ag =a+(6-1) d,..., 4, =a+(n—-1) d. 
Hence, nth term of an A.P. with first term a oe common difference d is a, =a +(n-—1) d. 


Q.E.D. 
19.3.1 nth TERM OF AN A.P. FROM THE END 
Let a be the first term and 4 We the common difference of an A.P. having m terms. Then, n'? term 


from the end is (m —1 + 1)" term from the beginning. 
n‘ term from the end = 4, _,41= @+(m-n+1-1)d =a+(m-n)d 


For cane the n'® term from the end, we may take a,, as the first term and —d as the common 
difference. 


Taking a,, as the first term and common difference equal to ‘“— d’, we find that 
n term from the end = Mp, + (n—1) (—d) 


ILLUSTRATIVE EXAMPLES 
Type I ON FINDING THE INDICATED TERM OF AN A-P. 
EXAMPLE1 Show that the sequence 9, 12, 15, 18, ... isan A.P. Find its 16th term and the general term. 


SOLUTION Clearly, (12 —9) =(15 —12) =(18 —15) = 3, so the given sequence is an A.P. with 
common difference d = 3 and first term a = 9. 


16th term = ag = a+(16-1)d = a+15d=9+15x3 =54 [- a, = a+(n—-1)d] 
and, General term = nth term =4, =a+(n—-—1)d = 9+(n—-1)x 3 = 3n+6 
EXAMPLE 2 Show that the sequence log a, log (ab), log (ab), log (ab 3), ... isan. A.P. Find its nth term. 
SOLUTION Wehave, 


ab 2 ab” 
log (ab) — log a = log a=" log b, log (ab~) — log (ab) = log wale log b 


b? 
log (ab 3) — log (ab) = log =| = logb 


J 
sett inten pee ~~ 


_ 
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It follows from the above results that the difference of a term and the preceding term is always 
same. So, the given sequence is an A.P. with common difference log b. 
: a, = a+(n-1)d 


=> a, = loga+(n-—1) log b = log a+ log b"~! = log (apt) 


EXAMPLE3 Which term of the sequence 72, 70, 68, 66, ... is 40? 


SOLUTION Clearly, the given sequence is an A.P. with first term a =72 and common difference 
d =—2. Let its nth term be 40. 


1.e. a, = 40 

=> a+(n—1)d =40 

— 72+(n—-1)(—2) = 40 .. [ a, = a+(n—-1) dl 
= 72—-2n+2 = 40 > 2n = 34> n =17 


Hence, 17th term of the given sequence is 40. 


EXAMPLE4 Which term of the sequence 4, 9, 14, 19, ... is 124? 


SOLUTION Clearly, the given sequence is an A.P. with first term a = 4 and common difference 
d =5. Let 124 be the nth term of the given sequence. Then, 


a = 124>a+(n—-1)d = 124> 4+(n-1)x5 = 124>n = 25 
Hence, 25th term of the given sequence is 124. 
EXAMPLE5 How many-terms are there in the sequence 3, 6, 9, 12, ..., 111? 


SOLUTION - Clearly, the given sequence is an A.P. with first term a4 = 3 and common difference 
d = 3. Let there be 7 terms in the given sequence. Then, 
th 


n term =111=> 4+ (n-1)d=111> 3+(n-1)x 3=111> n= 37 
Thus, the given sequence contains 37 terms. 
EXAMPLE6 Is 184 a term of the sequence 3, 7, 11,... ? 


SOLUTION Clearly, the given sequence is an A.P. with first term a =3 and common difference 
d = 4. Let the nth term of the given sequence be 184. Then, 


&, =184=> a+(n-1)d = 184> 3+(n-1)x4 = 184=> 4n = 185>n = 46 


= | 


Since n is not a natural number. So, 184 is not a term of the given sequence. , 


EXAMPLE 7 Which term of the sequence 20,19 : , 18 ily =, .. IS the first negative term? 


SOLUTION The given sequence is an A.P. in which first term a = 20 and common difference 
d= ari: Let the nth term of the given A.P. be the first negative term. Then, 


& <0 
=> a+(n-—1)d<0 


=> 20 + (n —-1) x (- 3/4) <0 => = - 2 <0= 83-3n<0= 3n > 83=> n>27= 


Since 28 is the natural number just greater than 27 = So, n = 28. Thus, 28th term of the given 
sequence is the first negative term. 
EXAMPLES Which term of the sequence 8 — 6i,7 — 4i, 6 —2i, ...is (i) purely real (ii) purely imaginary? 


SOLUTION The given sequence is clearly an A.P. with first term a=8 —6i and common 
difference d =—1+ 2i. The nth term of the given A.P. is given by 
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= a+(n—-1)d = 8-6i+(n—-1)(-1+2/) = (9-n) +i(2n-8) 

(i) Let the nth term of the given sequence be purely real. Then, @,, is purely real. 
(9 —n) + i(2n — 8) is purely real > 2n-8 = O=>n = 4 

So, 4th term of the given sequence is purely real. 

(ii) Let the nth term of the given sequence be purely i sa Then, a, is purely imaginary 
(9 —n) + 1(2n — 8) is purely imaginary Ee 

> 9-n =0>n =9 

Thus, 9th term of the given sequence is purely imaginary. 

Type II PROBLEMS BASED UPON 4,, = a+(n—1) d 

EXAMPLE9 If pth, qth and rth terms of an A.P. are a, b, c respectively, then show that: 


(i) a(q—r) + b(r —p) + c(p —q) =0 (ii) (a—b)r+(b-c)p+(c-—a)q=0 ‘[NCERT] 
SOLUTION Let A be the first term and D be the common difference of the given A.P. Then, 

= pth term=>a = A+(p-1)D «-+(1) 

, = gth trm=>b = A+(qg-1)D ..-(ii) 

c = rthterm=>c = A+(r-1)D .--(iil) 


(i) Substituting these values of a,b, c,ina(q—r)+b(r—p)+c(p- Dv we eke 

a(q—r)+b(r—p)+c(p—q) 

= {A +(p-1) D}(q—r) +{A +(q-1) D} (r —p) + {A + (7-1) D} (p-@) 
A((q-r) +(r —p) +(p-— 9} + Dp -) (9-1) +(q-D (r -p) + (7-1) (p-@)} 
A.0+D {p(q—r)+q(r—p) +r (p—q) -(q-r) -(r-p) -(p- 9} 
A.0+D.0=0 
(ii) On subtracting (ii) from (i); (iii) from (ii) and (i) from (iii), we get 

= (p—@q)D ...(iv) (6-c) = (q-r)D ...(v) c-a =(r-p)D » , ws(VA) 
(a—b) r+(b—-—c) p+(c—a) q= (p-—g)Dr+(qg-rnDp+(r-p)Dq 
= D((p-q)r+(q-r) p+(r-p) gl= Dx0 = 0 

EXAMPLE10 Show that the sum of (m+n) and (m—n)" term of an A.P. is equal to twice the m'" 
term. [NCERT] 
SOLUTION Leta be the first term and d be the common different of the AP. Then, 


. th 
Onen = (m+n) 


term = a+(m+n-—1)d and, a,_, = (m —n)"" term = a+(m—n-1)d 


Onen t4n—n = {a+(m+n-—1) d} + {a+ (m—n-—-1) d} 
2a+(m+n—1+m-n-l1)d 
2a+2(m-—1)d 

2 {a +(m-—1) d} 

= 2%. 


EXAMPLE 11 If 1 times the mth term of an A.P. is equal to n times its nth term, show that the(m +n)th 
term of the A.P. is zero. 


SOLUTION Let a be the first term and d be the common difference of the given A.P. Then, 


m times nt! 


=> May = na, 
=> m{a + (m —1) ad} =n{a + (n—1) d} 


term = 1 times nth term 


oe 


— 


Be ate me 


OT ere on 
eee te 


ot 
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= m{a + (m —1) d} —n{a + (n—1) d} =0 
=> a(m —n) + {m(m —1) —n(n —1)} d =0 
= a(m —n) + (m* —n") —(m—n)} d=0 
— a(m —n) + (m—n) (m+n—1)d=0 
= (m —n) {a + (m+n-—1) d} =0 
= a+(m+n—1)d=0 [-- m<ézn] 
— Om +n =9 


Hence, the (11 + nn term of the given A.P. is zero. 


EXAMPLE12 If the pth term of an A.P. is q and the gq!" term is p, prove that its nth term is 


(p+q-n). [NCERT] 
SOLUTION Leta be the first term and d be the common difference of the given A.P. Then, 
pth term = q>a+(p-—1)d = q .-(1) 
gth term = p> a+(q-1)d =p ...(ii) 


Subtracting (ii) from (i), we get 
(p—q)d = (q-p) > d=-1 
Putting d =—1 in (i), we get:.a = (p+q-1) 
nth term = a+(n—1)d = (p+q-—1)+(n—-1)x(-1) = (p+q-n) 
EXAMPLE13 Ifthe mth term ofan A.P. be 1/n, and nth term be 1/m then show that its (mn)th term is 1. 


SOLUTION Leta and d be the'first term and common difference respectively of the given A.P. 
Then, 


‘s = mth term > 2 = a+(m-—1)d ...(i) 
n n 
> anthtems + = a+(@-1)d aii 
m m 
On subtracting (ii) from (i), we get 
Daa (m-n) d= “= = (m-n)d=>d = zee 
nm mn mn 
Putting d = aa in (i), we get 
mn 
1 (m—1) 1 1 1 1 
— = @4+— > — =at+--— > 4 = — 
n mn n n mn mn 


(mn)th term = a+(mn-1)d 2s + (mn —1) = =] 
mn mn 


EXAMPLE 14 Determine the number of terms in the A.P. 3, 7,11, ... 407. Also, find its 20th term from 
the end. 


SOLUTION Clearly, the given sequence is an A.P. with first term 3 and the common difference 
4, Let there be terms in the given A.P. Then, 


407 = nth term=> 407 = 3+(n-1)x4=> 4n = 408=n = 102 
Now, 
20th term from the end = [102 —20 + 1]th term from the beginning 
= 83rd term from the beginning = 3 + (83 —1) x 4=331 


| To find 20th term from the end, we consider the given sequence as an A.P. with first 
term = 407 and common difference — 4. 


os 20th term from the end = 407 + (20 —1) x (— 4) = 331. 
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EXAMPLE15 How many numbers of two digits are divisible by 7 ? 


SOLUTION _ First two digit number divisible by 7 is 14 and last two digit number divisible by 7 is 
98. So, we have to determine the number of terms in the sequence 14, 21, 28, ..., 98. Let there be n 
terms in this sequence. Then, 

98 = nth term= 98 = 14+(1—-1)x7=>7n = YJl=>n = 13 


EXAMPLE16 Show that there is no A.P. which consists of only distinct prime numbers. 


SOLUTION Let ay, @9, 43, .--, G,-.. be an A.P. consisting only of prime numbers. Let d be the 
common difference of the A.P. Since the difference of two consecutive prime numbers is greater 
than or equal to 1. Therefore, d >1. 


Now, 
(a, + ib eh term of this A.P. = a, +(a; +1-—1)d = a, (1+d) 
= (a, + 1h a term is not a prime number 
This is a contradiction that the A.P. consists of only prime numbers as its terms. 


Hence, there cannot be an A.P. which consists only of distinct prime numbers. 


EXAMPLE17_ Show that in an A.P. the sum of the terms equidistant from the beginning and end is 
always same and equal to the sum of first and last terms. [NCERT EXEMPLAR] 


SOLUTION Let 41, a9, 43, ... , 4, be an A.P. with common difference ‘d‘. Then, 
kth term from the beginning = a, = a, +(k-1)d 
and, kth term from the end =(n —k + 1)th term from the beginning 
= —k+1 
= a,+(n—k+1—-1)d = a,+(n—-k)d 
(kth term from the beginning) + (kth term from the end) 
= Ak + —k+ 1 
= {a, + (k -1) d} + {a, +(n—k) d} = 2a, +(n-1) d= ay + {a, +(n—-1) d} = a, +4, 
Thus, @ +4, 7441 = 4+ forallk =1,2,...n 
= Ag: tity ny 4g T yag © Og F By 3) > = = Oy a, 
Hence, the sum of the terms equidistant from the beginning and end is always same and equal 
to the sum of first and last terms. 
NOTE The statement of the above example may be treated as a standard result. 


EXAMPLE18 = [nt the arithmetic progressions 2, 5, 8, ... upto 50 terms, and 3, 5, 7,9, ... upto 60 terms, find 
how many terms are identical. 


SOLUTION Let the mth term of the first A.P. be equal to the nth term of the second A.P. Then, 








2+(m—-1)x 3 = 3+(u-1)x2 
=> 3m—-1 = 2n+1 
— 3m = 2n+2 
m n+1 
=> pices = k (say) 
=> m = 2k and n = 3k-1 
=> 2k <50 and 3k-1<60 [. m<50 andn < 60] 
1 
—— 


k<25 and SEAN 
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=> k $20 [.- kis a natural number] 
= kK = 1,2, 3,...:20 

Corresponding to each value of k, we get a pair of identical terms. 

Hence, there are 20 identical terms in the two A.P.’s. 

EXAMPLE 19 Find the number of terms common to the two A.P.’s: 3,7, 11, ...407 and 2, 9, 16, ..., 709. 


SOLUTION Let the number of terms in two A.P.’s be m and n respectively. Then, 
407 = mth term of first A.P. and, 709 = nth term of second A.P. 

= 407 = 3+(m-1)x4 and 709 = 2+(n-1)x7 

= m=102 and n = 102 

So, each A.P. consists of 102 terms. 


Let pth term of first A.P. be identical to qth term of the second A.P. Then, 
3+(p—-1)x4 = 2+(g-1)x7 


= 4p-1 =7q-5 

= 4p+4=7 4 

=> 4(p+1) = 7q 

= ae = 1 = k (say) 

=> p =7k-1 and gq = 4k 


Suice each A.P. consists of 102 terms. 
p 102 and 4q<102 
= 7k-1<102 and 4k <102 


=> k<142 and k<252 
7 2 
— ks14> k = 1,2, 3,...,14 


Corresponding to each value of k, we get a pair of identical terms. 

Hence, there are 14 identical terms in two A.P.’s. 

EXAMPLE 20 If 1, @, 43, ...,%, are in A.P., where “4 > 0 for all i, ae that 
1 1 


$$ ss 

Vita. fie + Jag a eae Cece — 
SOLUTION Letd be the common difference of the given A.P. Then 
@9 -f, = €3—-0n =... = %-4,_1, =a | »».(i) 
ope er 

fix - far fis - fea Vn ~ firm 

Qin alta =a) * Cla nav las =m) °C Jarra = Fad 
eee 


aa — ay a3 — ay = 


3 Soe fe 
Ss See Sia ot tt 
= “ {a ~ aD + i+ 


[N EE EXEMEDS 


Now, 


[Using (i)] 
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1 
(fan — fn) Vn + fn) _ Ay — 14 a,+(n-1I)d-a,  n-1 —— n-l 


afin + far) Cf + fg) CJ + Jn) tn + yt + te 


EXAMPLE21_ If a1, 4, 43, --, My be an A.P. of non-zero terms, prove that 
1 1 


























n—1 
+ +...+ = 
Ma = 43 /%-1% | 
SOLUTION Let ‘d’ be the common difference of the given A.P. Then, 
fy —Ay = €3—Ay =... = G—-M_1 = 4d (Say). | (1) 
Now, 
1 1 1 
+ + +...+ 
a a Sm? ck S| %—14%n 














i} og d de, d 
— ay =r +... + 
d}aj,a, a2 43 43 M4 1% 


(ay — a) .: (az — a) ‘. (a4 —a3) icteert (4, — % — 1) 
Ay 4 2183 a3 %4 A —-1% 


1 1 
——-— | + 
ay ay a> a3 


—Lla—q| _ 1) aqa+@—Id-a|_ nl 
d | a4 4% d ay Op, & G 
EXAMPLE 22 If a, @9, 43, -» , 4y, are in AP with common difference d (where d # 0), then the sum of 
series. 
sin d(cosec @, COSEC Ay + COSEC Mz COSEC 43 +...+ COSEC A,_1 COSEC M,) 1S equal to cota; —cot a. 


l 
+O ile 


| — 

| 

|r 
eee 
Lene 
a |r 

| 
B|- 
ee 

-{- 

4. 
A ite 
r 
| —_ 
—_ 

| 
S| 
2 


SOLUTION. We have, [NCERT EXEMPALR] 
sin d(cosec a1 COSEC My + COSEC My COSEC M3 +...+ COSEC M,_1 COSEC My) 
sind sin d sind sin d 

Sr ee Ge eee 

sing, sind) sina) sina@3z sinda3sin a4 Sin 4,4 SIN ay, 
_ sin (4% — 4) ? sin (a3 —49) Ai sin (a4 —@3) foci sin (@,—@-1 

sina, sina, sina sinaz sin 43 sind, sin @,_4 SIN ay 
iz SiN Ay COSA — COSA SIN Ag st Sin @3 COS Ay —COSA3 SIN Ay nd SiN A, COS4,_1 —COS &, SIN A,_4 

sin a, sin a Sin ay sin a3 SiN @,_1 SIN Ay, 


=(cot a, —cot a) + (cot ay —cot a3) +...+ (cota,_; —cot 4) 
= cota, —cot 4, 


EXERCISE 19.2 








1. Find: 
(i) 10th term of the A.P. 1,4, 7,10,... (ii) 18th term of the A.P. /2, 3./2,5,/2,... 
(iii) nth term of the A.P. 13, 8, 3, —2, ... 
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N 


10. 


11. 
12. 


13. 


14. 
15. 


16. 


17. 
18. 
19. 


20. 


21. 


If the sequence <a,, >is an A.P., show that 4», 4.) + Gy) —n = 24p- 
(i) Which term of the A.P. 3, 8, 13, ... is 248 ? 
(ii) Which term of the A.P. 84, 80, 76, ... is 0 ? 
(iii) Which term of the A.P. 4, 9, 14, ... is 254 ? 
(i) Is 68 a term of the A.P. 7, 10, 13,... ? 
(ii) Is 302 a term of the A.P. 3, 8, 13, ... ? 
(i) Which term of the sequence 24, 23-, 22-, 21=... is the first negative term ? 


(ii) Which term of the sequence 12 + 8/, 11 + 67, 10 + 4i, ... is (a) purely real (b) purely 
imaginary ? 
(i) How many terms are there in the A.P. 7, 10, 13, ... 43 ? 


(ii) How many terms are there in the A.P. —1, — >, _ = a wv ? 


BF Bg 


. The first term of an A.P. is 5, the common difference is 3 and the last term is 80; find the 


number of terms. 


. The 6th and 17th terms of an A.P. are 19 and 41 respectively, find the 40th term. 
. If 9th term of an A.P. is zero, prove that its 29th term is double the 19th term. 


If 10 times the 10th term of an A.P. is equal to 15 times the 15th term, show that 25th term of 
the A.P. is zero. 


The 10th and 18th terms of an A.P. are 41 and 73 respectively. Find 26th term. 


In a certain A.P. the 24th term is twice the 10th term. Prove that the 72nd term is twice the 
34th term. 


If (m + 1)th term of an A.P. is twice the (7 + 1)th term, prove that (37 + 1)th term is twice the 
(m +n + 1)th term. 


If the nth term of the A.P. 9, 7, 5, ... is same as the nth term of the A.P. 15, 12, 9, ... find 1. 
Find the 12th term from the end of the following arithmetic progressions: 
()'G,07,7,9, «. 201 (it) 3,8, 13, ....,.253 (iii) 1, 4, 7, 10, ..., 88 


The 4th term of an A.P. is three times the first and the 7th term exceeds twice the third term 
by 1. Find the first term and the common difference. 


Find the second term and nth term of an A.P. whose 6th term is 12 and the 8th term is 22. 
How many numbers of two digit are divisible by 3 ? 


An A.P. consists of 60 terms. If the first and the last terms be 7 and 125 respectively, find 
32nd term. 


The sum of 4th and 8th terms of an A.P. is 24 and the sum of the 6th and 10th terms is 34. 
Find the first term and the common difference of the A.P. 


a . 4 s \ r 
Ab bees i —. 


The first and the last terms of an A.P. are a and / respectively. Show that the sum of nth term 
from the beginning and nth term from the end is a + I. 


Ifan A.P. is such that “4 =2., fina “6. 
a 3 ag 
If 8;, 95, 93, ..., 8, are in AP, whose common difference is d, show that 


sec 8; sec 02 + sec G2 sec 03 +... + sec 8,1 sec 8, = ti ceRT EXEMPALR] 
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ANSWERS 


1. (i) 28 (ii) 35 2 (iii) —-512+18 3.(i) 50 (ii) 22 (iii) 51 
4. (i) No (ii) No _ 5. (i) 34th (ii) (a) 5 (b) 13 

6. (i) 13 (ii) 27 7.26 8. 87 11. 105 14. 7 

15. (i) 179 (ii) 198 (iii) 55 16. First term = 3, common difference = 2 


5 | 
17. ag =—8, a =5n-18 18. 30 19. 69 20. -<, 5 22. : 





19.4 SELECTION OF TERMS IN AN A.P. 


Sometimes we require certain number of terms in A.P. The following ways of selecting terms are 
generally very convenient. 


Number of terms Terms Common difference 
3 a-—d,a,a+d d 
4 a—3d,a-—d,a+d,a+ 3d od 
5 a-—2d,a-—d,a,a+d,a+2d d 
6 a-—5d,a—3d,a—d,a+d,a+ 3d,a+5d od 


It should be noted that in case of an odd number of terms, the middle term is a and the common 
difference is d while in case of an even number of terms the middle terms area —d, a+ dand the 
common differences is 2d. 


The following examples will illustrate the use of such representations. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1_ The sum of three numbers in A.P. is — 3, and their product is 8. Find the numbers. 
SOLUTION Let the numbers be (a — d), a, (a + d). Then, 
Sum = —3 => (a-—d)+a+(a+d) = -3=> 3a = -3>a = -1 
and, Product = 8 
= (a—d) (a) (a+d) = 8 


=> a(a* —d?) = § 
=> (-1)(1-d?) = 8 te a@=—1] 
= a = 9d = +3 


When a =-1 and d = 3, the numbers are — 4, —1, 2. When a =-1 and d =— 3, the numbers are 
2, —1, —4. So, the numbers are — 4, —1, 2, or 2, —1, —4. 


EXAMPLE2 Find four numbers in A.P. whose sum is 20 and the sum of whose squares is 120. 
SOLUTION Let the numbers be (a — 3d), (a — d), (a + d), (a + 3d). Then, 

Sum = 20=> (a—3d)+(a—d)+(a+d)+(a+ 3d) = 20> 4a = 200>a =5 
and, Sum ofthe squares =120 


=  (a—3d)* +(a—d)* +(a+ a)? +(a+ 3d)? = 120 


ee ee 
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aK 4a* +20d2 = 120 

=> az +5d7 = 30 

= 254+5d* = 30 [ a=5] 
= Bit = 5d = +1 


If d=1, and a=5,then the numbers are 2,4,6,8. If d=-—1, and a=5, then the numbers are 
8, 6, 4,2. 


Thus, the numbers are 2, 4, 6, 8 or 8, 6, 4, 2. 


EXAMPLE3 Divide 32 into four parts which are in A.P. such that the product of extremes is to the 
product of means ts 7 : 15. 


SOLUTION Let the four parts be (a — 3d), (a — d), (a + d) and (a + 3d). Then, 
Sum = 32 => (a—-—3d)+(a-—d)+(a+d)+(a+ 3d) = 32> 4a = 32>a4a = 8 
It is given that the product of extremes is to the product of means is 7 : 15. 
(a—3d)(a+3d) _ 7 
(a-d)(a+d) 15 
ga-od- 7 64-90" 


—— —— ee 
feds. 64 — A? 


= a= 128d* = 512d" =4=>d = +2 
Thus, the four of 32 parts are 2, 6, 10, 14. 
When 4 = 8 and d = 2 four parts are: 2, 6, 10, and 14. When a = 8 and d = —2 four parts are 14, 10, 6 


and 2. 


EXAMPLE4 Theproduct of three numbers in A.P. is 224,and the largest number is 7 times the smallest. 
Find the numbers. [NCERT EXEMPLAR] 


SOLUTION Let the three numbers in A.P. bea—d, a,a+d,whered > 0.Clearly, a+ dis the largest 
number and a—d is the smallest number. 


It is given that : 


Product of numbers =224 and, The largest number = 7 (The smallest numbers) 
(a—d) a(a+d) =224 and,a+d=7 (a—d) 
a(a*—d*)=224 and, 6a=8d 


= a(a2—d2)=224 and, a-= 


292 
—_-— = 2274 
=> a(« a 


— 
= 


[On eliminating d] 
3 
7a 
— =224 
=> 1 5 
eK a® =512 =8° 
=> a=8. 


Putting a=8ind ==", we obtain d =6. 


Hence, three numbers are 2, 8, 14. 
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EXAMPLES If the fourth power of the common difference of an A.P. with integer entries is added to the 
product of any four consecutive terms of it. Prove that the resulting sum ts the square of an integer. 


SOLUTION Let a—3d,a-—d,a+d,a+ 3d be four consecutive terms of an A.P. with integer 
terms. Clearly, the common difference is 2d. Since the terms are integers, therefore a and d are 
also integers. 


Now, Given sum = (a — 3d) (a—d) (a+ d) (a+ 3d) +(2d)* 


(a* —9d7) (a* —d7) +16d* 


a* —10a* d7 + 9d* +16d* 


ae ~10a? d? + 25d" 


(a* —5d7)*, which is square of an integer as a and d are integers. 


EXERCISE 19.3 


1. The sum of three terms of an A.P. is 21 and the product of the first and the third terms 
exceeds the second term by 6, find three terms. 


2. Three numbers are in A.P. If the sum of these numbers be 27 and the product 648, find the 
numbers. 


3. Find the four numbers in A.P., whose sum is 50 and in which the greatest number is 4 times 


the least. 


4. Thesumof three numbers in A.P. is 12 and the sum of their cubes is 288. Find the numbers. 


5. If the sum of three numbers in A.P. is 24 and their product is 440, find the numbers. 


[NCERT] 
6. The angles of a quadrilateral are in A.P. whose common difference is 10°. Find the angles. 


ANSWERS 


i Pain coe 2. 6,9, 12 3. 5, 10, 15, 20 4. 2,4, 6 or 6, 4,2 
5. 5,8, 11 6. 75°, 85°, 95°, 105° 


HINTS TO NCERT & SELECTED PROBLEMS 


5. Let the three numbers be a-—d,a,a+d. It is given that the sum and product of these 

numbers are 24 and 440 respectively. Therefore, 

a-d+a+a+d=24 and(a-d)a(a+d)=440 
= 3a=24 and a(a* —d”)=440 
= ga=8 and a(a* —d*) =440 
Now, 

Da = Nae 2 2 
a(a )=440 => 8(64-d°)=440 => 64-d° =55 => d~=9 => d=+3 


Hence, three numbers are 5, 8, 11 or 11, 8, 5. 


~ 


“ l <_< were . - - 
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19.5 SUM TOnTERMS OF AN A.P. 
THEOREM Show that the sum S, ofn terms ofan A.P. with first term ‘a’ and common difference ‘d’ Is 


S, = a {20 + (11 —1) a} 
2 
or, S, = 5 (a + 1), where | =last term=a+(n—1) d 


PROOF Let ay, @, 43, ... be an A.P. with first term a and common difference d. Then 


ay = 4,99 =at+d,a3, = a+2d,a4 = a+ 3d,...,a, = a+(n—l1)d 


Now, 

S, = Ay +My +03 4+...+4%, 14+ % 
= S, = a+(a+d)+(a+2d) +... +(a+(n—2) d) + {a+ (n—-1) d} ...(i) 
Writing the above series in a reverse order, we get 

S, = {a+(u—-1) d}+{a+(n—-—2) d}+...+(a+d)+a ...(ii) 


Adding the corresponding terms of (i) and (ii), we get 
2S, = {2a+(n—1) d} +{2a+(n—-1) d} +... +{2a+(n—-1) d} 


= 2S, = n{2a+(n—1) d} [-.. 2a + (n —1) d repeats n times] 
—> S, = 4 2a + (1 —1) a} 


Now, / = last term =a+(n-1)d 


Sy = 7 {20+ (1-1) a} -tlasfase —1) ‘| = AG +1) 


ALITER We have, 

Sy = 4, +49 +03 +...+%, 9 +% 1 +4 .».(i) 
Or, Sp = G+ 4,214 4+ 4,2 tort ag + +a, .».(Li) 
Adding corresponding terms in (i) and (ii), we get 


2S, = (41 + a) + (a2 + &,_ 3) + (43 + 4,2) +... + (G,_ 1 + 49) + (4, + 44) 





> 2S, = (ay + My) + (Ay + A) + (A + Oy) +... + (44 + My) + (84 + OM) 
=> 2S, = n(ay + a) [ ay +4, =O, +4, 74 1 for k =2, 3,...,n] 
=> Sn = 5 (a1 + My) 
i 
— Sy = ay + +(n-1) a} [ a, =a, +(n-1) d] 


=> Sn = 3 {2m +n -1) a} 


NOTE1 In theformulaS,, = 5 {2a +(n —1) at, there are four quantities viz. S,, a, nand d. If any three 
of these are known, the fourth can be determined. Sometimes two of these quantities are given, in such 
cases remaining two quantities are provided by some other relations. 


NOTE2 If the sum S, of n terms of a sequence is given, then nth term a, of the sequence can be determined 
by the using formula: a = S,—S,_4 
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ILLUSTRATIVE EXAMPLES 


Type I ON FINDING THE SUM OF GIVEN NUMBER OF TERMS OF AN A.P. 
rT | nN 
Formula: = =| 2a+(n—1) d+ or, S,= at as I. 
S) 7 ( ye f 1 ) 


EXAMPLE 1 Find the sum of 20 terms of the A.P. 1, 4, 7, 10, ... 


SOLUTION Let a be the first term and d be the common difference of the given A.P. Clearly, 
a=1,d=3.We have to find the sum of 20 terms of the given A.P. Putting a =1, d = 3,n=20in 


S,= : {20 + (n —1) at, we get 


S59) => 2x1 + (20 —1) x 3} —10 x 59 =590 


EXAMPLE2_ Find the sum of the series :5 +13 + 21+... + 181. 
SOLUTION The terms of the given series form an A.P. with first term a = 5 and common 
difference d = 8. Let there be 1 terms in the given series. Clearly, 

a, = 181 > a+(n—-1)d = 181 > 5+(n-1)x8 = 181 => 8n = 184=>n = 23 


2 
Required sum = 5 (a+) = > (5+181) = 2139. 


EXAMPLE3 Find the sum of all three digit natural numbers, which are divisible by 7. 
SOLUTION The smallest and the largest numbers of three digits, which are divisible by 7 are 
105 and 994 respectively. So, the sequence of three digit numbers which are divisible by 7 are 
105, 112, 119, ..., 994. Clearly, these numbers are in A.P. with first term a = 105 and common 
difference d = 7. 
Let there be 1 terms in this sequence. Then, 

af = 994 => a+(n—-1)d = 994=>105+(n-1)x7 = 994 => n = 128 

2 

Required sum = 5 {24 + (11 —1) a} = = 12 x 105 + (128 —1) x 7| = 70336 
EXAMPLE4 = Find the sum ofall natural numbers between 250 and 1000 which are exactly divisible by 3. 
SOLUTION Clearly, the numbers between 250 and 1000 which are divisible by 3 are 252, 255, 
258, ..., 999. These numbers are in A.P. with first term a = 252, common difference = 3 and last 
term = 999. Let there be 1 terms in this A.P. Then, 

a, = 999=>a+(n—-1)d = 999=> 252+(n-1)x3 = 999 =>n = 250 


Required sum=§, = (a+) = =~ (252 +999) = 156375 


EXAMPLES Find the sum of all odd integers between 2 and 100 divisible by 3. 


SOLUTION The odd integers between 2 and 100 which are divisible by 3 are 3, 9, 15, 21, ... , 99. 
Clearly, these numbers are in A.P. with first term a = 3 and common difference d = 6. Let there be 
n terms in this sequence. Then, 

t, = 99> a+(n-l)d=> 3+(n-1)x6 = 99>n = 17 


Required sum == (a+) = = (3499) = 867. 


EXAMPLE6 Find the sum of first 20 terms of an A.P., in which 3rd term is 7 and 7th term is two more 
than thrice of its 3rd term. 


SOLUTION Leta be the first term and d be the common difference of the given A.P. It is given 
that 

a3 =7 and @& = 3a3+2 
= a+2d =7 and a+6d = 3(a+2d)+2 
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= a+2d =7 and a= -! 
= QAie-ld=4 
20 ; n 
S20 = B42 =r(20 —1)'x 4| using Ce 55 {24 +(n —1) i} 
=>- S50 = 2 (-2+76) = 740 
EXAMPLE7 The sui of the first four terms of an A.P. is 56. The sum of the last four terms is 112. Ifits 
first term is 11, then find the number of terms. [NCERT] 
SOLUTION Let there ben terms in the A.P. with first term a =11 and common difference d. It is 
given that 


Sum of first four terms =56 


= f 2x1 +(4 -1)4| = 


= 22+ 3d=28 > 3d=6 > d=2 
It is also given that 
Sum of last four terms = 112 


— My + %_ 4+ M2 + 3 =112 

=> = (ay + @,_ 3) =112 Using S: = 5 a+) 
=> My + 4,3 =96 

= {11 +(—1) x 2} + {11 +(1—4) x 2} =56 

=> 22 + 2 (2n—5) =56 

— 4n=44>n=11. 


Hence, there are 11 terms in the A.P. 


EXAMPLES Ifthe sum ofnterms of an A.P. is pn + gn’, where p and q are constants, find the common 
difference. [NCERT] 
SOLUTION Let S, denote the sum of n terms and 4,, denote the nth term of the A.P. Then, 
S, = pn+ qn 

7 S,-1=p(n-1) + q(n-1)" [On replacing n by (n —1) in $,] 
Now, 4% =5S,-S)-1 
=> a ={pn+ qn’) -{p(n-1) + q(n-1)"] 

=> a, =pn —p(n—1) + qn* —q(n-1)* 

=>  — m=p{n-(n-1)} + q fn? -(n-1)"} 

= M& =p + q(2n—1) 

. a 1 =p +q{2(n—-1) -1} [Replacing n by (1 —1) in a] 


Let d be the common difference of the A.P. Then, 
d =A, —M_ 4 

=> d ={p + q(2n—-1)} -[p + 9 {2(n-1) -]}] 

=> d ={p + q(2n—1)} —{p + q(2n- 3)} 

=> d =q(2n—-1-2n+ 3) =2q 

Hence, the common difference = 29. 
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EXAMPLE9 If the sum of n terms of an A.P. is 3n~ +5n and its mth term is 164, find the value 


of m. [NCERT] 
SOLUTION — Let S, denote the sum of 1 terms and 4, be the mth term of the given A.P. Then, 


S, = 3n* +5n 


= Si-1 = 3(n-1)" +5 (n-1) =3n* -n-2 [On replacing n by (1 —1) in S,] 
Now, 4) =5:-5)-1 

= Ay, =(3n" + 5n) ~(3n? —n—2) 

= a, =6n + 2 

Now, 4, =164 [Given] 
= 6m + 2=164 => 6m=162 > m=27 


EXAMPLE10 Find the sum to n terms of the sequence given by a4, =5 —6n,neéEN. 
SOLUTION We have, 4, =5 — 6n 

M41 =9 — 6(n + 1)=—-1-—6n 

M+ 1—% = (—1-—6n) -(5—6n) = —6, forallneN 


Since @,, 1—4, is constant for all neN. So, the given sequence is an A.P. with common 
difference — 6. 


Putting n =1, in a, =5 — 6n, we get: a, =—1. 
So, the sum §, to 1 terms is given by 


S =F (a + Ay) =5(-1 +5 + 6n) =n (2 —3n) 


| 
EXAMPLE11 [f the m'" term of an A.P. ts u and the n'* term is —, show that the sum of mn terms is 
n m | tf oe 


: ! 
; (mn + 1), where m # Nn. [NCERT] 


SOLUTION Leta be the first term and d be the common difference of the given A.P. It is given 
that 


1 1 
i mm 


Now, 4 = = at+(m—l1)d = Lu ..(i) 
n n 

PRGl eae 2 =yaqieiyi = 
m 


...(ii) 


Subtracting (ii) from (i), we get 





(m—n)d = A+ (mn STA a 
n om mn mn 
1 
Putting d =—— in (1), t 
utting d=— (i), we ge 
AG) aoe Ley. 
min nm mn sn mn 


Sun =" | 2a + (mn —1) a} = mat {2 + (mn —1)x 2} - = (nn +1) 
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Type II FINDING THE NUMBER OF TERMS IN AN A.P. WHEN THE SUM OF ITS n TERMS IS GIVEN 


EXAMPLE12 How many terms of the series 54, 51, 48, ... be taken so that their sum is 513 ? Explain the 
double answer. 


SOLUTION Clearly, the given sequence is an A.P. with first term a = 54 and common difference 
d=-—3. Let the sum of 1 terms be 513. Then, 


S, = 513 
=> | 20+ ~1) a} = 513 


=> 7108 + ( -1)x-3} =513 => n* —37n+ 342 =0 = (n—18) (n-19) =0 => n=18 or, 19 


Here, the common difference is negative. So, the terms are in decreasing order and the value of 
19" term is 54 + (19 -1) x -3 =0. Thus, the sum of 18 terms as well as that of 19 terms is 513. 


EXAMPLE 13. Find the number of terms in the series 20, 19 ; ,18 : ,... of which the sum ts 300, 


explain the double answer. 


SOLUTION The given sequence is an A.P. with first term a = 20 and the common difference 


d= -=. Let the sum of 1 terms be 300. Then, 


S. = 300 
=> 720 + (n =1) a} = 300 
= 239% 204(n-1)| -2 |b = 300 
2 3 
=> n* —61n+900=0 => (n—25) (n— 36) =0 => n=25 or, 36 


Sum of 25 terms = Sum of 36 terms = 300. 


Here, the common difference is negative therefore terms go on diminishing and 31st term 
becomes zero. All terms following 31st term are negative. These negative terms when added to 
positive terms from 26th term to 30th term, they cancel out each other and the sum remains same. 
Hence, the sum of 25 terms as well as that of 36 terms is 300. 


EXAMPLE14 Solve 1+6+11+16+...+x=148. 


SOLUTION Clearly, terms of the given series form an A.P. with first term a = 1 and common 
difference d = 5. Let there be 7 terms in this series. Then, 


1+6+114+16+...+x = 148 
=> Sum of n terms = 148 


=> z 20+ (n—1) a} =148 
=> Z{a+(n—1)x5| =148 = 5n” -3n-296 = 0=> (n-8) (5n+ 37) =O0>n=8 


Clearly, x=n™ term 
— x=a+(n—-1) d=1+(8-1)x5=36 [--a=1,d=5,n=8] 
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Type III PROVING RESULTS RELATED TO THE SUM OF n TERMS OF AN A.P. 
EXAMPLE15 The sum of the first p,q, r terms of an A.P. are a, b, c respectively. Show that 


“(q-n +2 py +2 (p—q) =0 [NCERT] 
P q E 
SOLUTION Let A be the first term and D be the common difference of the given A.P. Then, 
a=Sum of p terms=>> a = 5 {24 +(q —1) p| => Ze -{2A +(p —1) D| (1) 
p 
b=Sum of q terms=>>b = - {24 +(q —1) p| = male {24 +(q -1) D| .-(1i) 
q 
and, c = Sum of r terms => emt {2A +(0 -1)} = 26 =} 2A +(r —1) p| (Lil) 
r 


Multiplying (i), (ii) and (iii) by (q —r), (r—p) and (p — q) respectively and adding, we get 
2 2b 2 
= (q-)+—(r-p)+=(P-9) 
P q rE 
{2A + (p—1) D} (q—r) + {2A +(q—-1) D} (7 —p) + {2A + (r -1) D} (p—-9) 
2A (q-r+r—p+p—q)+D {((p—1) (q-r) +(q-1) (r—p) + (7-1) (p-g)} 
2Ax0+Dx0=0 
EXAMPLE16 The sum of n, 2n, 3n terms of an A.P. are S,, 55,53 respectively. Prove that: 


S3 = 3(S5 — S}). [NCERT] 
SOLUTION Leta be the first term and d be the common difference of the given A.P. Then, 

S; = Sumofnterms => 5S, = i. {22 + (n —1) dt ...(i) 

S, = Sumof2n terms => S; =o {2 + (2n —1) a} ...(1i) 
and, S3 = Sumof3nterms => S3 = 20 + (3n —1) a} ...(iii) 

2n nN 
Now, S-S; = Fi {24 +(2n—1)d “5 {28 +(n —1) a} 
— S -S, = #12 {20-+(an— a} {20+ (n —1) ‘| = | 20+ (3n—1) a| 
3n . 

3(S, —S,) = 3 | 2a + (3n —1) a} ...(iv) 

From (iii) and (iv), we get 
3 (Sp -S}) = S3 


EXAMPLE17 The sums of n terms of three arithmetical progressions are S,, S, and S3. The first term of 
each is unity and the common differences are 1, 2 and 3 respectively. Prove that S; + S3 =2 S. 


SOLUTION We have, 
S, = Sum of n terms of an A.P. with first term 1 and common difference 1 


=> =5 2x1 +(n-1)x1 = F(+1) 


S = Sum of n terms of an A.P. with first term 1 and common difference 2 
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=? Sy = Bax +(n -1)x2| =n 
S3 = Sum of n terms of and A.P. with first term 1 and common difference 3 
=> = 2 12x%14(n -1)x 3$==(3n-1 
5 a (n —1) x | =! pet) 
5; +S3 = 5 (+1) +5 (3n-1) = 2n* 


Hence, S} uP S3 = 235 Es S5 = n?] 


EXAMPLE18 [finan A.P. the sum of m terms is equal to n and the sum of n terms is equal to m, then 
prove that the sum of (m +n) terms is — (1m +n). Also, find the sum of first (m—n) terms (m >n). 




















[NCERT EXEMPLAR] 
SOLUTION Leta be the first term and d be the common difference of the given A.P. Then, 

Sy, =n=> 5 t | 2a + (71 —1) a} = n= 2am+m(m-—1)d = 2n pad) 
and, S, =m=>— 5 m2 a+(n-—1) a} = m=>> 2an+n(n—-—1)d = 2m ...(ii) 
Subtracting (ii) from (i), we get 

2a (m —n) + {m(m—1) —n(n—-1)} d=2n—2m 
= 2a (m —n) + {(m —n*) —(m—n)}d = —2(m-—n) 
= 2a+(m+n—1)d=-2 [On dividing both sides by (m-—n)] _ ...(iii) 
Now, Sprain = bl {24 + (+n —1) a} 

a +n) as 
=> Suen = (— 2) [Using (iii)] 
Sntn = tad | 
From (iii), we obtain 

2a =—-2—(m+n-—1)d ..-(iv) 
Substituting this value of 2a in (i), we obtain 

—2m—m(m+n—1) d+m(m-—1) d=2n 
= a=—2( ...(v) 

mn 
Putting d =—2 ES in (iv), we obtain 
2g =—-2+—(m+n-1) (m+n) a 
mn 
Now, 
Sn—n = 5 az { 2a-+(m —n-—1) a 
eas _ {-2 + (m#n=1)\nen) —(m=n-1) m+n) [Using (v) and (vi)] 


=> Span = | - —2+— gees =} gman 29 


EXAMPLE 19 If the sum of, first m terms of an A.P. is the same as the sum of its first n terms, show that 
the sum of its (m + n) terms ts zero. [NCERT] 
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SOLUTION Let a be the first term and d be the common difference of the given A.P. Then, 


Sn = Sn 





m n ’ 

— Fi {2a + (m —1) a} = {2a + (1 —1) a} 

= 2a (in —n) + {m(m—1)—n(n—1)}d = 0 

— 2a (ni —n) + (m =e) —(m—n)}d = 0 

=> (m1 —n) {2a +(m+n—1)d) = 0 

= 2a+(m+n—1)d = 0 [<m—n#0O0]... (i) 
Sn en Me {20 + (m+n —1) a} = ce x0=0 [Using (i)] 


EXAMPLE 20 The ratio of the sums of m and n terms of an A.P. is m? :n*. Show that the ratio of the mth 
and nth terms is (2m —1) :(2n —1). [NCERT] 
SOLUTION Letabe the first term and d the common difference of the given A.P. Then, the sums 
of m and n terms are given by 

Sn = mal 2a + (m —1) dt and, S, = a 2a +(n—-1) d } respectively. 


It is given that 


Se we 


or one 
{22+ (m~1) | 9 


Ml 


= ee 
{2a +(n —1) at u 
2a+(m-—1)d m 

=> SEE AE al A ET 
2a+(n—1)d n 

= {2a+(m—1) d}n = {2a+(n—1) d}m 

= 2a(n—m) = d {(n—1)m—(m-—1) n} 

=> 2a(n—m) = d(n—m) 

= d = 2a 


Tm _ 4+(m-1)d a+(m—1)2a 2m-1 


Th at+(n—-1)d a+(n-—1) 2a 2n-1 





EXAMPLE 21 Tlie interior angles of a polygon are in A.P. The smallest angle is 120° and the common 


difference is5°. Find the number of sides of the polygon. [NCERT] 
SOLUTION Let there be n sides of the polygon. Then, the sum of its interior angles is given by 
S, = (2n—4) right angles =(1 — 2) x 180° .--(1) 
Thus, the interior angles form an A.P. with first term a = 120° and common difference d =5°. 
S, = : {2 x 120° + (n—-1) x sh ...(ii) 


From (i) and (ii), we get 
(n—2) x 180° = 5 {2% 120° + (1-1) x seh 


=> (n —2) x 360 = n(5n+ 235) 
= n? —-25n+144 =0 => (n-—16) (n-9) = 0 > n = l6or,n = 9 
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For 1 =16, we obtain 

Last angle =a, =a +(1—1) d =120° + (16 —1) x 5 =195° , which is not possible. 

Hence, n= 9. 

EXAMPLE 22 Thi first, second and the last terms of an A.P. area, b, c respectively. Prove that the sum is 


(a + z 7 + —. [NCERT EXEMPLAR] 


SOLUTION Let d be the common difference of the given A.P. Then, d = b —a. Let there ben 
terms in the given A.P. Then, 








c = nth term 
=> c = a+(n-1)d 
=> c = a+(n—1)(b—a) [. d =b-al 
c-a c-a b+c—2a 
— n-1l = S71 = +1>5> 7 = ——— 
b—-a b—a b—a 
Sum of the A.P. = Sum of its terms 
= <(a+c) using: 5 = 2 (a4 D 
2 2 
_ (a+c)(b +c —2a) 
2 (b —a) 


EXAMPLE 23 Let S, denote the sum of the first n terms of an A.P. If S5,,=3S,, then prove that 23i = 6. 
SOLUTION Let abe the first term and d the common difference of the given A.P. Then, 


Son = 3S, 


= ae +(2n—1d} = 32/04 (1-1 a} 


= 2 {a +(2n—1) d}=3 {a +(n—1) d} 

— 2a —(3n —-3—4n+2)d=0 

— 2a —(n+1)d=0 

— 2a=(n+1)d .--(i) 


S a {20 + (3n-1) at 
Now, on 1 Se ee 
Si 7 24 + (n—1) a} 


= oe 34 (n +1) d+(3n-1) a} 
Sn {(n +1)d+(n—1) a} 


Sgn _12nd__ 
=a S, and 


[Using (i)] 





LEVEL-2 
Type IV ON SUM OF TERMS OF AN ALP. 
EXAMPLE 24 Prove that a sequence isan A.P. iff the sum of its n terms is of the form An + Bn, where A, 
B are constants. 
SOLUTION Let S, be the sum of n terms of an A-P. with first term a and common difference d. 


— 5 d d 
n = ee ee | oe af 
5 = 2 2a+(n -1) d} = an + 5 d a (Sn +(e a) 
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—: Ss, = An” + Bn, where A = g and B = Pom 
2 2 


Thus, the sum of 1 terms of an A.P. is of the form An + Bn. 


Conversely, let the sum S, of n terms of a sequence 41, @, 43, ... , 4y,--. be of the form An® + Bn. 
Then, we have to show that the sequence is an A.P. 

? 
We have, S, = An” + Bn 


= S,.1 = A(n -1)? + B(n-1) [On replacing n by 1 —1] 
Now, 4 = S:-S)-1 ; 

— Gre {An + Bn} —{A (n-1)> + B(n—-1)} = 2An+(B-A) 

= 41 = 2A(n+1)+(B-A) [On replacing n by n + 1] 


ke My 1 —% ={2A (n +1) + B- A} —(2A n+(B-A)}=2A 

Clearly, 4, , 1 —%, =2A for all n € N. So, the sequence is an A.P. with common difference 2A. 
REMARK It follows from this example that a sequence is an A.P. iff the sum of its n ternts is of the 
form An + Bni.e. a quadratic expression in n and in such a case the common difference ts twice the 


coefficient of n?. For example, if S, = 3n7 + 2n, one can easily say that it is the sum of n terms of an 

; , we 1 2 ; 
A.P. with common difference 6. Similarly, S, =nP + 5H (#—-1)Q= S n” + [P - 2) nis the sum of n 
terms of an A.P, with common difference Q. 


EXAMPLE25 Find the sum of first 24 terms of the A.P. ay, 47,43, .. , if it is known that 
aly + as + a0 + a5 + 199 ++ fin4 = 225. [NCERT EXEMPLAR] 


SOLUTION We know that in an A.P. the sum of the terms equidistant from the beginning and 
end is always same and is equal to the sum of first and last term Le. a] +4@, = 4) +4)_4 


= 3+, > =... So, if an A.P. consists of 24 terms, then a + @74 = (5 + M99 =449 + 445. 
Now, ay + a5 + M19 + 45 + Aon rang = 225 | 
=> (a, + f>4) ae (a5 + oq) + (410 or 15) — a ala 
= 3 (a, + fy) = 229 
225 ; 
= My +Aoy = =e =75 .-.(1) 
24 : n 

Soy = ~> (My + 4) Using Se ies a | 

=> So4 = 12(75) = 900 [Using (i)] 


EXAMPLE 26 The first term of an A.P. is a and the sum of first p terms is zero, show that the sum of its 
next q terms is — ees [NCERT EXEMPLAR] 
Pp — 


SOLUTION Letd be the common difference of the A.P. It is gtiven that the sum of first p terms is 
zero 


p | 2a 
i.e. S, =0 => —42a+(p —1l)d> =0=> d=-——_. 
4 = 5 [zasir Dal = p-l 

Let S be the required sum. Then, 
S= p+ 1t4y+2 +...+ Mig 
=> S = (Ay + Ay +... My +My 41 t...4 My 4 g) — (Ay + Ay +...+ My) 
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=> S=Sp4q—Sp 
=> S=Sy4q-0 [" S, =0(given)] 
=> S 


-f {20 +(p+q- a} 


P49 ee ee, 
= S=—— 5 faesipe a = =| 


= Beg || p-1—-p-q+1|_ (p+qga 
= S rene | 5-1 } wro4| = a 


EXAMPLE 27 If the first term of an A.P. is 2. and the sum of first five terms is equal to one-fourth of the 
sum of the next five terms, find the sum of first 30 terms. 


SOLUTION Letaj, a7, 43,... be given A.P. with common difference d. It is given that a4, = 2 and 
the sum of first five terms is equal to one fourth of the sum of next five terms. 


1.e. my +p + ay + 04 + 05 == (Wg + Oy + 0g +g + 040) 
= 4(a, + a> + 03 + Ag + 05) =(Ag +H + Ag + Ag + M40) 
= D (ay + Ag + 43 + Ag + M5) =(04 + Ay +... + AQ) 
=> 955 =Si0 

5 10 
— 5 > 2x2+(5 -1)d oy 2x2+(10 -1)d 
=> 50 (1 + d) =20+ 45d 


— d=-6 
Thus, we have a =2 and d =—6. 


Required sum = Sq9 = 2 | 2 2+(30-—1)x —- 6 = — 2550. 


EXAMPLE 28 The pit term of an A.P. is a and qth term is b. Prove that the sum of its (p + q) terms is 


-b 
Pet at b+ oe Sap . [NCERT EXEMPLAR] 


SOLUTION Let A and D be the first term and common difference respectively of the given A.P. 
Then, 


a= pth term >a = A+(p-1)D (i) 
b= gth term =>b = ee, .».(ii) 
—b 


Subtracting (ii) from (i), we get: D = = 


Adding (i) and (ii), we get a+b = 2A+(p+q-2)D 
=> a+b = 2A+(p+q-1)D-D 
=> (a+b)+D = 2A+(p+q-1)D 


BX (a+b) +5 = 2A +(p+q-1)D .».(iii) 


Now, Sp+q = Sum of (p + q) terms 
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=> Sy+q = 











“112A +(p+4q-1)D| = Pet) asps ont [Using (iii)] 


EXAMPLE 29 _ The ratio of the sum of n terms of two A.P.’s is (7n + 1) : (4n +,27). Find the ratio of their 
mth terms. 


SOLUTION Let ay, ay be the first terms and d,, dy the common differences of the two given 
A.P.’s. Then, sums S, and §S,’ of their n terms are given by 


S, = 5 ae +(n —1) at, and S,’ = | ap + (n —1) a 


il 
a {2a +(n -1) dp} Rita hs Vb) Gp 


It is given that 


St 


, _ “n+l 
S/  4n+27 
2a,+(n-1)dy _ 7n+1 
2a +(n—1) do 4n +27 


n—1 
a, +| ——|d 
: ( 2 : fn 


(#4) ~ 4n+27 
Ay + > d> 


We have to find the ratio to mh terms of two A.P.’s Le., 








cad) 


ae O ey Clearly, this can be 
a+ a fe d> 


obtained by replacing — by (m—1) on the LHS of (i). Replacing“ a bby m—li.e.n by(2m—1) on 
both side of (i), we get 

a,+(m—-1)d,  7(2m-1)+1 _ 14m-6 

f>+(m—1) dy 4(2m—1)+27 Sm + 23 
Hence, the ratio of the mth terms of the two A.P.’s is (147 — 6) : (87m + 23). 


REMARK It is evident from the above example that if we are given the ratio of the sums of n terms of two 
A.P.’s then the ratio of their m' ' terms is obtained by replacing n by (2m — 1). 


EXAMPLE30 The sum of n terms of two arithmetic progressions are in the ratio (3n + 8) :(7n + 15). 
Find the ratio of their 12th terms. [NCERT] 


SOLUTION Let a, a> be the first terms and d,, d, the common differences of the two given 
A.P.’s. Then, the sums of their terms are given by 


S, =5 {2a, + (n-1) dy} and, S,' =5 {2a +(n—-1) do} 





It is given that 
St: _ 3n+8 
S, 7n+15 
n 

a | 2a + (1=1) a,} i 3n +8 
n 7n+15 
—4{ 2a +(n-1 
5 Ba: ) df 

a 2a, +(n—- 1) da, _ 3n+8 


2ay +(n—1) do ~9n+15 
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Ay + Oats d 
: 2 1 3n+8 


ken In +15 
a +| "~~ dp 


Replacing os by 11 i.e. m by 23 on both sides, we get 


Hence, the required ratio is 7 : 16. 


ALITER If the ratio of the sums of 1 terms of two A.P.s is given, then the ratio of their m terms 


is obtained by replacing n by (2m —1) in the given ratio. So, required ratio is obtained by 
replacing m by 2 x 12 —1 = 23 in(3n + 8) :(7n + 15). 


Hence, required ratio =(69 + 8) :(161 + 15) = 7 : 16. 


EXAMPLE 31 If there are (2n +1) terms in A.P., then prove that the ratio of the sum of odd terms and the 
sum of even terms is (n +1): n. [NCERT EXEMPLAR] 
SOLUTION Leta and d be the first term and common difference respectively of the given A.P. 
Let a, denote the k" terms of the given A.P. Then, a, =a + (k —1) d. 


Now, 5, = Sum of odd terms =a, + a3 + a5 +...+ Qon4 4 
n+1 n+1 

= S)= 7 (a + An + 1)= °) 

and, S = Sum of even terms = ao +44 +46 +... +@y 

=> S = = (a2 +A) = Blaxaa{e + (2n—1) ‘| = n(a+nd) 


S):S = (n+1)(a+nd):n(a+nd) = (n+1):n 


EXAMPLE 32 Let S,. be the sum of first k terms of an A.P. What must this progression be for the ratio Pk 
to be independent of x ? Sx 








ja+a+(2n+1-1) a} =(n +1) (a+nd) 


SOLUTION Leta be the first term and d common difference of the given progression. Then, 
kx 
{20+ (kel) db] kxd + (20- } 
Soo eRe a glad ai 


Sy = | 20+ (x=) a : [x4+(2a-a)} 


Clearly, the RHS of the above relation will be independent of x iff 2a —-d =Oi.e. d = 2a. 
Hence, the progression is a, 3a,5a,74a,..., where ais any non-zero real number. 
EXAMPLE 33 Let S, be the sum of first n terms of an A.P. with non-zero common difference. Find the 


ratio of first term and common difference if a is independent of nj. 





i 
1 
SOLUTION Let the first term and common difference of the A.P. beaand d respectively. Then, 
2 = ella = 
Sym = {22 + (14 m -1) al and, $, = 7 {22 +(m-1) a} 
Pe 
Sn 
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Clearly, RHS will be independent of m, iff 2a —-d =O i.e. d = 2a. 
Hence, fm 
d 2 
EXAMPLE34 If S,, S5, S3,.-. Sy are the sums of n terms of m A.P.'s whose first terms are 1, 2, 3, ...,m 
and common differences are 1, 3, 5, ..., (2 m— 1) respectively. Show that 


5S) + 5 +...+5n = =~ (mn +1) 


SOLUTION The first terms, common difference and the sums of their terms are as under: 


First terms Common differences Sums of n terms 
1 1 5, = £ {2x1 +(n-1)x1} 
2 3 San P {2x 2+(n-1)x 3 
3 5 S3 = Bd 2x 3+ (n-1) x5} 
m 2m —1 Sn = = 2m + (1m —1) (2m -1} 
Si tS +... + Sy 


= = [2% 1+(n-1) x 1 + [2% 2 +(n-—1) x 3| + + 5 | 2m+ (1-1) (2m 1) | 


- eax (+24 3+...¢m)+(n-1)(1+34+5+...+ (2m -1)| 


N 


= za mill +m) +(n-1) 11 + (2m—1)] 


= : [m (m +1) + m? (1 — | = = (mn +1) 


EXAMPLE 35 If the sum of m terms of an A.P. is equal to the sum of either the next n terms or the next p 
terms, then prove that 


(11 +-n) | — les (12 + p) (3 -1| 
m p mon [NCERT EXEMPLAR] 


SOLUTION Let a denote the first term and d the common difference of the A.P. Further, let a; 
denote the k® term of the A.P. Then, 


Sum of 1 terms = Sum of next m terms 











= A +My + AZ 4-.. Om = Gye 1 Ft 4n42 Te tone n 
=> 2 (ay +A +...+ My) = A +A +... + Oy + Oy 1 tne 2 et Gna 
= 25Sn = Sn+n 
= 2 mt {20+ (m—1) al = me {2a+(m+n-1) al 
x 2m _ 2a+(m+n—1)d 
m+n 2a+(m-—1)d 
x 2m ee 2at+(m+n-l)d_, 
m+n 2a+(m-—1)d 
m—n nd 


—-> ——$ SS ~ 
m+n 2a+(m—1)d ~~) 
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Similarly, 
Sum of 7 terms = Sum of next p terms 
m—p pd 


...(ii) 





m+ p 5 2a +(m—1)d 
Dividing (i) by (ii), we get 

m-n m+p _ on 

m+n m-p- p 


(mm —n) (m + p) a (71 + n) (in — p) 


=> 
n p 
E (m—n)(m+p) — (m+n) (m—p) 
nm mp 
=> (m + p) a =") = (mm +71) ae == 
mn mp 


=> (71 + 1) (2-2) = (m+ p) (2 -4) 
pm n om 

=> im+n( 2-2) = m+p)(2-2] 
m p mon 


1. Find the sum of the following arithmetic progressions: 
(i) 50, 46, 42, ... to 10 terms 


(ii) 1,3,5,7,..to1l2terms 

(iii) 3,9/2, 6, 15/2, ... to 25 terms 
(iv) 41, 36, 31, ... to 12 terms 

(v) a+b,a—b,a— 3b,... to 22 terms 


EXERCISE 19.4 


(vi) (x -y)’, (x? + y), (x + y)’, ... tom terms 


(vii) Sie I Sie ye SEN ... to 1 terms 
x+y X+y x+y 
2. Find the sum of the following series: 
(i) 2+5+8+...+ 182 
(ii) 101 + 99 + 97 +... +47 
(iii) (4 —b)? + (a? + b2) +(at+ by? +...+[(a+ by? + 6ab] 
3. Find the sum of first n natural numbers. 
4. Find the sum of all natural numbers between 1 and 100, which are divisible by 2 or 5. 
[NCERT] 
Find the sum of first n odd natural numbers. 
Find the sum of all odd numbers between 100 and 200. 
Show that the sum of all odd integers between 1 and 1000 which are divisible by 3 is 83667. 


Find the sum of all integers between 84 and 719, which are multiples of 5. 


PN 
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9. 
10. 
11. 
12. 
13. 


14. 
15. 


16. 


17. 
18. 


19. 


20. 


21. 
22. 


23. 


24. 
25. 


26. 


27. 
28. 


29. 


30. 


31. 


32. 


33. 


Find the sum of all integers between 50 and 500 which are divisible by 7. 
Find the sum of all even integers between 101 and 999, 

Find the sum of all integers between 100 and 550, which are divisible by 9. 

Find the sum of the series: 3+5+7+6+9+12+9+13+17+... to3n terms. 


Find the sum of all those integers between 100 and 800 each of which on division by 16 
leaves the remainder 7. 


Solve: (i) 25+22+19+16+...+x=115 (ii) 1+4+74+10+...+x=590. 
Find the rth term of an A.P., the sum of whose first 1 terms is 3n7 + 2n. 


[NCERT EXEMPLAR] 


How many terms are there in the A.P. whose first and fifth terms are —14 and 2 respectively 
and the sum of the terms is 40 ? 


The sum of first 7 terms of an A.P. is 10 and that of next 7 terms is 17. Find the progression. 


The third term of an A.P. is 7 and the seventh term exceeds three times the third term by 2. 
Find the first term, the common difference and the sum of first 20 terms. 


The first term of an A.P. is 2 and the last term is 50. The sum of all these terms is 442. Find 
the common difference. 


The number of terms of an A.P. is even; the sum of odd terms is 24, of the even terms is 30, 
and the last term exceeds the first by 10 1/2, find the number of terms and the series. 


Its, =n" pandS,, = m p,m #n, in an A.P., prove that S, = p>. 
If 12th term of an A.P. is—13 and the sum of the first four terms is 24, what is the sum of first 
10 terms ? 


If the 5th and 12th terms of an A.P. are 30 and 65 respectively, what is the sum of first 20 
terms ? 


Find the sum of terms of the A.P. whose kth terms is 5k + 1. [NCERT] 
Find the sum of all two digit numbers which when divided by 4, yields 1 as 
remainder. [NCERT] 
If the sum of a certain number of terms of the AP 25, 22, 19, ... is 116. Find the last term. 

[NCERT] 
Find the sum of odd integers from 1 to 2001. [NCERT] 
How many terms of the A.P. — 6, — ; ,—5,... are needed to give the sum — 25? 


In an A.P. the first term is 2 and the sum of the first five terms is one fourth of the next five 
terms. Show that 20th term is — 112. [NCERT] 


If Si be the sum of (2 + 1) terms of an A.P. and S2 be the sum of its odd terms, then prove 
that: S; :S5 =(2n +1) :(1 +1). 


Find an A.P. in which the sum of any number of terms is always three times the squared 
number of these terms. 
If the sum of 2 terms of an A.P. ismP + 3 n(n —1) Q, where P and Q are constants, find the 


common difference. [NCERT] 


The sums of n terms of two arithmetic progressions are in the ratio 5” + 4: 9n + 6. Find the 
ratio of their 18th terms. [NCERT] 


. Thesums of first n terms of two A.P.’s are in the ratio (7m + 2): (1 + 4). Find the ratio of their 


5th terms. 
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ANSWERS 
1. (i) 320 es 144 (iii) 525 (iv) 162 (v) 22a —440b (vi) (x -y)” + (n—1) xy} 
Koil) ee re ean (2x-y)- u} 2. (i) 5612 (ii) 2072 (iii) 6 (a7 +b? + 3ab) 
3. a 4. 3050 5. n°? 6. 7500 8. 50800 9. 17696 10. 246950 
11. 16425 12. 3n(2n+ 3) 13. 19668 14.(i) -2 (ii) 58 15. 6r— 
16. 10 = a=1, d=1/7 ‘18. -1,4, 740 19. 3 
20. 8 terms, 1 >” 3, Aor 22. 0 23. 1150 24. 5 On +7) 25. 1210 
26. 4 27. 1002001 28. 5 or 20 31. 3,9, 15, 21 32. Q 
33. 179: 321 34. 5:1 


HINTS TO NCERT & SELECTED PROBLEMS 


3. Required sum =1+2+3+... +n=> (1 +N) 


4. Required sum = Sum of natural numbers between1 and 100 which are divisible by 2 
+ Sum of natural numbers between 1 and 100 which are divisible by 5 
—Sum of natural numbers between 1 and 100 which are divisible by 2 
and 5 both i.e. by 10 
(2+4+...+100) +(5+104+15+...+100) —(10 + 20 +... + 100) 


(2 + 100) + > (5 + 100) (10 + 100) 


2550 + 1050 —550 = 3050 
5. Required sum =1+3+5+... + (2n-1) =211 + (2n — | =n” 


6. Required sum = 101 + 103 +... + 199 = ~ (101 + 199) =7500 


8. Required sum = 85 + 90 +...+ 715 = 27 (85 +715) =50800 
9. Required sum = 56 + 63 + ... + 497 
10. Required sum = 102 + 104 +... + 998 
11. Required sum = 108 + 117 +... + 549 
12. Required sum = (3 +6+9+...ton terms) + (5+9+13 +... tom terms) + (7+12+17+...ton 


terms) 
13. Required sum = 103 + 119 + 135 +... + 791 


15. 4 =S$ -S_1 =(3r? +2r)-1 3 (7-1)? +2¢r-0)} = 6r—-1 


17. We have, S =10and S}4 =10 +17 =27 
24. We have, 
a, = 5k +1 => a, =6 anda, =sn+1 


sa(a) 


=> $,=5(6+5n+1) = 2 (5n+7 
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25. 


26. 


2a fe 


29. 


We have to find the sum of all two digit numbers of the form 4k + 1, k e N. Clearly, such 
numbers are 13, 17, 21, 25, ..., 97 and are forming an A.P. with common difference 4. Let 
such numbers be in number. Then, 


97 =n” term of AP with first term 13 and common difference 4 
=> 97 =13+(n-1)x4 
Set — | 2 2) 
=> n= 22 
Let S be the sum of such numbers. Then, 


rT 
S = (1+ 


=e oe = (13+-97 | = 1210 


Let the sum of 1 terms of the A.P. 25, 22, 19, ... be 116. Then, 
2x 25 +(1 -x(-3)} 


232 = n(— 3n +53) 

3n* —53n + 232 = 0 

3n* —24n —29n + 232 = 0 
(1 —8)(3n-—29) = 


0 
n=8 E ne? 
3 


ag = 25 +7 x (- 3) = 
The odd integers from 1 to Sti arel, 3,5,7,..., 2001. Let the number of such integers be 7. 
Then, 

2001 = 1+(n-—1)x 2 =n = 1001 


Required sum = (1 +2001) = 1001x1001 = 1002001. 


116 


Ud ae 


ALITER The sum of first odd integers is n”. So, the sum of odd integers 1,3, 5, 7, ..., 2001 is 
(1001)* = 1002001. 


We have, 


a, = Zand ay +a +...+%5 = 3 (M6 + a +... +40) 


Now, 
My +g +...+% = 5 (46, + 0 +... + 40) 
=> 4(@,) +4) +...+%) = Mg+% +...+ M9 
=> 455 = 5i9—55 
=> 555 = Si9 
= i (2x2+(5- gs ee | 


> (4+ 4d) = = (9d +4) 


y 


20(1+d) = 2(9d+4) > 10+10d = 9d+4 => d=-6 
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% og = 04,4+19d = 24+19x(—6) = -112 
31. Use S, = 3n* and a, =S,-S,—1- 
32. We have, 
5, = nP + —n(n-1)Q => S,_1,=(n-1) P += (1-1) (1-—2)Q 
Let a,, be the n'” term. Then, 
M = S,-S,-4 
=> m= {nP+Fnor-2 Qh —{(n—1) P+2(n-1 n-2) 0} 


=> = P+=(n-1){n-(n-2)}Q 


=> m&=P+(n-1)Q 
=> 4 -1,=P+(n-2)Q 
Let d be the common difference. Then, 


d= —M,_ 4 ={P +(n—-1) Q}) —{P +(n—2) Q}=Q 
ALITER We have, 


Sy =P +=n (n-1)Q => S, =3n'Q {P-2)» 


Clearly, 5, is of the form An? + Bn. Hence, the sequence is an A.P. with common difference 





2A =Q. 
33. Let S,, and S’,, be the sums of n terms of two arithmetic progressions. Then, 
St _on+4 
S,, 9n+6 


n 
2 {2a, + (n —1) d,) z 5n+4 





= 
5 {2ay +(n-1) do} 9" +6 


2a; + (n —1) dy _on+4 
2a +(n—1) do 9n + 6 


4 + n-1 a. 
: 2 .  5n+4 


(**)  On+6 
ag + 5 d> 








ay + 17d, au 179 

f9+17d, 321 

ALITER If the ratio of the sums of terms is given, then to find the ratio of their nh terms, 
we replace n by (2n —1). So, to find the ratio of 18th terms, we replacenby 2 x 18 —1 = 35in 
the ratio 5n + 4:9n+ 6 

Hence, required ratio is (5 x 35 + 4) :(9 x 35 + 6) ie. 179 : 321. 


19.6 PROPERTIES OF ARITHMETIC PROGRESSIONS 

In this section, we shall discuss some properties of arithmetical progressions which will be 
frequently used in this chapter and in the subsequent chapters. 

PROPERTY 1 If a constant is added to or subtracted from each term of an A.P., then the resulting 
sequence is also an A.P. with the same common difference. 


Replacing = by 17 i.e.n by 35, we get 


i ee a eS 
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PROOF Let 4, 4, 43,... be an A.P. with common difference d, and let k be a fixed constant 
which is added to each term of this A.P. Then, the resulting sequence is a; + k, ay +k, a3 + ky... 


Letb, =a, +k,n=1,2,... Then, the new sequence is b,, b5,b3,... 
Now, 08)4. 1-0, =(Q.41+4) —(q_ +h) =G41-% = dforallneN 
Thus, the new sequence is also an A.P. with common difference d. 


PROPERTY 2 /f each term of a given A.P. is multiplied or divided by a non-zero constant k, then the 
resulting sequence is also an A.P. with common difference kd or d/k, where d is the common difference of 
the given A.P. 
PROOF Leta, a7, 43,...be an A.P. with common difference d and let k be a non-zero constant. 
Let by, b>, b3,... be sequence obtained by multiplying each term of the given A.P. by k. Then, 

b, = 4 k, bo = & k, cney b,, = ty Ke eas 
Now, 0b, 44-0) =4Q)4.1k —G K=(Q,4.1—-%) kK=dk forallneN [.-4,,1—4, =d for alln eN] 
This shows that the new sequence is an A.P. with common difference dk. 


Similarly, it can be proved that on dividing each term of a given A.P. by a non-zero constant, we 
obtain a sequence which is also an A.P. 


PROPERTY 3 Ina finite A.P. the sum of the terms equidistant from the beginning and end is always 
same and is equal to the sum of first and last term. 


i.e. Ay + My (k-1) = +4, forallk =1, 2, 3,...,n—-1. 
PROOF Let 4, 4,43,..., 4, be an A.P. with common difference d. We have to show that 
Ma, = 4944, H4g Tyg = a4 Fg = -- 
i.e. Ay + = A +%_(~~1) forall kK=1,2,3,...,n-1 
For any k =1, 2,...,n-1 
M +4, -(k-1) = "kT 4+ 1-k 
[a, +(k -1) d]+[a, +(n+1-k-1)d] 
2a, +(K-1+n+1-k-—-1)d 
= 2a, +(n—-1) d= a, +[a, +(n-1) d]=a, + q,. 
PROPERTY 4 Three numbers a, b, care in A.P. iff 2b =a +c. 
PROOF First, let a, b,c be in A.P. Then, 
b—a= Common difference and, c— b= Common difference 





=> b-a =c-—b 
— 2b =a+ec 


Conversely, let a, b, cbe three numbers such that 2b = a + c. Then, we have to show that a, b, care 
in A.P. 


We have, 2b=a+e => b-a=c-b = a,b,careinA.P. 


ILLUSTRATION If > k, > are in A.P., find the value of k. 


SOLUTION It is given that, 
5 31 


De ae ee 2 31 
—, k,—areinA.P.> 2k =—+— => 2k = =>k = —. 
BPR on 3. 8 7A 48 


PROPERTY5 A sequence isan A.P. iffits nth term is a linear expression in n i.e. a, = An + B, where A, 
B are constants. In such a case the coefficient of n in ay, is the common difference of the A.P. 


PROOF See example 3 on page 19.3. 
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PROPERTY6 A sequence isan A.P. iff the sum of its first n terms is of the form A n> + Bn, where A, B 
are constants independent of n. In such a case the common difference is 2A i.e. 2 times the coefficient of n?. 
PROOF See example 6 on page 19.17. 

PROPERTY 7 If the terms of an A.P. are chosen at regular intervals, then they form an A.P. 
PROPERTY 8 /fa,, 4,41 and 4, , 2 are three consecutive terms of an A.P., then 2a, , 1 =a, + Ayn 4 2° 


ILLUSTRATIVE EXAMPLES 


Type I TO PROVE THAT THREE NUMBERS ARE IN A.P. WHEN THREE GIVEN NUMBERS ARE IN AP. 


ea : If a,b, care in A.P., prove that the following are also in A.P. 


() == a = (ii) b+c,c+a,at+b 


(iii) o(F+2),0(2+2),c(242] [NCERT] (iv) a? (b +c),b7 (c +a), c2 (a +b) 
iy we fe. Cc a b 


a 
1 


(v) {@+a?—a}, {(e+a?—07, { (a+b)? -c"| (vi) Walk’ Wade’ EE 


SOLUTION (i) a,b, ae 
CUS 


ha ope = — are in AP. [On dividing each term by abc and using Property 2] 
=> —,—, —are in AP. 
Thus, a, b,c are in A.P. => E 3 = ; are in A.P. 

be ca _ ab 
(ii) It is given that 
a,b, care in A.P. 

= a—(a+b+c), b—(a+b+c),c—(a+b+c) are in AP. [Subtracting a+b +c from each term] 
= —(b+c),-(c+a), —(a+b) are in A.P. [Multiplying each term by — 1] 


=> b+c,c+a,a+b areinA-P. 
(iii) a, b,c are in A.P. 


=> ae —, 35 are in A.P. [On dividing each term by abc and using Property 2] 
i Eee: tae 
=> —,—,—areinAP. 
be ca ab 
ab+be+ca ab+be+ca ab+be+ca 
=> ——$————<<— , —————_._, ———_arein AP. 
bc ca ab ; 
[On multiplying each term by ab + be + ca and using Property 2] 
ab +be+ca ab +be + ca ab +bc+ca 
=> ———-1,———__ - 1, ———__- larein AP. 
bc ca ab 


[On adding —1 to each term and using Property 1] 
ab+ac ab+be be+ Ca in AP. 


4 


be ° ca a 


Linu Dee: ooh Liesl : 
5 Be! Eg ar. —+—|areinA-P. 
=> o(p+2),0(2+2),¢(5 :) 
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(iv) a” (b +c), b? (c +0), c* (a +b) will be in AP. 

if b? (c + a) —a* (b +0) = c* (a+b) —b7 (c +a) 
ie.if c(b? —a*) +ab(b—a) = a(c* —b”) +bc(c—b) 
i.e. if (b —a) (ab + be + ca) = (c —b) (ab + be + ca) 
ie.if b-a = c—b 

ie. if 2b =a+c 

ie.if a,b,carein A.P. 


Thus, a, b,c are in A.P. => a> (b +c), b? (c +a), ¢? (a+b) are in A.P. 


ALITER Itis given that 
a,b, carein A.P. 








— a. 2. z —areinA.P. 
abe’ abe’ abc 
=> 5 Ly Jd SpeHCASE. 
be ca ab 
ab+bce+ca ab+bc+ca ab+be+ca : 
= Scr ceemmmmee Dae snes te ep RNY 
be ca ab 
=> jp fee 4. Abt be barca AUB. 
be ab 
= AUS LACH AO) ACE) are in A.P. [Subtracting 1 from each term] 
be ca ab 
2 2 2 
=> AUN) Or a+e) CCE eS Ae. 
abc abc abc 
= a> (b+ c), b? (c+a), a (a+b) are in A.P. [Multiplying each term by abc] 


(v) It is given that 
a,b, carein A.P. 


=> —2a, —2b, —2c are in A.P. [Multiplying each term by — 2] 
=> a+b+c—2a,a+b+c—2b,a+b+c—2careinA-P. [Adding a+b +c to each term] 
= b+c—a, c+a—-—b,a+b—carein AP. 
= (a+b+c)(b+c-—a), (a+b+c)(c+a—-b), (a+b +c) (a+b—c) are in AP. 

[Multiplying each terming a+b +c] 
~ tee: =e iene ~b”, (a+b)? —c? are in A.P. 
(vi) ————— rd eK’ Tay Typ willbe in AP. 
f cael a 1 1 











Tui b+ Jc ja+ yb c+ Ja 
fies vb - Ja (ve - vb) 
We +a) (lb +e) Ga +b) (le + Ja) 
i.e. if vb = Ja ve ~vb 








Leif 0b 
ie.if 2b =a+c 
ie.if a,b, carein ALP. 
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Thus, a,b,careinAP.—=> ——— 


ee et’ aa ep wen ar. 


ALITER It is given that 
a,b, carein A.P. 


=> b-a=c-b : -. 
2 (Wai) -v8)-(v6 -8)(ve +08) 
_ vb-Ja_Jc-yb 

Saye aa 

(Fe) (ao) (68) (68 
eo ie 


Bere e-8){0-6 


: So! 

Ve+Ja Jb+Jce Ja+Jb Jce+ a 

J Sree Ut eee) 
b+Je’ Ve+Ja’ Ja+ Jb 


EXAMPLE2 If a”, b? C7 arein A. P, then prove that the pllowine a are also in A.P. 
1 1 b c 
as C+a a+b Ores Cta a+b. 
1 1 
b+c c+a’ a+b 
1 1 ee! 


if — -—— = 


Ct+a b+c a+b c+a 
b-—a c—b 
(c+a)(b+c) (a+b)(c+a) 

b-a c—b 


b+c a+b 
ieif b*-—g* = c2—p? 


ieif 2b = ae +c? 














SOLUTION Oe: will be in A.P. 

















i.e. if 


i.e. if 








i.e. if a,b bi, c? are in A.P. 


Thus, a*,b*,c* areinAP.=> A P J - are in A.P. 
b+c c+a a+b 











ALITER (i) It is given that 
a’, b2, c? are in A.P. 
= b2 az =. c2 _p? 
=> (b —a) (b +a) =(c—b) (c +b) 


ARITHMETIC PROGRESSIONS 
b-a c-—b 
=> —.- = —— 
b+c a+b 
ix (b+c)—(a+c) (c+a)—(b+a) 
b+c a+b 


(b+c)—(a+c) (c+a)—(b+a) 









































=> = 
(a+c)(b+c) (a+b) (a+c) 
1 1 1 1 

=> Sa ioe ae 
a+c b+c a+b atc 

a 2 ty . ) archive 
b+e cta atb 

(ii) aM 2 _eniheinaee 
b+ec c+a at+b 

: a b ; 

if +1,—— +1, +lareinA.P. 
b+ec c+a a+b 

fait SYOtE ero c a oee ee eiaD 
b+ec c+a c+a 

i.e. if . ‘ : ! are in A.P. 
b+c c+a a+b 

; 1 1 1 1 

i.e. if —_—_—_ — = _ 
ct+ta b+c a+b c+a 

yes b-—a c—b 

Le.if £©£<—@ <—_—_—_—— «= 
(c +a) (b+ Cc) (a+b) (c +a) 

Frets b—a c—b 

Leif —— = — 
b+c a+b 

i.e. if b* =a = oF = 

i.e. if 2b” = ae +c7 

i.e. if nb > are in A.P. 


R a b 
Thus, fey Baie are in A.P. => ——, > 
b+c c+a a+b 





ALITER It is given that 
a, b2, c? are in A.P. 


b? 4" = c2 =: 


— 
= (b +a) (b —a) =(c +b) (cb) 
b-a c-—b 
—- — | 
b+c atb 
(b+c)—(a+c) (c+a)—(b+a) 
—> SSE 
b+c a+b 
as (b+c)—(at+c) (c+a)—(b+a) 
(at+c)(b+c) (a+b) (a+c) 
= pA thio 5 als coamhen 


atc b+c at+b atc 
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| 1 
Multiplying both side by —— 
[Multiplying both side Yes pl 


[On adding 1 to each term] 


[On dividing each term by a+b +c] 


are in A.P. 
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1 1 1 ; 
-——, ,——arein AP. 
b+e c+a atb 
atb+c atb+c a+b+ce 
Ls Eig ie Pa > 

b+c ° c+a a+b 


a b Cc 
b+c C+a a+b 
a b Cc 2 
,——,—arein AP. 
b+e c+a atb 





are in A.P. 








are in A.P. 





=> 1+ 





+c-a c+a-b at+b-c_., ‘oo 
EXAMPLE3 If per Risin Sy are in A.P., prove that : ; ; : S are also in A.P. 
a A / a &: 


are in A.P. 





b+c-a ct+ta—-—b a+b—-c 
SOLUTION a a ee 
a 


" G5 8: 2h, a a= + 2} {" gue + | are in A.P. [Adding 2 to each term] 
a 








b Cc 
a+b+c at+bic at+bhbec 
a 4 b 4, 
Be ee retin AP 
boc 


EXAMPLE4 If a” + 2hc, b? + 2ac, c7 + 2ab are in A.P., show slab : ; : 
I—-C cC-Aa 





are in A.P. 


Dividing each term by a +b + c 








1 
, —— are in A.P. 
) 


SOLUTION az + 2bc, b? + 2ac, of + 2ab are in A-P. 


=> (a° + 2be) —(ab + be + ca), (b? + 2ac) — (ab + be + ca), (c2 + 2ab) ~ (ab + be + ca) are in ALP. 
[On subtracting (ab + be + ca) from each term] 
= a? +be —ab—ca, b* + ca —ab —be, c* + ab —be —caare in A.P. 
= (a—b) (a—c), (b —c) (b —a), (c —a) (c —b) are in A.P. 
ca aa, , ints r as are in A.P. On dividing each term by (a—b) (b —c)(c- 0| 
b-c c-a a-b 
1 1 


=> —., — are in A.P. 


—, ltiplying ez 7 —1 
SRE a [On multiplying each term by —1] 





EXAMPLES If(b — c)?, (c —a)’, (a ~b)? are in A.P., prove that ; : ; : ; z ; are in A.P. 
—-C c-a a- 











SOLUTION (b —c)”,(c—a)”,(a—b)? arein AP. 
— (c —a)* —(b —c)? = (a —b)” ~(c—a)? 
= (b -—a)(2c-a-—b) = (c—b) (2a—b —0)...(i) 
= (b —a) ((c—a) +(c —b)} = (c —b) ((a—-b) + (a—c)} 
= (b —a)(c—a) +(b —a)(c—b) = (c—b) (a—-b) + (a—c) (c -b) 
=> —(a—b) (c—a) + (a—b) (b —c) =—(a—b) (b —c) + (b -—0) (c —a) 
oe [Dividing throughout by (a —b) (b —c) (c —a)] 
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evr A ’ : , : are in AP. 
b-c c-a a-b 
Thus, if (b — c)?, (c — a)” ,(a- by? are in A.P., then : are in A.P. 
=a c-a’a—b 
EXAMPLE 6 tg a, b,c are in A.P., then prove that: 
(i) (a —c)? = 4 (b? — Ac) (ii) a? + 4b? + co = Sb (a? + c?) 


SOLUTION (i) It is given that a, b,c are in A.P. 


a+c 
2b=a+c=> b= 





Putting b = a 





on RHS, we obtain 


2 2 
mis-40% a -4)(*54) ma enced ieee (a + c)* — 4ac =(a —c)? = LHS 





+ 


(ii) It is given that a,b, care in A.P. 


a+c 
2b=a+c > b=—— 


2 
LHS =a? +4b° 4+¢° 





3 
ae +a( 226) +¢° =(a9 +3) += (a+0) 


3/208 +C 3) 4 (a+c) yp =2 {reo —AC+C 2) + (atc): ‘| 


Nie Sie 


ig {200 —ac+c*)+(a+c)" 


rah 


=—(a+c) 3(a7 +C A) = 3{ $2 \(a? act = 3b (a~ +c*) =RHS 


G 


ALITER LHS = a? + 4b? +¢9 
=(a° + c?) +4b° 
=(a+c)? — 3ac (a+c) +4b° 
= (2b)? — 3ac (2b) + 4b9 
=12b> —6abc 
= 3b (4b? —2ac) = 3b {(2)7 ~2ach = 3b (a+ c)? ~2ac} = 3b (a” + c*) = RHS 
EXAMPLE 7 If a’ (b+), b? (c +a), c? (a +b) are in A.P., show that either a, b, c are in A.P. or 
ab + bc + ca =0. 
SOLUTION a (b +c), b? (c +a), c? (a+b) are in A-P. 
b* (c+a)—a? (b+) = c* (a+b) —b? (c +a) 
(b7a —a°b) + (b7¢ — ac) = (c2b —b7c) + (c2a —b2a) 


(b —a) (ab + bc + ca) = (c —b) (ab + bc + ca) 
(ab + be + ca) (2b -—a-—c) = 
ab+be+ca = 0 or 2b-a-c =0 
ab+be+ca =0 or a,b,careinAP. 


YUU Y 
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-EXERCISE 19.5 
LEVEL-1 
1. If x a e are in A.P., prove that: 
a ae re 
Gees. © ; BRA reiriALP, Gyn (bee) (cn), cla £2) are in. AP. 
a Cc 








De ilf a’, b?, c? are in A.P., prove that —— , b . g are in A.P. 
b+c c+a at+b 


3. Ifa,b, carein A.P., then show that: 
(i) a (b +c), b? (c +a), ¢? (a + b) are also in A.P. 
(ii) b+c-a,c+a—-b,a+b—careinA-P. 
(iii) be - a’, ca po ab —c* are in AP. 


4. If Bae ote = p are in A.P., prove that: 
c 











a |RA 
Shs ~ 
alee 


(i) 
5. Ifa,b,c oa in A.P., prove that: 
(i) (a- c)? =4(a—b) (b-c) (ii) a” +c* + 4ac =2 (ab + be + ca) 
(iii) a? +> + 6abe =8b° 


6. Ifa a ,D at iC Lge are in A.P., prove that a,b, care in A.P. 
boc Ca rede. 


are in A.P. (ii) be, ca, ab are in A.P. 


/ 


2 


7. Show that x” + xy + y*, 2* +2x-+x7 and 1 y + yz +2” are consecutive terms of an A. Pape 7 


and zareinA.P. | [INCERT EXEMPLAR] 
HINTS TO NCERT & SELECTED PROBLEMS 








5. (G) Poth =< on RHS and LHS 





=“—* on RHS (iii) Putb =4~* 


2 - 
6. a ¢+2),p egos aC be are in A.P. 
DaaG clhUnl a b | 


=> a (3 + a +1,b (2 + 2) +1,C (2 + *] +lare A.P. [.. Adding 1 throughout] 
a 


c 
— sy Lad ole) b hes ald Cc Be += are in AP. 
b Gc}: a c a) b a b 
=a Nagle! ,D pews 7c eee are in A.P. 
De sceya Chad Ai--0 Cc 
=> a, b, careinAP. | Dividing each term by - ; + | 


19.7 INSERTION OF ARITHMETIC MEANS 

If between two given quantities a and b we have to insert n quantities A, Ap,..., A, such that 
a, Ay, Ao,.-. Ay, ,bform an A.P., then we say that Ay, Ap,..., A, are arithmetic means epneen aand b. 
ILLUSTRATION Since 15, 11, 7, 3, -1, -5 are in A.P., it follows that 11, 7, 3, —1 are four arithmetic 
means between 15 and —5. 

Ifa, A, bare in A.P., we say that A is the arithmetic mean of a and b. 
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19.7.1 INSERTION OF ARITHMETIC MEANS 
Let A,, A>,..., A, be n arithmetic means between two quantities a and b. Then,a, Aj, Ag, ..., 
A,,,b is an A.P. Let d be the common difference of this A.P. Clearly, it contains (1 + 2) terms. 





b= (n + 2) term => b = a+(n+1)d=>d = = 
iN - 
b-a 
Now, A, = a+d= a+— 
n+1 
A> =: GiOd ma ose 
n+1 
Ap maySd mayo” 
n+1 
Ale anda 
n+1 


These are the required arithmetic means between a and b. 


19.7.2 INSERTION OF A SINGLE ARITHMETIC MEAN BETWEEN TWO NUMBERS 
Let aand b be two numbers and A be the single arithmetic mean between them. Then, 





a, A,barein A.P. 
=> A-a=b-A 
— 2A=a+b ee 


Thus, the arithmetic mean of a and b is a : b : 





ILLUSTRATIVE EXAMPLES 
LEVEL-1 


EXAMPLE1 Insert three arithmetic means between 3 and 19. 
SOLUTION Let Aj, A>, A3 be 3 A.M.’s between 3 and 19. Then 3, Aj, Ap, Az, 19 are in A.P. 


eel; 
3+1 


A, =3+d=3+4=7, Ap =34+2d =34+2x4=11, Az =3+ 3d=34+3x4=15. 


Hence, the required A.M.’s are 7, 11, 15. 
git 1 + pt 1 





whose common difference d is given by d= 





EXAMPLE2 For what value of n, _——_—— is the arithmetic mean ofa and b? [NCERT] 
a+b 
at b +1 + pt 1 
SOLUTION The A.M. of a and bis . Therefore, So liar will be the A.M. of a and J, if 
+ 


git i, prtl ;: a+b 
ce ae 
OM Cle eae a ) af (a +b") (a+b) 





=> 
=> Qatttsapttt = tts db +b a4p" } 
=> dtl ptt) — ps pta 
=> a" (a—b) = b" (a—b) 
n n 0 
> =o 2 -15(8) =7 Sl2b SS lsSn= 0: 
p” b b b 
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EXAMPLE3 [fn arithmetic means are inserted between 20 and 80 such that the ratio of first mean to the 
last mean ts 1 : 3, then find the value of n. 


SOLUTION Let Aj, A>,..., A, be n arithmetic means between 20 and 80 and let d be the 
common difference of the A.P. 20, A;, Ap,... Ay, 80. Then, 

















_ 80-20 60 b-a 
= — Using: d = —— 
n+1 n+1 n+1 
Nowa = 204d=> A, = 204+--— = 20| 245 
n+l n+1 
Pnceeaee= 0nd, = 204+". = 20| 
n+1 n+1 
It is given that 
BES 2) 
ON OS Batis Si sane = 3n+12=—>n = 11 
Ames 20(@nt1) 38 #4n+1 3 
n+1 


EXAMPLE4 Between 1 and 31 are inserted m arithmetic means so that the ratio of the 7th and (m —1)th 
means is 5: 9. Find the value of m. [NCERT] 


SOLUTION Let Aj, Ap,..., A, be m arithmetic means between 1 and 31. Then 1, 
Aj, Az, -», Ay , 31is an A.P. with common difference d given by 


a out al sie [us _b- 
m+1 m+1 n+1 
7 x 30 _m+ 211 
m+1 m+1 


30(m—-1) 31m-29 
m+1 m+1 











Now, Az =1+7d =1 +—— 


and, A, ,=1+(m-1)d =1+ 


It is given that 


Az = Dam EN - 2 => 9m +1899 =1551-145 => 146m = 2044>m = 14 
An-1 9 31m — 29 9 








EXAMPLE5 Prove that the sum of n arithmetic means between two numbers is n times the single A.M. 
between them. 


SOLUTION Let Aj, Ap,..., A, ben arithmetic means between a and b. Then, a, Aj, Ag,.--, Ay 8 
—a 


aie 





is an A.P. with common difference d given by d= ° 


Now, A,+A2+.---+A, = =(41 + An) te s,-Z(0+9] 


a 5 (a+b) [. @, Ay, Ao,..., An, b isan A.P. «a+b =A; + Ay] 





nn( 222) ns (A.M. between a and b) 
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. 13 ; ah) 
EXAMPLE6 The sum of two numbers is a An even number of arithmetic means are being inserted 


between them and their sum exceeds their number by 1. Find the number of means inserted. 





SOLUTION Letaand b be two numbers such that a+b = - ...(i) 
Let Aj, Ao,..., Ao, be 2n arithmetic means between a and b. Then, 

A, + Ap +...+ Aon, = 2n{ 8 : | [Using result of Example 5] 

13 nay 2 

= A, + Ap +... + Ag, = n(a+b) = = n : [Using (i)] 
=> 2n+1 = =n [. A, +Ap +...+ Ap, =2n+1 (given)] 
= 12n+ 6 =13 
= n=6 


EXAMPLE7 If the A.M. between pth and qth terms of an A.P. be equal to the A.M. between rth and sth 
terms of the A.P., then show that p + q =r + s. 
SOLUTION Leta be the first term and d be the common difference of the given A.P. Then 
a = pth term = a+(p—1)d;a, = gth term = a+(q-l1)d 
a, = rth term = a+(r-1)dand,a, = sth term = a+(s—1)d 
It is given that 


A.M. between a, and a, = A.M. between 4, and 4; 


5 (ty +4) = = (0 +45) 
+g = My +4; 
{a +(p—1) d}+{a+(q—1) d} = {a+(r—1) d} + {a +(s —1) d} 
(pig—2)d = (r+s-—2)d 
p+q=re+s 


VUUU Y 


EXAMPLES Suppose x and y are two real numbers such that the rth mean between x and 2y is equal to 
the rth mean between 2x and y when n arithmetic means are inserted between them in both the cases. Show 





re eT 
Tt aX 
SOLUTION Let Aj, A9,..-, A, be n arithmetic means between x and 2y. Then, x, Ay, Az, --- 
A,, 2y are in AP with common difference d, given by d, = 2y = 
n 





r™ mean = A,=x+rd, =x+r (22=2) 
n+1 


Let A;', Ao’,..., A,’ benarithmetic means between 2x and y. Then, 2x, Ay', Az", -.,An', yare 


in A.P. with common difference dy given by dy = Yee : 


n+1 








rN mean = A,’ = 2x+rdy = 2x+r (#22) 
n+1 


It is given that : 


=> x+r) —— 
n+1 


A,’ 


2x +r (x2) 
n+1 
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— (74+1)x+r(2y—x) = (n+1) 2x+r(y —2x) 
=> (n+1)x-*y = rx 
= n+1 ey 2% 
r x 
EXERCISE 19.6 
LEVEL-1 
1. Find the A.M. between: 


(i) 7 and 13 (ii) 12 and -8 (iii) (x — y) and (x + y). 
. Insert 4 A.M.s between 4 and 19. 
. Insert 7 A.M.s between 2 and 17. 
. Insert six A.M.s between 15 and —13. 
. There aren A.M.s between 3 and 17. The ratio of the last mean to the first mean is 3: 1. Find 
the value of n. 
- Insert A.M.s between 7 and 71 in such a way that the 5th A.M. is 27. Find the number of 
A.M.s. 
7. Ifn A.M.s are inserted between two numbers, prove that the sum of the means equidistant 
from the beginning and the end is constant. 
8. If x, y,zare in A.P. and A, is the A.M. of x and y and Ap is the A.M. of y and z, then prove 
that the A.M. of A; and Ap is y. 
9. Insert five numbers between 8 and 26 such that the resulting sequence is an A.P. 
[NCERT] 


uu »® WwW N 


=) 


ANSWERS 





1.(i) 10 = (ii) 2 (iii) x 2. 7,10, 13, 16 

3, 31 23 61 19 91 53 121 
ented Ug! pty) ie’ 4” ig 

4. 11,7,3,-1,-5,-9 5.6 6. 15 9. 11, 14,17, 20, 23 


HINTS TO NCERT & SELECTED PROBLEMS 


9. Let 4,4),3,44,0 be five natural numbers between 8 and 26 such that 
8, @1, 2, 93, A4, a5, 26is an A.P. Let d be the common difference. Then, 


ne 26 —8 = 3 = qa 
5+1 n+1 


ay =8+3=11, Ay =A, + 3=14, a3 = 17/7 ag = 20 and fs = 23 
Hence, five numbers are 11, 14, 17, 20 and 23. 


19.8 APPLICATIONS OF A.P. 


In this section, we shall discuss some problems based upon the applications of arithmetic 
progressions. 











EXAMPLE1 The digits of a positive integer, having three digits, are in A.P. and their sum is 15. The 
number obtained by reversing the digits is 594 less than the original number. Find the number. 
SOLUTION Let the digits at ones, tens and hundreds place be (a — d), a and (a + d) respectively. 
Then the number is 

(a+d)x100+ax10+(a—d) = 11la+99d 
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The number obtained by reversing the digits is 
(a-—d)x 100 +ax10+(a+d) = 11lla—99d 
Itis given that (a—d)+a+(a+d)= 
and, 11lla—99d=111la+ 99d —594 
=> 3a = 15 and 198d = 594 =a = 5andd = 
So, the number is 111a+ 99d =111 x 5 + 99 x 3 =852. 
EXAMPLE 2 Two cars start together in the same direction from the same place. The first goes with 
uniform speed of 10 km/h. The second goes at a speed of 8 km/h in the first hour and increases the speed by 


1/2km each succeeding hour. After how many hours will the second car overtake the first car if both cars 
go non-stop ? 


SOLUTION Suppose the second car overtakes the first car after t hours. Then the two cars travel 
the same distance in t hours. 


Distance travelled by the first car in ft hours = 10 ¢ km. 


Distance travelled by the second car in ¢ hours 
= Sum of t terms of an A.P. with first term 8 and common difference 1/2. 


= 2x84 (t-1)x 3} 02) 
2 2 


4 
When the second car overtakes the first car. The distance travelled by both cars is same. 
108 LAPS BD) 2s op Soh een eee [: t #0] 


Thus, the second car will overtake the first car in 9 hours. 


EXAMPLE 3 A man repays a loan of ¥ 3250 by paying & 20 in the first month and then increases the 
payment by % 15 every month. How long will it take him to clear the loan ? 


SOLUTION Suppose the loan is cleared in n months. Clearly, the amounts form an A.P. with 
see term 20 and the common difference 15. 
Sum of the amounts = 3250 


= *{2 x 20 + (n—1) x 15} = 3250 


=> 3n* +5n—1300 = 0 => (1 — 20) (3n + 65) =O=> n=20 E n+ 65+ 0| 


Thus, the loan is cleared in 20 months. 


EXAMPLE 4 150 workers were engaged to finish a piece of work in a certain number of days. Four 
workers dropped the second day, four more workers dropped the third day and so on. It takes 8 more days to 
finish the work now. Find the number of days in which the work was completed. 


SOLUTION Suppose the work is completed in n days when the workers started dropping. Since 
4 workers are dropped on every day except the first day. Therefore, the total number of workers 
who worked all the n days is the sum of m terms of an A.P. with first term 150 and common 
difference — 4. 


i.e. 7 12x 150 + (n -1)x-4} =n (152 — 2n) 
Had the workers not dropped then the work would have finished in (mn — 8) days with 150 


workers working on each day. Therefore, the total number of workers who would have worked 
all the 2 days is 150 (7 — 8). 


n(152—2n) = 150(n—8) => n? —n-600 = 0=> (n—25)(n+24) = 0= n = 25. 
Thus, the work is completed in 25 days. 
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EXAMPLE5 Along a road lie an odd number of stones placed at intervals of 10 metres. These stones have 
to be assembled around the middle stone. A person can carry only one stone at a time. A man carried the job 
with one of the end stones by carrying them in succession. In carrying all the stones he covered a distance 
of 3 km. Find the number of stones. 
SOLUTION Let there be (2n + 1) stones. Clearly, one stone lies in the middle and n stones on 
each side of it in a row. Let P be the mid-stone and let A and B be the end stones on the left and 
right of P respectively. Clearly, there are n intervals each of length 10 metres on both the sides of 
P. Now, suppose the man starts from A. He picks up the end stone on the left of mid-stone and 
goes to the mid-stone, drops it and goes to (7 — 1)th stone on left, picks it up, goes to the 
mid-stone and drops it. This process is repeated till he collects all stones on the left of the 
mid-stone at the mid-stone. So, distance covered in collecting stones on the left of the mid-stones 
=10xn+2[10x (n—1) +10 (n—2) +...410x 2410 1]. 
After collecting all stones on left of the mid-stone the man goes to the stone B on the right side of 
the mid-stone, picks it up, goes to the mid-stone and drops it. Then he goes to (1 —1)"' stone on 
the right and the process is repeated till he collects all stones at the mid-stone. 
Distance covered in collecting the stones on the right side of the mid-stone 
= 2[10x1+10x (1-1) +10 (n-—2)+...4+10x 2+10x 1] 
Total distance covered 
= 10xn+2[10x (1-1) +10 x (n—2) +...410x 2+10x 1] 


+2[10xn+10x (n—1) +...+10x 2+10x1] 
4 [10 x1+10x (7-1) +...+4+10x 2+10x1]-10xn 


40 ; +2+3+... +n|=10n = 40 {za +» ~10n=20n* + 10n. 


But, the total distance covered is 3 km = 3000 m. 
20 n* +10n = 3000 => 2n* +n-300=0 => (n—12) (2n+ 25) =0 => n=12 


Hence, the number of stones = 2 + 1 = 25. 


EXERCISE 19.7 





1. Aman saved ¢ 16500 in ten years. In each year after the first he saved ¥ 100 more than he 
did in the receding year. How much did he save in the first year ? 


2. Aman saves < 32 during the first year, ¥ 36 in the second year and in this way he increases 
his savings by € 4 every year. Find in what time his saving will be = 200. 


3. A man arranges to pay off a debt of % 3600 by 40 annual instalments which form an 
arithmetic series. When 30 of the instalments are paid, he dies leaving one-third of the debt 
unpaid, find the value of the first instalment. 


4. A manufacturer of radio sets produced 600 units in the third year and 700 units in the 
seventh year. Assuming that the product increases uniformly by a fixed number every 
year, find (i) the production in the first year (ii) the total product in 7 years and (iii) the 
product in the 10th year. 

5. There are 25 trees at equal distances of 5 metres in a line with a well, the distance of the well 
from the nearest tree being 10 metres. A gardener waters all the trees separately starting 
from the well and he returns to the well after watering each tree to get water for the next. 
Find the total distance the gardener will cover in order to water all the trees. 

6. A man is employed to count % 10710. He counts at the rate of ¥ 180 per minute for half an 

hour. After this he counts at the rate of ¥ 3 less every minute than the preceding minute. 
Find the time taken by him to count the entire amount. 
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if 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


A piece of equipment cost 4 certain ractory & 600,000. If it depreciates in value, 15% the first, 
135% the next year, 12% the third year, and so on. What will be its value at the end of 10 
years, all percentages applying to the original cost ? 


. A farmer buys a used tractor for ¥ 12000. He pays % 6000 cash and agrees to pay the balance 


in annual instalments of ¥ 500 plus 12% interest on the unpaid amount. How much the 
tractor cost him? 


. Shamshad Ali buys a scooter for ¥ 22000. He pays % 4000 cash and agrees to pay the balance 


in annual instalments of ¥ 1000 plus 10% interest on the unpaid amount. How much the 
scooter will cost him. 
The income of a person is € 300,000 in the first year and he receives an increase of ~ 10000 to 
his income per year for the next 19 years. Find the total amount, he received in 20 
years. [NCERT] 
A man starts repaying a loan as first instalment of % 100. If he increases the instalments by 
<5 every month, what amount he will pay in the 30th instalment? [NCERT] 
A carpenter was hired to build 192 window frames. The first day he made five frames and 
each day thereafter he made two more frames than he made the day before. How many 
days did it take him to finish the job? [NCERT EXEMPLAR] 
We know that the sum of the interior angles of a triangle is 180°. Show that the sums of the 
interior angles of polygons with 3, 4, 5, 6,... sides form an arithmetic progression. Find the 
sum of the interior angles for a 21 sided polygon. [NCERT EXEMPLAR] 
In a potato race 20 potatoes are placed ina line at intervals of 4 meters with the first potato 
24 metres from the starting point. A contestant is required to bring the potatoes back to the 
starting place one at a time. How far would he run in bringing back all the potatoes? 
[NCERT EXEMPLAR] 
A man accepts a position with an initial salary of ¥ 5200 per month. It is understood that he 
will receive an automatic increase of ~320 in the very next month and each month 
thereafter. 
(i) Find his salary for the tenth month. 
(ii) What is his total earnings during the first year? 
A man saved %66000 in 20 years. In each succeeding year after the first year he saved % 200 
more than what he saved in the previous year. How much did he save in the first year? 
In a cricket team tournament 16 teams participated. A sum of &% 8000 is to be awarded 
among themselves as prize money. If the last place team is awarded ¥ 275 in prize money 
and the award increases by the same amount for successive finishing places, how much 
amount will the first place team receive? 


ANSWERS 





1. ¥ 1200 2. 5yrs 3.%51 4. (i) 550 (ii) 4375 (iii) 775 

5. 3500 m 6. 89 minutes 7. ~ 105000 8. ~ 16680 
9. ¥ 39100 10. ~¥7900,000 11. % 245 12. 12 days 
13. 3420° 14. 2480 m 15. (i) 8080 (ii) ¥ 83520 

16. ¥1400 17. < 725 


HINTS TO NCERT & SELECTED PROBLEMS 


10. Here, a = 300,000, d =10,000 and n = 20. Let S be the total amount received in 20 years. 


Then, 
S=ft = {2 x 300,000 + (20 —1) x 10,000} = 10 (600,000 + 190,000) = ¥ 7900,000 


11. Here, a=100, d=5 and n= 30. 


Amount to be paid in 30th instalment = az) =a + 29d =100 + 29 x 5 = 245 


— a ore eae - 
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VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. 


2. 


Write the common difference of an A.P. whose nth term is x + y. 


Write the common difference of an A.P. the sum of whose first 1 terms is 5 n? + Qn. 


3. If the sum of 71 terms of an AP is on + 3n, then write its nth term. 


vl 


. If log2, log (2* —1) and log (2* + 3) are in A.P., write the value of x. 


. If the sums of 1 terms of two arithmetic progressions are in the ratio 2n + 5: 3n + 4, then 


write the ratio of their mth terms. 


. Write the sum of first 27 odd natural numbers. 


po OND 
Ne 


10. 
11. 


. Write the sum of first 1 even natural numbers. 
. Write the value of for whichnth terms of the A.P.s 3, 10, 17, ... and 63, 65, 67,.... are equal. 


3+5+7+...+ upton terms 


= 7, then find the value of n. 
5+8+11+.... upto10 terms 


If mth term of an A.P. ism and nth term is m, then write its pth term. 


If the sums of n terms of two A.P.'s are in the ratio (31+ 2) :(2n+ 3), find the ratio of their 
12 terms. 


ANSWERS 
1b 3 Dh de: 3. 4n+1 4. logs5 
5. (41 + 3) : (6 +1) 6. n> 7. n(n+1) 
8. 13 9. 35 10. m+n—p 11. 71:49 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. 


Ze 


If 7th and 13th terms of an A.P. be 34 and 64 respectively, then its 18th term is 
(a) 87 (b) 88 (c) 89 (d) 90 


If the sum of p terms of an A.P. is q and the sum of g terms is p, then the sum of p + q terms 
will be 
(a) 0 (b) p-q (c) p+q (d) —(p +49) 

. Ifthe sum ofn terms of an A.P. be 3 n* —nand its common difference is 6, then its first term 
is 
(a) 2 (b) 3 (c) 1 (d) 4 


. Sum of all two digit numbers which when divided by 4 yield unity as remainder is 


(a) 1200 (b) 1210 (c) 1250 (d) none of these. 


. In A.M.’s are introduced between 3 and 17 such that the ratio of the last mean to the first 


mean is 3: 1, then the value of 7 is 











(a) 6 (b) 8 (c) 4 (d) none of these. 
2 
If §, denotes the sum of first terms of an A.P. <a, >such that Sm = thena.= 
n an 
2m+1 : 2m—1 ; m—1 m+1 
ee d : 
(a) 2n+1 ©) 2 9?) n—1 ) n+1 
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7. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


The first and last terms of an A.P. are 1 and 11. If the sum of its terms is 36, then the number 
of terms will be 
(a) 5 (b) 6 (c) 7 (d) 8 


. If the sum of 1 terms of an A.P., is 3 n? +5nthen which of its terms is 164? 


(a) 26th (b) 27th (c) 28th (d) none of these. 


. If the sum of n terms of an A.P. is 2 n? +5n, then its nth term is 


(a) 4n-3 (b) 3n-4 (c) 4n+3 (d) 3n+4 

If a1, 49, 3, ... 4, are in A.P. with common difference d, then the sum of the series sin d 
[cosec a; cosec ay + COsec A; COSeC 43 + .... + COSEC A, _ 1 COSEC A, ] is 

(a) sec a; —sec A, (b) cosec a, — cosec 4, 

(c) cot a, —cot a, (d) tan a; —tan 4, 

In the arithmetic progression whose common difference is non-zero, the sum of first 3 1 


terms is equal to the sum of next 1 terms. Then the ratio of the sum of the first 2 2 terms to 
the next 2 n terms is 
(a) 1/5 (b) 2/3 (c) 3/4 (d) none of these 
If a, @9, 43, .... 4, are in A.P. with common difference d, then the sum of the series 
sin d [ sec aj sec ay + S€C Ay SEC 43 +.... + SEC H,_ 1 SEC Ay], is 
(a) sec a, —sec a, (b) cosec a — cosec 4, 
(c) cot a; — cot 4, (d) tan a, — tan a, 
If four numbers in A.P. are such that their sum is 50 and the greatest number is 4 times the 
least, then the numbers are 
(a) 5,10, 15, 20 (b) 4,10, 16, 22 (c) 3,7,11,15 (d) none of these 
If arithmetic means are inserted between 1 and 31 such that the ratio of the first mean and 
nth mean is 3 : 29, then the value of 1 is 
(a) 10 (b) 12 (c) 13 (d) 14 
Let S, denote the sum of terms of an A.P. whose first term is a. If the common difference d 
is givenbyd = S,-kS,_1+5S,_2,thenk= 
(a) 1 (b) 2 (c) 3 (d) none of these 
The first and last term of an A. P. are aand / respectively. If Sis the sum of all the terms of the 
ee I" -a 
A.P. and the common difference is given by Revi +a)’ thenk = 
(a) S (b) 2S (c) 3S (d) none of these 
If the sum of first 1 even natural numbers is equal to k times the sum of first odd natural 
numbers, then k = 








1 1—1 n+1 n+1 
(a) = (b) —— (c) (d) 

n n 2n n 
If the first, second and last term of an A.P are a, b and 2a respectively, then its sum is 
(a) enh (b) au (c) eine (d) none of these 








2 (b —a) b-a 2 (b —a) 
If, S| is the sum of an arithmetic progression of ‘n' odd number of terms and S, the sum of 
the terms of the series in odd places, then = = 














(b) n (c) n+1 (d) n+1 


2n 
(a) 
+1 n+1 2n n 


n 


; 
— Oe eee 


>a es 3; eee eC 
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20. 


Ifinan A.P.,S, = np and S,, = mp, where S, denotes the sum ofr terms of the A.P., then 5, 
is equal to 


(a) ; p> (b) mn p (c) p> (d) (m+n) p* 
21. If in an A.P., the pth term is q and (p + q) th term is zero, then the q'* term is 
(a) -p (b) p (c) p+q (d) p-q 
22. The 10 common term between the A.P.s 3, 7, 11, 15, ... and 1, 6, 11, 16, ... is 
(a) 191 (b) 193 (c) 211 (d) none of these 
23. Ifinan A.P.S, = nq and S,, = m4, where S, denotes the sum of r terms of the A.P., then 5, 
equals 
3 
(a) = (b) mnq (c) q° (d) (m” + n*) q 
24. Let S, denote the sum of first terms of an A.P. If S5,, = 3 S,, then S3,,:S, is equal to 
(a) 4 aD )eO (c) 8 (d) 10 
eeneenenenerpe eer ee CANS WERS 
1. (c) 2. (d) 3. (a) 4. (b) 5. (a) 6. (b) 7. (b) 8. (b) 


9. (c) 10. (c) ~~ 11. (a) 12. (d) = 13. (a) 14. (d) 15. (b) ~~ 16. (b) 
17. (d) 18. (c) 19. (a) 20.(c) 21.(b) 22. (a) 23. (c) 24. (b) 


iL 


SUMMARY 
A sequence is a function whose domain is the set N of all natural numbers or some subsets 
of the type {1, 2, 3,..., }. 
A sequence containing a finite number of terms is called a finite sequence. 
A sequence is called an infinite sequence if it is not a finite sequence. 


. If a1, a>, 23,..., M,.--is a sequence, then the expression @, + a7 +43 +...+%,+...iscalleda 


series. 


A series is called a finite series if it has got finite number of terms, otherwise, it is called an 
infinite series. 


. Those sequences whose terms follow certain patterns are called progressions. 
. A-sequence is called an arithmetic progression if the difference of a term and the previous 


term is always same, i.e. 4,1 —@, = constant (=4d) for alln eN 
The constant difference ‘d’ is called the common difference. 


A sequence is an arithmetic progression if and only if its nth terms is a linear expression inn 
and in such a case the common difference is equal to the coefficient of n. 


. Ifais the first term and dis the common difference of an A.P., then its nth term is given by 


Mm = at+(n-1)d 


. Ifan A.P. consists of m terms, then nth term from the end is equal to (m—n + 1)" " term from 


the beginning. 
The following ways of selecting terms of an A.P. are generally very convenient: 
Number of terms Terms Common difference 
3 a-—d,a,a+d d 
4 a—3d,a-—d,a+d,a+ 3d 2d 
5 a-—2d,a—d,a,a+d,a+2d d 
6 a—5d,a—3d,a-—d,a+d,a+3d,a+5d od 
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9. 


10. 


11. 


12. 


13. 


14. 
15. 


16. 


The sum S, of 1 terms of an A.P. with first term ‘a’ and common difference ‘d’ is given by 
S$, = 5 {2a +(n—1) d} or, S, = : (a + 1), where! = last term =a+(n—1) a. 


If the sum S, of n terms of a sequence is given, then nt! 


determined by using the formula a4, = S,—-S,-1 
A sequence is an A.P. iff the sum of its 7 terms is of the form An? + Bni.e. a quadratic 


‘term a, of the sequence can be 


expression inn and in such a case the common difference is twice the coefficient of n?, 


If the ratio of the sums of n terms of two A.P.’s is given, then the ratio of their n™ terms is 
obtained by replacing n by (2m —1) in the given ratio 


Three numbers a,b, carein A.P.iff2b = a+c.Insuchacaseb is called the arithmetic mean 
of a and c. 





‘ : _ arb 
The arithmetic mean of a and b is : 


If nm numbers Aj, Ao,..., A, are inserted between two given numbers a and b such that 
a, Aj, Ao,..-, Ayn, is an arithmetic progression, then Aj, A>,..., A, are known as n 
—a 


arithmetic means between a and b and the common difference of the A.P. is d = i 
nN + 








Also, A, + Az +... + Ay -n(*2*) 


In an A.P. the sum of the terms equidistant from the beginning and the end is always same 
and is equal to the sum of first and last term. 


4 


i ee ee 
2 “ 7 
tae ee 
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GEOMETRIC PROGRESSIONS 


20.1 GEOMETRIC PROGRESSION 


A sequence of non-zero numbers is called a geometric progression (abbreviated as G.P.) if the ratio of a 
term and the term preceding to it is always a constant quantity. 


The constant ratio is called the common ratio of the G.P. 





In other words, a sequence, @y, Ay, AZ , ++, My, , --. is called a geometric progression if el constant for 
1 
allneN. 
; 12 36 _ 108 Ate 

ILLUSTRATION 1 The sequence 4, 12, 36, 108, ... is a G.P., because a aol BE 3, which is 
constant. 

Clearly, this sequence is a G.P. with first term 4 and common ratio 3. 

ILLUSTRATION 2. The sequence e -= P : , -= ,-..18 a G.P. with first term and common ratio 


1 1 3 
equal to |} -—|+| — |=-—. 
( 3 iS 2 


ILLUSTRATION 3 Show that the sequence given by a, = 3(2'), for alln EN, is a G.P. Also, find its 
common ratio. 


SOLUTION Wehave,4a, = 3 (2”) 

H+1 = 3(2"" ‘) 

O41 “ 3 (ee 1) 
Ay . 3 (2") 


So, the given sequence is a G.P. with common ratio 2. 


So, = 2, which is constant for all n Ee N. 


GEOMETRICSERIES Ifa, ,a7 ,@3,.-.%,---isaG.P., then the expression fj + aj + @3 +... +4, +... 1S 
called a geometric series. 


Note that the geometric series is finite or infinite according as the corresponding G.P. consists of 
finite or infinite number of terms. 

20.2 GENERAL TERM OF AG.P. 

THEOREM Prove that the nth term ofa G.P. with first term a and common ratio r is given by a, =ar" ys 


PROOF Leta, a9, 43,..., %,.-. be the given G.P. Then, 
a =a => a,=ar 


Since a1, 47, 43, ..., M,--. is a G.P. with common ratio r. Therefore, 
a _ 
—2=r => Ay =ayr => aa =ar => a> = ar? 1 
a 
asia = za 2 
Paella ak = a3=(ar)r => a3 =ar° => az =ar 
2 


3-1 


=e» wrens oe et & 


| + SEO + Gre > ow ~<ar 
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= =r => ay =aAgr > ay =(ar?)r => a4 =ar> => aM = ar? 

Continuing in this manner, we get 4, = ar Q.E.D. 
NOTE It follows from the above discussion that if a is the first term and r is the common ratio of a G.P., 
then the G.P. can be written asa, ar, ar”,..., ar" | or,a, ar, ar“, ar®, ar’,..., ar" |, ... according as 
it is finite or infinite. 

20.2.1 mth TERM FROM THE END OF A FINITE G.P. 

THEOREM1 Prove that the nth term from the end of a finite G.P. consisting of m terms is ar" —", where 
a is the first term and r is the common ratio of the G.P. 

PROOF Since the G.P. consists of mm terms. 


nth term from the end = (m —n+1)th term from the beginning = ar’ 


n— 1 


u—i 


THEOREM 2 Prove that the nth term from the end of a G.P. with last term | and common ratio r ts 


1 i 
given by a = ( 2) : 
r 


PROOF Clearly, when we look at the terms of a G.P. from the last term and move towards the 
beginning we find that the progression is a G.P. with common ratio 1/r. 


n—1 
SO, nth term from the end = ( 2) 
a 


ILLUSTRATIVE EXAMPLES 


TypeI FINDING THE INDICATED TERM OF A G.P. WHEN ITS FIRST TERM AND THE COMMON RATIO 
ARE GIVEN 


EXAMPLE1 Find the 9th term and the general term of the progression: : ; -5 pl pH 2c: 
SOLUTION The given progression is clearly a G.P. with first term a =1/4 and common ratio 


i= — 2: 
(9-1) 


9th term =a =ar =ar® iG 2)° = 64 


and, General term = 4, = ar ae) “ (— 2)" = be = 1)" -1 on- 3 


EXAMPLE2 Find the 5th term of the progression 
1, W2- (J2-1) (3-22) (52-7 
“23” ap al Spaifay |e 
SOLUTION Clearly, the given progression is a G.P. with first term a=1 and common ratio 
a eels contta cs thitermisiziven by 


2 
4 
(5-1)_,,(v¥2-1) _(V2-1)* 
ies (2 144 


EXAMPLE3 Find 4th term from the end of the G.P. 3, 6, 12, 24, ..., 3072. 


SOLUTION Clearly, the given progression is a G.P. with common ratior =2. 
1 


1 4-1 4- 





ol 
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Type II ON FINDING THE POSITION OF A GIVEN TERM IN A GIVEN G.P. 


EXAMPLE4 Which term of the G.P. 2,1, aa 245 aus ? 


Nat Stel ii 3 
SOLUTION Clearly, the given progression is a G.P. with first term a=2 and common ratio 
r=1/2. Let the nth term be = Then, 
128 


n—1 n—2 7 
gj Og 23) ae @ -(3] => n-2=7 => n=9 


128 128 2 (2865 \2 


Thus, 9th term of the given G.P. is oa 
EXAMPLE5 Which term of the G.P. 5, 10, 20, 40, ... is 5120 ? 


SOLUTION Clearly, the given G.P. has first term a =5 and the common ratio r = 2. Let the nth 
term be 5120. Then, 


=5120 

=> ar’) =5120 => 5(2"7 4) =5120 = 2"71=1024 = 27+ =2)9 n-1=10 = n=l 
Thus, 11th term of the given G.P. is 5120. 
EXAMPLE6 Which term of the G.P. 2, 8, 32,...is 131072 ? [NCERT] 
SOLUTION Here,a=2 and r=4.Let the nth term be 131072. Then, 

a, = 131072 
= ar"~}=131072 > 2x 4"~1=131072 = 4"~1=65536 = 4" '=4° > n-1=8 > n=9 
Hence, 131072 is the 9th term of the given G.P. 


Type III PROBLEMS BASED ON THE DEFINITION OF A G.P. AND THE FORMULA a,, = ar 


EXAMPLE7 The fourth, seventh and the last term of a G.P. are 10, 80 and 2560 respectively. Find the 
first term and the number of terms in the G.P. 


SOLUTION Leta be the first term and r be the common ratio of the given G.P. Then, 


n—-1 


ar® 80 
a4 =10, &@ =80 > ar? =10 and ar® =80 Sa Va r3=8 => r=2. 
ar” 10 
Putting r =2inar® = 10, we get: 
RO) S10 aes 
8 4 
Let there be n terms in the given G.P. Then, 
a, = 2560 => ar” | =2560 
= > (2"~ 1) = 2560 => 4956 => 99-4298 S 1-428 & nal2. 


EXAMPLE8 The first term of a G.P. is 1. The sum of the third and fifth terms is 90. Find the common 
ratio of the G.P. ([NCERT] 
SOLUTION Letrbe the common ratio of the G-P. It is given that the first term a =1. 

Now, 43 + @& =90 


=> ar= + ar* = 90 0 $y 


=> r? +r* =90 ce 
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= r* +77 -90=0 


=> =r +10r? -9r? -90=0 = (r? +10) (r? -9) =0 = r?-9=0 = r=43. 
Hence, the common ratio of the given G.P. is 3 or — 3. 
EXAMPLE9 If the 4th and 9th terms of a G.P. be 54 and 13122 respectively, find the G.P. 


SOLUTION Leta be the first term and r the common ratio of the given G.P. Then, 
M4 =54 and ag =13122 


=> ar? =54 and ar® =13122 
8 
=> Wa =P =23 = P38 > HB 
ar 54 


Putting r=3 in ar? = 54, we get: a (3)? =>4-—> a=2 
Thus, the given G.P. is a, ar, ar, ar,? e511. (2,6, 18, 54,-<:. 


EXAMPLE10 Finda G.P. for which the sum of first two terms is 4 and the fifth term is 4 times the third 


term. [NCERT] 
SOLUTION Leta be the first term and r be the common ratio of the given G.P. It is given that 
The sum of first two terms=—4. > a, + @) =-4 => a+ar=-4 ...(i) 
It is also given that 


a5 =4a3 > ar* =4 ar? => 127 =4 > r=+2 


Putting r =2 and —2 respectively in (i), we get a =— and a=4 respectively. 


Thus, the required G.P. is = / a8 ’ = h8 
oF. So 3 
EXAMPLE 11 The third term of a G.P. is 4. Find the product of its first five terms. 


SOLUTION Leta be the first term and r the common ratio. Then, 


ye. OY 4,—8,16, —32,... 


a4,=4=> ar? =4 »+.(i) 
Product of first five terms = a] ap a3 a4 ds = a(ar) (ar?) (ar) (ar*) 
= @ 7)? =(gr*? =4> [Using (i)] 


EXAMPLE 12 If the pth, qth and rth terms of a G.P. are a, b, c respectively, prove that: 
9-7) pt —P), (P- 9) 24. [NCERT] 
SOLUTION Let A be the first term and R be the common ratio of the given G.P. Then, 
a=pthterm=AR?~”, b=qthterm=AR%~, and c=rth term =AR ~» 


Substituting the values of a, b and c, we get 
g4-") yt —P), AP-® 


= { are” Pe) ia | fare-o}?- 

= AGQ-) RP-VG-7) AY -P) ROI- DC -p) AiP-9) Rr - (p-4) 
_ Air +7 P+ P-D) RiP-VG-1) + 4- Ir —p) + (7 -1)(p-9) 
BAY Rea) + q(r —p)+1r(p—9)—(4-r)—(r—p)-(p—q) _ ,0p0 = 


GEOMETRIC PROGRESSIONS 20.5 


EXAMPLE 13 Ifa, b, c are respectively the pth gt and r'" terms of a G.P., show that 
(q—r) log a +(r —p) log b + (p —q) log c =0. 
SOLUTION Let A be the first term and R the common ratio of the given G.P. Then, 


a=pth term => a=AR?~! = log a=log A+(p-—1) log R (i) 
b =qth term = b=AR1~! => logb=log A+(q—1) logR .«(ii) 
c=rth term = c=AR'~! => log c=log A+(r—1) log R ...(iii) 


Substituting the values of log a, log b and log c, we get 
(q—r) loga+(r —p) log b + (p—@q) loge 
= (q-r) {log A+(p-—1) log RI + (r —p) {log A +(q-1) log RI 


+(p —q) {log A +(r—1) log RI 


log A}(q-" +(r—p) + (p-9} + log R {-) (q-r)+(q-1)(r-p) +(r-1) p-9} 


(log A) 0+{p (q-1) + 4(r—p) +r (pq -(q-1) -(¢-p) ~(p- 9} log R 


= (log A) 0 + (log R) 0=0. 
EXAMPLE14 Find four numbers forming a geometric progression in which the third term is greater than 
the first terms by 9, and second term is greater than the 4th by 18. [NCERT] 


SOLUTION Let the four numbers in G.P. be a, ar, ar” and ar®. It is given that 
ar? =a+9 and ar=ar> +18 

— a(r? —1)=9 and ar(l _r?) =18 

 ar(l-r”) 18 

: a =o 5. = 

Putting r =—2ina (r? —1) =9, we get 
a(4-1)=9 => a=3 

Hence, the numbers are: 3, 3 (—2), 3 (22)7, 3 (-2)° or, 3, — 6,12, — 24. 

EXAMPLE 15 The number of bacteria in a certain culture doubles every hour. If there were 30 


bacteria present in the culture originally, how many bacteria will be present at the end of 2nd hour, 4th 
hour and nth hour? ([NCERT] 


SOLUTION Clearly, number of bacteria at the end of different hours forms a G.P. with first term 
a= 30 and common ratio r = 2. 
Number of bacteria present at the end of 2nd hour 
= Third term of the G.P. with first term a = 30 and common ratior =2 
= ar* = 30x 27 =120 
Number of bacteria present at the end of 4th hour 
= 5th term of the G.P. with first term a = 30 and common ratior = 2 
ar* = 30x 2* = 480 
Number of bacteria present at the end of nth hour 
= (n+1)™ term of the G.P. with first term a = 30 and common ratior = 2 


= ar" =30x 2" 


—-r=2 > r=-2 


or = 


Sil 4d 
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EXAMPLE 16 What will % 500 amounts to in 10 years after its deposit in a bank which pays annual 
interest rate of 10% compounded annually? [NCERT] 


SOLUTION We have, 
P = Principal = ¥ 500, R = Rate of interest = 10% 


Amount at the end of one year = & ¢ + z| =P (1 + x) 


+P(14—_)*& 
( a 

R RY 
fees |e Pe 
( a | ( x 


2 z 
oe) eae ee | 
0 100) "100 


Amount at the end of second year 


lI 
A 
——_ 
v 
Y ETE 
pod 
+ 
— 
S| 7 


il 

Ad 

ty 
fa 

3 

|= 
Ss © 


Amount at the end of the third year 


Il 
A 
(i, 
ae) 
mn. 
— 
a 
—_ 
S| 


and so on. 
Clearly, amounts at the end of various year form a G.P. with first term and common ratio 


Co) 


100 
.. Amount at the end of 10th year = 11™ term of the G.P. 
R 10 
= =F Pi1+ As 
(+56 


10 10 
=%500/1+22) = z500x/24) = <500x (11) 
100 10 


EXAMPLE 17 A manufacturer reckons that the value of a machine, which costs him = 15625, will 
depreciate each year by 20%. Find the estimated value at the end of 5 years. [NCERT] 


SOLUTION Wehave, 
Initial value of the machine = Vp = ¥ 15625 and, R = Rate of depreciation = 20% 


.. Depreciated value at the end of first year = Vp — ae san ( a 


V,R R RNG 
Depreciated value at the end of second year = Vi nae Vi (1 -<) = Vo (1 -*) 


ans so on. 
Clearly, depreciated values at the end of different years form a G.P. with first term Vp and 


Pa bs Bee 
common ratio 100 


Depriciated value at the end of 5 years 
= 6th term of the G-P. with first term Vo ( = Rs 15625) and common ratior -(1 di rs 


5 5 
R 20 4 
= ¥o(1 x) cf ( 100 *jusas(sJ| < 5120 
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EXAMPLE 18 Ina G.P. of positive terms, if any terms is equal to the sum of next two terms, find the 
common ratio of the G.P. 


SOLUTION Leta be the first term and r be the common ratio of the G.P. By hypothesis 


My = M41 442 

yinl py + art} 
= / a 

=> Larér? = 1 4r-1=0 = r= 3S ee 


=> a 





But, r > 0. Therefore, r = oe =2 B= = 2 sin 18° 


EXAMPLE19 [If the first and the nth terms of a G.P. are a and b respectively and if P is the product of the 
first n terms, prove that p* =(ab)". [NCERT] 


SOLUTION Let r be the common ratio of the given G.P. Then, 
1 


b = nthterm=ar"~' => Bos => r-(2)n 
a 


a 
Now, 
P = Product of the first 1 terms 
=: P = a.ar.ar”...ar"—* 
= = di yit 2+ 3+ ...+(2—1) 
n(n— 1) , 5 
=> Pz=a'r 2 | 14243+..4-9-("4)(1 +r) =D] 


n(n — 1) 





b n/2 
=a (2) — gi/2 pr/2 = (aby"/2 
a 


ae 

Il 

2 
PEE 
a |S 
Ly 
| 

— 


2 
EXAMPLE20 The(m + n)thand(m —n)th terms of a G.P. are p and q respectively. Show that the mth and 
/2 


1 1 
nth terms are .jpqand p 2] respectively. 
p 


SOLUTION Leta be the first term and r be the common ratio. Then, 
Qn+n=p and 4,» =4 


aS ar *+N-lly and ar™—"-lig 
m+n—1 1/2n 1/2n 
> o——=F- rot —_P => r= le => Pb q 
ar q q q r \p 


Now, 4» = ie 


ee ee ee 


ema * 
—— 


th 
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n 
Ss ae apo + 2-1) (2) 


n 
1 ae & pra 
am +n = [Gna =r 


n/2n : a 
. ig ” An4n=p and = -(2| 


= Am 


y 
i 


and, && = ar 


m+n—1{ 1 i" 1 ‘ m+n—-—1 
=> a = ar r =An+n zi fe an +n = Ar ] 
m/2n ‘ 1/2n 
q q 
=> = p| — a =p and —=| — 
a, (2 m+n=P : | 


EXAMPLE 21 Ifpth, qthand rthterms ofan A.P. as well asaG.P. area, band c respectively. Prove that 


gel po-4% 6 4-b == Ai 


SOLUTION Let Abe the first term and d be the common difference of the A.P. It is given that a, b 
and c are ph gth and r" terms of the A.P. Therefore, 
a= A+(p-—1)d,b = A+(g-1)d,c = A+(r-l)d 
z. b—c = (q-r)d,c—a = (r-—p)d and a-b = (p-@) d. 
Let a be the first term and R be the common ratio of the G.P. Then, 
a=aR?~),p =aR1}, andc = aR’? 


(q—r)d (r—p)d (p-—q)d 
aPepe seth. ta prt} xjaRt1} «jaR’-7} 


= if—1)d+(r—p)d+(p—9)d p(p—1)(q—-r)d+(q-1)(r —p)d+(r-1)(p-q)d 
= gif-F +r —pt+p-—49)d pip(q—r)+ q(r —p) +r (p—q)-(q-r)-(r —p)-(p-)4 


=a’ R® =1. 
EXAMPLE 22 Find all sequences which are simultaneously A.P. and G.P. 
SOLUTION Let ay, a9, @3, ...,; % ...be a sequence which is both an A.P. as well as a G.P. 
Let & , &,4. 17% + 2 be three consecutive terms of the A.P. Then, 
2 Oy 41=% +442, NEN ...(i) 
Let r be the common ratio of the sequence when it is considered a G.P. Then, 
ty = 07, Oy = 47" and a4 9 =0,7"*} 
Putting these values in (i), we get 
Soi etme eR von 2 2 9 
2a,7 =a +r => 2r=lt+r” => r°-2r4+1=0 => (r-1)°=0 = r=l 
Putting r =1 In 41, Ag =a, 7, a3 =ayr*, ay =ar°, ..., We Obtain 
Ay, A2 = Ay, 23 = Ay, M4 = 0». which is a constant squance. 
Hence, the constant sequence is the only sequence which is both an A.P. as well as G.P. 
EXAMPLE 23 In a finite G.P. the product of the terms equidistant from the beginning and the end is 
always same and equal to the product of first and last term. 
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SOLUTION Let 4] , 49 ,€3,..,%—1,% be a finite G.P. with common ratio r. 
Now, 


a, = kth term from the beginning = a; pel 


k-1 
and, 4.441 = kth term from the end =a, (+) , wherel <k <n 


k-1 
ato. = (a #1), (4] = 4,4, for allk satisfying 1 <k <n. 
r 


Hence, the product of terms equidistant from the beginning and the end is always equal to 
the product of first and last term. 


EXAMPLE 24 Show that the products of the corresponding terms of the sequences a, ar, ar”; 80 


and A, AR, AR? cia pe : forma G.P., and find the common ratio. [NCERT] 


SOLUTION The sequence formed by the products of the corresponding terms of the given 
sequences is 


aA, aArR,aAr® R7,...,aAr" | R"} 
or,  @A,aA(rR), aA (rR)* , aA (rR)° ,...., @A (rR)" | 
Clearly, the ratio of any term and preceding term in the above squance is same equal torR. 
So, it is a G.P. with common ratio rR. 
EXAMPLE 25 If p!”, q'"*, r""* and s‘" terms of an A.P. are in G.P., then show that (p — 4), (q—n), (r —s) 


are also in G.P. [NCERT] 


SOLUTION Letabe the first term and d be the common difference of the given A.P. Further, let 


Ay Ag , Ay and a; be its ph qi", yth and sit terms respectively. Then, 


Ay =a +(p—1) d,ag=a+(q-1)d,a, =a+(r—1)d and a, = a+(s—1)d. 
=> Ay —Ag =(p—q) d, ag —a, =(q—r)d anda, —a, =(r—s)d F(t) 
Itis given that a, ag, 4, and a; are inG.P. Let A be the first term and R be the common ratio of the 
G.P. Then, 


A =a, AR = a,,AR* =a, and AR” =4,. 
A-AR = ay —a,,AR—AR* = a,—a, and AR* —AR® = 4, -4, 
=> A(1—R) =4y —a,, AR (1-R)=a,—a, and AR* (1—R)=4, -4, 
2 2 
> (aq~4)={AR (1-R)} ={A A-R)}{ AR*G-R)} = (a ~ a9) (@ ~ 4) 
=  q-n@ = 1p -Hal jr-sah [Using ()] 


=> — (q-1)” = (p-a(r-s) 
p-9,q-r,r-—sarein GP. 


Y 


EXERCISE 20.1 





1. Show that each one of the following progressions is a G.P. Also, find the common ratio in 


each case: 
(i) some Se aa (ii) — 2/3, —6, —54,... 
ae 3 9a 
(iii) a, SS eo (iv) 1/2, 1/3, 2/9, 4/27, «.. 


—— tl ae oe 
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2. Show that the sequence defined by a,, = Ee neNisaGP. 
3 


3. 


a vi 


10. 
11. 


12. 
13. 


14. 


15. 


16. 


17. 


Find: 
(i) the ninth term of the G.P. 1, 4, 16, 64, . 


(ii) the 10th term of the GP. 2, sink, ee 


(iii) the 8th term of the G.P. 0.3, 0.06, 0.012, ... 


(iv) the 12th term of the G.P. 1 AX, AX?) - 





a> x? 
hal 

v) nth term of the G.P. 3, — ,—=.... 

) BB 38" 

(vi) the 10th term of the G.P. /2, 4 


aa 


2. 


. Find the 4th term from the end of the G.P. — , — , — ,..., 162. 


aa a 


. Which term of the progression 0.004, 0.02, 0.1, ... is 12.5 ? 
. Which term of the G.P. : 


1 1 1 1 
i 2: pee ll eee! 2 
Dein oie aa Sioa 


(ii) 2, 2./2, 4,... is 128? [NCERT] 
(iii) ¥3, ee 33, . . is 729? [NCERT] 
Gv 2.18 : ——? [NCERT] 


3° = = 19683 
512 


- Which term of the progression 18, —12, 8, ... is ——? 


729 
er gins 1 


. Find the 4th term from the end of the G.P. ,_—. 


2°6'18'54°"""’ 4374 


. The fourth term of a G.P. is 27 and the 7th term is 729, find the G.P. 


The seventh term of a G.P. is 8 times the fourth term and 5th term is 48. Find the G.P. 
If the G.P.’s 5, 10, 20, ... and 1280, 640, 320, ... have their nth terms equal, find the value of n. 


165™, s™ and11™ terms of aG.P. are p, q and s respectively, prove that q? = ps. [NCERT] 

The 4th term of a G.P. is square of its second term, and the first term is — 3. Find its7 s 
[NCERT] 

InaGP the 3™ term is 24 and the 6™ term is 192. Find the 10" term. [NCERT] 





If a, b,c,dand B are different real numbers such that: 
(a Bape? ) p? —2 (ab + be + cd) p + (b* ae 3. d*) <0, then show that a,b,c and d are 
in G.P. [NCERT] 


ypit™ =e SEs — (x + 0),thenshow thata,b, c and darein GP. [NCERT] 
es 2 











i 


1 
If the p* and q® terms of aG.P. are q and p respectively, show that(p + q) term. or 3 
P 
{ 
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ANSWERS 
8 
1. (i) -+ (iyo. (il) * (iv) ; 3. (i) 4° (ii) +(2) 
(iii) (0.3) (0.2) (iv) (ax)! (v) J3 are (vi) x 5 
‘one 3 v2 28 
4. 6 56 6. (i) 11" qi 13 qiiy 12 (vy 9 7, 9 3 
9. 1,3, 9, «. 10. 3, 6, 12,.. 1.5 13, -2187 14. 3072 


HINTS TO NCERT & SELECTED PROBLEMS 
6. (ii) Let n" term of the G.P. 2,2./2,4,... be 128. Then, 


n+] 


2 (f2)° * 128 > 2) 20 et 





Este =7=>n=13 





Thus, 13th term of the G.P. 2, 2 /2, 4,... is 128. 
(iii) Let n" term of the G.P. NLS 3, 3./3,... be 729. Then, 


nN 


3x {sy + =729 = 329° > 56> n=12 


Hence, 12™ term of the given G.P. is 729. 
1 ey es | 1 


iv) Letnth t f the G.P. — , — , —,... be ———. Then, 
(iv) Let mth term of the 3’9' oF e 19683 n 
n—-1 
1 1 25 eo are as 5 Gost 
3\3 19683 
12. Let abe the first term andr the common ratio of the given G.P. It is given that 
p=5% term, qg=8" term, s=11" term 


= p=ar', q=ar’, s =ar!? 


q* =a’ r'* and ps =a’ r\4 
=> q° = ps. 
13. Let the common ratio of the given G.P. ber. It is given that the fourth term is square of its 
second term. 
(-3)r° = (-3r)” => -3r° =9r- => r=-3 
Hence,7" term =(-3)r®° = —3(-3)® =—2187. 
14. Let the first term and common ratio of the given G.P. be a andr respectively. 
It is given that 3™ term = 24 and 6" term =192 


= ar= = 24and ar? = 192 
ar” 192 

=> — = — 
ar 24 

=> r? =8> r=2 


Putting r = 2 in ar” = 24, we geta = 6. 
10™ term =ar? =6x 2? = 3072 
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15. It is given that 

(a* +b? +c?) p? —2 (ab + be + cd) p + (b” +07 + d*) <0 

(a* p® —2 abp +b”) + (b? p? —2 bep + c2) + (c2p* —2 cdp + d2) <0 

(ap —b)” + (bp —c)? + (cp -d)” <0 

(ap —b)? +(bp—c)” +(cp—d)” =0 [. (ap _b)? +(bp = 5% +(cp —d)* cannot be negative] 


ap—b=0, bp-c=0, cp—d=0 
i eh ee 


uuu US 


= a,b,c,dareinG.P. with common ratio p. 
16. We have, 


a-bx b-cx c-dx 
Now, 
at+bx b+cx 
a-bx b-—cx 
(a+bx)+(a—bx) (b+ cx) +(b -—cx) 





Di (havior) (bax Applyi do-dividendo 
mx (a+bx)—-(a—bx) (b+ cx) -(b -cx) [Applying componendo-divi ] 
Zi ='D bc 
=> —_—_—=—_— > —-— = 
Dxmeicx§ ja 'D 
b+cx c+dx c d 
Similarly, eee alg 
i! b-—cx c-—dx = bc 
Bice a. 


—=—=-— => 4a,b,c,dareinGP. 
c 


20.3 SELECTION OF TERMS IN G.P. 


Sometimes it is required to select a finite number of terms in G_P. It is always convenient if we 
select the terms in the following manner: 


No. of terms Terms Common ratio 
a 
3 ay a,ar r 
aa 
4 srt mT, ar? r? 
r r 
aa 
5 S14, ar, ar? r 
r- 7 


If the product of the numbers is not given, then the numbers are taken as a, ar, ar’, ar 3 ee 


The following examples illustrate the application of the above selections. 


ILLUSTRATIVE EXAMPLES 


Mievainan 
esl _E\ EL-" t 





EXAMPLE1 If the sum of three numbers in G.P. is 38 and their product is 1728, find them. 
SOLUTION Let the numbers be - , @, ar. Itis given that the product and sum of these numbers 
are 38 and 1728 respectively. 
Now, Product =1728 => = (a) (ar) = 1728 => a® =1728 => a=12 
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and, Sum = 38 


a 
— —+a+ar = 38 
r 


ws a(t +147] = 38 
r 


2 
r 


=> 6 + 6r + 6r* =19r => 6r* -13r + 6 =0=> (3r —2) (2r —3) = 0 => r=3/2 or, r=2/3 
Putting the values of a and rin £ a, ar, we find that the required numbers are 8, 12, 18 or 18, 12, 8. 
r 


EXAMPLE 2 [f the continued product of three numbers in G.P. is 216 and the sum of their products in 
pairs is 156, find the numbers. 


SOLUTION Let the three numbers be a/r, a, ar. Then, 
Product = 216 => (a/r) .(a) .(ar) =216 => a° =6° => a=6. 
Sum of the products in pairs = 156 


a a 
— —.at+a.ar+—.ar = 156 
r r 


— (Laren) = 156 
m 


2 
=e 36 ‘ect] = 156 
r 


= 3(r7 +r +1) = 13r=> 3r*-10r+3 =0=> (37 -1) ¢-3) =0>r=— or, r=3 


Putting the values of a and r, the required numbers are 18, 6, 2 or 2, 6, 18. 


EXAMPLE3 Three numbers are in G.P. whose sum is 70. If the extremes be each multiplied by 4 and the 
means by 5, they will be in A.P. Find the numbers. 


SOLUTION Let the numbers be a, ar, ar. It is given that the sum of these numbers is 70. 
a(1+r+r7) = 70 ...(i) 
It is also given that 4a, 5ar, 4ar” are in AP. 
2 (Sar) = 4a+ dar” 
=> = Sr = 24+2r* => 2r? -5r +2=0 = (2r-1)(7-2)=0 > r=2 or, r=1/2 
Putting r = 2 in (i), we obtain a =10. So, the numbers are 10, 20, 40 
Putting r =1/2 in (i), we get a = 40. So, the numbers are 40, 20, 10. 
EXAMPLE4 Find three numbers in G.P. whose sum is 52 and the sum of whose products in pairs is 624. 
SOLUTION Let the required numbers be @, ar, ar”. Then, 
Sum = 52> a+ar+ar” = 52> a(1+r+r’) = 52 .-.(i) 
Sum of the products in pairs = 624 


— a.ar+ar.ar= +a.ar- = 624 


=> a’r(1+r+r*) = 624 ...(ii) 
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Dividing (ii) by (i), we get 
greal2=>a=22 (iii) 
r 


Putting a = ts in (i), we get 
r 


a +r+r*) =52 => 3r*-10r+3=0=> (3r-1)(r -3)=0 => r=1/3 or, r=3 
= 
Putting r = 3 in (iii), we obtain a = 4. So, the numbers are 4, 12, 36. 


Putting r == in (iii), we get a = 36.S0, the numbers are 36, 12, 4. 


EXAMPLES The product of first three terms of a G.P. is 1000. If 6 is added to its second term and 7 added 
to its third term, the terms become in A.P. Find the G.P. 


SOLUTION Let first three terms of the given G.P. be id , a, ar. Then, 
r 


Product = 1000 => a> =1000=> a=10. 


It is given that“ ,a+6,ar+7 arein ADP. 
r 


2(a+6) = Se ar+7 
r 


=> 32 = O07 +7 
r 
=> 25 = 10 5105 
r 
= B= = + 2r => 21? —5r +2 =0 = (2r—1) (r-2) =0 =r =2,1/2 


Hence, the G.P. is 5, 10, 20,... or 20, 10,5,... 
EXAMPLE6 The sum of three numbers in G.P. is 56. If we subtract 1, 7,21 from these numbers in that 


order, we obtain an arithmetic progression. Find the numbers. [NCERT] 
SOLUTION Let thenumbersinG.P. bea, ar, ar”. Itis given that the sum of these numbers is 56. 

a+ar+ar* =56 .»-(i) 
It is also given that 

a—1,ar—7 and ar* —21are in ALP. 

2 (ar —7) =(a-—1) + (ar” —21) > 2ar=a+ ar= -8 => a+ar~ =2ar+8 .»(ii) 
From (i), we obtain 

a+ar” =56 —ar ...(iti) 


Substituting a+ ar =56 —ar on the LHS of (ii), we get 


2ar +8 =56-—ar => 3ar=48 => ar=16 => rai 
: 1K ee 
Putting 7 = J in (i), we get 
a+16+—- =56 


=> a” + 16a + 256 =56a => a> —40a + 256 =0 = (a— 32) (a—8) =0 => a=8, 32 
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Putting a=8, inr eer get: r =2=2 
a 


Putting a = 32, inr = Owe pete7ia 
a Oo. 2 


When a = 8 andr = 2, we obtain 8, 16 and 32 as the numbers in G.P. 
When a = 32 andr = > we obtain 32, 16, 8 as the numbers in G.P. 


Hence, the numbers, in order, are 8, 16 and 32 or 32, 16 and 8. 


EXAMPLE7 Find three numbers in G.P. whose sum is 13 and the sum of whose squares is 91. 


SOLUTION Let the numbers be 4, ar, ar’. Then, 


Sum = 13=>>a+ar+ar* =13 => a(1+r+r7) = ..-(i) 
Sum of the squares = 91 
— a? + at rt tatr*® = 91 = a? (1+r7 +r*) = 91 «»(ii) 
Now, a(1+r+r7) = 13 
=> a7 (1+r+r*)* = 169 [From (i)] 
= a? (1+r7 +77) +2a7 (1 +r+r’) = 169 
= 91 + 2ar jac +r+r?yh =169 
=> 91+2arx13 = 169 [Using (ii)] 
= Se [Using (i)] 
3 VF 
— a=— .--(iil) 
r 
Putting a = S in (i), we get 


™ 


3 a+rer’)=13 
r 

tee 94 Br = 19>: Sr 10S On (Ge) ee Ooo == 
r 


Putting r = 3 in (iii), we get a=1. So, the numbers are 1, 3, 9. 
Putting r = ; in (iii), we get a = 9. So, the nmbers are 9, 3, 1. 


Hence, the numbers are 1, 3, 9 or 9, 3, 1. 
EXAMPLES Find four numbers in G.P. whose sum is 85 and product is 4096. 


SOLUTION Let the four numbers in G.P. be _ P fi ,ar, ar. 
r r 


It is given that 
Product = 4096 => a* = 409%6=>a* = 8*'=>4 =8 
and, Sum = 85 
ul 


=> o(Srderer? | as 
r T 
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— afr? + 3 )+a(r+2) = 85 
r r 
3 
= of(r+3) -a(r+2}o(r2) 
r r r 
1) 1 
=> a(r+4) -16{r+2)-a5 = 0 
r r 
3 1 
— 8x~ —16x —85 = 0, wherer+— = x 
r 
=> (2x —5) (4x +10x +17) = 0 
=> 2x-5 = 0 ES 4x” +10x +17 =0 has imaginary roots] 
ee et 
ame 
i Ss 


=> reo = => Or’ —5r+2=0= (7-2) (2r-1) =0 =—7=2 Or, r=5 
r 


Putting a =8 andr =2 orr => , We obtain that the four numbers are either 1, 4, 16, 64 or, 64, 
16, 4, 1. 


EXERCISE 20.2 
LEVEL-1 


1. Find three numbers in G.P. whose sum is 65 and whose product is 3375. 

2. Find three numbers in G.P. whose sum is 38 and their product is 1728. 

3. The sum of first three terms of a G.P. is 13/12 and their product is — 1. Find the G.P. 

4. The product of three numbers in G.P. is 125 and the sum of their products taken in pairs is 
87%. Find them. 


5. Thesum of first three terms of a G.P. is ire and their product is 1. Find the common ratio and 
the terms. cee [NCERT] 


6. Thesum of three numbers in G.P. is 14. If the first two terms are each increased by 1 and the 
third term decreased by 1, the resulting numbers are in A.P. Find the numbers. 


7. The product of three numbers in G.P. is 216. If 2, 8, 6 be added to them, the results are in 
A.P. Find the numbers. 


8. Find three numbers in G.P. whose product is 729 and the sum of their products in pairs is 
819. ; 





re 
LEY! 


9. The sum of three numbers in GP. is 21 and the sum of their squares is 189. Find the 


numbers. [NCERT] 
Game eke eee ne ene ale CANS WERS 
1. 45,15,5 or 5,15, 45 2. 8,12,18 
Pa St 4. 10,5,>or =,5, 10 
ny —,-1,—,... - 10,5,—or —,5, 
3. 37 Tie or 7 3 Fo 
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5. = 1,2 6) DAB. onsale 7. 18,6,2 or 2,6,18 
8. 1,9,81 or 81,9, 9, 3,6, 12 


HINTS TO NCERT & SELECTED PROBLEMS 





3. Let the terms of the G.P. be % , 4, ar. It is given that 
r 


a 13 a 
—+a+ar=— and—xaxar=-1 
r 12 r 


2 
=> {Fxot) 1 anda° =-1 


r 12 
= a=—landalr? +741)eo"" 
12 
=> ge ee Oe 
12 
=> 127r74+25r+12=0 
ee 1277 +16r+9r4+12=0 => (37r+4)(4r+3)=0> r=—Sor-= 
Hence, three numbers are 2s —-l, Es or, Ss —l, S, 
tee 4 3 3 4 
5. Let the terms of the G.P. be ~, a, ar. It is given that 
r 


a 39 a 
—+a+ar=—and—xaxar=1 
r 10 r 


2 . 
=> a la ot id * REE 
r 10 


a=1 and a(r? +r +1) ==— 


y 


=> 10(r7+r+1) =39r 
=> 10r*-29r+10=0 
=> (2r—5) (r—2)=0 
5 2 
=> r=—orr=— 
2 5 
Hence, the numbers are La Spe 
5 2 432 5 


20.4 SUM OF THE TERMS OF A G.P. 
THEOREM Prove that the sum of n terms of a G.P. with first term ‘a’ and common ratio ‘r’ is given by 


n 
Sy, = : or, S, = aE i 








,T# 
aa re 


PROOF Let S, denote the sum of 7 terms of the G.P. with first term ‘a’ and common ratio r. Then, 
Sy = @tartar*+...+ar"~? + g"=1 ...(i) 


20.18 
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Multiplying both sides by r, we get 
rS, = ar+ar?+,,..+ar" )+ar" ...(ii) 
On subtracting (ii) from (i), we get 
S,-rS, = a-ar" 
=> S,(1-r) = a(1-r’) 
1-," 
=> S, =a ; , provided thatr #1 
-r 
" 
r —-1 
, S, =a 
ae P | r—1 | 
nN iN 
Hence, S, = a ean or, S, =a ett rel 
1-r r—l 
Q.E.D 


NOTE Some authors state two different formulas for S, viz., 


1-r" r 1 
S, =a <1 a: $2 = 
7 =| fs an 7 {P= 


In fact these two are exactly identical. The only thing which must be noted is that the above formulae do 
not hold for r= 1. For r = 1, the sum of n terms of the G.P. is 


Sy =a+a+t+at...ta(n times) =na 
REMARK1 If is the last term of the G.P., then |=ar"~ }. 


it 2 Waar" . a-(ar"—)r alr 








| >1. 


Sn 








1-—r 1 1-r 1-r 








Thus, S, a or, Sy, =, rel 
_ T-— 


ILLUSTRATIVE EXAMPLES 
LEVEL-1 


TypeI FINDING THE SUM OF GIVEN NUMBER OF TERMS OF A GIVEN G.P. 
EXAMPLE1 Find the sum of 7 terms of the G.P. 3, 6, 12, ... 
SOLUTION Here,a=3,r=2andn=7. 


7 7 
r —1 2 -1 
= = 3) ——| = 3(128-1) = 381 
7 {es F3| Bes =) 
EXAMPLE2 Find the sum of 10 terms of the G.P. 1,1/2,1/4,1/8... 
SOLUTION Here, a=1,r=1/2andn=10. 


10_4 
S10 = {5 | 
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(1/2)? -1 1 210_4) (1024-1) 1023 
=> Sig =1 =2)1-See2)o—s97 | aoe iO 
(1/2) -1 910 710 512 512 

EXAMPLE3_ Find the sum to 7 terms of the sequence 


1 02, 3: )uf shee 2s ere eee 
5 52 53 )’\e4 55 56)"\57 58 59)’ 


SOLUTION The given sequence is 


1,28) 4) ee 
5 ot oo |'no | bo ae pane 








Clearly, this is a G.P. with first terma=++ EA + Es oe and common ratior =. 
5 he Se eee 5° 
Liesy! 38 [1-(1/59)’| _ 38 J1-1/5"| 19(, 1 
SF = 0) | a 9 tt a etl eo 
{dc 125 | 1-(1/5 \ 12} 7 62 5“ 


125 
. 2 72 2 3. f42 3 
EXAMPLE4 Su the series: x(x +y)+Xx° (x7 +y°) +x" (xX +y°) +... fonterms 


SOLUTION Let S, denote the sum to 1 terms of the given series. Then, 


S, = x(x+y)+ x? (x? = y*) + x? (x? - y>) a er Sa Ch (x" + y') 
=> Ge 0 x eee x7") (x y+ x” y? + eyo ex 
2 it fe . wll = 
> geoff feat 
x" -1 xy -1 





ae Wr be 
— So x? ‘ 5 ! + XY Wie d 
x" -1 xy—1 


EXAMPLES Find the sum of the series 2+ 6+18 +... + 4374. 


SOLUTION The given series is a geometric series in which a = 2,r = 3. and | = 4374. 
(lr-—a)  4374x 3-2 


Required sum = ———— = —————— = 6560. 
(r —1) 3-1 
EXAMPLE6 Find the sum of the following series: 
(i) 5+55+555 +... tom terms (ii) 0.7 + 0.77 + 0777 +... ton terms 


SOLUTION (i) Let Sbe the sum of the series 5 + 55 + 555 +... tom terms. Then, 
S= 541 +11+111+ ...+ ton terms} 


es Ge > 19+ 99 +999 + Seton terms} 

=> = $= 3 {(10- =) + (107 =1) +: (101). +10" 1} 

= ga 22 10+ 107410? 10-0 ed ee 
9 n times 
5 (10 —1) —1) 5 110 n 5 +1 

=> - 110 Suid) — = e 
s- 8 ets -| ae (10” —1) nh = =I 10" —10 on 


20.20 MATHEMATICS-AI 


(ii) Let Sbe the sum 0.7 + 0.77 + 0.777 +... ton terms. Then, 
S=7x01+7x011+7 x 0111+... ton terms 


= S= 7 {01 +011 + 0111 + ... ton terms| 
= Si= a4 0.9 + 0.99 + 0.999 +... ton terms} 
7|9 99 999 
=> S= —{— + —— + — +... tom terms 
Ae 100 1000 
=> S= Z 1-2 \+(1-2)s 1-3 |+- tom eel 
9 10 100 1000 | 
7 1 1 1 ] 
S= —<4|1-— |+|1-— > |+|1-—+ |+... +} 1 -—— 
in ,{( a ( aa ( a4 ( al 


> Ga He ee ae One 
gilen 9 10" 81 10” 


EXAMPLE7 The sum of first three terms of a G.P. is 16 and the sum of the next three terms is 128. Find 


the sum of n terms of the G.P. [NCERT] 
SOLUTION Leta be the first term and r the common ratio of the G.P. It is given that 
atar+ Re 16 (i) and, ar? +ar* +ar = 128 (ii) 
— a(1+r+r7) = 16 and, ar? (1+r+r7) = 128 
3 2 
BENS CSET. Sear) oa =8>r=2 
a(l+r+r*) 16 


Putting r = 2 in (i), we get: a = = 


n Li 
r —-1| 16,2 -1 16 , on 
= a) —— |= —|) —— | = — (2 -1 
* {2 sz] imate 
EXAMPLES Finda G.P. for which the sum of the first two terms is — 4.and the fifth term is 4 times the 
third term. [NCERT] 
SOLUTION Letabe the first term andr be the common ratio of the G.P. 


We have, 
f, +a, =—4 and as =443 


=> at+ar=-—4 and ar* =4 ar" 
=> a(1+r)=-—4 and r2=4=> a(1+r)=—-4 and r=+2 
When r = 2, 


a(l+r) =-4> a=-= 
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Whenr =-—2, 
a(Ql+r)=-—-4 => a=4 
Hence, required G.P. is -5 , -> ,~ * ,. or, 4, — 8, 16,... 


Type II FINDING VALUE(S) OF n, r AND a WHEN THE SUM OF n TERMS OF A G.P. IS GIVEN 
EXAMPLE9 Determine the number of terms in G.P. <a, >, if @, = 3, ad, =96 and S, =1839. 
SOLUTION Let r be the common ratio of the given G.P. Then, 








m = 96=> 0,7" | = 96= 3r""! = 96=>r" | = 32 (i) 

Now, S, = 189 

de | 
—— ay = 189 

r—l 

n—-1 
= |e = igo 

r—1 

~ 9( 4) = 189 [Using (i)] 

r-— 
= 327 =—1 = 63r—63 => Slr = '62>7r =2 


Putting r = 2 in (i), we get 
2"-2=32 = 2" h=? => n-1=5 >n=6. 
EXAMPLE10 How many terms of the geometric series 1 + 4 + 16 + 64 +... will make the sum 5461 ? 


SOLUTION Let the sum of 1 terms of the given series 5461. 
Here, a=1,r=4and S, =5461. 





Ae S, = 5461 
> a = 5461 
r—-—l 
4" 4 
— ripe 5461 [.a=1 andr =4] 


=~ 4" _1 = 16383= 4" = 169845 4" = 4 >n =7 


EXAMPLE 11 The sum of some terms of a G.P. is 315 whose first term and the common ratio are 5 and 2, 
respectively. Find the last term and the number of terms. [NCERT] 


SOLUTION Let there ben terms in the G.P. with first term a =5 and common ratio r = 2. Then, 
Sum of n terms = 315 


1 
= 2! =} a1 
r-l 


H 
=> see = 315 
7a 





> 2" -1=63 => 2" =64=2 > n=6 [.« a@=5 andr =2] 
Last term =ar"~1=5~x 2°! =160 


aa? 
. 


= 


os 
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EXAMPLE12_ [nan increasing G.P., the sum of the first and the last term is 66, the product of the second 
and the last but one is 128 and the sum of the terms is 126. How many terms are there in the progression ? 
SOLUTION Letabe the first term and r the common ratio of the given G.P. Further, let there be 1 
terms in the given G.P. It is given that the sum of the first and last term is 66. 
i.e. a, +a, = 66 

1 


=> a+ar' — = 66 (i) 
It is also given that the product of second and the second last term is 128. 
i.e. ay .@,_1 =128 => ar.ar"* =128 => a? "| =128 > a.(ar"~}) =128 = ar"! a 

a 


Putting this value of ar" — "in (i), we get 
eet ebe 6604128 = 0=>(a—2)(a—-64) = 0 => a2 = 2,64 
a 
Putting a = 2 in (i), we get 
942.7") = 6657r""" = 32 
Putting a = 64 in (i), we get 
644 64r"~1 = 66-5 7"-1 = + 
32 
We reject the second value as the G.P. is an increasing G.P. and therefore r > 1. Thus, we obtain 
a=2 andr"! = 32. 
Now, 5S, = 126 











nN 
Pee | 406 
nN n—1 
=> LS gs Se eee ee 
r—1 cori Ss 
r~) =32=> 2" 1 =P >n-1=5=>n=6 


Hence, there are 6 terms in the progression. 
EXAMPLE 13_ Find the sum of the products of the corresponding terms of the sequences 2, 4, 8, 16,32 and 
128, 32, 8, 2, 5 [NCERT] 


SOLUTION If a, ar, ar= vee and A, AR, AR2, ... are two geometric sequences, then the 


sequence having terms as the product of corresponding terms of the two sequences is also a 
geometric sequence with first term aA and common ratiorR. 


Given sequences are geometric sequences with first terms 2 and 128 respectively and common 
ratios 2 and ri respectively. Therefore, the sequence formed by multiplying the corresponding 
terms of He given sequences is a G.P. with first term a=2x 128 =256 and common ratio 


=2x—=-—. 
Seana Ser 


Since each sequence contains 5 terms. Therefore, the sequence formed by the products of the 
corresponding terms has 5 terms. 


5 
2 32 1 31 
, required sum = 256 4 ——~=*-; =256 ;+——"--\ = 512 (1-4 = es 
Hence, req ie : T 30 512 x aa 496 
2 
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ALITER Requiredsum = 2x 128+4x 32+8x8+16x2+ 32 x = 


256 + 128 + 64+ 32+ 16 


ee =512 x S496 
32 32 


Il 
cy 
ll 
ul 
—_ 
N 
oe 


Type III ON PROVING RESULTS BASED UPON THE FORMULA FOR THE SUM OF n TERMS OF AG.P. 
EXAMPLE 14 If S,, S> and S3 be respectively the sum of n, 2n and 3n terms of a G.P., prove that 


_ 
S; (S3 —S9) = (Sy - Sy)” 
SOLUTION Leta be the first term and r the common ratio of the G.P. Then, 


yon 3 
oo] —1 ea | 
= c d S = 
Now, 
el a5 |- = 
S, (S2 —- = 
4 53 82) = (Ore ie eer = 


a” nN 3 2n 
ne 2s —1 —1 
= GB) 7 ee it )-(r | 


Sy 























= S (S e Sy) = (ix (r” ~1) (r3" =) 
1\“3 § ~1)2 





a’ n 2n ,? 
> Sy (S3 -S) = asi (* -1)r™" (" -1) 


2 


r—l 


2n n 
7 es r~ —1 wedi —1 
and, (S-S))" = ( =a [2] 


> (i= 3 1 -1-¢"-y} 


= Sh(Sy iS) = ar ey 


2 











ee 


2 2 n 
26 toy 30 Ny n _ Be lye ce at 
=> (3) -S)" = pea? " (r »} ar es 


Hence, S; ($3 — 5) = (S -S)” 
EXAMPLE15 If S be the sum, P the product and R the sum of the reciprocals of n terms of a G.P., prove 


sy 2 
it{ =) =P. [NCERT] 


2 
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SOLUTION Leta be the first term and r the common ratio of the G.P. Then, 
5 1 hi eae 
S =at+ar+ar +...+ar" ° =al- ; ...(i) 
r- 
n(n— 1) 

HEUER i= ar ee TD Pp 2 .»-(ii) 
and, Ro. Dap Soa ey 
a aY ar ar 








1-r Aihget 


1th afar) 1 
Fe la MEL, 





i 
=e ee es qi 
a} r-1 yim 


Ss 2 ry" 1 ” r=—1 io ae iI 
R r-1 y" —j] 
Sy" n(n-1)) * 
aay (=) = qu pi(n— VD = Aloe 2 — p2 [Using (ii)] 
n 
Hence, (=) = p? 


EXAMPLE16 A person writes a letter to four of his friends. He asks each one of them to copy the letter and 
mail to four different persons with instruction that they move the chain similarly. Assuming that the 


chain is not broken and that it costs 50 paise to mail one letter. Find the amount spent on the postage when 
8th set of letter is mailed [NCERT] 


SOLUTION Amount spent on mailing one letter =< ; 


Amount spent when first set of 4 letters is mailed =f 2 

Amount spent when second set of 4 x 4 =16 letters is mailed =f (2 x 4) =8 

Amount spent when third set of 4 x 4x 4 = 64 letters is mailed = (8 x 4) = 32 
Clearly, 2, 8, 32, ... is a G.P. with first term 2 and common ratio 4. 


-. Total amount spent when 8th set of letters is mailed = Sum of 8 terms of the G.P. 


a 
r-1l 
8 
< bed [. a= 2 andr =4] 





4-1 


ae {2»(S5—* = (2x 21845) 


=< 43690 
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EXAMPLE17_ Find the sum to n terms of the sequence 


2 2 2 
xXx +— , x 5 Sem, , x LT geen 
x te x 


SOLUTION Let S, denote the sum to n terms of the given sequence. Then, 


2 2 2 2 
= 1 “2 1 3} 1 . n 1 
Sp =| xX+—] +] ta | Aa ese Pe ee 
x x x x 
1 7 


2 Ae Gee ciate! ee 
= S) =| XO +S +2/4+] x0 +— 42/4] x0 +— +24] 4+...41 2° +—42 
: ( * ( x ( x° 
= a. = arabes ease bee bee 5) erat) 
ee x x n times 


; x 
oe 7A ae 

Betis 2{epo Satake 
x" -1 x (1/x~)-1 














2n 
=> = —— [22 +4} 
x" -1] x 


EXAMPLE 18 Find the sum to n terms of the sequence given bya, = 2" + 3n,neN. 
SOLUTION Let S, denote the sum to terms of the given sequence. Then, 

Sp = 0 +02 +03 4+...4+a, 
~ S, = (21431) +(27 + 3x 2)+(2° + 3x 3) 4+... + (274+ 3xn) 


~ S, = (2) 427% +29 42, p29 (3214 82246294. 957) 


=> Sp = (2) 42% 40° 5 eae eee) 
2" -1 n n 3n 
Si z=). 13 nm ( daerye rt.) 


10 


EXAMPLE 19 Prove that the sum to n terms of the series: 11 + 103 + 1005 +... is 5; (107 —1) + n?. 


SOLUTION Let S, denote the sum to 1 terms of the given series. Then, 
S, = 11+103 +1005 +... tom terms 


= S, = (10 +1) +(107 + 3) + (10° +5) +... + 10" +(2n-1)} 
=> S. = (10+107 +... 410") +114 3454 ae +(2n-1)} 


10 (10” —1) 


Se se Seg ay 


+5 (1+ 2n-1) = 5 (10" 1) +n? 
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EXAMPLE 20 Find the least value of n for which thesum1 + 3 + 3% +...ton termsis greater than 7000. 
SOLUTION We have, 


S, =1+3+ 37 +... ton terms 


3” -1 3" -1 
= 1 ae een 
a | | 2 
S, > 7000 
3" -1 








> 7000 


3” -1 >14000 


3” >14001 = n log 3 > log 14001 > n> gogM e001 = s1> ees 
log 3 0.4771 





Hence, the least value of n is 9. 


EXAMPLE 21 If fis.a function satisfying f (x + y) =f (x) f (y) forallx, y €N such that f (1) = 3and 


n 
x j f (x) = 120, find the value of n. 
x= 


[NCERT] 


SOLUTION We have, 


Now, 


f (x+y) = f (x) f(y) for allx,yeN 
f(x) = f(1+141+...41= fF) FQ) ...f M= FWP forallxeN 


x —times x-times 
f(x) = 3* forallxeN [. f(1) =3] 


E f(x) = 120 


x 
1 
x 3* =120 

x=1 


Beas 3" = 190 


n 
2 [352] - mo 3”-1 = 80> 3” = 81> 3" = 34 >n = 


iL 
EXAMPLE 22 Find the natural number a for which > f (a+k) =16(2" —1), where the function f 


k=1 


statisfies f(x + y) = f(x) - f(y) forall natural numbers x, yand further f (1) =2. [NCERT] 
SOLUTION Proceding as in Example 20, we obtain f(x) =(f(1))* =2* for all x EN. 


SF (a+k) =16 (2" -1) 
k=1 


3: ot £16 (27-1) 


k=1 


| 5 a) = (2" -1) 


k=1 


2%(2+27 +2° +...+ 2") =16 (2"-1) 
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nN 
=> Bain | Soak =16 (2" —-1) 
2-1 
as, nit Rigi —l)j=16 (2? 1) 
= nat 1 E: 94 
— a+1=4>a=3. 
EXERCISE 20.3 
LEVEL-1 
1. Find the sum of the following geometric progressions: 
(i) 2, 6, 18, ... to 7 terms (ii) 1,3, 9,27, ... to 8 terms 
(iii) 1, -1/2,1/4, —1/8,... (iv) (a? —b*), (a—b), (s+ , +. ton terms 
(v) 4,2,1,1/2 ... to 10 terms. 
2. Find the sum of the following geometric series: 
(i) 0.15 + D: 015 _ 0.0015 + ... to 8 terms; 
(ii) 4/2 + .. to 8 terms; 
tae 
(iii) aN et gee SA ... to 5 terms; 
9 "3° 2-04 
: 2 3 2 2 3 
(iv) (x + y) +(x? +xyt+y )+(x° +x yrxy +y°) +... ton terms; 
(v) By sag Big AOA OO terms; 
Bi. 62 Bo 5S 
(vi) meee: + = pies, + erie + + or ii 
1+i (1+i)7 +i? (1 +i)" 
(vii) 1,—-a, re - a>, ... ton terms (a # 1) [NCERT] 
(viii) x? : x, x’, ... to n terms [NCERT] 
(ix) /7 ,./21 , 37 ,.... ton terms [NCERT] 
3. Evaluate the following: 
11 n & 
Gy) > as") [NCERT] (ii) = (24+3*74) — Gii) ee gi" 
n=1 k=1 n= 
4, Find the sum of the following series: 
(i) 5+55 +555 +...tom terms. [NCERT] 
(ii) 7 +77 +777 +...ton terms. [NCERT] 
(iii) 9+ 99 + 999 +... to mn terms. 
(iv) 05 +055 + 0555 +... to 7 terms. 
(v) 0.6 + 0.66 + 0.666 + .... tom terms. [NCERT] 


5. How many terms of the G.P. 3, 3/2, 3/4, ... be taken together to make aS 





6. How many terms of the series 2 + 6 + 18 +... must be taken to make the sum equal to 728 ? 
i How many terms of the sequence./3, 3, 3,/3,.. must be taken to make the sum 39 + 13/3? 
. The sum of n terms of the G.P. 3, 6, 12, ... is 381. Find the value of n. 


: The common ratio of a G.P. is 3 and the last term is 486. If the sum of these terms be 728, find 
the first term. 


__ |i 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
18. 


19. 


20. 


21. 





The ratio of the sum of first three terms is to that of first 6 terms of a G.P. is 125 : 152. Find the 
common ratio. 


The 4th and 7th terms of a G.P. are “ and = respectively. Find the sum of n terms of the 
G.P. 


10 1 n—1 1 n+ 1 
Find thesum: >) (+) + (2 ; 
n=1 - S 


The fifth term of a G.P. is 81 whereas its second term is 24. Find the series and sum of its first 
eight terms. 


If S}, 55,53 be respectively the sums of n, 2n, 3n terms of a G.P., then prove that 
2 
St + Sz = S, (Sp + Sz). 


Show that the ratio of the sum of first terms of a G.P. to the sum of terms from (1 + 1) to 


(2n)' term is = [NCERT] 
r 
If aandb are the roots of oe 3x +p=0 and c,d are the roots x? —12x + g=0, where 
a,b, c,d formaG.P. Prove that(q + p):(q-—p) = 17:15. [NCERT] 
3069 





How many terms of theG.P. 3, Bi aoa needed to give the sum BD ? [NCERT] 


A person has 2 parents, 4 grandparents, 8 great grand parents, and so on. Find the number 
of his ancestors during the ten generations preceding his own. [NCERT] 


If S}, S5,..-, 5, are the sums of 1 terms of n G.P.’s whose first term is 1 in each and common 
ratios are 1, 2, 3, ..., 1 respectively, then prove that 


S + Sy +253 + 3S, +...(n—-1) §,=1" +2" +3" 4+...4n". 


A G.P. consists of an even number of terms. If the sum of all the terms is 5 times the sum of 
the terms occupying the odd places. Find the common ratio of the G.P. [NCERT] 


100 
Let a, be the nth term of the G.P. of positive numbers. Let = 4a, =a and 
n=1 
100 


a Ao, 1 =B, such that a # B. Prove that the common ratio of the G.P. is a/f. 
1= 


. Find the sum of 2n terms of the series whose every even term is ‘a* times the term before it 


and every odd term is ‘c’ times the term before it, the first term being unity. 








ANSWERS 
1. (i) 2186 (ii) 3280 (iii) ie (iv) pa eS v) a(1 x us 
(v) A a 5 | (vi) -aifl-Q +i") (vii) 2G (viii) x3 o> 


Gr . 
a" ee “= 
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git/2 | 
(xi) /7 {2 5 J 3.(i) 265741 (ii) 5 (2"* * EOE) (iii) = (Gueety 
4. (i 5 n+ 1 ini sti n+ 1 ¥ccbic ie n+ 1 
. (i) ——[10 —9n —10] (ii) — [10 —9n —10] (iii) — [10 —9n —10] 
81 81 9 
11 (-ebiags 6 1 1 
(iv) ae ii) $n (1-5) 5. 10 6. 6 
7. 6 8. 7 9. 2 10. 2 u. > poe 
5 2 gt 
10 10 
12, 2 a 13. a=16, r==, § = 17. 10 
2 4x5 
i 
18. 2046 20. 4 22. (a +1) eae 
ac —1 
HINTS TO NCERT & SELECTED PROBLEMS 
2. (vii) Let S, denote the sum of n terms of the G.P.1 —a, a> ,- Wk Then, 
5 o E a)" | eS =(2 1)" a i 
—a-—1 l+a 
(viii) Let $, be the sum of n terms of the G.P. x°, x, eo an Then, 


(x an 4 


(/3)" -1 
saci 





3 x2" 4 
=x 5 
x" -1 


(ix) Let S$, denote the sum of 11 terms of the G.P. ./7, /21, San 


. Then, 


gi/2 _4 
Wy hy acai 
~ ie 





u n ul Lu n 34 Oat 
3. (i) Dd) (2+3")= >) 2+ D> 3% =2x114+3 3a, [7224503 1) = 265741. 


n= 1 n= 1 


4. (i) LetS, = 5+55+4555 +... 


S, = 5(1+114+111+.... 
=> o = 9 
5 
=> &S, maT} 
=> S, = 2 {10+ 10? +103 + 
5 10" -1 
= = — 410); —— 
= 9 es 
5 
=> &S - 9 


(ii) Proceed as in (i) 


10 An ee 
{2 a0 -1)-n| = 81 


n=1 


to 2 terms. Then, 
to 1 terms) 


] (9 + 99 + 999 + ..... to terms) 


{10 —1) + (107 -1) + (10° -1) +... +(10" -»} 


.. +10") -n} 


J 


(10"* + — 97 —10). 


ed eden de EE 
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(v) LetS, = 0.6 + 0.66 + 0.666 + .... tom terms. Then, 
S, = 0.6 + 0.66 + 0.666 + .... tom terms 


= = : (0.1 + 0.11 + 0.111 +.... to terms) 
=> SS = & 0.9 + 0.99 + 0.999 +....to m terms 
9 
6 1 1 1 1 
=> = — 4{1—-—/}+/1-—> ]+/1-—=} |+... +] 1 -—— 
ee 0 ( a ( 4 f 4 ( “a 
eS hn a os 
y 9 10 102 10° 10” 
UL 
6 1 6 1 1 
> S =- 4y2--—- OOOO ER KT pn - 
9 TOD fay 9 10” 
10 


n—1 
: Ay t+ an t+... +4 a+ar+...+ar 
15. Required ratio = 1 —_2 —"" " " _ = 


Oy 1% 4242+ Mn ar art) +. + ar! 
Tae 
f 1 
‘ magic 
} 
1-7" r 
oF | 
17, 


16. We have, a+b=3,ab=p,c+d=12 and cd=q Letb =ar, c =ar" and d =ar>.Then, 
a+b=3 and c+d=12 
=> a(1+r)=3 and ar? (1 +r) =12 





ar” (1 ir) 12 
a(i +r) ac 
a(l+r)=3 => a=1 

Now, p =ab =a.ar =2, q=cd =ar* x ar? =2 = 32 


=>r=2 


g-p 32-2 30 15 





17. Let the sum of terms of the G.P. 3,5, F ps. be = . Then, 


1 11 
} -(3) 3069 feet0256.  q) 4 
1-2 512 2” 1024 ~ 5% 510 
2 


=> n=10 


Hence, the sum of 10 terms of the given G_P. is shade 


912 
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18. Number of ancestors during the ten generations preceding his own generation 
= Sum of 10 terms of the G.P. 2, 4, 8,.... 


10 
Ey) [ole = 2046. 
IG 





20. Let there be 21 terms in the G.P. with first term a and common ratio r. Then, 
Sum of all the terms =5 (Sum of the terms occupying the odd places) 
—> tag +... + Ay = 5 (a) + 43 + a5 +... + Any 4) 


- 2 2n- 
— a+ar+...+are" 1 5 (a+ar?+...+ar7" m 
2n 2. 
1-r Ltr 
= ¢/1ot | 155) 12008 pesereeeeanaa 
Lf 1-—r° 


21. Letabe the first term and r be the common ratio of the G.P. Then, 


100 100 
XL fy, =a and ZL &,_1=fh 
n=] n=1 


> A t+agt...+ Mog) =a and a, +43 +... + Aygq =f 








9 
= ar+ar>+...¢ar =a and abate +a =p 
2,100 2, 100 
1-(r Ib Sie 
=> ar pees =a, and a es =f 
1-r- 1-r- 
sp | 
Trae tee 
=> ar 5 |= 2, and a 5 =f 
1-r 1-r 
Oo 
=> r=— 
B 


22. Leta, + a> + a3,... + a, be the given series. It is given that 
A, =1, ay =A.04, Az =CAy, Ay =AAZ, 5 = Cay and so On. 
=> A, =1,a =a,03=aC, My =a" C, =a" c”, ag =a c*,... 
Required sum = a) + @ +3 +... + Ay, 


= Ll+atacta-c+a~c* +... to 2n term 


(1+a)+ac(1+a)+a~ c? (1 +a) +... ton terms 


1 —(ac)" =(-<a) (ac)" -1 


=(1l+a 
( 1 -ac ac —1 


20.5 SUM OF AN INFINITE G.P. 


THEOREM The sum of an infinite G.P. with first term a and common ratio r (—1 <r <1 i.e.,| r| <1) 


iS a 








tare 
PROOF Consider an infinite G.P. with first term a and common ratio r, where —1 <r <1 Le. 
|r| <1. The sum of n terms of this G.P. is given by 
7 a ar” 
= @ = : 
sn 1-r 1l-r 1-r -+(i) 


Le OO 
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Since -1 <r <1, therefore r” decreases as increases and tends to zero as n tends to infinity 
1.e. r’ + Oasn— 


ar’ 
a ee 
—} 


Hence, from (i), the sum of an infinite G.P. is given by 


| 
S = lim S, = lim i) = ee, if |r| <1 
— 7 


n—>o noo |1l-r 1-r 
NOTE [fr 21, then the sum of an infinite G.P. tends to infinity. Q.E.D. 
ILLUSTRATIVE EXAMPLES 


Type I FINDING THE SUM TO INFINITY OF A G.P. OR A GEOMETRIC SERIES 
EXAMPLE1 Find the sum to infinity of the G.P. — 2 ; = , 7 2 its 
4 16 64 
SOLUTION The given G.P. has first term a =—5/4and the common ratior = —1/4. Also, |r| <1. 
Hence, the sum S$ to ay is given by 
a —5/4 
1-r Pal —(-1/ ye 


EXAMPLE2 Sum the following geometric series to infinity: 
(i) Der) tl te (4/21) -., 00 0) 2s Spe ae eres 
2a GE Sa lal i 
SOLUTION (i) The given series is a geometric series with first term a = /2 +1and the common 
ratior given by 


= 2 es, S ae 
J2(J2-1(J2+1) 2 2 
(ii) We have, 


agent oat > ge ary: to co 
De ae 98 19% io? ge 


OS see eee + ee ie, 
ioe ee ue ee et 


e [Aan mAnite GP with ann ray 


}+(an infinite G.P. with 45) 
3 


BWA 0/3) el nt 19 
* |1=G/22)| -|1-G7s*)| 3 8 24 


1/2 > 6/4 33 6/8 





EXAMPLE3 Prove that: 6 
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SOLUTION Clearly, 
6/2 y 6/4 <4 6/8 teres 61/2 + 1/4+ 1/8 +... a} 


_ ¢l(1/2)/1 - 1/2)) ES ee re re ee a 
2a 8 1-1/2 
=6' =6 
Type II ONPROVING RESULTS BASED UPON THE FORMULA FOR THE SUM TO INFINITY OFAG.P. 


2 





EXAMPLE4 Ifb=a+a +a? +... 2, prove that a=—— 
+ 


SOLUTION We have, 
b = ata +a°+...0 


Clearly, RHS is a geometric series with first term ‘a’ and common ratio ‘a’ 
b 











b= =>b-ab =a>a = 
l-a 1+b 
EXAMPLE 5 fx=a+i+ 4.0, y=b-24 5 —... and,z=c+5 +54... 00, prove that 
fey Tei 9 r r 
xy _ ab 
me ig 
SOLUTION Clearly, x, yandz are the sums of infinite geometric progressions. 
a ar b br c cr 
2 pea pees YO a nn 2 ee 
‘pas r—1 ra at l+r 1-5 rae | 
r r r 








x vizio: (ie bres abr? 
= r-1lj}\(r+1 yp? 1 


xy abr? cr? ab 
ag ea as) eto eee pers 
z r- —1 (r~ —1) c 





EXAMPLE6 Ifx=1l+a+t Gua 00, where| a| <land y=1+b+ b> +...00, where|b| <1. Prove 
that: 


1 + ab + ab? +... co =—-Y _ 
x+y-1 


SOLUTION We have, 
1a aaa Wee 
1 


l-a 


1+b+b74+b° 4 sai era) 


Say = 1-b : ae : as (di) 


x 





x = 3 qo ...(i) 
x x 


and, y 


1+ ab + (ab)? + (ab)? +... 0 
Tee 1 ome 
STE as 1-( 1 a ee 





f= it== 
x y 


ene.) ae 


x+y-1 
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EXAMPLE7 If A=1+r" + rt 4 tomand Ba=1+r? 4 r2" 4. 


se lig 5 B-1 Vb 
A B 


SOLUTION We have, 


. #, prove that 








A= Ppp tr +... co and, B = 1+r° +77" +...00 
= A= and, B = : ° 
1-r 1-r 
=> 1-r"= — and, 1 =r" = z 
B 
=> ewe and: po = 1 


A B 


Type III FINDING REQUIRED UNKNOWN WHEN THE SUM OF AN INFINITE G.P. IS GIVEN 
EXAMPLES The first term of a G.P. is 2 and the sum to infinity is 6. Find the common ratio. 


SOLUTION Let rbe the common ratio of the given G.P. It is given that, a =2 and S,, =6. 
Now, S, =6 => 776 — = =6 => 6—6f=2 = r=2/3. 
- —r 


l/a V/b 
Hence, r -(4=*) -(73*] 


EXAMPLE9 The sum of an infinite G.P. is 8, its second term is 2, find the first term. 


SOLUTION Let a be the first term and r the common ratio of the G.P. It is given that 
So = 8 and ar =2 


=> — =8 and r= z 
1l-r a 
a 
——— = 8 Eliminating r 
1=(2/@) [Eliminating r] 
= a” —8a +16 = 0=>(a—-4) =Q0>a = 4. 


EXAMPLE 10 The sum of an infinite G.P. is 57 and the sum of their cubes is 9747, find the G.P. 
SOLUTION Leta be the first term and 7 the common ratio of the G.P. Then, 
Sum = 57 => os = 57 (i) 


Sum of the cubes = 9747 


3 
= a tare +acr: +... = 9747 => —— = 9747 ...(ii) 


a 





Dividing the cube of (i) by (ii), we get 
a? a =r?) _ (57)° 

(en? sa” 9747 

3 








1-r 
(1-r)° 





= 19 
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l+rer? 

=> eee aig 
ez) 
=> 18r7 — 39r +18 = 0 
= (3r —2)(6r-—9) = 0 
<> r= 2/30r,r = 3/2 
— r= 2/3 [.. r ¢ 3/2, because —1 <r <1 for an infinite G.P.] 
Putting r = 2/3 in (i), we get 
“___ = 57=>a = 19 
1 -—(2/3) 


Hence, the G.P. is 19, 38/3, 76/9, .... 
Type IV FINDING A RATIONAL NUMBER WHOSE DECIMAL EXPANSION IS GIVEN 
EXAMPLE 11 Which is the rational number having the decimal expansion 0.356 ? 
SOLUTION We have, 
0.356 = 0.3 + 0.056 + 0.00056 + 0.0000056 +... « 
105 210% 310 
56 
3 10° 3 56 353 
107 10 990 990 
107 
EXAMPLE 12 Lise geometric series to express 0555... = 0.5 asa rational number. 
SOLUTION Wehave, 
0.5 = 05555... 
05 + 0.05 + 0.005 +... 2% 
5 2 ee ae. 
Sd Vee | Wee 
10 107 10° 
TRAGAO oath 


P1710), 59 
Type V ON APPLICATIONS OF INFINITE G.P. 


EXAMPLE13_ A square is drawn by joining the mid-points of the sides of a square. A third square ts 
drawn inside the second square in the same way and the process is continued indefinitely. If the side of the 
square is 10 cm, find the sum of the areas of all the squares so formed. 


SOLUTION Let A,A>A3Ay be the first square with each side equal to 10 cm. Let By, B5, Bz, By be 
the mid-points of its sides. Then, 


B, Bo = 428 + ApB, = 5 +5* =5,/2 cm. 


LetC,, Cz, C3, C4 be the mid-points of the sides of the square B,B)B3B,. Then, 


2 2 
GG, = BC? + B,C? = 2) (22) =5cm 


Similarly, the side of fourth square is zs cm and so on. 





+r se 19 @) 
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Ay B, A, 

B, B 

A, B, A, 
Fig. 20.1 


Sum of the areas of all the squares so formed 


2 
= 1107 + (5/2)? + (5)? + ca +... 00} Sq. cm. [-- Area = (Side)”] 
= {100+50 425+ 25... coo} = tA = 200 sq. cm. 
2 1 —(1/2) 


th 
EXAMPLE 14 After striking a floor a certain ball rebounds (=) of the height from which it has fallen. 


Find the total distance that it travels before coming to rest, if it is gently dropped from a height of 120 
metres. 
SOLUTION Initially the ball falls from a height of 120 metres. After striking the floor it rebounds 


and goes to a height of : (120) metres. Now, it falls from a height of 2 (120) metres and after 


rebounding again it goes to a height of = (4 220)) metres. This process is continued till the ball 
comes to rest. 


2 
The total distance traveled = 120+ 2 f (120) + (=) (120) +... | 


= (120) 
= 120+ 2x42} =120 + 960 = 1080 metres. 
st 
5 
EXAMPLE 15 The inventor of the chess board suggested a reward of one grain of wheat for the first 
square, 2 grains for the second, 4 Stains for the third and so on, doubling the number of the grains for 
subsequent squares. How many grains would have to be given to inventor ? (There are 64 squares in the 


chess board). 
SOLUTION Clearly, required number of grains is the sum of an infinite G.P. with first term 1 


and common ratio 2. 
2 =e2e- 1. 


2-1 


764 





Number of grains = Tee ee 4. ita 6Asterms = | 
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Type VI ON FINDING THE SUM OF AN INFINITE G.P. 


EXAMPLE 16 Find the sum of an infinitely decreasing G.P. whose first term is equal tob + 2 and the 
common ratio to 2/c, where b is the least value of the product of the roots of the equation 


(m? + 1) x? — 3x+ (mi + 1) = 0, and c is the greatest value of the sum of its roots. 
SOLUTION We have, 
Bir: MN ee ; 2 2 
(mm +1) x” —3x+(m™ +1)” =0 


Sum of the roots = 





and, Product of the roots = (mn + 1) 
m” +1 


Now, 0b = Least value of the product of roots 
Least value of (m? +1) 


~~ 
~ 
II 











= B= [-." m* +1>1 for all ml] 
c = Greatest value of the sum of the roots 
= c = Greatest value of —; 
m” +1 
Clearly, = is greatest when m +1is least and the least value of m* +1is 1. 
m +41 
c= ae 3 
1 
So, first term of the infinite G.P. is b + 2=1+2=3 and, the common ratio is z = = 
c 
Hence, the sum S of the infinite G.P. is given by 
S = — = 9 Using S= | 
Tas —r 


Type VII ON PROVING RESULTS BASED UPON SUM OF AN INFINITE G.P. 


= AS 2n va -_ 2n n= 2n -_ 2H 
EXAMPLE17 If x= Be cos” 0, y= 2h sin™ 0,Z= 25 cos” Osin”™ 9, where0 <8, o6<2x/2 
n= n= n= 
then prove that xz + yz —z = xy. 


SOLUTION We have, 


CO J 
Lem oy) cos~" @ = 1+ cos~ 6+ cos* Ok... 00 


n=0 
y) ] 
=> x= 7 => sin §=— 
1-—cos~ 8 x 
< 2) 2 4 
as y = YS sin" @ = 1+sin~ $+ sin* $+... 0 
n=0 
= y = —~— > cos? 9 = + 
1-sin~ ¢ y 


oO 
»: cos”” 8, sin™” 6 = 1+ cos” @ sin* + cos* Osin* O+...00 
n=0 


and, Z 


. 
ee 
. 


re 


| Sa 


ot. 
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1 
— ) A — 
1 —cos” 0 sin” b 
1 
= 5 hy ee a a 
1—(1 —sin”™ 0) (1 -—cos” 9) 
1 1 Baty” 
— ZS Sa 2 = CZ = => XZ+YZ—-Z = xy 
ie ae | x+y-1 
1-(1-24 1-1 = ae 
x y x Yy XY 


EXAMPLE 18 I[f|x| <1 and |y| <1, find the sum to infinity of the following series: 
(x+y) + (x? + xy + y*) + (x? + x7y + xy” + y>) +... 
SOLUTION We have, 


(x + y) + (x? + xy +y7) +(x° + x7y + xy" =e) eee CO 





x=} 


i 7 4(2? ~y*) +(x? =y") +(x? ~y’) +... to ~ 
x-a 


n " 
x —-a n— -2 = = 
| isons Meg es ah a nen] 


1 
*—Y 


225 ee a 
x-y|1l—-x 1-y 


2 2 2 2 2 2 
1 12 —xy-y +y xh 1 1 -y°)-xy(x-y)} x+y —xy 





12? +x 4x4 +... too) — ~(y” +y> hye +, .to)| 





xy (@-ay0-y @-y) G@-H0-y ~G-n0-y 
Type VIII ON FINDING REQUIRED UNKNOWN WHEN SUM OF AN INFINITE G.P. IS GIVEN 
EXAMPLE19 Thesum ofan infinite geometric series is 15 and the sum of the squares of these terms is 45. 
Find the series. 

SOLUTION Leta be the first term and r be the common ratio of the infinite geometric series. 








Sum =15 > —* =15 ...(i) 

l-r 

Sum of the squares = 45 

22,24 a” 
=> (a” +a r+ar +...0)=45 => 7 = 45 ...(ii) 

1-r 

Dividing the square of te Py (ii), we get 
2 
mp Poot eM). 1p ey 








a —n2 sar 45 = 
Putting r= ; in (i), we get 
=15>a=5 





a 
1-2/3 
: 10 20. 40 
Hence, the required series is 5+" +--+ 77 +... ent 
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EXAMPLE 20 [If each term of an infinite G.P. is twice the sum of the terms following it, then find the 
common ratio of the G.P. 


SOLUTION Leta be the first term and r the common ratio of the G.P. It is given that 


10. 


11. 


12. 


13. 


% = 2[a,.4+ Mn+ 2 +M,,3+...%] forallaeN 
ar" ~* = 2far" + ar"* ° +... @] 
sf Qar’ 2r ] 
a = -———_- 1 =——$ Sa Fa = — 
1-? 1l-r 3 


EXERCISE 20.4 


. Find the sum of the following series to infinity: 


1 1 1 1 


hy a a ee pet TE ii) 8+ 4/2 +4+...0 
(iii) 2/5 + 3/57 +2/5° + 3/5* +... 0. (iv) 10-9 + 81 —7.29 +....0 
(v) Rt =e [NCERT] 
BP 5 38" 5*2 97 ee 


Prove that:(9!/3 9? 91/27 x) = 3. 
Prove that: (2'/4 ae igy te Age OO) ee 
If S, denotes the sum of the series 1+ rP a 7?P 4. tooo and s, the sum of the series 


1—r? +r7P —... tooo, prove that S, + sp =2 Sop. 


. Find the sum of the terms of an infinite decreasing G.P. in which all the terms are positive, 


the first term is 4, and the difference between the third and fifth term is equal to 32/81. 


. Express the recurring decimal 0.125125125 ... as a rational number. 
. Find the rational number whose decimal expansion is 0.423. 
. Find the rational numbers having the following decimal expansions: 


(i) 0.3 (ii) 0.231 (iii) 352 (iv) 0.68 [NCERT] 


. One side of an equilateral triangle is 18 cm. The mid-points of its sides are joined to form 


another triangle whose mid-points, in turn, are joined to form still another triangle. The 
process is continued indefinitely. Find the sum of the (i) perimeters of all the triangles. 


(ii) areas of all triangles. 
LEVEL-2 


Find an infinite G.P. whose first term is 1 and each term is the sum of all the terms which 
follow it. 

The sum of first two terms of an infinite G.P. is 5 and each term is three times the sum of the 
succeeding terms. Find the G.P. 

Show that in an infinite G.P. with common ratior (|r| <1), each term bears a constant ratio 
to the sum of all terms that follow it. 


If S denotes the sum of an infinite G.P. and S, denotes the sum of the squares of its terms, 


then prove that the first term and common ratio are respectively SE and S*-S, 
S° +S) S? + Si 


TES 6 eae cas... 
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ANSWERS 

. 3 se pay eee 5 12 
1. — 8(2+ /2 Bish 5s, (6, eee 

@) > Gi) 8(2+ V2) Git (wv) 2 ee 

125 419 Fcbae 231 a 

etd 8. (i) ~ feat ati yy ae 

* ‘999 990 goog Mt) iv) 

9. (i) 108. cm (ii) 108 /3 squarecm 10. oa 1 4; Te 
2’4 4’ 16 


HINTS TO NCERT & SELECTED PROBLEM 


9. Sum of the perimeters = 3 {18 + : + see +. o} 


mre 
Sum of the areas = Bh ag (2) +a 


20.6 PROPERTIES OF GEOMETRIC PROGRESSIONS 


In this section, we shall discuss some important properties of geometric progressions and 
geometric series. 
PROPERTY! [fall the terms of a G.P. be multiplied or divided by the same non-zero constant, then it 
remains a G.P. with the same common ratio. 
PROOF Let yj, a7, 43,...,4,,...bea G.P. with common ratio r. Then, 

+1 


My 
Let k be anon-zero constant. Multiplying all the terms of the given G.P. by k, we obtain the new 
pg cee Kay, kay, ka3z,... kty,..- 


Clearly, “Be : _ td =r forallneN [Using (i)] 


1 My, 





=r, forallneN ...(1) 


Hence, the new sequence also forms a G.P. with common ratio r. 
PROPERTY Il The reciprocals of the terms of a given G.P. forma G.P. 
PROOF Let 4j, M7, 43,...,%,-... be a G.P. with common ratio r. Then, 
+1 
1 


The sequence formed by the reciprocals of the terms of the given G.P. is 
Bie dh oth. 
My M2 3° My 
For this sequence the ratio of a term and the preceding term is given by 
1 
oii io [Using ()] 
1/ Mert & 
So, the new sequence is a G.P. with common ratio 1/r. 
PROPERTY Ill Ifeach term ofa G.P. be raised to the same power, the resulting sequence also forms a G.P. 


PROOF Let aj, a, 43,.-. %,-.. be a G.P. with common ratio r. Then, 
ae r for allne N ...(i) 
Ay 





= rforallneN (i) 





Let k be a non-zero real number. 
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Consider the sequence whose terms are xin powers of the terms of the given sequence 
i.e. Wh AA lS baci BY pa 


For this sequence, we have 


k 
Cite on (Se 1 








k 


k 
| = r* forallneN [Using (i)] 


My 
H kK KK Uk k ; ‘ enrtk 
ence, @, 47, 43,...%,-..isaG.P. with common ratior’. 


PROPERTY IV Ina finite G.P the product of the terms equidistant from the beginning and the end is 
always same and is equal to the product of the first and the last term. 

PROOF Let aj, a9, 43,..., 4 bea finite G.P. with common ratio r. Then, 

kth term from the beginning = 4, =a yr 


kth term from the end = (n —k + 1)th term from the beginning = @,_.4.4 = 4 iil 


.. (kth term from the beginning) (kth term from the end) 
1 n—k = ae 


=A &% 7, 1= ar ar =a,.a,r"—' = a, a4, forall k =2,3,...,n—1 


Hence, the product of the terms equidistant from the beginning and the end is always same and 
is equal to the product of the first and the last term. 


PROPERTY V Three non-zero numbers a, b, c are in G.P. iff b? =ac 
PROOF Clearly, 


CS 


: (6 : 2 
a,b, careinG.P. = — => = (common ratio) = b” =ac 
a 
NOTE Whena,b, care in G.P., then b is known as the Geometric mean of a and c. 
PROPERTY VI [If the terms of a given G.P. are chosen at regular intervals, then the new sequence so 
formed also forms a G.P. 
PROPERTY VII If 41, 47,93,.-.,%,-.- is a G.P. of non-zero non-negative terms, then 
log a), log ay,..., log a,,... is an A.P. and vice-versa. 
PROOF Let ay, ap, A3,.-+, %,--. bea G.P. of non-zero non-negative terms with common ratio r. Then, 
M = a,r'~ ' for allneN 


=> log a, = loga,;+(n-1)logr, forallneN 

Let b, = loga, = loga,;+(1-1) logr, forallneN 

Then, b,4 1-4, = [log a, +1 log r] —[log a, +("—1) logr]=logr forallneN 

Clearly, b,, , 1 —}, = log r= Constant for alln € N. 

Hence, by, bo,...,by,... i.e. log ay, log ao,..., log a, ... is an A.P. with common difference 

log r. 

Conversely, let log a1, log az,..., log a,,... be an A.P. with common difference d. Then, 
log a,,4—-loga, =d forallneN. 


in+ 1 = d forallneN. 





=> log 


= a = ef (a constant) for alln EN. 


=> A, A>, 43,..-, M,-.-is a G.P. with common ratio ef, 
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ILLUSTRATIVE EXAMPLES 


(LEVEL 


Type I PROBLEMS BASED UPON FOLLOWING RESULTS: 

(i) a,b, care in G.P. iffb? = Cc (ii) a, b, carein A.P. iff 2b =a +c. 
EXAMPLE1 If p,q, rare in A.P., show that the pth, qth and rth terms of any G.P. are in G.P. 
SOLUTION Let A be the first term and R the common ratio of a G.P. Then, 

dy =AR?~*, ag=AR1~* and a, =AR"~' 





We have to prove that 4), ag, a, are in G.P. For this it is sufficient to show that 
2 
(aq) = My » Ay 


Now, (a,)* = (AR1~ ')* 


= (a,)° _ AZ R29-2 
=> (aq)* = A? RE a [ p,q,rareinA.P... 2q=p+r] 
=> —— (aq)" = (ARP) (AR’~ 1) =ay .0, 


Hence, ay, a, a, are in G.P. 
EXAMPLE2 Ifa, b, care in G.P., then prove that log a", log b", log c” are in A.P. 
SOLUTION Itis given that a, b,c are in G.P. 


b* = ac 
(b7)" Pe, ( a c)" 
pan eaten 
logb™" = log (a c”) 


log (b")? = log a’ + log c” 
2logb"” = log a" + log c” 


Yuvudsud d 


log a’, log b", log c” are in A.P 

EXAMPLE3 Three numbers whose sum is 15 are in A.P. If 1, 4, 19 be added to them respectively, then 
they are in G.P. Find the numbers. 

SOLUTION Let the three numbers be a — d, a, a+ d. Then, 

sum =15 => (a-—d)+a+(a+d)=15 => a=5. 


So, the numbers are 5 — d, 5,5 + d. Adding 1, 4,19 respectively to these numbers, we get 
6—d, 9, 24+d. These numbers are in G.P. 


9? =(6 —d) (24+d) => d? +18 d-63=0 => (d+21) (d—3).=0=> d=-21 or, d=3. 
Hence, the numbers are 26, 5, -16 or 2, 5, 8. 
Type II PROBLEMS BASED UPON PROPERTIES OF G.P. 
EXAMPLE4 Ifa, b,c, dare in G.P., show that: 
(i) (6-0)? + (c-a)* + (d -b)? =(a-d)? 
(ii) (ab + be + cd)? =(a? +b? +c?) (b? +c? + a2) [NCERT] 
SOLUTION Let r be the common ratio of the G.P. a, b,c, d. Then, b =ar, c = ar” and d=ar’. 
(i) LHS = b-0)* +(c —a)* +(d—b)* 
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(ar ~ ar’)? cs (ar? By + (ar? —ar)* 
= a’r* (1 -r)? +a° (r? =) +a°r? (r? =f 
sae (r® =r? +. 1) = a’ (1 a7)" 


2 


(a —ar°)? = (a-—d)~ = RHS. 


9 9 ? 
4) = a'r? (l+ro + r3)? 


N 


(ii) LHS = (ab +be+ cd)" = (ax ar+arxar~ + ar= x ar 
RHS = (a? +b? + c*) (b? ¢7 + d*) 


22 4 a’r*) (a7r? ar a7r®) 


2 + r*) ar? (1 + r? + r?) = ar? ( 


= (a7 +a 


2 9 
a” (1 +r l+r~ pre 


i LHS = RHS. 
EXAMPLE5 Ifa, b,c, dare in G.P., prove that a +b,b +c, c + dare also in G.P. 


SOLUTION Letr be the common ratio of the G.P. a, b, c,d. Then, b =ar, c= ar= and d= ar? 


3 


a+b=a+ar=a(1+r), b+c=ar+ar* =ar(1 +r)and c+d=ar" +ar =ar* (1 +r) 


2 
Now, (b+ c)? = jar (1 + nj =ar (1 + r)? = ia (1 + n} jar? (1 + nj 
= (a+b)(c+d) [. a+b=a(1+r), and c+d=ar7 (1+n] 

Hence, a+b,b+c,c+dareinG.P. 
EXAMPLE6 Ifa,b,c, dareinG.P., prove that a’ +b",b" +c", c' +d" arealsoinG.P. [NCERT] 
SOLUTION Letr be the common ratio of the G.P. a,b, c, d. Then, b =ar,c= ar? and d = ar’. 

a’ + pb" = a! oF a yr? =~ q' (1 + r"') 

bt +. cl stator Tt pot sanitett (1+ r) cr 'Z dq Loft yon + a po =f pou (1+ r") 
Clearly, (b" + cy? =(a" +b") (c" +d"). 


nN i 1 1 i 1 : 
Hence, a +b ,b +c ,c +d areinGlP. 


b-c .c-a _a-b fh 


EXAMPLE7 Ifa, b,c are in A.P. and x, y, zare in G.P., then show that x -Y 2 
SOLUTION It is given that 


a,b,careinA.P. => 2b=a+c ..(i) 
x,y,zareinG.P. => y* = XZ .+-(Ii) 
poe yh Bae ce xP xz)o~% 2-9 [Using (ii)] 
C—-2 C= 
= 2 2 = 
_! ole cy > 24 b 
c-a 
b-et coe a-bpo= 
x Z 
2b—(a+c) (c+a)—2b 
=;% 2 223° 2 0b lee [Using (i)] 


EXAMPLES If mth, nth and pth terms of a G.P. form three consecutive terms of a G.P. Prove that 
m,n and p form three consecutive terms of an arithmetic sequence. 


SOLUTION Let abe the first term andr be the common ratio the G.P. Then, 
an = art) a = art} and ay, = ar? ~1 
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It is given that a,,, 4), a, are in GP. 
2 
(4))" = ay Ay 
(ar? Ne a (ar ~ 1 Caren 1) 
az pon—2 * az pit p-2 
pon—2 =e p-2 
2n-2 =m+p-2 


2n = m+p 
m,n, pare in AP. 


VuuY YY 


EXAMPLE9 Ifa,b,carein G.P. and x, yare the arithmetic means ofa, band b, c respectively, then prove 
that: 


kai eam) and —to=2 














my x y 
SOLUTION It is given that 
a,b, careinG.P.=> b* =ac ..(i) 
xis the A.M. ofaandb=> x= Z .--(ii) 
b+c ry 
and, yisthe A.M.ofbandc=> y= -++(iii) 
Now BpgtCe 2 2a i 2c _ 2a(b +c) + 2c (a+b) a ee ee dye 
x y at+b bee (a+b) (b +c) 2 
2% a gO 2 (ab + eee bc) zs 2 (ab + 2ac + bc) x [Using (i)] 
< Y  (ab+ac+b“+bc) (ab + 2ac + bc) 
And, ee = ee) Flat e+ 2) [Using (i)] 
x y at+b b+e (ab+b° +ac+be) (ab+2b~ +bc) 
xX y b(a+2b+c) b 
; VX sy 1/z : 
EXAMPLE10 Ifa,b, careinG.P.and a’* =b/¥ =c¢ , prove that x, y, zarein A.P. [NCERT] 


SOLUTION We have, 
qa/* —pVY _ (Vz =A (say) > a=X,b=% and c=X% 
Now, 4,b,careinG.P. 
=> b* =ac 
=> (AY)? = 9% x K => 2Y = 9X2 2y=x+z => x,y,zarein'AP. 
EXAMPLE 11 If a* +b”, ab +beandb* +c? are in G.P., prove that a, b, c are also in G.P. 


SOLUTION It is given that 
az + b2, ab + be, b* +¢7 are in G.P. 


_ (ab + bc)? = (a* +b*) (67 +c2) 
a’b? +b7c* +2ab2c = a2b? + a2c? +b2c2 +b4 


me b* + a-c* —2ab-c =-0> (b — ac)” =0> 57 = ac => a,b,c arein G.P. 


y 
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10. 


11. 


12. 


13. 


14. 


15. 
16. 


bake ] 
. Ifa,b, care in G.P., prove that ——— 


EXERCISE 20.5 


. Ifa,b, care in G.P., prove that log a, log b, log c are in A.P. 


1 


; : are in A.P. 
loggm log,m  log.m 








. Find k such that k + 9, k —6and 4 form three consecutive terms of a G.P. 
. Three numbers are in A.P. and their sum is 15. If 1,3, 9 be added to them respectively, they 


form a G.P. Find the numbers. 


. The sum of three numbers which are consecutive terms of an A.P. is 21. If the second 


number is reduced by 1 and the third is increased by 1, we obtain three consecutive terms of 
a G.P. Find the numbers. 


. The sum of three numbers a,b,c in A.P. is 18. If a and b are each increased by 4 and c is 


increased by 36, the new numbers form a G.P. Find 4, b, c. 


- The sum of three numbers in G.P. is 56. If we subtract 1, 7, 21 from these numbers in that 


order, we obtain an A.P. Find the numbers. 


. Ifa,b, care in G.P., prove that: 








(i) a (b? + c7) =C (a> + b*) (ii) a7b-c" (, : = + +) =a> +b> 4 a 
a b Cc 
9 
ww. (Q+b4+c)" at+be+c ‘ 1 1 1 
(iii) >. = ——_- (iv) +—~= 
a+bt4+c% a-bt+e ey a b> =o" 


(v) (a+ 2b + 2c) (a —2b + 2c) =a* + 4c?. 


. Ifa,b, c,d are in G.P., prove that: 


ab—cd _a+c 
ie Ae TS2 
(ili) (b + c) (b + d) =(c + a) (Cc +) 
If a,b, care in G.P., prove that the following are also in G.P.: 
at) suede] ree Here ra RD 2 

(i) a°,b",c (ea) 5 Oe 7a (iii) a +b°,ab+be,b" +c 
If a,b,c, dare in G.P., prove that: 

(i) (a + b?), (b? + c*), (c? + d*) are in G.P. 


(ii) (a* —b?), (b? —c?), (c? —d?) are in GP. 
1 1 1 
(ii) ——~ , ———_~ , —_—~ are inGPP. 
az + b? b? 2 2 


(i) (ii) (a+b+c+d)" =(a+b)* +2(b+0)7 +(c +d)" 








2 


Ne eh 

(iv) (a? +b? + c7), (ab + be + cd), (b7 +074 d”) are in G.P. 

If (a —b), (b —c), (c — a) are in G.P., then prove that (a+b + c)? = 3 (ab + bc + ca) 
a? + ab +b _b+a 

be+ca+ab c+bh 





Ifa,b, care in G.P. then prove that: 


If the 4", 10 and 16" terms of a G.P. are x, y and z respectively. Prove that x, y, z 


are in G.P. [NCERT] 
LEVEL-2 


If a,b, care in A.P. and a,b, d are in G.P., then prove thata, a—b, d—carein GP. 
If pth, qth, rth and sth terms of an A.P. be in G_P., then prove that p — q, q—r,r —sareinG.P. 
[NCERT] 
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17. If —— , —, —— are three consecutive terms of an A.P., prove that a,b, c are the three 
a+b 2b bee 


consecutive terms of a G.P. 
18. If x" =a & 2/2 =2°, then prove that - F , ss are in A.P. 
a Cc 


19. Ifa,b, careinA.P.b, c, dare in G.P. and 2 ; P x are in A.P., prove that a, c, e are in G.P. 
Cc e 


. Ifa,b, carein A.P. anda, x,bandb, y, care in G.P., show that x7, b2, y* are in A.P. 


. Ifa,b, care in A.P. and a,b, d are in G.P., show that a, (a —b), (d —c) are in G.P. 
- If a,b, c are three distinct real numbers in G.P. and a+b + c = xb, then prove that either 
x<-lorx>3. 


Me po q andr terms of an A.P. and G.P. are both a,b and c respectively, show that 
q’-© po" cf 


=1. 
$A CANS WERS 
3.00rl6 6. a=—2, b=6, c=14 or a=46, b=6, c=- 34 7. 8,16, 32 
8. 15,5,-5 or 3,5,7 9. 1277,2 or 3,7,11 14. 2046 





HINTS TO NCERT & SELECTED PROBLEMS 
1. a,b, care in G.P.=> b* =ac => log b? = log ac=> 2 log b =loga + log c 
2. a,b, care inG.P. 

b? =ac = login b? = logy, ac 

= 2 logm b =log,, a + logy, c 
1 1 1 1 : 
Sa => —_, ——_, ——-areinAPP. 
log, m loggm ilog.m log,m log,m ilog.m 
3. It is given that k + 9,k —6,4 are in GLP. 
=> (k-6)* =(k+9)x4 = k=0,16. 
14. Let the first term and common ratio of the G.P. be aandr respectively. It is given that 
x =ar°, y= ar? andz=ar!” 


y* =a’ r'8 and az =a? 738 








= y” = XZ 
=> <Xx,y,zare in G.P. 
16. Let the first term and the common difference of the AP be a and d respectively. 


It is given that its pee rm and s™ terms are in G.P. Let A be the first term and R be the 
common ratio of the G.P. Then, 


a+(p-1)d=A 


...(i) 
a+(q—1)d=AR (ii) 
a+(r—1)d=AR” ...(iii) 
a+(s—1)d = AR? (iv) 


Subtracting (ii) from (i), we get 
{a+(p - 1) d} -Ja+(q ~ 1) d} = A-AR 
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=> (p-—q)d = A(l-R) ...(V) 
Subtracting (iii) from (ii), we get 

14 + (Gd) al -{4 + (r-1) at = AR —AR? 
=> (q-r)d = AR(1-R) ...(V1) 
Subtracting (iv) from (iii), we get 

14 + (r-1) d} -\a + (s-1) d| = AR? —AR® 


= (r—s)d = AR*(1—R) (Vii) 
From (v), (vi) and (vii), we obtain that 
(q-r)* d* = (p—q)d(r-s)d 
=> (q-r)> = (p-g(r-s) 
=> (p-—q),(q-r),(r —s) areinGP. 
17. Itis given that es , coe ean arein A.P. 








a+b’ 2b’ b+c 
ae J + s —> ib” =e! 
2b a+b bee 
19. We have, 
: 2 y hoe) | a 
2b=a+c _...(i) c'=bd ..(ii) and, —=-+-— ...(iii) 
dc" é 


We have to eliminate b and d from these relations. Substitute b and d obtained from (i) and 
(iii) in (ii) to get c* =a. 


22. Let r be the common ratio of the G.P. Then, b = ar and c = ar’. 
Now,a+b+c=xb => a-+ar+ar- =xar => r? +-(1 —-x)r+1=0. 


But, r is real. 
Disc >0 => x7 ~2x-3>0> x<-lorx>3 


20.7 INSERTION OF GEOMETRIC MEANS BETWEEN TWO GIVEN NUMBERS 


GEOMETRIC MEANS Let a and b be two given numbers. If n numbers G1, G>,...,G, are inserted 
between a and b such that the sequence a, G1, Go,..., G,, bisa G.P. Then the numbers G1, Go,..., Gy, are 
known as n geometric means (G.M.’s) between a and b. 


GEOMETRIC MEAN Ifa single geometric mean G is inserted between two given numbers aand b, then G 
is known as the geometric mean between a and b. 


Thus, 
G is the G.M. betweena and b. = a,G,bareinG.P. <= G* = aboG = Jab. 


The geometric mean G between 4 and 9 is given by G = /4 x9 =6. 

The geometric mean G between —9 and —4 is given by G =, [- 9x-4=-6. 

NOTE Ifaand bare two numbers of opposite signs, then geometric mean between them does not exist. 
20.7.1 INSERTION OF GEOMETRIC MEANS BETWEEN TWO GIVEN NUMBERS 

Let G, G> ..., G, be m geometric means between two given numbers a and b. Then, 


a, Gy, Go,..., Gy, b is a G.P. consisting of (n + 2) terms. Let r be the common ratio of this G.P. 
Then, 
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n+ 1 


o 
I 


(n + 2)th term = ar 


= a Dies i = Gia 
a 


1/(n + 1) 2/(n+ 1) n/n+ 1 
*) ,Go = ar? = of?) ivepi Gy = ar’ = of?) : 


THEOREM /f 1 geometric means are inserted between two quantities, then the product of n geometric 
means ts the nth power of the single geometric mean between the two quantities. 


‘> 
_ 
II 
— 
~ 
iI 
2 
| 


PROOF LetG,Gy,G3,...,G, be n geometric means between two quantities a and b. Then, 
a, Gi, Go,..., G,,b is a G.P. Let r be the common ratio of this G.P. Then, 


ez)" "and, Gy = ar,Gy = ar*,G3 = ar®,...,G, = ar”. 

a 

. Gy.Gp.Gs.....G, = (ar) (ar?) (ar®)... (ar") =a" rt 24 3+ +m 
n(n+ 1) 


n(n+ 1) 1 2 


ae /2 
= a ee (2° 1 SL (2) — i/2 pii/2 
a a 








all 


=G", where G.=,/ab is the single geometric mean between a and b. 
Q.E.D. 


20.7.2 SOME IMPORTANT PROPERTIES OF ARITHMETIC AND GEOMETRIC MEANS 
THEOREM1 If A and Gare respectively arithmetic and geometric means between two positive numbers 
aand b, then A>G. 


PROOF We have, 


Ae nd Gab 


i ite at) lab 2 ath Pah 1 fa — Jb)? >0 








oe A>G. 
QO.E.D. 


THEOREM 2 If A and Gare respectively arithmetic and geometric means between two positive quantities 
a and b, then the quadratic equation having a, b as its roots is x” —2Ax +G? =0. 


PROOF We have, 
eee aC =aab 








2 
The equation having a and DB as its roots is 
b 
x? —x(a+b) + ab =0 Or, x* —2Ax+G? =0 Ps A= and =a 


Q.E.D. 
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THEOREM 3 [If A and G be the A.M. and G.M. between two positive numbers, then the numbers are 
A+,A*-G?. [NCERT] 
PROOF The equation having its roots as the given numbers is 


2A + 4A? =AG* ae 
— —$—$—$$__—$——— — >) XxX 


2 





x* —-2Ax+G?=0=> x Q.E.D. 


ILLUSTRATIVE EXAMPLES 


Type I INSERTION OF GEOMETRIC MEANS BETWEEN TWO NUMBERS 
EXAMPLE1 Insert 5 geometric means between 576 and 9. | 


SOLUTION Let G;,Gy,G3,G4,G5 be 5 geometric means between a=576 andb =9. Then, 
976, Gj, Gp, G3, Gy, G5, 9is a G.P. with common ratior given by 


Ls 1 be 
a e ST (= Si) = 1 Using: r= b\n+1 
576 64 2 a 


G, = ar =576 x — = 288, G> = ar” =576 x = =14, 


G3 =ar° =576 x = =72, G, = ar" =576 x — = 36 and, Gs =ar° =576x —=18 


Hence, 288, 144, 72, 36, 18 are the required geometric means between 576 and 9. 


Type II PROBLEMS BASED UPON ARITHMETIC AND GEOMETRIC MEANS 
n+1 n+ 1 
+h 


; a 
EXAMPLE2 Find the value of nso that 


——, — may be the geometric mean between a and b. 
a+b ms 


[NCERT] 
qgitts pti 
SOLUTION It is given that Sea is the G.M. between a and b. 
a +0 
n+ 1 n+ 1 
a +b 
non = vab 
a+b 
(+3) (+3) 
n+ — n+ — 
=> git is prtl —-a 2 p/2.ai/24 2 
(n+ 1) ‘we (1+ a 
= Arle 2 pi/2 ais. qa’? bh 2 _prtl 
(n+ ) V2 1/2 (n+ =) 1/2 ,1/2 
a 2 (a’“—-b’“)=b 2 (a'’* —b**) 
1 1 
(n+ —) (n+ —) 
= a 2=b 2 [-." av? _pV/2.0 asaxzb] 


1 1 
(1+ —) (1+ —) 0 
a 2 a 2 a 1 1 
& (<} = (2) (2) wae ai 0Oon 5 


rs 
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EXAMPLE3 Find two numbers whose arithmetic mean is 34 and the geometric mean is 16. 


SOLUTION Let the twonumbers bea and b such thata > b.It is given that AM and GM of aandb 
are 34 and 16 respectively. 


ie. eed = 34 and Jab =16 

=> a+b=68 and ab =256 ...(i) 
(a—b)* = (a+b)* —4ab 

=> (a—b)* = (68)* —4x 256 = 3600 

=> a-—b = 60 [. a>b «. a-b>0] 


Solving a+b =68 and a—b =60 simultaneously, we get a = 64 and b = 4. 
Hence, the required numbers are 64 and 4. 
ALITER Here, A=34 and G=16. 


So, the numbers are A + VA -G* and A ~A? =G> 
ie. 344342 -162 and 34-342 -162 or, 64 and 4. 


EXAMPLE4 If the A.M. and G.M. between two numbers are in the ratio m:n, then prove that the 


numbers are in the ratiom + me —ne :n — m? One. [NCERT] 


SOLUTION Let the two numbers be a and b. Let A and G be respectively the arithmetic and 
geometric means between a and b. Then, 


7 Re daa andG =fab = a+b = 2A andG? =ab ..-(i) 





The equation having a and b as its roots is 
x* —(a+b) x + ab = 0 


or, x? -2Ax+G? =0 [Using (i)] 
2A + 4a? 4G" eer. 

— x = Ve = ABA —G 

So, the two numbers are a=A + A? ~G? and b=A aac =e: 

It is given that 


A:G=m:n=>> A=Am and G=An forsomerA 
Substituting the values of A and Gina=A+ A? ~G* andb=A — A? -~G?, we get 


Am + 2 Te aes a m+ fm? ie ( 7) 4 ( 72 
= => = = ——————— > a:b) =| m+ ym —n |: m— fm —n” 
Am — ae m - Ne n= b m— fm? _n2 
LEVEL-2 


Type III ON GEOMETRIC AND ARITHMETIC MEANS 
EXAMPLE5 Find two positive numbers whose difference is 12 and whose A.M. exceeds the G.M. by 2. 
SOLUTION Let the two numbers be a and b such that a > b. It is given that 
a-b = 12 -»s(i) 
It is also given that 
AM —-GM = 2 
a+b 


SA 


a+b 


= 73 ab =2 E mae and GM = 
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=> a+b—2 Jab = 4 
= (Ja -b)* = 4 
= va-yb =2 aii) 
Now, a-—b = 12 
=>  (Ja+ yb) (Ja - Yb) = 12 
=> (Ja +b) «x (2) = 12 ..(iii) 
= Ja+ Jb =6 [Using (ii)] 


Solving (ii) and (iii), we get a = 16, b = 4. Hence, the required numbers are 16 and 4. 

EXAMPLE6 If a,b,c are in G.P and the equations ax* + 2bx +c =O and dx? + 2ex + f =0 have a 

common root, then show that a > - f arein A.P. [NCERT] 
a c 


- 
SOLUTION It is given that a,b,c are in G.P. Therefore, b~ = ac 


9 
Now, ax +2bx+c = 0 
c 
Va 


? 
[tis given that the equations ax* + 2bx +c =Oand dx? + 2ex + f =Ohave acommon root and the 


9 7) — 
= ax” +2Jacx+c=0 = (Jax+ Jc)” =0 => Jax+ Vc=0 => x =- 


18] 


equation ax* + 2bx + c =O has equal roots both equal to — le 


Va 


- is is a root of the equation dx? + 2ex + f=0 
a 


> d£—2¢ ey get, 
a 








a 
d Liss yef ery: 
=> —-2e |—+>- =0 [Dividing through out by c] 
a Vac c 
= d_2e f = 0 [-- b? = ac] 
Hy Mal te 
= pe 23h Sf 58) TD rairvate: 
D> =a iC ab ic 
EXAMPLE 7 Let x be the arithmetic mean and y, z be two geometric means between any two positive 
3.38 
numbers. Then, prove that yp 
SOLUTION Leta and b be two positive numbers. Then, 
x = A.M.ofaandb=>vx = aghih ...(i) 


It is given that y and z are two geometric means between a and b. Then, a, y, z, bis a G.P. with 


2 — aks »\/3 
common ratio r -(?) Dit se (2) 
a a 
b 2/3 


1/3 
y=ar=>yna{2) = y=" a7/3 and, =a? >2=0(5) = 7 =p2/3 ,V3 
a 
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y> $z° in (p43 qz/ 33 + (b2/3 qi/ 3) = ba* +b2a = ab (a +b) 


and, yz = (pi/ 3 qa?! 3) (p2/ 3 qi’ 3) = ab. 

Now, y> +z> = ab(a+b) and yz =ab 

=> yo +z> = yz(a+b) 

= y> 42> = yz(2x) [Using (i)] 
Jan 7? 

=> pare 5) 


xYZ 
EXAMPLE 8 If a is the A.M. of b and c and the two geometric means are G, and Go, then prove that 
G3 3 
1 +G) = 2abce. 


SOLUTION It is given that a is the A.M. of b and c. 


a= b+e = 20 .«.(i) 


Since G; and Gp» are Py eeomctdc means between b and c. Therefore, b, G;, Gy, cis a G.P. with 


common ratior =| — 


c\/3 15.20 c/s , 


= G? = bc and G? = be? 
=> GP+G> = b2c+be* = be (b +c) =2abe [Using (i)] 


EXAMPLE 9 If one geometric mean G and two arithmetic means A, and Ap> be inserted between two 
given quantities, prove that G? = (2A; — Ap) (2A> — A}). 


SOLUTION Let a and b be two given quantities. It is given that G is the geometric mean of @ 


and b 
G = Jab=>G? = ab ..i) 


It is also given that Aj, Ap» are two arithmetic means between a and b. Therefore,, a, A;, A», bis 
an A.P. with common difference d =——" 

















Aeraidiag a" i SAF A> SG eo _ a+2b 
3 3 3 
2a+b 
SO Aten eee et | land 2a, A, =2| +2 )_( 24+) )_, 
3 3 3 3 
(Ay A)ICAn Ay) = 
=> (2A, — Ag) (2A — Ay) = G? [Using (i)} 


Type III PROBLEMS ON A.M. > G.M. 
EXAMPLE 10 If x, y,Zare distinct positive numbers, then prove that (x + y) (y +z) (z+x) > Sxyz. 


SOLUTION Using A.M. > G.M., we obtain [NCERT EXEMPLAR] 
X+ = a S luz and Z+ in 
> xy . y: a zx 


= eay>2 FA exis and z+x>2 zx 
= (x+y) (y +2) (2+) > 2,/xy x 2,/yz x 2)zx 
=> (x+y) (y +2) (2+) > 8xyz. 
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EXAMPLE11 Ifx eR, find the minimum value of the expression 3° + 3'~*_ [NCERT EXEMPLAR] 
SOLUTION We know that A.M. > G.M. 





ve l—-x ———- 
a >¥3*x 3! forallxeR 
“4 ]—x 
Zs pots s/o orale 
= Sas Ss 2,./3 forallxeR 


Hence, the minimum value of 3* + 3! for any x eR is 2/3. 


EXAMPLE 12 [fa,b, c,d are four distinct positive numbers in A.P. then show that be > ad. 
SOLUTION It is given that a,b,c, dare in A.P. Therefore, a, b, c are in A.P. 
= bis the A.M. of aandc 
The G.M. of aand c is Jac. 
A.M. of aand c> G.M. of aand c 


=> b >Jac 


= b* >ac eral) 
Again, a,b,c, dare in A.P. 
=> b,c, dare in A.P. 


= cis the A.M of b and d. 
The G.M. of b and d is Jbd. 
= A.M. of b and d > G.M. of b and d 
= c> bd 
=> c* >bd ..(ii) 
From (i) and (ii), we obtain 
bc? > (ac) (bd) => be > ad. 


EXAMPLE 13 Ifa, b, c, d are four distinct positive numbers in G.P. then show that a+d>b +c. 





[NCERT EXEMPLAR] 

SOLUTION It is given thata,b, c, dare in G.P. 

a,b, careinG.P. 
— bis the G.M of aand c 
But, A.M. of aand c is z 5 od 

A.M. of aand c > G.M. of aand c 
= are >b 

2 

=> a+c>2b .--(i) 
Again, a,b,c, dare in G.P. 
= b,c,dareinG.P. 
— cis the G.M. of b and d. 


But, A.M. of b and d is _— 


A.M. of b and d > G.M. of b and d 


2S eh ESE 
2 
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=> b+d>2c (ii) 
Adding (i) and (ii), we obtain 

at+c+b+d>2b+2c 
=> a+d>b+c 


EXERCISE 20.6 


1. Insert 6 geometric means between 27 and eo 


2. Insert 5 geometric means between 16 and 7 


and 81 
2 





3. Insert 5 geometric means between > 


r= 


. Find the geometric means of the following pairs of numbers: 
(i) 2and 8 (ii) a°bandab? (iii) —8 and—2 


. Ifais the G.M. of 2 and , find a. 


. Find the two numbers whose A.M. is 25 and GM is 20. 

. Construct a quadratic in x such that A.M. of its roots is A and G.M. is G. 

. Thesum of two numbers is 6 times their geometric means, show that the numbers are in the 
ratio(3 + 2./2) :(3 —2,/2). [NCERT] 

9. If AM and GM of roots of a quadratic equation are 8 and 5 respectively, then obtain the 

quadratic equation. [NCERT] 


10. If AM and GM of two positive numbers a and bare 10 and 8 respectively, find the numbers 


[NCERT] 
[ LEVEL? | 


11. Prove that the product of n geometric means between two quantities is equal to the nth 
power of a geometric mean of those two quantities. 


12. If the A.M. of two positive numbers a and b (a>b) is twice their geometric mean. Prove 
that: a:b = (2+./3):(2—-/3). 


13. If one A.M., A and two geometric means G, and G, inserted between any two positive 


aon a UI 





2 
numbers, show that Gy + @ = 2A. 
G G, 
ANSWERS 
1 Dies bape f 1 16 
e 4s L—=> 2. 8,4, 2,1, — » ——, 9, , , 
1. 9,3 3’ 9’ 27 > oh 


4.(i) 4 (ii) ab” (iii) 4 5. 5 6. 40, 7. x7 -2Ax +G? =0 


9. x7 -16x +25 = 0 10. 4,16 or 16, 4 


HINTS TO NCERT & SELECTED PROBLEMS 


8. Let the numbers be a and b. Further, let A and G denote their arithmetic and geometric 
means respectively. It is given that 


a+b = 6G" =3G> 4 = 36 
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10. 





Numbers a and b are roots of the quadratic equation 


x? —x(a+b)+ab =0 


II 
© 


or, x? ~2 Ay +6" 


I 
S 


or, a 16 GYGo [- A=3G] 


6G+./36G2 —4G" 


y 
| 


2 
=> ¥ =3GC+42./2:G 
= £2 3G+22G 
= X= (Bch 2'4/2)'G 
=> a =(3+2/2)Gandb = (3-2/2)G 


Hence, a:b =(3 + 2./2):(3 -2 /2) 


- Leta apd b be the roots of the quadratic equation. Then, the quadratic equation is 


x? —(a+b)x+ab = 0 .--(i) 
It is given that AM = 8 and GM =5. 
gt = 8and Jab =5 => a+b = 16andab = 





Substituting these values in (i), we obtain x” -16 x + 25=Oas the required equation. 


We have, 
a+b 





= 10 and ./ab = 8 > a+b=20 andab = 64 
Clearly, a and b are roots of the equation 
x* ~(a+b) x+ab =0 
or, x* -20x + 64=0 
=> (x-16)(x-4) =O> x= 4,16> a = 4,b = 16 or a = 16,b = 4. 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. 


2; 
3. 
4 


If the ant term of a G3 P. is 2, then write the product of its 9 terms. 
If (p + q)' h and (p- gy terms of a G.P. are m and n respectively, then write its pth term. 


If log, a, a” */2 and log, x are in G.P., then write the value of x. 


. Ifthe sum of an infinite decreasing G.P. is 3 and the sum of the squares of its term iss , then 


write its first term and common difference. 
If pr g’ andr™ terms of a G.P. are Xx, Y,Z respectively, then write the value of 


IF yf ~P PHF. 


. ie Az be two AM’s and Gj, Gp be two GM's between a and b, then find the value of 


1+ Ap 
G) Gp © 


. If second, third and sixth terms of an A.P. are consecutive terms of a G.P., write the 


common ratio of the G.P. 


7 — 
ee 
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8. Write the quadratic equation the arithmetic and geometric means of whose roots are A and 
G respectively. 
9. Write the product of n geometric means between two numbers a and b. 
10. If a=14+b+b7+b° +... to oo, then write b in terms of a given that|b| <1. 


ANSWERS 


1h, is 2. ymn 3. log, (log; a) 4.a=2,r= 1 oi 6. a 
ab 





.o* 


7.3 8. x7 -2Ax+G? =0 9. (aby"/? ile 





a 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. If in an infinite G.P., first term is equal to 10 times the sum of all successive terms, then its 
common ratio is 
(a) 1/10 (b) 1/11 (c) 1/9 (d) 1/20 

2. Ifthe first term of a G.P. a1, a9, 43,...is unity such that 4 ay +5 az is least, then the common 
ratio of G.P. is 


(a) —2/5 (b) -—3/5 (c) 2/5 (d) none of these 
3. Ifa, b,care in A.P. and x, y, z are in G.P., then the value of x? ~ © ye Dis 
(a) 0 (b) 1 (c) xyz (d) x" y” Zz 


4. The first three of four given numbers are in G.P. and their last three are in A.P. with 
common difference 6. If first and fourth numbers are equal, then the first number is 





(a) 2 (b) 4 (c) 6 (d) 8 
5. If a,b, care in G.P. and qi/* =pV/¥ = cz then xyz are in 
(a) AP (b) GP (c) HP (d) none of these 
6. IfS be the sum, P the product and R be the sum of the reciprocals of n terms of a GP, then p? 
is equal to 
(a) S/R (b) R/S (c) (R/S)" (d) (S/R)" 
7. The fractional value of 2.357 is 
(a) 2355/1001 (b) 2379/997 (d) 2355/999 (d) none of these 
8. If pth, qth and rth terms of an A.P. are in G.P., then the common ratio of this G.P. is 
P-4 q-T 
(a) eh (b) ep (c) par (d) none of these 
9. The value of gi/3 . 9/9 . 9/27 ... t0.0, is 
(a) 1 (b) 3 (c) 9 (d) none of these 
10. The sum of an infinite G.P. is 4 and the sum of the cubes of its terms is 92. The common ratio 
of the original G.P. is 
(a) 1/2 (b) 2/3 () 1/3 (d) -1/2 


11. If the sum of first two terms of an infinite GP is 1 and every term is twice the sum of all the 
successive terms, then its first term is 
(a) 1/3 (b) 2/3 (c) 1/4 (d) 3/4 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


24. 


The nth term of a G.P. is 128 and the sum of its n terms is 225. If its common ratio is 2, then its 
first term is 


(a) 1 (b) 3 (c) 8 (d) none of these 
If second term of a G.P. is 2 and the sum of its infinite terms is 8, then its first term is 
(a) 1/4 (b) 1/2 (c) 2 (d) 4 
Ifa, b,c are in G.P. and x, y are AM’s between a, b and b, c respectively, then 
2 
cy NPVs ez, ae eet’: x b 
If A be one A.M. and p, q be two G.M.’s between two numbers, then 2 A is equal to 
3 3 3 3 2 2 
+ - + 
(a) (b) ES (cy ede (a) P4 
Pq Pq 2 


If p, q be two A.M.’s and G be one G.M. between two numbers, then (ese 
(a) (2p-—q)(p-2q) (b) (2p-—9)(2q-p) (c) (2p—q)(p+2q) (d) none of these 














2 3 
If x is positive, the sum to infinity of the series eae sa + as ney Zz ++ is 
L+X (1+x)° (1+x)° (14%) 
(a) 1/2 (b) 3/4 (c) 1 (d) none of these 
If (4°) (4°) (47) (41) .... (49*) =(0.0625)~>4, the value of x is 
(a) 7 (b) 8 (c) 9 (d) 10 
- n—1 
Given thatx >0,thesum = equals 
n=1 | x+1 
x x+1 
; x+1 - d 

(a) x (b) x+ (c) at (d) ETE 


In a G.P. of even number of terms, the sum of all terms is five times the sum of the odd 
terms. The common ratio of the G.P. is 





(a) -= (b) : (c) 4 (d) none of these 

3 3 
Let x be the A.M. and y, z be two G.M.s between two positive numbers. Then, J = is 
equal to 
(a) 1 (b) 2 (c) 5 (d) none of these 


. The product (32), (32)!/© (32)/ %6 .... to. «0 is equal to 


(a) 64 (b) 16 (c) 32 (d) 0 


. The two geometric means between the numbers 1 and 64 are 


(a) 1 and 64 (b) 4 and 16 (c) 2 and 16 (d) 8and16 


h 


Ina GLP. if the (mm + nytt term is p and (m — ny" term is q, then its m'" term is 


(a) 0 (0) pq (©) pa @) 5+9 


ee ee 
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25. Let Sbe the sum, P be the product and R be the sum of the reciprocals of 3 terms of a GP. 
then P?R? :S° is equal to 
(a) 1:1 wa (b) (Common ratio)” : 1 


(c) (First term)” (Common ratio)” (d) None of these 


ANSWERS 
1. (b) 2. (a) 3. (b) 4. (d) 5. (a) 6. (d) 7. (c) 8. (b) 

9. (b) 10. (a) 11. (dad) = 12. (a) 13. (d) 14. (d) 15. (a) = 16. (b) 

i7(a)) 18. (b) 19: (b) 20. (c) ~—«-_ 212. -(b) 22. (a) 23. (b) 24. (c) 

25. (a) 





SUMMARY 


1. A sequence of non-zero numbers is called a geometric progression if the ratio of a term and 
the term preceding to it is always a constant quantity. The constant ratio is called the 
common ratio of the G.P. 


2. If a1, a2, 43,...,%,... is a G.P., then the expression a, + a +43 +...+4,+... is calleda 
geometric series. 


3. The nth term of a G.P. with first term ‘a’ and common ratio ‘”’ is given by a, =ar" + 


th 


4. If a GP. consists of m terms, then n th 


' term from the end is (m—n+1)° term from the 


" 


beginning and is given by ar” ". 


n—-1 
If /is the last term of a G.P., then nth term from the end is given by (2) 
r 


5. Ina G.P., the product of the terms equidistant from the beginning and the end is always 
same and is equal to the product of first and last term. 


6. It is always convenient to select the terms of a G.P. in the following manner: 


No. of terms Terms Common ratio 
a 
3 —,a, ar r 
r 
aoa 
4 zr a, ar? r? 
r? 7 
aoa 2 
5 rtf, ar, ar r 
r r 


7. Ifsum ofn terms of a G.P. with first term ‘a’ and common ratio is given by 
r'-1 1—r" 
Or, =A phe gees Al 
a if pa 1-r 
S, =n, ifr =1 


Also, S, = = or, S§; = Ir = , where! is the last term. 


8. If all the terms of G.P. be multiplied or divided by the same non-zero constant, then it 
remains a G.P. with the same common ratio. 
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a 
10. 


11. 


12. 


13. 


14. 
15. 


16. 


17. 


The reciprocals of the terms of a given G.P. form a G.P. 
If each term of a G.P. be raised to the same power the resulting sequence also forms a G.P. 


Three numbers a,b,c are in G.P. iff b? =ac. If a,b, c are in G.P., then b is known as the 
geometric mean of a and c. 

If the terms of a given G.P. are chosen at regular intervals, then the new sequence so formed 
also forms a G.P. 


Let a and b be two given numbers. If n numbers G1, G3, G3,...,G, are inserted between 
aandb such that the sequence a,G,,G),...,G,,b is a G.P., then the numbers 
G1, Gp, G3,..., G, are known as n geometric means between a and b. 


l/n+ 1 
The common ratio of the G.P. is given by r= (2 ; 
a 


The geometric mean of a and b is given by Jab. 


If geometric means are inserted between two quantities, then the product of n geometric 
means is 71” power of the single geometric mean between the two quantities. 


If A and Gare respectively arithmetic and geometric means between two positive numbers 
a and b, then 


(i) A >G 
(ii) the quadratic equation having 4, b as its roots is x? -2Ax+G? =0 


(iii) 4:b = [a+ fa? 6? }(a-(4 et 


If AM and GM between two numbers are in the ratio m:n, then the numbers are in the ratio 


2 2 2 2 
m+,jm —n ar =. 





eyes | 
a ad 


eu sa 
e.g ee 





ama A | 
SOME SPECIAL SERIES 


21.1 SUM TO n TERMS OF SOME SPECIAL SERIES 


In this chapter, we intend to discuss the sum to n terms of some other special series viz. series of 
natural numbers, series of square of natural numbers, series of cubes of natural numbers etc. 


21.1.1 SUM OF FIRST n NATURAL NUMBERS 


+] 
THEOREM Prove that :1+2+3+...+4n = ln D). 


" 
PROOF Let S, =1+2+3+...4+n = Zk 


Clearly, itis an arithmetic series with first term a = 1, common difference d= 1 and last term / =n. 
n 


S, = > +n) = a Using: 5, =2 (0+ | 


WL +] 
Hence, ys, k=1424+3+4+...4n = Aue) 
5 
k=1 7: 
21.1.2 SUM OF THE SQUARES OF FIRST n NATURAL NUMBERS 


1(1 + 1) (2n +1 
THEOREM Prove that: 14 oo 97 + 37 + ...t n= = we a. 


PROOF Consider the identity (x + te —x°? = 3x74+ 3x41 
Putting x =1, 2, 3, ...,("—1) and m successively, we get 
27-19 = 3,174+3.141 


g2°.9° — 3.97 £3 940 
493° = 9092 4.9798 


n> (1)? = 3s(i—1)2- Seed 


(n +1)? —n? 3.n7+3.n+1 


Adding column wise, we obtain 


(n+1)? -19 =3 (17 +27 +...4n?) + 3(14+2434...¢n) +(1414...41) 
1 terms 


3 3 LL 2 i 
= (n+1)°-1° = 3 Di k°+3 Di kan 
k=1 k=1 


21.2 


N 
=> n+ 3nt+3n = 3 ke + ght), 
ke ‘ 

1 
=> 3 De as = jl ee ee 

k=1 2 
an 3 >y ig) 2n> + 3n? +n ss n(n +1) (21 +1) 
= > = n(n +1) (2n +1) 

k=1 6 


LL 
Hence, > 7 317 4.27 +...4n7 = woe). 
k= 1 


21.1.3 SUM OF THE CUBES OF FIRST n NATURAL NUMBERS 


2 


2 
THEOREM Prove that:1° +2°+3°+...+n°> = {secu ‘ 


PROOF Consider the identity 
(x +1)* -x* = 4x9 + 6x7 44x41 
Putting x = 1, 2, 3, ..., (1 — 1) and n successively, we get 
Peele 401 + 6.17 4141 
Bh? = 40° $6.27 44.241 
4*_3* = 4.394+6.37+4.3+1 


n* —(n-1)* = 4(n—-1)? + 6(n-1)7 +4(n—-1) +1 
(n+1)* —n* = 4n>+6n7+4n+1 
Adding column wise, we get 


(Hel) Se SA 2? rt) 61> 0? + 37+... +717) 
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. x , 2 n+)) 
tad 2 


.«(I) 


+4(1+24+3+...4¢n)+(1+1+...+)) 


n terms 


"1 i 
= n* + 4n°> + 6n* + 4n - 4{ >y k3 Je<f >Y i lal 5 k + 
k=1 k=1 k=1 
1 
3, nh edn? 6? tn = af 8 Ko }eo{meenenen} 4 {need}, 
k=1 6 2 
3 4 3 2. 
=> { cone )-" + 4n™ + 6n" + 4n—n(n +1) (2n+1) —2n(n+1)—n 
n 
=> ( EF | =n +2n? +n? = n? (n +1)” 
BB n* (n +1)" 
=> k=1 4 
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n n(n +1) ‘ n : 
ai za = {nee (2) 
k=1 2 k=1 
5 2 
7 I + n 
Hence, >> k3 = +29 4+...+¢n° = {eeen -| >» a 
k=1 Pd k=1 


REMARK1 Sometimes for the sake of convenience the sum of a sequence is also denoted by putting the 
Greek letter & (Sigma) before its general term. For example,1 + 2+ 3+... +ncan be written as =n, 
17 427 +... +n” is denoted by x nv and 1° 42° +t.cen- by = n>, 

Thus, we have 





Sn ml tl FS me 

En = 1~ 07 2 doe = AU ee 1) 
6 
1 2 

Sy = 1p a ep [ee 

2 
and, LTa=arar 1... +A = na 
(1 terms) 


REMARK2 Proceeding as above, we also have 
n(n +1) (2n +1) (3n7 + 3n-1) 
30 
To find the sum to terms of a given series of natural numbers, we may follow the following 
algorithm: 
ALGORITHM 
STEPI Write nth term of the given series. 


En’ =i" +24 foidpey FET = 


3 


STEP] Simplify nth term and express it as a polynomial in n 1.e.T, =an” + bn? +cn+d 





STEP I Take the summation from 1 to n. 
iL 1 3 N 2 nt n 
ie. Ty = al Ss korea tak eC. aah Peete. 
k=1 k=1 k=1 k= k=1 


i" i" " 
STEPIV Lise the formulae for ‘ ok; 2 : k? and 2 ; k> and obtain the sum. 
c=] = = 





Following examples will illustrate the above algorithm. 
ILLUSTRATIVE EXAMPLES 
LEVEL-1 
EXAMPLE1 Find the sum to n terms of the series 17 + 37 +574... tonterms. 
SOLUTION Let T), be the mth term of this series and S, denote the sum of itsm terms. Then, 
T, = [L+(n-1)x 27 = (2n-1)? = 4n* -4n+1 


n 
and, Ss, = 2 I, 
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an eer eAE ESE) | n(n + 1) ae 
6 2 
nN nN 2 HN ,, 2 
=> Ss. = Pete Vivienne) 76 (tr 1) + 3} = 3 (an + 6n+2-—6n-6+ 3} = 3 (an —1) 


EXAMPLE 2 Find the sum of the series De Ar IG" deena (2n)* 


SOLUTION Let T,, be the mth term of this series and S, denote the sum of its m terms. Then, 
Th = (2n)? = 4n? 


N N H 
S= 2 = = 4k7 = 4 > k? = 4 OESED EE) = nin +1) One) 
k=1 k=1 k=1 6 3 
EXAMPLE3 Find the sum ton terms of the series 1.2.3 + 2.3.4+ 3.45 +... [NCERT] 


SOLUTION Let T,, the nth term of the given series. Then, 
T, = (nth term of the sequence formed by first digits in each term) 
x (nth term of the sequence of second digits in each term) 
x (nth term of the sequence of third digits in each term) 


=> T, = (nth term of 1, 2, 3, ...) x (nth term of 2, 3, 4, ...)x (nth term of 3, 4,5, ...) 
— J, = (1+ (1-1) x J} x (2 + (1-1) x 1) x {3 + (n -1) x I} 
=> T, = n(n +1) (1+ 2) 


Let S,, denote the sum to 1 terms of the given series. Then, 


Sie co = =) k(k +1) (k +2) 


E(k? + 3k* + 2k) 


k= 
= =| Sk i Ja Ee Joa be | 
kel k=1 k=1 
nN 


> Si 





% ae seal - 3m (n+1)(2n+1) | 2n(@+1) 


6 2 


=> ES an a = wee {0 tn 4n+2+4} 
a Sam nut) (a? +5046) = Bee Dns 2) ns 3) 


EXAMPLE4 Find the sum of n terms of the series 1.27 + 2. Beg) ie 
SOLUTION Let T,, be the nth term of the given series. Then, 


T,, =(nth term of the sequence formed by first digits in each term) 
x (nth term of the sequence formed by second digits in each term) 


= T, = (nth term of 1, 2,3, ...) x (nth term of 27, 37, 4°...) 
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= T, =n(n+ 1)? = n> 4+2n* +0 
Let S,, denote the sum to n terms of the given series. Then, 
N " 
3 2 
= OT = £ (k"+2k +h) 
Si ee oe 


i ea nmoo4 " 
= Si = ky +2 2k +_2 Kk 
k=1 k=1 k=1 


= S = [as a +24ne + Nene +{ne + | 


6 2 


2 
= S, _ n+) HW Aree ad n(n +1) 3n" + 3n+ 8n+4+6 
5g, a Rt) | Bo + tn +10) _ nGr +t) (n+ 2) Gn+5) 
| ° 12 


EXAMPLE5 Sum theseries3.8+6.11+9.14+... ton terms. 
SOLUTION Let T;, be the nth term of the given series. Then, 
T,, = (nth term of 3, 6, 9,...) x (uth term of 8, 11, 14,...) 
a T, = [3+(n-1) x 3]x [8 +(1-1) x 3] = 3n(3n+5) = Qn? +15n 
Let S, denote the sum to terms of the given series. Then, 
$= = % = £ (9k24+15kK) = 9 5 k2415 = 
k=1 k=1 k=1 k=1 


21.5 


| 


[NCERT] 


— S, = oj mee D ene) +15 {200 == n(n +1) [21 + 1 +5]= 3n(n + 1) (n + 3) 


EXAMPLE6 Find the sum of n terms of the series whose nth term is 
? 
(i) 2n* - 3n +5 (ii) n? +2" 
. 9 -= 
SOLUTION (i) We have, T,, =2n” — 3n +5. 


Let S, denote the sum of n terms of the series whose nth term is T,,. Then, 


n 2 n 5 nN n 
S.= 5 = = (2k°-3k+5) =2 5 kk -3_5 k+ = 5 
k=1 k=1 k=1 kel k=1 


- oie ee -34 ne | Ae 


> 5. = 2 {2@+1) (2n +1) —9(n+1)+ 30} =2 (40 + 6n+2-9n-9+ 30 } 


= S, = 5 (an — 3n + 23) 


(ii) We have, T,, =n +2" 


Let S, denote the sum of n terms of the series having T,, as its nth term. Then, 


i i y) k i 2 nl k 
= > T= 3S eee) Se ke ee 
Sn heat ra k=1 ean 


BaD) ne) (Dears es: + 2") 


=> Ss: = 
=k os meen One) 4a Z =p] nD ated ery 


6 2-1 


[NCERT] 
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EXAMPLE7 Find the sum of the following series to n terms: 
3 3 3 3 3 3 
1° +2 
eee A et ete tT [NCERT] 
1 1+3 1+3+5 


SOLUTION Let 7;, be the nth term of the given series. Then, 





n(n + 1) 
oe Eee 2 _ (n+)? 


yh 2 SS et on ee w= L(y? + 2n+1) 
1+34+5+...+(2n-1) S{i + (2n -y} 4 4 
2 


Let S, denote the sum of terms of the given series. Then, 


n n Veer, | " > n n 
S= 2 f= 2 —(k +2k+1I)=—-; © ko +2 5 k+ 5 1 
k=1 k=1 4 4 |k=1 k=1 k=1 
=> S; =k n(n+1)(2n+1) n(n+1) +1 =" (2n* + 9n +13) 
~ 6 2 24 


1x 27 42x 37 4... +nx(n +1)" _ 3n+5 


2 


EXAMPLES Show that: 5 5 : 
17° x2+2°>x 3+...+n x(n+1) Sn +1 


[NCERT] 


SOLUTION Let 7), and 7,’ be the nth terms of the series in numerator and denominator of LHS. 


Then, 
; T, = nth term of the series 1x D2 PD sI8" 40... + nx (n+1)” 
Tq, = n(n+ 1)? =n? + 2n7 +n 
and,  /7,,’ = nth term of the series 17x 2+27x 3+...4n?x (n +1) 
qT, = n? (1+1) =n? +1? 
| nl i n i 
ST. E(k? + 2k? +k) SoGk> £2 se keel ae 
k=1 k=] k=1 k=1 k=1 
a ee ee ee EE 
+L i" 3 2 i 3 i 2 
yh x (ky +k“) kK + Sik 
k=1 k=1 k=1 k=1 
2 
[eed v2.4 ern Cred}, {aired 
=> LHS = 5 
n(n +1) " n(n +1) (2n +1) 
i 2 6 
need fae 2 | 
LHS = 
. = n(n +1) n(n+1) | (2n+1) 
Ky 2 2 3 
Hy 5 
i 3n” + 3n+ 8n+4+6 
Hy 6 i= 3n* +11n+10 (3n +5) (n + 2) Snt+5 _ 
4 => LHS = 5 =— —__—_ = = 
f 3n~ + 3n+4n+2 Bn>+7n+2 (3n+1)(n+2) 3n+1 
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EXAMPLE 9 As) S,, 59, S3.are the sums of first n natural numbers, their squares, their cubes respectively, 
show that 9S, = Sz (1 + 8S)). [NCERT] 
SOLUTION We have, 


it . 
S= >, k= +213... fm ee 
k=1 2 


Li 
S = a ke a 1" eee 2 EE CTEE A) 
k=1 6 
5 
_< 3° "= S5e70n ee AAT 
and, S3 “= 2 k =] eZ +20 ~~ ae] 
2 2 a) 
95,79) nt Dare == {n(n 1) (2n+1)} =+ n(n+1)(2n +h .+ (i) 
: 25 
and, = S3 (1 + 8S) - {20 peal me Dh jae MY (an? + 4n+1] 
a 1)? (20 +1)? ci 
= S3 (1+8S,) = nD Dee = quae) (2n + yh .. Gi) 


From (i) and (ii), we obtain 

95,~ = S3 (1 + 8S)). 
EXAMPLE 10 Find the sum ton terms of the series:17 + (> ~ 27) - (17 hole 3°) +... [NCERT] 
SOLUTION Let T,, be the mth term of the given series. Then, 

T, = 12-4107 ge eerie ee = = (2n* + 3n? +n) 


Let S, be the sum to 1 terms of the given series. Then, 








LL i 
5. =. eae 5 (2k? + 3k? +k) 
k=] k= 1 6 
il i i 
= S1 = Z| Shes ae Read k 
6| Kat Gyet . et 
1 i 3 1 i 5 1 il 
= S.== k>|+=| >} ko l+=} >) k 
| & : { & . | 3, 
2 
EC S ru n(n +1) givh n(n +1) (2n +1) i n(n +1) 
3 2 2 6 6 2 
=> S, = ee jn(n+1) +(2n+1) +1} - nO We + 3n+2) = a5 n+l)” (n + 2). 
LEVEL-2 
EXAMPLE 11 The sequence N of natural numbers is divided into classes as follows: 
1 2 
3 4 5 6 


7-8 910s 2 


Show that the sum of the numbers in nth row isn (2n* +1). 
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SOLUTION Since the first row consists of 2 natural numbers, second row 4 natural numbers, 


third row 6 natural numbers and so on. So, the total number of natural numbers in nth row is 2n. 
Now, 


Total number of natural numbers upto the end of nth row 
2n (n + 1) 
2 
‘. Total number of natural numbers upto the end of (1 —1)th row =(n—1) (1-1 + 1) =n(n—1). 
Let S, denote the sum of first n natural numbers. Then, 

Sum of the natural numbers in nth row 


= 2+4+6+...+2n = 2(14+2+...4n) = = n(n +1). 


= Sum of the natural numbers upto the end of nth row 

— Sum of the natural numbers upto the end of (mn —1)th row 
= Si(n+ 1) —Sin- 1) 
S.— ie wherem=n(n+1), p=n(n-1). 


= m(m+1)_ p(p+1) UaiieeS _n(n+1) 
2 2 oS ae 
_ n(n +1) {fn (1 +1) + 1} _n(n—1) {n(n—1) +1) 
2 2 


= — (n +1) (n* +n +1) —(n-1) (rn? —n +1 = 5 (an +2) = n(2n* +1). 


14+2+...+k 7 


EXAMPLE12 IfS = - , find the value of S,> + g2 +...+5, . 


SOLUTION Wehave, 
S Bele tee te (k++) . k++] 
‘ k 2k 2 


57 45,7 +...45 = 25 = 2 (2) - wy (k +1)? 


=1 
om +. (nea? a Hoe +(nsa? a 
=e (2+1)(14+14+1){2(n+1) +1} =H 
+t a 
= b j@rY + 2)Qn+ 3) _,|_ 2 1,2 
ra é i} = 7 (2n~ + 9n + 13) 


EXAMPLE13 Sum ton terms the series: 17 ~2? + 3? a 457 67 4. 


SOLUTION Clearly, nth term of the given series is negative or positive are as is even or 
odd respectively. 


CASEI Whenniseven: In this case the given series is 
17-27 + Bed 5 Ones +(n—1)? —n?* 


= ac 5) +(37 _ 47) +67 -62) +... +((n-1)2 =n?) 
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= (1-2)(1 +2) +(3-4)(3 +4) +6-6) 6+ 6)+... +4 (1-1) -()} (1 —1+n) 


n(n + 1) 
Ee 
CASEIl When nisodd: In this case the given series is 


(12 — 22) 4.(32 —42) +... + (1-2)? —(n-1)7} +17 
= (1-2) (1+ 2)+(3-4)(3 +4) +...+ c —2) -(n-1} {=2) +(n -1)} +n 


ee aia dts, Es Ee = — COO AD 9? oO 


EXAMPLE 14 Find the sum of all possible products of the first n natural numbers taken two by two. 
SOLUTION We have, 


= —-(1+4+2+3+4+...4+(n—-1)+n) = 


(X] +#X_ +...4 X,)” = @,* + oe +...+ x,7) + 2 (Sum of all possible products taken two at a 


time) 
2 ' 
NM i 4 i" il 
or, » s| = <?} 2 » Xj X; 
1=1 i=1 i=Lj<j j=1 
i" i 1 2 
2 2 2 eae ; 
f=1j<j J=1 
1 u 3 ee 1) | a(n +1) a n(n +1) (2n +1) 
'. Required sum= — k| - yi ko | = — hs hth 
2 \\k=1 k=1 2 2 6 


= see jae -Bx1}) ne {22* ct? 








2 2 2 3 + 6 


n(n+ 1)(3n* —n—2) _n(n+1) (1-1) (3n+ 2) 

24 + 24 
EXAMPLE15_ Find the sum of the series: 1.n+2.(n-—1) + 3.(n—2) +...+(4-1).2+n.1. 
SOLUTION Let 7; be the rth term of the given series. Then, 


T =r{n-(r-1)} = r(n-r+1)=r{(a+1I)-yn= (n+1)r—r 


i" 
Required sum = a 7, 


r= 


> {o +1)r -2| 


r=] 


ao yi Hf yi | 


6 6 
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EXAMPLE 16 Find the sum of the series 
(3° —2°) +(5° —4°) +(7° 6") eee to n terms 
SOLUTION Let Sbe the sum of the given series. Then, 
Ge(o>—2°)a(6° —4°) +(7> -6°) + ries ton terms. 


=> $= 5 {2r+1)°-(2n° | 


=> S= 5 {(2r +1) -(2n} {(2r+1)° +(2r+1) (21) +(20)?| 
r=] 
= S= E (12r? + 6r+1) 


n 9 nN n 
=> S=12 © r°+6 ZT r+2ti1 
y=] r=] r=] 


n(n+1) (2n+1) i: 
6 


— S=12~x 6x nt en 


S =2n (n+1) (2n+1) + 3n(n+1)+n 
S=n(4n* + 6n+2+ 3n+3+1)=n (4n? + 9n+ 6) 


Find the sum of the following series to n terms: (1-7) 
Peep OSS P74... 

Dea 6> 418° 4... 

- 1254+2.3.6+ 3.47 +... 

1.244237 + 3410+... 


1+(1+2)+(1+2+ 3)4+(14+24+3+4)+... 
1x2+2x3+3x4+4x5+... 


3x17 45x27 +7x 37+... 


. Find the sum of the series whose nth term is: 


Y ¥ 


CNS Sa) 
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[NCERT EXEMPLAR] 


EXERCISE 21.1 


[NCERT] 
[NCERT] 


(i) 2n? + 3n? -1 (ii) n>? — 3" 
(iii) n(n +1)(n+4) [NCERT] (iv) (2n —1)2 [NCERT] 


9. Find the 20 term and the sum of 20 terms of the series: 
2x4+4x6+6~x 8+... 





[NCERT] 
ANSWERS 


1. n?(2n” -1) 2. 2{n(n+1)}7 3. fa (n +1) (3n* + 23n + 34) 


4. 7 (n+ 1) (9n° + 25n +14) 5, a(n +1) (n+ 2) 


6. 3 tt) (+2) 7. —(n+1) (30? +5n +1) 


2 
8. (i) E (n° +4n? + 4n-1) (ii) (eee -=(3" —1) 


(ii) ner” (3n? + 23n + 34) Gv) © (2n+1) @n-1) 


9. 1680, 12320 
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HINTS TO NCERT & SELECTED PROBLEMS 


- Clearly, T,, =(2n)* = 47 


= 


n(n+1)(2n+1) 2 


i i 
2 
s> T,.=d. > kad —n(n+1)(2n +1 
k=1 k k=1 6 3 ( Y( 


. Clearly, T,, =(2n —1) ; 


N 


il i 3 i" 3 i ? iN " 
S.= = T= = (2k-1)" =8 © k -12 = k-+6 © k— 21 
k=1 k=1 k=1 k=1 k=1 k=1 
3. Clearly, T,, =(2n)° 
2 
n n n as 
§,= = T= = (2k)? =8 = pong |e} = 2n? (n +1)? 
k=1 k=1 k=1 2 


8. Let 7, be the r'” term of the given series and S, denote the sum of its 7 terms. Then, 
T, =r (r +1), r=1, 2, 3,... 


ay t= > r (r +1) 


r=1 r=1 
i aL i 
=< SI (r+n=> yr? 4 SS r 
r=1 r=1 r=1 
n(a+1)(2n+1) n(n+1) n(n+1)(2n+4) n(n+1) (n+ 2) 
a a Aa i: as oati-o ORR 3 


9. Let T;, be the r‘” term of the series and S, be the sum of its 1 terms. Then, 
T. =(2r +1) r? pfs ply Oymsvit 
Sane Sy (2r +1) r? =z (2r3 +17) = “22 r ‘te r? 
r=1 r=1 
Ese foe n(n +1) * (n+) 2n+1) _ n(n +1) (30? + 5n +1) 
2 6 6 
10. (iv) We have, 
T, =n(n+1) (n+ 4) =n? +5n? + 4n 


Let S, be the sum of terms. Then, 


iL i 
S= Dep. (r> +57 + 4r) 


r=1 r=1 

n 3 nN» n 
=> Sad rr+5 Dd rt+4 > 4 

r=1 r=1 r=1 


= gy 0{BOED) Sone), smb) noe Cw + 29u+ 96 
2 6 io em 12 


(v) Wehave, J, = (2-1) 
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Let S, be the sum of 1 terms of the given series. Then, 


S,= Ss T, = y (2r -1)? = y (4r2 — 4r +1) 


r=] r=] veh 
nN > n i 
= 5-42 Padre Sa 
cee r=1 r=1 
Sy Eg ED gw MU ne) 


11. Let T, be the r+ term of the given series. Then, 
peter (2r+ 2), r=1,,2, 3,.. 
=> Tp, = dr? + Ar 
Toy =4x 207 + 4x 20 =1600 + 80 =1680 
Let S5p be the sum of 20 terms. Then, 


20 20 20 20 
So= >, T, = > (4r + 4r) {3 a).{ 3 4 


r=1 r=] =] r=1 


is = 4 x, 20.20 +1) 4041), 4, 20(20+1) _ 5390 
D 6 2 


21.2 METHOD OF DIFFERENCE 


Sometimes the nth term of a series can not be determined by the methods discussed so far. If a 
series is such that the difference between successive terms are either in A.P. or in G.P., then we 
determine its nth term By. the metiod of difference and then find the sum of the series by using 


the formulas for £n, £n* and =n>. The method of difference is illustrated in the following 
examples. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the sum to n terms of the series: 3+15+ 35+ 63+... 


SOLUTION The difference between the successive terms are 15 — 3 = 12, 35 — 15 = 20, 
63 — 35 = 28, ... . Clearly, these differences are in A.P. 


Let T,, be the nth term and S, denote the sum to n terms of the given series. Then, 

S,=34+15+ 35+ 63+...+7,_ 1+, ...(i) 
Also, S,= 3+15+35+... +T,,1+T; ...(ii) 
Subtracting (ii) from (i), we get 


0 = ee 
,@-) 
i => T, = > {2x12+(n- —-1-— -1) x 8} =3+(n—1) (12+ 4n-8) 
iq Sey 
=I = i, = pea = 4n° -1 
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peas 7 = (4k? -1) 
Skat ikea 


2 n 
= Sad SOROS SS ee 


n(n +1) (2 +1) 
k = k=1 


6 

REMARK Instead of determining the nth term of a series by the method of difference as discussed in the 

above example, we can use the following steps to obtain the same. 

STEPI Obtain the terms of the series and compute the differences between Ty —T,, T3 —T>,T, —T3, -. 
etc. If these are in A.P., then take the nth term as T,, = an” + bn +c, where a,b,c are 


-—n = 3 (an + 6n —1) 


constants. Determine constants a,b,c by putting n=1, 2, 3 and equating them with the 
values of corresponding terms of the given series. 


If the differences Ty —T,, T3 —T>, Ty —T3,.... are in G.P. with common ratio r, then take 


T, = ar'~}+bn+ cand determine constants by putting n= 2, 011 fi. 
n Y p 8 n 


WY 
= 
<) 





STEP III If the differences of the differences computed in step I are in A.P., then take 
i, = an? +bn* + cn+dand find the values of a,b, c, d by putting n =1, 2, 3, 4. 


STEPIV If the differences of the differences computed in step Lare in G.P. with common ratior, then take 
= 


T, = ar 1. bn* + cn+dand find the values of a,b, c, d by putting n =1, 2, 3, 4. 
EXAMPLE 2 Find the sum to n terms of the series:1 +5 +12+ 22+ 35+... 


SOLUTION The sequence of differences between successive terms is 4, 7, 10, 13, ..., which is 
clearly an A.P. Let T,, be the nth term of the sequence and S, be the sum of its 7 terms. Then, 


S, = 14+54+124+22+ 35+...47,_,+1, .-.(1) 
Also, S, = 1+ 5+12+ 22+... +T,_14+ 1], .--(ii) 
Subtracting (ii) from (i), we get 


0 = 144447 +10413 +... (Ty — Tr} Th 


Fee kte =) eae Ss ied 
=> Ty =14 7 Jax de(n 1-1) a} =1+( 5 Jeane 


— T, = Z (3n7 —n) 
2 
i | 1 2 3 i” 2 1 
= > T= = =—(3k°-k) =— = kK -= 
a Pee ee 2 | 2 kw] 2 k=1 
ak aoe 3 n(n+1)(2n+1)} 1 n(n+1)| _ n* (n +1) 
ben o 6 2 2 2 


ALITER The given series is:1+5+12+22+ 35+... 
The sequence of differences between successive terms is: 4,7, 10, 13,... 
Clearly, it is an A.P. So, let the nth term T,, of the given series be 


= an* +bn+c .-.(i) 
Puttingn = 1,2, 3, we get 

Ty =at+b+c matrb+c=l j % =1) 

Tp = 4a+2b+c => 4a+2b+c =5 [- T> =5] 


oo 
i 


9a+3b+c => 9a+ 3b+Cc 


12 [: T3 = 12] 


tba 


uJ m. = 
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Solving these equations, we get 
a=2,b =-= and c = 0 
2 2 
Substituting the values of a, b, c in (i), we get 


3.9.1 1 2 
T, = —n -—-—n = —(3n —-n 
n >! 7 > ) 


iL 


UL 1 5 3 LL ”) 1 i 
-- Sum of the given series= >) T, = >, = >» 7 7 De 





r=1 r=1 r=1 rel 
_ he (1 + 1) (2n +1) Tae (n+1){ _ n> (1 + 1) 
2 6 2 2 2 
EXAMPLE3 Find the sum of first n terms of the following series: 
(i) 3+7+13+ 21+ 31+... [NCERT] 
(ii) 54+11+19+29+41+... [NCERT] 


SOLUTION (i) The given series is: 3 +7 +13+ 21+ 31+... 
The sequence of the differences between the successive terms of this series is 


4,6, 8,10,... 
Clearly, it is an A.P. with common difference 2. So, let the nth term of the given series be 
qT, = an? +bn+c ...(i) 
Putting n =1, 2, 3, we get 
T, =at+b+c > a+b+c = 3 [- T =3] 
Tp = 4a+2b+c => 4a+2b+c =7 [.- T> =7] 
Tz = 9a+ 3b+c => 9a+ 3b+c=13 [.. Ts =13] 


Solving these equations, we get: a=b =c =1 

7, =n +n+1 

Le LL i LL n 
Requiredsum = >> T= >, (r?+r+1)= D5 r*+ Dor+ > 1 
r=1 r=1 r=1 r=1 r=1 
; n(n +1) (2n +1) _2(n+)) eee 
6 2. 3 

(ii) The given series is: 5+11+19+ 29+ 41+... 
The sequence of the differences between the successive terms is: 6 , 8,10, 12, ... 
Clearly, it is an A.P. So, nth term of the given series is given by 


(n? + 3n+5) 


T, = an? +bn+c -»-(i) 
Putting n =1, 2, 3, we get 

T, =at+b+c => a+b+c=5 [. T, =5] 

Tp = 4a+2b+c => 4a+2b+c=11 [.. T, =11] 

Tz = 9a+ 3b+c => 9a+ 3b+c=19 [. Ts =19] 


Solving these three equations, we get: a=1,b =3 andc =1. 
Th = n+ 3n+1 
iL n 2 Nn 5 n n 
Required sum = )) T= > @+3rt+t= > 243 > r+ D1 
r=1 r=1 T=1 r=1 r=1 


_ n(n+1)(2n+1) e 3n (n +1) on n(n + 2) (n+ 4) 
‘3 6 2 a 3 
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EXAMPLE4 Sumi the following series ton terms: 5+7 +13 + 31+ 85+... 

SOLUTION The sequence of differences between successive terms is 2, 6, 18, 54, ... 

Clearly, itis a G.P. Let T,, be the nth term of the given series and S, be the sum of its 1 terms. Then, 
S, = 5+7+13+ 31+85+...+7, 3 14+In HO) 

Also, S, = 5+ 7+13+ 31+... +T,_1t+T .--(ii) 

Subtracting (ii) from (i), we get 


0 = 54 }26 64184544 4 aT 5 —T;; 


n—1 
= he Ba oh S ee 


(3 -1) " 
5+(3"- 1-1) = 443773 


y 
> 
Il 


n n k-1 n 
5 = 2 Te = tees y= = 4+ 
k=1 k=1 k=1 


ie os 
G2 
Pd 
! 
— 


: 
ky? n—1 
= S, = 4n+(1+34+3°+...4+3 ) 


1 it 
4n+1x oo = 4n+ Sam = +(3"+ 8-1) 
3-1 2 2 


ALITER The given series is: 5+ 7 +13+ 31+ 85+... 
The sequence of the differences between successive terms is 2, 6,18, 54,... 








me Si 


Clearly, it is a G.P. with common ratio 3. So, let the nth term of the given series be 


Tj, = a.3"-t4+bn+c ...(i) 
Puttingn = 1, 2, 3, we get 

Ty; =a+b+c => a+b+c =5 [.- T, = 5] 

T) = 3a+2b+c=>> 3a+2b+e =7 [-T> = 7] 

Tz = 9a+ 3b+C=> 9at+ 3b+C = 13 [-T3 = 13] 


Solving these equations, we get: a=1,b=0 and c=4 
Substituting the values of a, b, c in (i), we get 


Sum of the series 


r=1 


iL i" 1 i 1 n 
Y he) Oo +4 = > oS 4 
r=1 r=1 r=1 


(LsBnGe he ets) 4H 


" nt 
Lee = Sie 
3-1] 2 





+4n = = (3"-1+ 87) 


21.3 SUMMATION OF SOME SPECIAL SERIES 


In this section, we shall discuss some problems for finding the sum of some series of the form 
1 1 1 1 
MH eet ee" 
a(a+d) (a+d)(a+2d) (a+2d)(a+ 3d) (a +(n—2) d) (a+(n—1) d) 
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In order to find the sum of a finite number of terms of such series, we write its each term as the 
difference of two terms as given below 


cones 

a(a+d) dia a+d)’ 

1 Ripe 
(a+d)(a+2d) dla+d a+2d}" 
See: Marys if and so on. 
(a + 2d) (a + 3d) d\a+2d a+3d 

1 1 1 

$5 + —___—_ + 
a(a+d) (a+d)(a+2d) (a+2d)(a+ 3d) 

















1 
: {a+(n-2) d} {a+(n-1) d} 


1 1 1 1 1 1 1 1 1 
—<{j|-- +} ——-—. —— |+ ~ +... {| ———_—__ - —_____ 
diija at+d at+d a+2d a+2d a+3d a+(n-—2)d a+(n-1)d 


Live) 1s. 1 a n—-1 
dja a+(n-1)d ~ afat(n—-1) dh 


Following examples will illustrate the above procedure. 











ILLUSTRATIVE EXAMPLES 








LEVEL-1 
EXAMPLE1 Find the sum to n terms of the series: 
ee tg [NCERT] 
12) 92:3) 53.4 n.(n +1) 
SOLUTION Let; be the rth term of the given series. Then, 
7, = pela =i Desay 
r(r +1) 
=> 7 = Bee I , r=1,2 
r r+il 
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EXAMPLE2 Find the sum to n terms of the series : a ae aaa 
SOLUTION LetT, be the rth term of the given series. Then, 
1 
fp = Se ee se 
rT ~ (2r —1) (2r +1) 
SE | eS a se eee 
= T, (4 eal 
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EXAMPLE3 Find the sum: Dt = ae ee 
(ar +b) (ar +a+b) 


r= 








SOLUTION We have, 
i 
1 


a (ar + b) (ar + a+b) 


eee 
ey ie ar+b ar+a+b 


UL (20 
ar+b ar+a+b 


r=] 


| Sate J + 
(s- eal Eee ata 
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1 
ae ae (a+b) {(n+1) a+b} 


EXAMPLE4 Find the sum to n terms of the series: 
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SOLUTION Let T, be the rth term of the given series. Then, 


T, —_ MEO => 1, 2; 6 Pere 
r- (r+1)7 
= T. = BC rite) Gere 
r2(r+1)7 


=> Jf: = sections ,rtr= i Er Sexe 
r (r +1) 


Let S, be the sum ton terms of the given series. Then, 


LL LL 1 1 1 
Requiredsum= > T= >») SS = bee 


pal. teed ee cea (n +1)" 
EXAMPLES Find the sum to n terms of the series: 
1 2 3 
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SOLUTION Let T; be the rth term of the given series. Then, 
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T, = ae 1 is ahs aera (| 


leresr 


an T = r mail 2r 1 
r a =... a —_—_———.._. ag - = 
(7 +r41)(77-r+1) 2|(@?4+r41)(7?-r4+1)]| 2 


+= + —— 
172% 2%.37 374? 
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Pe) ett ea art EE 
na+b (n+1j)a+b 


Qn +n? 
(n +1)? 


(r2 +r+1) (r? —r+1) 


(r2 +r+1) ~(r? —r “2 
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Let S, be the sum to terms of the given series. Then, 


$= DG =t)> |= = 
pe Seen lrter+1 rere 
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EXERCISE 21.2 





Sum the following series to n terms: 


1. 34+54+9415+23+... 2.2+5+10+17+ 26+... 
3. 14+34+7+13+21+... 4.3+7+14+24+ 37+... 
5. 14+34+6+10+15+... 6.1+4+13+40+ 121+... 
7. 4+64+94+13+18 +... 8. 2+4+7+11+16+... 
1 1 1 
9. — + —— HO +H CF. 
14 47 710 
ae 1 1 1 1 


+ —— + —— + ——__ +, + —________ 
16 611 1116 1621 (5n — 4) (5n +1) 


ee ti‘ ‘_‘(_‘.U.LLULANSWERS 








2 
1. = (n* +8) 2. © (an? + 3n +7) 3, An" +2) 
3 6 3 
4. (ttn 4) 5. Z(t +1) (n+2) 6. = (3"* 1 -2n-3) 
122. Nn, 2 nN 
. —(n + 3n+20 8. —(n” + 3n+8 9. 
4 6 3. 3n+1 
n 
ae 5n+1 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 


question: 
1. Write the sum of the series:2+4+6+8+...+2n. 


>. Write the sum of the series: 17-27 + 37 4? 457 62 4... +(2n-1)? —(2n)2. 
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3. 


4. If Er = 55, find 5 no 


_ 


‘ ‘ th ‘ r 
Write the sum ton terms of a series whoser’ termis:r+2 . 


3 


r=] r=1 


. If the sum of first even natural numbers is equal to k times the sum of first 1 odd natural 


numbers, then write the value of k. 


. Write the sum of 20 terms of the series: 1 + , (1 + 2) + =(l +2+ 3)+.... 


. Write the 50th term of the series 2+ 3+6+11+18+.... 


. Let S,, denote the sum of the cubes of first natural numbers and s,, denote the sum of first 
natural numbers. Then, write the value of f > a 
ANSWERS 
. n(n+1) 2. —n(2n +1) 3 muse pote Sols 453005 
i 6. 115 7. 497 +2 g;, EMEA) NERSe oe 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the eae 


1 


1. The sum ton terms of the series ————_—> + —=——>_ + —= = +........ 
V1 + 3 V3 +15 ‘ea aa 


(a) 2n+1 (b) = mn (c) j2n+1 —1 (d) “nie -1} 








. The sum of the series : ———— + | pee 3. ee is 
logo 4 logy4 logs 4 log sn 4 
ey yess (6) RED Ce Dr eee (d) none of these 
2 12 
i 1 
. Thevalueof >) 4(2r-1l)a+ 7 is equal to 
r=] 
n—1 ae 
(a) an? + a ee (b) an” + eae : 
b= (G4) b" (b —1) 
fim 
(c) i. (d) none of these 
b” (b -1) 
. If£n=210, then =n? = 
(a) 2870 (b) 2160 (c) 2970 (d) none of these 
Nn 2 
. Its = >: EA By 2 Sere SU OL eTS enisaisequalttc 


r=al 2° 


@eante |) Gye Oa-t+ = s@2" a 
2 Zz 


mee wdies 
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1+2 1 + 3 
6. If 1+ a + an +... tom terms is S. Then, S is equal to 
(a) n(n+ 3) (b) n(n + 2) (c) n(n +1) (1+ 2) (d) 2 
4 4 6 
7. Sum of terms of the series /2 + /8 + /18 + /32 +....is 
n (n.+ 1) | n(n +1) 
a) ————- b) 2n(n+1 Cc d) 1 
@) =) nv +) (©) 5 (d) 
8. The sum of 10 terms of the series ./2 + ./6 + /18 +.... is 
(a) 121 (6 +2) (b) 243(J3 +1) (©) ce (d) 242 (J3 -1) 
9. The sum of the series 1° + 37 + 5 +... tomterms is 
n(n+1)(2n+1)_ n(2n—1)(2n+1 n—1 2 2n +1 2n+1 3 
(a) M+ D(2n+1) Gy M2n-12n+1) (y=)? 2n+1) (gy (2n+1) 
2 3 6 3 
10. The sum of the series 2 + 8 + 28 + 80 + .....t0 terms is 
Bm "9.. 27 81 


(a) n-—(3"" -1) (b) n->(1-3"") (c) n+ (3"=1) (d) n-=(3"-1) 


ANSWERS 


1. (d) 2. (c) 3. (b) 4. (a) 5: 1(c) 6. (a) 7. (c) 8. (a) 
9. (b) 10. (b) 





SUMMARY 
1. For anyn € N, we have 
nN 
(i) eames a tn et) 
k=1 2 
RM eeane 7 64... ont = H+) Cnt) 
k = 6 
n 2 
(iii) ame Ree ooo a So +. on = {on 


Gv) & kt attaotasta ant = M@+D n+) (3n” + 3n-1) 
k=1 30 
2. Inaseries a; +42 +43 +A, +...+% +... Take 
(i) if the differences a, — a1, a3 — a7, a4 —a3,...arein A.P., then the nth term is given by 
& = an” +bn+c,wherea,b, care constants. 
(ii) if the differences aj — a1, a3 — ay, a4 —ag,... are in G.P. with common ratio r, then 
a, = ar" © +bn+c, where a,b, c are constants. 


To determine constants a,b,c we put n=1, 2, 3 and equate them with the values of 
corresponding terms of the given series. 
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BRIEF REVIEW OF CARTESIAN 
SYSTEM OF RECTANGULAR 
CO-ORDINATES 


22.1 CARTESIAN CO-ORDINATE SYSTEM 


RECTANGULAR CO-ORDINATE AXES Let X’OX and Y'OY be two mutually perpendicular lines 
through any point O in the plane of the paper. We call the point O, the origin. Now choose a 
convenient unit of length and starting from the origin as zero, mark off a number scale on the 
horizontal line X’OX, positive to the right of the origin O and negative to the left of origin O. 
Also, mark off the same scale on the vertical line Y’OY, positive upwards and negative 
downwards of the origin O. 


The line X’ OX is called the x-axis or axis of x, the line Y‘OY is known as the y-axis or axis of y, and 
the two lines taken together are called the co-ordinate axes or the axes of coordinates. 





Fig. 22.1 


CARTESIAN CO-ORDINATES OFAPOINT LetX’OX and Y’OY be the co-ordinate axes, and let P be 
any point in the plane. Draw perpendiculars PM and PN from P on x and y-axis respectively. The 
length of the directed line segment OM in the units of scale chosen is called the x-coordinate or 
abscissa of point P. Similarly, the length of the directed line segment ON on the same scale is 
called the y-coordinate or ordinate of point P. Let OM =x and ON = y. Then the position of the 
point P in the plane with respect to the coordinate axes is represented by the ordered (x, y). The 
ordered pair (x, y) is called the coordinates of point P. 


Thus, for a given point, the abscissa and ordinate are the distances of the given point from y-axis and 
x-axis respectively. 


The above system of coordinating an ordered pair (x, y) with every point ina plane is called 
the Rectangular Cartesian coordinate system. 


22.2 
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Fig. 22.2 


It follows from the above discussion that corresponding to every point P in the Euclidean plane 
there is a unique ordered pair (x, y) of real numbers called its Cartesian coordinates. Conversely, 
when we are given an ordered pair (x, 1) and a Cartesian coordinate system, we can determinea 
point in the Euclidean plane having its coordinates (x, y). For this we mark off a directed line 
segment OM = x on the x-axis and another directed line segment ON = y on y-axis. Now, draw 
perpendiculars at M and N to X and Y axes respectively. The point of intersection of these two 
perpendiculars determines point P in the Euclidean space having coordinates (x, 1/). 
Thus, there is one-to-one correspondence between the set of all ordered pairs (x, y) of real 
numbers and the points in the Euclidean plane. The set of all ordered pairs (x, /) of real numbers 
is called the Cartesian plane and is denoted by R~. 
QUADRANTS Let X’OX and Y’OY be the coordinate axes. We observe that the two axes divide 
the Euclidean plane into four regions, called the quadrants. The regions XOY, X'OY, X'OY' and 
Y'OX are known as the first, the second, the third and the fourth quadrants respectively. The ray 
OX is taken as positive x-axis, OX’ as negative x-axis, OY as positive y-axis and OY’ as negative 
y-axis. In view of the above sign convention the four quadrants are characterised by the 
following signs of abscissa and ordinate. 
I Quadrant: x>0,y>0 
II Quadrant: x<0,y>0 
II Quadrant: x<0,y<0 
IV Quadrant: x>0,y<0 


ve 
II I 
QUADRANT | QUADRANT 
, +) (+, +) 





QUADRANT | QUADRANT 
(-, -) (+, -) 


Fig. 22.3 
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The coordinates of the origin are taken as (0, 0). The coordinates of any point on x-axis are of the form (x, 0) 
and the coordinates of any point on y-axis are of the form (0, y). Thus, if the abscissa of a point is zero, it 
would lie somewhere on the y-axis and if its ordinate is zero it would lie on x-axis. 


It follows from the above discussion that by simply looking at the coordinates of a point we can 
tell in which quadrant it would lie. 


22.2 DISTANCE BETWEEN TWO POINTS 
The distance between any two points in the plane is the length of the line segment joining them. 


The distance between two points P (x1, 1) and Q(x>, y>) is given by 


—_— =e = —— 


PQ = (x2 ~ x)? + (2 - 


Le. PQ 


SOME USEFUL POINTS 
({) In order to prove that a given figure is a 
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(i) square, prove that the four sides are equal and the diagonals are also equal. 
(ii) rhombus, prove that the four sides are equal. 
(ili) rectangle, prove that opposite sides are equal and the diagonals are also equal. 
(iv) a parallelogram, prove that the opposite sides are equal. 


(v) parallelogram but not a rectangie, prove that its opposite sides are equal but the 
diagonals are not equal. 


(vi) arhombus but not a square, prove that its all sides are equal but the diagonals are not 
equal. 


(I) For three points to be collinear, prove that the sum of the distances between two pairs of 
points is equal to the third pair of points. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the distance between the points 
(i) A (at,, 2 at;) and B (ato, 2 ats) (ii) L (a cos a, a sin a) and M (a cos B, a sin B) 
SOLUTION (i) Clearly, 


AB = (at, — at)? + (2at, ~2at,)* = a2 (tp — ty)? (tp +t)? + 407 (tb -4)” 
=>  AB=alty—t) Vp +h)? +4 
(ii) LM \(a cos B —a cos a) + (asin B—asin a)? 
ya? (cos B — cos a)? +az (sin B —sin a)? 
a (cos B — cos a)? + (sin B —sin a)? 
a,{cos” B + cos? a + sin? B + sin? a —2 cos a cosB—2sin a sinB 
a j1+1—2cos(a—f) =a |2{1 ~cos(a =p) 


a [2x 2 sin SF) 2 asin (=5*) 
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EXAMPLE2 Show that four points (0, — 1), (6, 7), (— 2, 3) and (8, 3) are the vertices of a rectangle. 
SOLUTION Let A (0, - 1), B (6, 7), C (- 2, 3) and D (8, 3) be the given points. Then, 


AD =\(8 -0)? +(3+1)? = /64+16 =4 5 C(-2, 3) B(6,7) 
BC =(6 +2)? +(7-3)? =/64+16 =4 V5 
AC =\(-2-0) +(3+1)* =/44+16 =2 V5 
and, BD = (8-6)? + (3-7)? =f4+16 =2V5 
A(0, -1) D{8, 3) 


AD = BC and AC = BD. | 
So, ADBC is a parallelogram. Fig. 22.4 


Now, AB = (6 —0)? +(7 +1)? =./36 + 64 =10 and, CD = (8 + 2)7 +(3-3)? =10. 


Clearly, AB? = AD* + DB* and CD? =CB* + BD. Hence, ADBC isa rectangle. 


EXAMPLE3 If the two vertices of an equilateral triangle be (0, 0), (3, V3), find the third vertex. 
SOLUTION O (0, 0) and A (3, V3) be the given points and let B(x, y) be the third vertex of 
equilateral A OAB. Then, 

OA =OB = AB => OA? =OB? = AB” ...(i) 


B(x,y) 





Fig. 22.5 
Clearly, OA? =(3 — 0)? +(/3 — 0)? =12, OB? =x* + y? 
AB? =(x—-3)? +(y—V3)? =x? +y" —6x-2V3 y+12 





and, 

Now, OA? =OB? = AB? [From (i)] 
=> OA? =OB* and OB? = AB? 

=> x7 +y" = 12 and x74 y* = x2 4y*-6x-2V3 yt12 

= x7 4y? = 12 and 6x+2V3 y=12 

=> x? +y7 =12 and 3x+ V3 y=6 

> 2 4(8582) a2 k 3x4 VB y=6.. y=S—23| 


V3 
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=> 3x74(6-3x)? = 36 => 12x7-36x=0 => x=0,3 
Putting x = 0 and 3 respectively in y = a, we get y=2 V3, and y= —/3 respectively. 


Hence, the coordinates of the third vertex B are (0, 2 /3,) or (3, — V3). 
EXAMPLE4  I[f the segments joining the points A (a, b) and B (c, d) subtends an angle 6 at the origin, 
prove that: cos 8 =— — aaa rs 
(a2 +b) (c? + d) 
SOLUTION Let O be the origin. Then, 
OA? = a* +b”, OB? =c* +d? and, AB? =(c —a)” +(d —b)” 





A(a, b) 


Fig. 22.6 


Using cosine formula in A OAB, we have 
AB* = OA? + OB*—2(OA) (OB) cos 0 


(c—a)* +(d—b)* =a* +b? +c* +d? -2 a +b? ec? +d? cos 0 
c? + a2 ~2.ac + d2 +b? —2bd =a? +b7 +c7 +d7-2 ya? +b? yc? +d cos 0 
2 (ac + bd) =24\a" +b? ic? +d? cos 0 

ac + bd 


0 = =. 
mis a? +b Jc" +d 


EXAMPLES Find the coordinates of the circumcentre of the triangle whose vertices are (8, 6), (8, —2) and 
(2,-2). Also, find its circum-radius. 


SOLUTION Let A (8, 6), B(8, —2) and C (2, —2) be the vertices of the given triangle and let 
P (x, y) be the circumcentre of this triangle. Then, PA2 = PB* = PC? 


Now, PA? =PB? 

=> (x —8)2 +(y—6)7 = (x—8)? +(y +2)” 

~ x? +? —16x -12y +100 = x? + y? —16x + 4y + 68 
= l6y = 32> y =2 

Again, PB? = PC? 

=>  (x—8)?+(y+2)? = (x—-2)? +(y+ 2)? 

=> x? + y” -16x + 4y + 68 = x? + y? —4x+4y+8 

= 12x5=1600 = x=): 


Ue Y 
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So, the coordinates of the circumcentre P are(5,2). 
Also, Circum-radius = PA =PB=PC = (5-8)? +(2-6)2 =5. 





EXAMPLE6 The vertices of a triangle are A (1, 1), B (4, 5) and C (6, 13). Find cos A. 


2 

SOLUTION We know that: cos A = eo, where a = BC, b =CA and c = AB are the sides 
c 

of the triangle ABC. 
Here, 

a = BC =,/(4- 6)? + (5-13)? =/68, b=CA =,(6 - 1)? + (13 -1)2 =169 = 
and, c= AB = (4 ~1)? +(5-1)? =5 

b> +c7-a* 169+25-68 63 
cos ——— = Oe 


2bc 2x13x5 65 
EXAMPLE 7 Let the opposite angular points of a square be (3, 4) and (1, —1). Find the coordinates of the 
remaining angular points. 


SOLUTION Let ABCD bea square and let A (3, 4) and C (1,-1) be the given angular points. Let B 
(x, y) be the unknown vertex. 


D C(1,-1)} 
Then, AB = BC 
=> AB* = BC? 
=> = (x-3)* +(y-4)? = (x-1)? + (y +1)? 
=> 4x+10y—23 = 0 
=> = = ...(i) 
Applying Pythagoras Theorem in triangle ABC, we obtain A(S, 4) B(x, y) 
AB* + BC? = AC2 Fig. 22.7 
=> (x — 3)? +(y —4)* +(x-1)? +(y+1)? = (3-1)2 + (441)? 
=> xy? —4x—3y—1 = 0 -«s(il) 
Substituting the value of x from (i) into (ii), we get 
2 
(AS) +y* -(23 -10y) —3y-1 = 0 
= 4y? -12y+5 =0 = (2y-1)(2y-5) =0 >y = 5 or, > 


Putting y= =< and y = = a rapectively in (i), we get x = : and x =— ; respectively. 
Hence, the saci aod of the square are (9/2, 1/2) and (—1/2, 5/2). 


22.3 AREA OF A TRIANGLE 


THEOREM The area of a triangle, the coordinates of whose vertices are (x, y), ES yo) and (x3, y3)is 
the absolute value of 

x, yy, 1 
x2 y2 1 
x3 Y3 1 








1 
: E (Yo — 3) + X2 (¥3 —¥) + x3 (YN) v9) or, 5 
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NOTE1 Sign of area: If the points A, B, C are plotted in the two dimensional plane and three points are 
taken in the anticlockwise sense then the area calculated of the triangle ABC will be positive while if the 
points are taken in clockwise sense then the area calculated will be negative. But, if the points are taken 
arbitrarily, then the area calculated may be positive or negative, the numerical value being the same in 
both cases. In case the area calculated is negative we will consider it positive. 
NOTE2 To find the area of a polygon we divide it into triangles and take numerical value of the area of 
each of the triangles. 
CONDITION OF COLLINEARITY OF THREE POINTS Three points A(x,, 1), B(x2, Yo) and C(x3, ¥/3) 
are collinear iff 

(i) Area of AABC =0 





4 oY i] ) &1 yy 1 

EF ce Xy> Yo 1|=0 or, |X Yo 1)=0 
1x3 ¥3 1| 1x3 ¥3 1| 

OR 


(ii) AB + BC =AC or, AC + BC =AB or, AC + AB=BC 
ILLUSTRATIVE EXAMPLES 


TypeI ONFINDING THE AREA OF A TRIANGLE WHEN COORDINATES OF ITS VERTICES ARE GIVEN 


EXAMPLE1 Prove that the area of the triangle whose vertices are (t,  — 2), (( + 2, t + 2)and(t + 3, t)is 
independent of t. 

SOLUTION Let A =(x1, y)) =(t,t —2), B=(x>, Yo) =(t + 2,¢ + 2) and C =(x3, y3) =(t + 3, t) be 
the vertices of the given triangle. Then, 


Area of A ABC = I X4 (Yo —¥3) + X2 (Y3 —Y1) + ¥3 (Yr — Yo) 
= = lt+ 2-8 + (+2) (¢-t+ 2) + (+ 3) (¢-2-F 2} 
2 = |2t+ 2t+ 4-4-1) = |-4|=4 sq. units. 


Clearly, area of A ABC is independent of ¢. 

Type II ON FINDING THE AREA OF A QUADRILATERAL WHEN COORDINATES OF ITS VERTICES ARE 
GIVEN 

EXAMPLE2 Find the area of the quadrilateral ABCD whose vertices are respectively A (1, 1), B(7,-3), 

C (12, 2) and D (7, 21). 

SOLUTION Clearly, Area of quadrilateral ABCD = | Area of A ABC |+| Area of AACD | 

Now, 


Area of A ABC =~ |{1 x (-3-2) +7 x (2-1) +12x(1+ 3 |=>|(-5 +7 +48)| 


= 25 sq. units 

Area of A ACD == |t1 x (2-21) +12x (21-1) +7x(1 -2)|=5 (—19 + 240 —7) | 
=107 sq. units 

Area of quadrilateral ABCD = 25 +107 =132 sq. units. 


Type IIIT ON COLLINEARITY OF THREE POINTS 
EXAMPLE3 Prove that the points (a, b + c), (b, c + a) and(c, a +b) are collinear. 
SOLUTION Let A =(x}, y;) =(a,b +c), B=(x9, yn) =(b, c+ a) and C =(x3, y3) =(c,a+b) be 
three given points. Then, 
1 (Y2 — ¥3) + X2 (¥3 — Y1) + X3 (Y] — 2) 
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= a{(c +a) —(a +b)) +b ((a +b) —(b + 0)} +c ((b +c) —(c +} 
= a(c—b)+b(a-c)+c(b-—a) = 0 
Hence, the given points are collinear. 
Type IV ON FINDING THE DESIRED RESULT OR UNKNOWN WHEN THREE POINTS ARE COLLINEAR 
EXAMPLE4 For witat value of k are the points (k, 2 — 2k) (—k +1, 2k) and (—~4—k, 6 —2k) are 
collinear? 
SOLUTION Let three given points be A =(x1, y) =(k, 2 —2k), B=(X9, Yo) =(—k +1, 2k) and 
C =(X3, 43) =(—4-—k, 6 —2k). 
If the given points are collinear, then 
X4 (¥2 —¥3) + X2 (Y3 —Y1) + X3 (¥1 —Y2) = 0 
k (2k — 6 + 2k) + (—k +1) (6 —2k —2 + 2k) + (—4 —k) (2—2k —2k) = 0 
k (4k —6) —4(k —1) + (4+ k) (4k —2) =0 
4k* — 6k —4k + 4+ 4k? + 14k -8=0 
8k? +4k-4 = 0 = 2k7+k-1 = O=(2k-1)(k +1) = 0 => k=1/2ork=-l. 


Hence, the given points are collinear for k =1/2 or k =—1. 


Type V MIXED PROBLEMS BASED UPON THE CONCEPT OF AREA OF A TRIANGLE 

EXAMPLES If the vertices of a triangle have integral coordinates, prove that the triangle cannot be 
equilateral. 

SOLUTION Let A (x1 y;), B(x2, yz) and C (x3, y3) be the vertices of a triangle ABC, where 
xj, Yj, 1 =1, 2,3 are integers. Then, the area of A ABC is given by 


Y Uuy 


1 
A= [x1 (Yo —¥3) + ¥2 (¥3 — M1) + X3 (Y1 — Yo) 


=> A=A rational number [-- x;, y; are integers] 
If possible, let the triangle ABC be an equilateral triangle, then its area is given by 

A= 3 (Side)? = we. (AB)? [- AB = BC =CA] 
=> Soe (A positive integer) [." Vertices are integers .. AB“ is a positive integer] 
> A = An irrational number 


This is a contradiction to the fact that the area is a rational number. Hence, the triangle cannot 
be equilateral. 


EXAMPLE6 [If the coordinates of two points A and B are (3, 4) and (5, — 2) respectively. Find the 
coordinates of any point P, if PA =PB and Area of A PAB =10. 


SOLUTION Let the coordinates of P be (x, y). Then, 


PA =PB 
= 5 PA*=/PB* 
= (x — 3)? +(y—4)? =(x -5)? +(y +2)? => x-3y-1=0 ...(i) 
Now, Area of A PAB=10 
= a 3 4 i — ae iN) 

2/5 -2 1 








=> 6x + 2y—26=+20 
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=> 6x+2y-46=0 or, 6x+2y-6=0 

= 3x+y—-23=0 or, 3x+y-3=0 ..-(ii) 
Solving x-3 y-1=Oand 3x+y—23 =0, we get: x =7,y =2. 

Solving x-3 y-1=Oand 3x+y-—3=0, we get: x=1, y=—0. 

Thus, the coordinates of P are (7, 2) or (1, 0). 

EXAMPLE7 The coordinates of A, B, C are (6, 3), (— 3, 5) and (4, — 2) respectively and P ts any point 


(x, y). Show that the ratio of the areas of triangles PBC and ABC ts ae 


SOLUTION We have, 


Area of A PBC 


pred OR ABE 5 [66 +2) +(-3)(-2-3) + 4(3-5)| 
Area of APBC _|7x+7y-14|  7|x+y-2| _|x+y-2| 


— LS 
Sears] 


Area of A ABC |42+15-8| 49 


5 (x64 2) + (— 3)(-2-y) +4(y-5)| 


22.4 SECTION FORMULAE 
(i) The coordinates of the point P which divides the line segment joining the points A (1, /1) 
and B (x2, y2) internally in the ratio m:n are 
MXy +NX, MY> +NYy 
m+n " m+n | 
NOTE1 If P is the mid-point of AB, then it divides AB in the ratio 1 : 1, so its coordinates 


X1 + 
are( pt%. Yat “2 | 
2 2 


m n 
00000 O0__— SO 
A(X, Y)) P B(x. Y>) 
Fig. 22.8 


NOTE2 The following diagram will help to remember the section formula. 
(ii) The coordinates of the point which divides the line segment joining the points A (xj, y}) 
and B(x, ¥2) externally in the ratio m : n are 
NX> —NX, MY> —NY; 
m—-n © m—n 


ILLUSTRATIVE EXAMPLES 





Type I ON FINDING THE SECTION POINT WHEN THE SECTION RATIO IS GIVEN 


EXAMPLE1 Find the coordinates of points on the line joining the point P (3, — 4) and Q (— 2, 5) that is 
twice as far from P as from Q. 
SOLUTION Let R (x, y) be the required point. Then, PR =2- RQ (given) i.e. PR: RQ =2:1. 
Thus, R divides PQ internally or externally in the ratio 2 : 1. 
If R divides PQ internally in the ratio 2 : 1, then the coordinates of R are given by 

ee cta2ztlxs 2x5+1x-4 


1 
Sa y aay ao OY 
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So, the coordinates of R are (—1/3, 2) 


If R divides PQ externally in the ratio 2 : 1, then the coordinates of R are given by 
2x-2-1x3 2x5-1x—4 
x = ——————- and y = ———_——_- > x =-7 and y=14. 
2-1 2-1 
Hence, the coordinates of R are (— 7, 14). 
Type II ON FINDING THE SECTION RATIO OR AN END POINT OF THE SEGMENT WHEN THE SECTION 
POINT IS GIVEN 

EXAMPLE2 Determine the ratio in which the line 3x + y — 9 = 0 divides the segment joining the points 
(1, 3) and (2, 7). 

SOLUTION Suppose the line 3x + y—9=0 divides the line segment joining A (1, 3) and 

2k+1 7k+ 3} 


B (2,7) in the ratio k: 1 at point C. Then, the coordinates of C are) ————, ———— 
k+1 KFT 


. But, C lies on 


the line 3x+y—-9 =0. 
(# 3) 7k+3 





—-9=0 => 6k+34+7k+3-9k-9=0 => k=— 
k+1 k+1 


90, the required ratio is 3 : 4 internally. 

Type III ON DETERMINATION OF THE TYPE OF A GIVEN QUADRILATERAL 

EXAMPLE3 Prove that: (4, —1), (6, 0), (7, 2) and (5, 1) are the vertices of a rhombus. Is it a square? 
SOLUTION Let the given points be A, B, C and D respectively. Then, 


Coordinates of the mid-point of AC are ( z : Z aa - == - (=. 5) 














Coordinates of the mid-point of BD are ( g ; > ; y ; ! )- ~ (> 5) 


Thus, AC and BD have the same mid-point. Hence, ABCD is a parallelogram. 

Now, AB = (6 —4)* +(0 +1)? = 5, BC = (7 —6)7 +(2-0)* =V5 

AB = BC 

So, ABCD is a parallelogram whose adjacent sides are equal. Hence, ABCD is a rhombus. 
Now, AC =,|(7 - 4)* +(2+1)* =3V2, and BD = (6 —5)* +(0—1)* =-+2. 

Clearly, AC + BD. So, ABCD is not a square. 


TypeIV ON FINDING THE UNKNOWN VERTEX FROM GIVEN POINTS 


EXAMPLE4 If the coordinates of the mid-points of the sides of a triangle are (1, 2) (0, -1) and (2, -1). 

Find the coordinates of its vertices. 

SOLUTION Let A (xj, 3), B(x, ¥2) and C(x3,y3) be the vertices of AABC. Let 

D (1, 2), E (0, —1), and F (2, —1) be the mid-points of sides BC, CA and AB respectively. 

Since D is the mid-point of BC. 
me A8 =1 and Bos 25 Xo +%X3=2 and yo+y3 =4 (i) 


Similarly, E and F are the migspalits of CA and AB respectively. 


“1 *3 = 0 and Ys Y3 =-1> x1+%3 = Oandy,;+y3 = -2 ...(ii) 
: ase 
and, 17 %2 = 2 and 412 = -1> %+% =4andy,+y2 = -2 ...(iii) 


From (i), (ii) and (iii), we get 
(Xp +.Xg) + (xq +X) + (%1 + X2) =2+0+4 and, (y2 +3) + (yi + ¥3) + (yy + yo) =4-2-2 
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=> Xy+XQ+XZ = Bandy; + yo + Y3 =0 ...(iV) A(x), 4) 
From (i) and (iv), we get 
x,+2=3andy,;+4=0=> x, = landy, =-4 
So, the coordinates of A are (1, — 4). (2,-1) F E(0, -1) 
From (ii) and (iv), we get 
X%9+0=3 and yo-2=0 > XxX) =3 and yo =2 
So, coordinates of B are (3, 2). B(X2, Y2) D(1, 2 C(X3, 3) 
From (iii) and (iv), we get Fig. 22.9 
x3+4 = 3 andy3 -2=0 => x3=-1 andy3=2 
So, coordinates of C are (—1, 2). 
Hence, the vertices of the triangle ABC are A (1, — 4), B (3, 2) and C (—1, 2). 


22.5 CENTROID, IN-CENTRE AND EX-CENTRES OF A TRIANGLE 
(i) The coordinates of the centroid of the triangle whose vertices are (x1, y;) and (x, y>) are 
Xy+%X2+%3 YitY2+Y3 | 
X3, Y3) are | ——_——+, ——_—_--—— 
(3, Y3) ( ; 


3 J 


(ii) The coordinates of the in-centre of a triangle whose vertices are A (x1,¥/;), B(X9, Y2) 


AX, + bxy + CX3 na * 8 | where a BC, b =CA andC = AB 


C (X2, ¥2) are ; 
(x3, Y3) at+b+c a+b+c 


(iii) Let A (x1, y1), B (x9, Yo), C (x3, Y3) be the vertices of the triangle ABC, and let a, b, c be the 
lengths of the sides BC, CA, AB respectively. The circle which touches the side BC and two 
sides AB and AC produced is called the escribed circle opposite to the angle A. The bisectors 
of the external angles B and C meet at a point I, which is the centre of the escribed circle 
opposite to the angle A. The coordinates of li are given by 

—AX1,+bXy +CX3 — AY, + by2 + CY¥3 
Goer —-a+b+ec 
The coordinates of I2 and I; (centres of escribed circles opposite to the angles B and C 
respectively) are given by 
In j pee ee BUI —by2 + 2s) and I; [Suse ee SNe, ee ie v2 = #3) 
a-—b+c a-—b+c a+b—c a+b—c 


respectively. 





EXAMPLE1 If the coordinates of the mid-points of the sides of a triangle are (1, 1), (2, — 3) and (3, 4). 
Find its (i) centroid (ii) in-centre. 
SOLUTION Let P(1,1),Q(2,- 3), R (3,4) be the mid-points of sides AB, BC and CA 
respectively of triangle ABC. Let A (x1, ;), B (x2, y) and C (x3, y3) be the vertices of triangle 
ABC. Then, P is the mid-point of AB. 

MTS 22) 7 EY 

2 

Q is the mid-point of BC. 


=1 > X11 +X) =2 and Y, + Yo =2 ...(1) 


es whois, 
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MoE eS > U2 Ts _ 


; ; —3 => X%)+xX3=4 and yo +3 =-6 --{il) 
R is the mid-point of AC 
=o FEU TR and Bat = X44 +X3=6 and y+ y3=8 -«(Iil) 


From (i), (ii) and (iii), we get 
Xy + XQ +XQ+XZ4+2X%,+XZ = 24+44+6 and, yy + Yo + yot+Y¥3z+Y¥1+Y3 = 2-678 
=> Xy +X +X3 = 6 and, yy +yo+y3 = 2 (iV) 
From (i) and (iv), we get 
%3+2=6 and 2+y3=2 => x3 =4, y3=0 
So, the coordinates of C are (4, 0). 
From (ii) and (iv), we get 
%17+4=6 and y;-6=2=> x, =2, y, =8 
So, coordinates of A are (2, 8). 
From (iii) and (iv), we get 
Xo +6=6 and yo +8=2 => x, =0 and y, =-6 
So, coordinates of B are (0, — 6). 


Now, a= BC = (4 -0)2 + (0+ 6) = ¥52 = 213 


b = AC = (4-2)? + (0-8) = /68 = 217 
and, c= AB = (2 -0)2 +(8 + 6) = /200 = 10 V2 


The coordinates of the in-centre of the triangle ABC are 
AXy+bxX+CX, AY, +byn+cy3 
at+b+c : a+b+c 
ee (2 J13) 2+(2-V17) 0+(10V2)4 (2-13) 8 +(2 17) (—6) + (10 V2) 0 
; 2V13+2V17+10/2 ’ 2V13 +217 +10 V2 


- 4/13 + 40 J/2 16 V13 -12 J17 
; 2713 +217 +10/2’ 2/13 +217 +10 J2 


ee 2 V13 + 20/2 8/13 —6 J17 
J13 +J17 +5J2’ J13 +17 +52 
EXAMPLE2 Two vertices of a triangle are (3,-—5) and (—7, 4). If its centroid is (2, —1), find the third 
vertex. 
SOLUTION Let the coordinates of the third vertex be (x, y). Then, 


BOO! 5 eget k 
3 3 
=> x-4=6 and y-1=-3 => x=10 and y=-2 


Thus, the coordinates of the third vertex are (10, — 2). 
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1. If the line segment joining the points P (xj, y;) and Q (Xj, Y2) subtends an angle a at the 
origin O, prove that: OP -OQ cosa = x1 x) + yy Yo. 
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2. The vertices of a triangle ABC are A (0, 0), B(2, -1) andC (9, 2). Find cos B. 
3. Four penis A (6, 3), B(— 3,5), C (4, -2) and D(x, 3x) are given in such a way that 
A DB ] 





=— , find x. 
AABC 2 


4. The points A (2, 0), B(9, 1), C (11, 6) and D (4, 4) ar the vertices of a quadrilateral ABCD. 
Determine whether ABCD is a rhombus or not. 


5. Find the coordinates of the centre of the circle inscribed in a triangle whose vertices are 
(-36, 7), (20, 7) and (0, —8). 


6. The base of an equilateral triangle with side 2a lies along the y-axis such that the mid-point 
of the base is at the origin. Find the vertices of the triangle. [NCERT] 


7. Find the distance between P (x1, y}) and Q (x3, y2) when (i) PQ is parallel to the y-axis 
(ii) PQis parallel to the x-axis. [NCERT] 


8. Finda point on the x-axis, which is equidistant from the point (7, 6) and (3, 4). [NCERT] 


ANSWERS 
=10 11 

7 seg ca a 4.N 5. (-1,0 
1290 8 ? Shel? 

6. (0, a), (0, —a) and (— V3a, 0) or (0, a), (0, — a) and (V3a, 0) 

7. (i) |¥o-yi| ii) |X. - 4 | 8. (15/2 , 0) 


HINTS TO NCERT & SELECTED PROBLEM 


6. Let BC be the base of equilateral triangle ABC. It is 
given that BC =2a and mid-point of BC is at the 
origin. Therefore, coordinates of B and C are 
(0, a) and (0, —a) respectively. As the triangle ABC is 
equilateral. So, vertex A lies on x-axis. Let its 
coordinates be (x, 0). 


Also, AB = BC = AC => AB=AC =2a 
Using Pythagoras theorem in A AOB, we get 
AB =OA? +OB* 





=>  (2a)* =OA7 +a” 


=> OA=~J3aSo, coordinates of A are (—V/3a,0). Similarly, coordinates of A’ are(—J/3a, 0). 
Hence, the coordinates of the vertices of triangle are A (3a, 0), B(0, a) and C (0, —a) 
or, A’(—~V3a, 0), B(0, a) and C (0, —a). 
7. (i) If PQ is parallel to y-axis, then x, =X5 
and, PQ = Absolute value of the difference of y-coordinates of P and Q=|y> — y3|. 
(ii) If PQ is parallel to x-axis, then yj = yo 
and, PQ = Absolute value of the difference of x-coordinates of P and = | x5 — x} |. 


8. Let P(x, 0) be a point on x-axis which is equidistant from the points A (7, 6) and B(3, 4). 
Then, 


PA =PB 
— PA =PB? 


22.14 MATHEMATICS-XI 
1 
=> (x-7)?+(0-6)? =(x-3)? +(0-4)? => -14x+85 = -6x+25 = 8x=60=> r=2 
LO nels ; , 
Hence, P rk 0) is the required point. 


22.6 LOCUS AND EQUATION TO A LOCUS 
LOCUS The curve described by a point which moves under given condition or conditions is called its 
locus. 


For example, suppose C is a point in the plane of the paper and P is a variable point in the plane 
of the paper such thatits distance from C is always equal toa (say). It is clear that all the positions 
of the moving point P lie on the circumference of a circle whose centre is C and whose radius isa. 
The circumference of this circle is therefore the “Locus” of point P when it moves under the 
condition that its distance from the point C is always equal to constant a. 


Let A and B be two fixed points in the plane of the paper and P be a variable point in the plane of 
the paper which moves in such a way that its distances from A and B are always equal. 
Obviously all the positions of the moving point P lie on the perpendicular bisector of AB. Thus, 
the “locus” of P is the perpendicular bisector of AB when it moves under the condition that its 
distances from A and B are always equal. 


EQUATION TO THE LOCUS OF A POINT Thie equation to the locus of a point is the relation which ts 
satisfied by the coordinates of every point on the locus of the point. 
In order to find the locus of a point, we may use the following algorithm. 


ALGORITHM 
STEPI Assume the coordinates of the point say, (h, k) whose locus is to be found. 
TEP Write the given condition in mathematical form involving h, k. 
STEPI Eliminate the variable (s), if any. 
STEPIV Replace h by x and k by y in the result obtained in step III. 
The equation so obtained is the locus of the point which moves under some stated condition (s). 


ILLUSTRATIVE EXAMPLES 
LEVEL-1 


Type I ON FINDING THE LOCUS OF A POINT WHEN GIVEN GEOMETRICAL CONDITIONS DO NOT 
INVOLVE A VARIABLE 


EXAMPLE1 The sum of the squares of the distances of a moving point from two fixed points (a, 0) and 
(—a, 0) is equal to a constant quantity 2c”. Find the equation to its locus. 


SOLUTION LetP(h,k) beany position of the moving point and let A (a, 0), B (—a, 0) be the given 


points. Then, 


gig inauee [Given] 
(h—a)* +(k—-0)? + (h+a)2 + (k-0)2 = 2c? 
h* — 2ah + a® + k? +h? + 2ah + a? + k? = 2c? 
2h? + 2k? + 2a% = 2c2 
h2 + k? = c? — a 
Hence, locus of (h,k) is x7 + y” =c? —a?. 


EXAMPLE2 Find the equation to the locus ofa point equidistant from the points A (1, 3) and B (—2, 1). 
SOLUTION Let P (h,k)beany pointonthelocus.Then, , 
PA = PB [Given] 


YUU Y 
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=> PA? = PB* => (h—1)* +(k-3)7 = (h+2)7 +(k—-1)7 => 6h+4k =5 
Hence, locus of (,k)is6x+4y=5. 


EXAMPLE3_ Find the locus of a point such that the sum of its distances from the points (0, 2) and (0, — 2) 
is 6. 


SOLUTION Let P (h, k) be any point on the locus and let A (0, 2) and B (0, — 2) be the given 
points. By the given condition 
PA + PB = 6 


(h—0)2 + (k-2)2 + y(h-0)2 +(k +2)? = 6 
Yh? + (k —2)2 = 6—Jh? +(k +2)? 

h? + (k-2)? = 36-12 fh? +(k +2)? +h? +(k +2)2 
~8k-36 = ~12 fh? +(k +2)? 

(2k +9) = 3h? +(k +2)? 

(2k +9)? =9(h? +(k + 2)7) 

4k? + 36k +81=9h? +9k7 + 36k + 36 
9h? +5 k? =45 


Hence, locus of (h, k) is 9 x7 45 y” = 45; 


Ved dl Ue ea be oe wt 


EXAMPLE4 Find the locus of a point, so that the join of (— 5, 1) and (3, 2) subtends a right angle at the 
moving point. 


SOLUTION Let P (i,k) be a moving point and let A (—5, 1) and B (3, 2) be given points. By the 
given condition 

ZAPB=90° 

A APB is a right angle triangle 

AB? = AP* + PB 

(3 4+5)2 +(2—-1)2 =(h +5)? + (k —1)7 +(h — 3)? +(k -—2)7 

65 =2(h7 +k? +2h-3k)+ 39 

h? +k? +2h-3k-13=0 

Hence, locus of (h, k) is x* + y? +2x-3y-13=0. 


WY UU Us: 


EXAMPLES A point moves so that the sum of its distances from (ae, 0) and (—ae, 0) is 2a, prove that the 
equation to its locus ts S + 7 = 1, where b? = a (1 -e?). 
a 


SOLUTION Let P(h,k) be the moving point such that the sum of its distances from A (ae, 0) and 
B (— ae, 0) is 2a. Then, 
PA +PB = 2a 


yh —ae)* +(k —0)2 + (rh + ae)” +(k—0)2 = 2a 
(i —ne)* +k? = 2a— (kh + ae)? +k 
(h—- ge)> +k? = 4a2+ (h+ ae)? +k? —4a \(h + ae)” sje [Squaring both sides] 


—4aeh 497 = — 4a (h +ae)* +k 


Y YY YY Y 
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——s (eh +a) = i + ae)? +k? 


=> (elt + a) = (h+ ae)” +k? 

=> e* h? + 2aeh +a = h? +a? ce? + Qaeh + k? 
= h? (1 —e) +k? = at (1 =p") 

xy h? leg ai 


— + ——_—_—_———_— = 
az a” (1 —e7) 
2 


2 
Hence, locus of (/1, k) is 2 


7 y> 2 2 2 
————_— =1 or, — +“ =1, where b* =a“ (1 -e*) 
fee van (le) Te 


EXAMPLE6 Find the equation to the locus of a point which moves so that the sum of its distances from 
(3, 0) and (-3, 0) is less than 9. 


SOLUTION Let P(li,k) be the moving point such that the sum of its distances from A (3, 0) 
and B (—3, 0) is less than 9. Then, 


PA +PB<9 


V(t — 3)? +(k —0)* + J(h + 3)7 +(k—-0)2 <9 


= 
=> (h — 3)? + k? <9-(h + 3)? + k? 

=> (h - 3)2 +k? <{9- \(h + 3)? ~ k?}2 [<a x? <y? for x, y > 0] 
= (h — 3)? +k? <81+(h + 3)2 +k? -18 \(h i 3)* +k 

=> —~12h —81 <-18 J(h + 3)7 +k? 


=> 4h+27> 6 (A + 3)? + k? 


=> (4h + 27) > 36 [(h + 3)? + k?] 
=> 20 h* + 36 k* < 405 
Hence, the locus of (i, k)is 20 x7 + 36y7 < 405. 


Type IIT ON FINDING THE LOCUS OF A POINT WHEN GIVEN GEOMETRICAL CONDITIONS INVOLVE 
SOME VARIABLE(S) 


EXAMPLE7 Find the locus of the point of intersection of the lines x cos a + y sin a =a and x sin a 
—y cos a =b, where a is a variable. 


SOLUTION Let P (h,k) be the point of intersection of the given lines. Then, 

hcosa + ksina =a i) 
and, hsina — kcosa =b ...(ii) 
Here a is a variable. So, we have to eliminate a. Squaring and adding (i) and (ii), we get 

(h cos a +k sin a)* +(h sin a—k cos a)? = a2 4+b2 => h2+k2 = a2 +b? 


Hence, the locus of (i, k) is x2 y? = a? +b. 
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EXAMPLE 8 _ A rod of length | slides with its ends on two perpendicular lines. Find the locus of its 
mid-point. 


SOLUTION — Let the two perpendicular lines be the coordinate axes. Let AB be a rod of length /. 
Let the coordinates of A and B be (a, 0) and (0, b) respectively. As the rod slides the values of a 
and b change. Soa and bare two variables. Let P (h, k) be the mid-point of the rod AB in one of the 
infinite positions it attains. Then, 








, -2+0 arta Skeceieaee Y 
= jie aude eee 
a 2 an eas SES eat) B(O, b) 
From A OAB, we have 


AB? = OA2 +OB? 





— az +b? = [7 
- 5 : A(a, 0) xX 
= 2h)* +(2k)* =I! Using (i 
By) ! g (il Fig. 22.11 
= 4h*+4k2 = [7 


Hence, the locus of (h, k) is 4x7 + 4y* =|, 


EXAMPLE9 AB isa variable line sliding between the coordinate axes in such a way that A lies on x-axis 
and B lies on y-axis. If P is a variable point on AB such that PA = b, PB =a and AB =a + b, find the 
equation of the locus of P. 


SOLUTION Let P (h,k) be a variable point on AB such that 
ZOAB = 0, where 6 is a variable. From triangles ALP and PMB, 
we have 
é k h = 
sin 98 = — .»-(i) cos 8 ae .--(11) 


Here, 0 is a variable. So, we have to eliminate 9. 
= 


2 2 
Squaring (i) and (ii) and adding, we get: + = = 





N 


Re ae 
Hence, the locus of (it, k) is —- + =k = 1. 
a~ b 
EXAMPLE 10 If O is the origin and Q is a variable point on x? = 4y. Find the locus of the mid-point of 
OQ. 
SOLUTION Let the coordinates of Q be (a, b) and let P(h, k) be the mid-point of OQ. Then, 


Fig. 22.12 





a+0 a 0+b b 
jr = = —andk = —— = — =e = 2k (1 
1 5 5 an 5 5 =>a = 2handb = 2 (i) 
Here, a and b are two variables which are to be eliminated. Since, (a, b) lies on x? = 4y. 
2 = Ab 
‘ to 
= (2h)? = 4(2k) [Using (i)] 


= h2 = 2k 
Hence, the locus of (h, k) is x? = 2y. 
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EXERCISE 22.2 





1. Find the locus of a point equidistant from the point (2, 4) and the y-axis. 
2. Find the equation of the locus of a point which moves such that the ratio of its distances 
from (2, 0) and (1, 3) is 5: 4. 
3. A point moves as so that the difference of its distances from (ae, 0) and (—ae, 0) is2 a, 
2 2 
prove that the equation to its locus is ~, _ 2 =1, where b? =a" (e? -1). 
a ie 
4. Find the locus of a point such that the sum of its distances from (0, 2) and (0, —2) is 6. 
5. Find the locus of a point which is equidistant from (1, 3) and x-axis. 


6. Find the locus ofa point which moves such that its distance from the origin is three times its 
distance from x-axis. 


7. A (5, 3), B (3, — 2) are two fixed points; find the equation to the locus of a point P which 
moves so that the area of the triangle PAB is 9 units. 


8. Find the locus of a point such that the line segments having end points (2, 0) and (-2, 0) 
subtend a right angle at that point. 


9. If A (-1, 1) and B (2, 3) are two fixed points, find the locus of a point P so that the area of 


A PAB =8 sq. units. 
LEVEL-2 


10. A rod of length / slides between the two perpendicular lines. Find the locus of the point on 
the rod which divides it in the ratio 1 : 2. 


11. Find the locus of the mid-point of the portion of the line x cos a + y sin a =p which is 
intercepted between the axes. 


12. If Ois the origin and Q isa variable point on y? = x. Find the locus of the mid-point of OQ. 





ANSWERS 
1. y*-8y-4x+20=0 2.9x74+9y7+14x-150 y +186 =0 
4. 9x7 + 5y” =45 5. x*-2x-6y+10=0 6. x7 =8y" 
7 Sx-2y-1=0 or 5x-2y-37=0 8. x7 4y7=4 
x? iB 
9. 2x—3y—-11=0,'2x -3y+21=0 10. —+y" => 
11. p? (x? + y”) =4 x? y” 12. 2y* =x 


HINTS TO SELECTED PROBLEM 


8. Let P(h, k) be the variable point and let A(2, 0) and B(—2, 0) be the given points. Then, 
ZAPB = 1/2 => AB? = PA? + PB?. 





22.7 SHIFTING OF ORIGIN 


Let O be the origin and let x’Ox and y’ Oy be the axis of x and y respectively. LetO’ and P be two 
points in the plane having coordinates (h, k) and (x, y) respectively referred to X'OX and Y'OY as 
the coordinate axes. Let the origin be transferred to O’ and let X’O’X and Y'O'Y be new 
rectangular axes. Let the coordinates of P referred to new axes as the coordinate axes be (X, Y). 


Then, 
O'N =X, PN=Y,OM =x, PM=y,OL=h and, O'L =k. 
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Now, x=OM=OL+LM=OL+O'N=I+xX 
and, y=PM=PN+NM=PN+O'L=Y +k 
x =X+h and y = Y+Kk. 


Thus, if (x, y) are coordinates of a point referred to old axes and (X, Y) are the coordinates of the 
same point referred to new axes, then 


x=X+h andy =Y +k 
1.€., (Old x-coordinate) = (New x-coordinate) + /1 
and, (Old y-coordinate) = (New y-coordinate) + k. 


If therefore the origin is shifted at a point (h, k) we must substitute X + hand Y + k for x and y 
respectively. 


The transformation formula from new axes to old axes is: X =x —-—h, Y =y—k 


The coordinates of the old origin referred to the new axes are (—/1, — k). 


P(x, y) 





Fig. 22.13 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 If the axes are shifted to the point (1,—2) without rotation, what do the following equations 
become? 


(i) 2x7 +y7-4x4+4y=0 (ii) y* -4x+4y+8=0 
SOLUTION (i) Substituting x =X +1, y =Y +(—2) =Y —2 in the equation 2x7 + y? —4x+4y=0, 
we get 


2(X +1)? +(Y¥ -2)? -4(X+1)+4(Y-2)=0 = 2X7+Y7=6. 
(ii) Substituting x =X +1, y=Y —2 in the equation y? —-4x+4y+8=0, we get 
(Y —2)2 -4(X+1)+4(Y-2)+8=0 = Y*=4X 
EXAMPLE2 At what point the origin be shifted, if the coordinates of a point (4, 5) become (—3, 9)? 
SOLUTION Let (h, k) be the point to which the origin is shifted. Then, 
x=4, y=5, X=-3, Y=9 
e x=X+h and y=Y+k > 4=-3+h and 5=9+k => h=7 and k=-4 
Hence, the origin must be shifted to (7, — 4) 
EXAMPLE3 Shift the origin to a suitable point so that the equation y” + 4y + 8x —2=0 will not 
contain term in y and the constant term. 


Le 
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SOLUTION Let the origin be shifted to (, k). Then, x =X + hand y=Y +k. 
Substituting x =X +h, y=Y +k in the equation y* + 4y + 8x —2=0, we get 
(Y +k)? +4(Y +k) +8(X+h)-2 = 0 
=> Y2 + (4+ 2k) Y + 8X +(k? + 4k +8h-2) = 0 
For this equation to be free from the term containing Y and the constant term, we must have 
442k = Oandk? +4k+8h-2 = O=>k = -2 and h = =. 
Hence, the origin is shifted at the point (3/4, — 2). 
EXAMPLE4 Find the point to which the origin should be shifted so that the equation y* —6y —4x 
+13 =0 is transformed to the form y? + Ax =0. 
SOLUTION Let the origin be shifted to the point (h, k). Then, x=X+h and y=Y +k. 
Substituting x =X + hand y =Y + k in the equation y” —6y —4x +13 =0, we get 
(Y +k)? -6(Y +k) -4(X +h) +13 = 0 
= y? + (2k —6) Y -4X +(k* -6k +13-4h) = 0 
This equation should be of the form y? + AX =0. This means that it should not contain term 


containing Y and constant term. 
2k -6=0 and k* -4h+13-6k=0 => k=3 and h=1 


Hence, the coordinates of the required point are (1, 3). 


EXAMPLES Prove that the area of a triangle is invariant under the translation of the axes. 
SOLUTION Let ABC bea triangle having the coordinates of its vertices as A (x1, Y3), B (x2, 4) 
and C (x3, y3). Then, area of triangle ABC is given by 

BS V2 Ya) *%2 Ya — Ya) + %3 (Yi —Y2)! --(i) 
Let the origin be shifted at (h, k). Then, the new coordinates of the vertices are 

A (x1 +h, y, +k), B(xp +h, yo +k) andC (x3 +h, y3 +k). 
Therefore, the area of the triangle in the new-coordinate system is given by 


dy = 5 |e +19 ye +R) ~ (ye + WN + (a2 +1) yg + + 8 
+ (xg +h) (yy, +H (yo + b)| 
ee ae +H) (yp -y3) +02 +1) (y3 —yy) + (xg +1) (1 ~v2) 
=> A; = ae (Y2 —¥3) + X2 (Y3 —Y1) + X3 (Yi —Y2) th (Yo -¥3 +¥3-—M + -v)| 
capaci E (yo —¥3) +X (Ya - yn) + x9 (Ys -»2)| Ai 


From (i) and (ii), we get A=A\. : 
Hence, the area of a triangle is invariant under the translation of the axes. 
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EXERCISE 22.3 


. What does the equation (x — a)” + ( y _b)? =r* become when the axes are transferred to 


parallel axes through the point (a —c, b)? 


. What does the equation (a —b) (x? ++ y7) — 2 abx =0 become if the origin is shifted to the 


point [ o., 0| without rotation? 
a— 


. Find what the following equations become when the origin is shifted to the point (1, 1)? 


(i) x? + xy -3x-y+2=0 (ii) x? —y” -2x+2y=0 
(iii) xy—x-y+l1 = 0 (iv) xy —y* —x+y=0 


. At what point the origin be shifted so that the equation x? + xy — 3x —y + 2=0 does not 


contain any first degree term and constant term? 


. Verify that the area of the triangle with vertices (2, 3), (5, 7) and (— 3 —1) remains invariant 


under the translation of axes when the origin is shifted to the point (—1, 3). 


. Find, what the following equations become when the origin is shifted to the ponit (1, 1). 


(i) x? + xy —3y7-y+2 =0 (ii) xy-y7-x+y = 0 
(iii) xy-x-y+1 =0 (iv) x? —y* -2x+2y = 0 


. Find the point to which the origin should be shifted after a translation of axes so that the 


following equations will have no first degree terms: 
(i) y2 +x? -4x-8y+3 = 0 (ii) x27 +y? -5x+2y-5 = 0 (iii) x7 -12x+4 =0 


8. Verify that the area of the triangle with vertices (4, 6), (7, 10) and (1, — 2) remains invariant 
under the translation of axes when the origin is shifted to the point (— 2, 1). [NCERT] 
ANSWERS 
1X4 4Y*—96X ar?" 2. (a —b)* (X72 +Y72) = a2 b? 
3. (i) x7 + xy =0 (ii) x*-y?=0 (iii) xy =0 (iv) xy —y? =0 
4. (1,1) 6. (i) x2-3y7+xy+3x-6y =0 (ii) xy-y* = 0 
(iii) xy = 0 (iv) x7 -y? = 0 7. (i) (2,4) (ii) (6/2, -1) (iii) (6,4),k ER 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. 


The vertices of a triangle are O (0, 0), A (a, 0) and B(0,b). Write the coordinates of its 
circumcentre. 


. InQ.No. 1, write the distance between the circumcentre and orthocentre of AOAB. 
. Write the coordinates of the orthocentre of the triangle formed by points (8, 0), (4, 6) and 


(0, 0). 


. Three vertices of a parallelogram, taken in order, are (—1, — 6),(2, —5) and (7, 2). Write the 


coordinates of its fourth vertex. 
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. If the points (a, 0), (at, a, 2at,) and (aty*, 2aty) are collinear, write the value of fy fy. 


6. If the coordinates of t (ides AB and AC of a A ABC are (3, 5) and (— 3, — 3) respectively, then 
write the length of side BC. 


. Write the coordinates of the circumcentre of a triangle whose centroid and orthocentre are 
at (3, 3) and (— 3, 5) respectively. 


8. Write the coordinates of the incentre of the triangle having its vertices at (0, 0), (5, 0) and 
(0, 12). 


9, If the points (1, —1), (2, —1) and (4, — 3) are the mid-points of the sides of a triangle, then 
write the coordinates of its centroid. 


10. Write the area of the triangle having vertices at (a, b + c), (b,c + a), (c,a+b). 


a (<-3) 2. 5 Va? +b 3. (<4) 4. (4,1) 5 4 


6. 20 units 7. (6,2) 8. (2,2) 9. (2.2) 10. 0 


ANSWERS 





SUMMARY 
1. The distance between two points P (x1, y;) and Q (x9, 2) is given by 
PQ = yx -%)? + (yo ~m)” 


ie. PQ = ,/(Difference of abscissae)” + (Difference of ordinates)? 


2. The distance of a point P (x, y) from the origin O (0, 0) is given by OP = x + pe 


. The area of the triangle, the coordinates of whose vertices are (x1, 1/1), (Xp, ¥2) and (x3, ¥3) 
is the absolute value of 





xX, Y, #1 
1 1 1 1 I 
= |%1 (Y2 —Y¥3) + X2 (¥3 —¥1) + *3 (1 -Y2) | ON, = |X2 2 1 
2 2 |x3 3 I 
Ps Yy 4 
4, If the points (x1, 3), (x2, Ya) and (x3, y3) are collinear, then i Y> i = 0 
x3 y3 I 


. The coordinates of the point dividing the line segment joining (x1, y,) and (x2, 2) in the 
ratio m:n are 


MXo +NX1 MYy +N ? MX5o —-—NX1 MY —nN 
Gere 1 PE 2 OY, } internally; [ane 1 F wee SEL } externally 
m+n m+n m—n m—n 


6. The coordinates of the mid-point of the line segment joining (x1, y;) and (xp, yz) are 
Aya Yi yo |: 
BIOS. 10 


7. The coordinates of the centroid of the triangle whose vertices are (x1, y), (X92, yo) and 
X41 +%Qt%BZ Vityo2ty3 
(X5 ; Y3) are ( 3 , eral 
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THE STRAIGHT LINES 


23.1 DEFINITION OF A STRAIGHT LINE 
A straight line is a curve such that every point on the line segment joining any two points on it lies on it. 
THEOREM Every first degree equation in x, y represents a straight line. 
[NCERT EXEMPLAR] 

PROOF Letax+by+c=0 be a first degree equation in x, y where a, b, c are constants. 
Let P (x1, 1) and Q (xy, y2) be any two points on the curve represented by ax + by + c =0. Then, 

ax, + by; + c = 0 and axy + bynp + c = 0 .+(i) 
Let R be any point on the line segment joining P and Q. Suppose R divides PQ in the ratio 4:1. 


day a, AY2+ Yn . In order to prove that the curve 
A+ 1 A+1 


represented by ax +by + c = Oisa straight line, it is sufficient to show that R lies on it for all values 
of i. 


Then, the coordinates of R are 


Now, 
- NX +X, |. b AYo +3 |, aie A (axXy + by +c) + (ax, + by; +0) 
+1 A+1 A+ 1 
=20+0=0 [Using (i)] 
R uae Tei BYOEY A lies on the curve represented by ax + by + c= 0. 
+1 +1 


Thus, every point on the line segment joining P and Q lies on ax + by +c = 0. 
Hence, ax + by + c =O represents a straight line. 


Q.E.D. 


NOTE When we say that a first degree equation in x, y i.e., ax + by + c =0 represents a line, it means that 
all points (x, y) satisfying ax + by + c = 0 lie along a line. Thus, a line is also defined as the locus of a point 
satisfying the condition ax + by + c =0 where a, b, c are constants. 


It follows from the above discussion that ax + by + c = 0 is the general equation of a line. 


It should be noted that there are only two unknowns in the equation of a straight line because 
equation of every straight line can be put in the form ax + by + 1=0 wherea, bare two unknowns. 
Note that x, y are not unknowns. In fact these are the coordinates of any point on the line and are 
known as the current coordinates. Thus, to determine a line we will need two conditions to 
determine the two unknowns. In the further discussion on straight line you will find that 


whenever it will be asked to find a straight line there will always be two conditions connecting 
the two unknowns. 


23.2 SLOPE (GRADIENT) OF A LINE 


The trigonometrical tangent of the angle that a line makes with the positive direction of the x-axis in 
anticlockwise sense is called the slope or gradient of the line. 


The slope of a line is generally denoted by m. Thus, m = tan 0. 


Since a line parallel to x-axis makes an angle of 0° with x-axis, therefore its slope is tan 0°=0. A 
line parallel to y-axis i.e., perpendicular to x-axis makes an angle of 90° with x-axis, so its slope is 
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Fig. 23.1 


tan 1/2 =o. Also, the slope of a line equally inclined with axes is 1 or — 1 as it makes 45° or 135° 
angle with x-axis. 

REMARK The angle of inclination of a line with the positive direction of x-axis in anticlockwise sense 
always lies between 0° and 180°. 

ILLUSTRATION 1 Find the slope of a line whose inclination to the positive direction of x-axis in 


anticlockwise sense is (i) 60° (ii) 0° (iii) 150° (iv) 120°. [NCERT] 
SOLUTION (i) Slope = tan 60°= 3. 
(ii) Slope = tan 0°=0. (iii) Slope = tan 150° = — cot 60° = — + 


(iv) Slope = tan 120° =—cot 30°=- V3. 
ILLUSTRATION 2 Whatcan be said regarding a line if its slope is (i) positive (ii) zero (iti) negative? 
SOLUTION Let @be the angle of inclination of the given line with the positive direction of x-axis 
in anticlockwise sense. Then, its slope is given by m = tan 0. 
(i) If the slope of the line is positive, then 
m=tan 0>0=> 6 lies between 0°and 90° => Ois an acute angle. 
Thus, a line of positive slope makes an acute angle with the positive direction of x-axis. 
(ii) If the slope of the line is zero, then 
m=tan 8=0 = 6=0° = either the line is x-axis or it is parallel tox-axis. 
Thus, a line of zero slope is parallel or coincident to x-axis. 
(iii) If the slope of the line is negative, then 


m = tan ® <0 = Olies between 90° and 180° => @ is an obtuse angle. 
Thus, a line of negative slope makes an obtuse angle with the positive direction of x-axis 
in anticlockwise direction. 
23.2.1 SLOPE OF ALINE IN TERMS OF COORDINATES OF ANY TWO POINTS ON IT 
Let P (x1, yi) andQ (%2, ¥2) be two points ona line making an angle 6 with the positive direction 
of x-axis. Draw PL, QM perpendiculars on x-axis and PN 1 on QM. Then, 


PN =LM =OM —-OL =XQ —-X1 and, QN =QM —NM =QOM — PL =Y>-Yj 
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In A PON, we have 
tan gia 1 
PN 9 eS | 






: Q(x, Y>) 


Fig. 23.2 


Thus, if (x1, y;) and (x2, yz) are coordinates of any two points on a line, then its slope is 
_ Yo —Y¥ 1 _ Difference of ordinates 


Xy» —X, Difference of abscissae 


ILLUSTRATION 3 Find the slope of a line which passes through points (3, 2) and (— 1, 5). 


[NCERT] 
SOLUTION We know that the slope of a line passing through two points (x1, y;) and (x9, ¥) is 


given by m = Y2 791 Here, the line passes through (3, 2) and (—1, 5). 
Xq — X43 


m 


5-2 3 
So, its slope is given by m = =—-—. 
i Peis gwen by ttt aa i 
23.3 ANGLE BETWEEN TWO LINES 
THEOREM The angle 0 between the lines having slopes m, and mp ts given by tan 8 = + 





My — LL 
1+ myn, 
PROOF Let71, and mp be the slopes of two given lines AB and CD which intersect at a point P 


and make angles 0, and @, respectively with the positive direction of x-axis. Then, 
m, = tan 0; and mp = tan 05. 


vi 
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Let ZAPC =6 be the angle between the given lines. Then, 


Wie 00] [See Fig. 23.3] 
=> 6 = 05 - 0, 
=> tan 8 = tan (05 —0)) 
tan 85 — tan 0, tan A —tan B 
2 SSS See U : tan (A — B) =—————| 
i cca 1+ tan 05 tan 0, i oat 1+ tan A tan B 
=> tn@=—2—) wali 


1 +7 Mp 


Since ZAPD =x -6 is also the angle between AB and CD. Therefore, 
My —™My 


tan ZAPD = tan(x-—8) = — tan 0 = - [Using (i)] _ ...(ii) 
1 + ly My 
From (i) and (ii), we find that the angles between two lines of slopes m1 and my are given by 
fare = & My — My ees niet + My — My 
1 +m Mp 1 + my My 


eer My —m 
The acute angle between the lines is given by tan 9 =|——-2——1- 








1 +114 my 
Q.E.D. 

ILLUSTRATION If A(-—2,1), B(2, 3) and C (—2,-A) are three points, find the angle between 

BA and BC. 

SOLUTION Leti, and mp be the slopes of BA and BC respectively. Then, 


o=1 Phe, 2 i) i: ae YA 
my = —— =— =-—, and mp = = 





-2-2 4 
Let 6 be the acute angle between BA and BC. Then, 





fet 10 
sya (s) = | ea FR = 0 = tan“ 1(2) 
1 +m mp» ae 15} 3 3 

4 2 8 


CONDITION OF PARALLELISM OF LINES If two lines of slopes 7, and mp are parallel, then the 
angle 8 between them is of 0°. 


tan 8 = tan 0° = 0 


M5 —m My —mM 
— 241 =9 Using : tan § =+ —2—1_ 

1+m, mp 1 +m, mM 
= Ve mail| 


Thus, when two lines are parallel, their slopes are equal. 


CONDITION OF PERPENDICULARITY OF TWO LINES If two lines of slopes m, and mp are perpen- 
dicular, then the angle 6 between them is of 90°. 


From Fig. 23.3, we have 
= Oa 902+ Gy [- 6=90°] 


tan 07 = tan (90°+0}) 


y 


y 
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=> tan 0, tan 85 =—-1 => mM =-1 


Thus, when two lines are perpendicular, the product of their slopes is — 1. If m is the slope of a line, then the 
slope of a line perpendicular to it is — (1/m). 


ILLUSTRATIVE EXAMPLES 


EXAMPLE} Determine x so that the line passing through (3, 4) and (x, 5) makes 135° angle with the 
positive direction of x-axts. 

SOLUTION Since the line passing through (3, 4) and (x, 5) makes an angle of 135° with x-axis. 
Therefore, its slope is tan 135° =—1. But, the slope of the line is also equal to 








5-4 - 
Using :m = y279 | 
X—=S Xp —Xy 
Niegte => -x+3=1 > x=2. 

x— 3s 


EXAMPLE? Find the angle between the lines joining the points (0, 0), (2, 3) and the points (2, — 2), 
(3, 5). 


SOLUTION Let @ be the angle between the given lines. 





We have, 
mt, = Slope of the line joining (0, 0) and (2, 3) = — = = 
my = Slope of the line joining (2, - 2) and (3,5) = = —=7 
tan 9g og Lg ee ea => 0 = tan“1(2 2), 
1 + my Mp 1+7 (3/2) 23/2 23 23 


EXAMPLE 3/ Let A (6, 4) and B (2, 12) be two given points. Find the slope of a line perpendicular to AB. 


SOLUTION Letmbe the slope of AB. Then, 
12-4 8 


So, the slope of a line perpendicular to AB is — Le = 
m 2 


EXAMPLE4 Determine x so that 2 is the slope of the line through (2, 5) and (x, 3). 





SOLUTION The slope of the line through (2, 5) and (x, 3) is >. But, the slope of the line is 


x- 
given as 2. 

3-5 

x _ 
EXAMPLES What is the value of y so that the line through (3, y) and (2, 7) is parallel to the line through 
(-1, 4) and (0, 6)? 
SOLUTION Let A (3, y), B (2, 7), C (-1, 4) and D (0, 6) be the given points. Then, 

m, = Slope of the line AB = os = y-7 


=2>2x-4=-2>x=1 





and, mm, = SlopeofthelineCD = wen = 2 


Since AB and CD are parallel. 
mM, =My > Y-7 =2> y=9. 
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EXAMPLE & Without using Pythagoras theorem, show that A (4, 4), B (3, 5) and C (-1, -1) are the 





vertices of a right-angled triangle. [NCERT] 
SOLUTION In A ABC, we have, 
4-5 a(t) ae 
m, =Slope of AB = ——— =-1 and, my) = Slopeof AC = 
4-3 4—(-1) 


Clearly, 1, m2 =—1. This shows that AB is perpendicular to AC i.e. ZCAB = 1n/2. 

Hence, the given points are the vertices of a right-angled triangle. 

EXAMPLE7 A quadrilateral has the vertices at the points (—4, 2), (2, 6), (8,5) and (9, —7). Show that 
the mid-points of the sides of this quadrilateral are the vertices of a parallelogram. 

SOLUTION Let A (-—4, 2), B(2, 6),C (8,5) andD(9,—7) be the vertices of the given 
quadrilateral. Let P, Q, Rand S be the mid-points of AB, BC, CD and DA respectively. Then, the 
coordinates of P, Q, R and S are P (-1, 4), Q (5, 11/2), R(17/2, -1) and S$ (5/2, —5/2) 
respectively. In order to prove that PQRS is a parallelogram, it is sufficient to show that PQ is 


parallel to RS and PQ = RS. Letm, and my be the slope of PQ and RS respectively. Then, 


Wyj2—4. 4 S/o 


my = ———— = — and, m = ———— = — 
Di (=) 4 0/2-17/2 4 


Clearly, mm, = mp. Therefore, PQ is parallel to RS. 
PQ 


Now, 
pore lege eal ps= 2-27) + 3 +1) oNARe 
PQ = 


Thus, PQ || RS Dy = RS. Hence, PQRS is a parallelogram. 


EXAMPLES Prove that A (4, 3), B(6, 4), C (5, 6) and D (3, 5) are the angular points of a square. 
SOLUTION Clearly, . 


AB = \(6-4)2 + (4-3) =/5, BC = (6-4)? + (6 -4)2 =/5, 
CD = (6 -6)2 +(3-—5)* =V5 and, DA = (6 - 3)? +(3—4)? =V5 


AB = BG = CGD = DA. 
Now, 7, = Slopeof AB = — = > My = Slopeof BC = == = -2 
pride tna =aslopacren = 2 —° = 4 
35 5 


Clearly, m, mz =(1/2) (— 2) =—1 and m, =m3. Therefore, AB is perpendicular to BC and it is 
parallel to CD. Thus, AB = BC = =CA=AD, AB1 BC and ABis parallel to CD. Hence, ABCD 
is a square. 


EXAMPLE9 If the angle between two lines is i and slope of one of the line F ,find the slope of the other 


line. , [NCERT] 
SOLUTION Weknow that the acute angle 0 between two lines with slopes 7m, and my is given by 
tan 8 = 2 .+.(i) 

1+ mM, M5 


Let m, = and my =m =slope of the other line. It is given that 0 “7 


Substituting m1 = = Mm, =m and 0= 5 in (i), we obtain 
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1 
mM — 
tan — = o—- 











Lem 
2 
2+m 
— wabld Shu = +1 => 2m-1 = m+2 or, 2m-1 = -—(m+2) > m = 3 or, m = es 
m+ 2 3 


Hence, the slope of the other line is 3 or, — sf 


EXAMPLE 10 [If the points P (h, k), Q (x1, y;) and R (X9, Y) lie on a line. Show that: 
(It — 4) (Y2 —Yy) = (kK — yy) (X2 — 4) [NCERT] 
SOLUTION It is given that the points P (h, k), Q (x1, y,) and R (x3, >) are collinear. 
Slope of PQ = Slope of QR 
c-V wet 
=> ——— = + = (k —y})(X%» -—xX)) = (h-x 
ow eae (K —y3) (%2 — x4) = ( v (¥2 — ¥1) 
EXAMPLE11_ /n Fig. 23.4, time and distance graph of a linear motion is given. Two positions of time and 
distance recorded as, when T =0, D =2 and when T = 3, D =8. Using the concept of slope, find law of 
motion i.e. how distance depends upon time. [NCERT] 


SOLUTION Let P (T, D) be any point on the line, where D denotes the distance at any time T. 
Clearly, points A (0, 2), B(3, 8) and P (T, D) are collinear. 







Distance (D) 


Time (T) 


Fig. 23.4 
Slope of AB = Slope of BP 

8-2 D-8 
= Soh ee ee 

3-0 T-3 
=> 2= — = D=2(T +1), which is the required relation. 
EXAMPLE 12 If points (a, 0), (0, b) and (x, y) are collinear, using the concept of slope, prove that 
wn Y, 
— + “_. = 
a b 


SOLUTION Let A (a, 0), B(0, b) and P (x, y) be the given collinear points. Then, 
Slope of AB = Slope of BP 
BOF Sy) 
O-a x-0 











23.8 
yah age ig Lake 
a x 
=> —bx = ay-ab => bx+ay = ab > +h 1 
a 


MATHEMATICS-XI 


[On dividing both sides by ab] 


EXAMPLE13 A ray of light passing through the point (1, 2) reflects on the x-axis at point A and the 


reflected ray passes through the point (5, 3). Find the co-ordinates of A. 


[NCERT EXEMPLAR] 


SOLUTION Let the coordinates of A be (h, 0). Let AN be the normal at A. Then, 


ZPAN = ZQAN =6 (say) 


Clearly, AQ makes angle 90°—6 with OX. Therefore, slope of AQ is tan (90°—6) = cot 0. Also, the 


coordinates of A and Q arc (ht, 0) and (5, 3) respectively. 
Yi 








A(h, 0) 






Fig. 23.5 
Slope of AQ = — 
Thus, cot @ = = 
=> cot 8 = - 


.»(i) 


AP makes angle 90°+ 8 with OX. Therefore, slope of AP is tan (90°+6) =—cot 0. Also, AP passes 


through A (h, 0) and P (1, 2). Therefore, 
Slope of AP = =; 


Thus —cot 9 = —— 


=> cot 8 = 


From (i) and (ii), we have 
3 2 


5-h h-I1 
=> 3h-3 = 10-2h 
= 5h = 13 


.«.(ii) 
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— h = is 


Hence, the coordinates of A are (13/5 , 0). 
EXAMPLE 14 Prove that the line joining the mid-points of the two sides of a triangle is parallel to the 
third side. 
SOLUTION LetA (x1, 91), B (x2, y2) andC (x3, 73) be the vertices ofa A ABC and D and Ebe the 
mid-points of sides AB and AC respectively. Then, the coordinates of D and E are 
[es : ai | and [33 P aad respectively. 
2 2 2 2 ; 
A (x, ’ ¥) 






Xo +X + 
p(= 1 ¥2 yy 


E(= +#2X3 OY; —| 
2 2 ‘ 


2 2 





B Game C (x3, 3) 
Fig. 23.6 
Yi*¥3 _Y2* yi wee 
‘. m, = Slopeof DE = SEES = Sa and, my) = Slopeof BC = fren 
2 2 


Clearly, 1; = mp . Hence, DE is parallel to BC. 


EXAMPLE15 If A(2,0), B(0,2) and C(0,7) are three vertices, taken in order, of an isosceles 
trapezium ABCD in which AB||DC. Find the coordinates of D. 


SOLUTION Let the coordinates of D be (x, y). It is given that AB||DC. 


2-0 7-y y-7 
= —_—_—_=_ §__ = | a=. x + —-7 =0 want 
Slope of AB = Slope of DC => ag Spa eae my (i) 


D (x,y) C (0, 7) 


A (2, 0) B (0, 2) 
Fig. 23.7 


Since ABCD is an isosceles trapezium. Therefore, 
AD = BC 

= AD? = BC? 

(x -—2)7 +(y-0)2 = (0-0)” +(2-7)? 

=> (e=2)2 y? = 25 


y 


mes 
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MATHEMATICS-xI 
= (x -—2)7 +(7 —x)2 = 25 [From (i), y = 7-x] 
= 2x7 -18x+28 = 0 = x27-9x4+14 = 0 => (x-2)(x-7) = O=> x = 2,7 


From (i),x = 2 => y =5andx =7 => y = 0. 
Hence, the coordinates of D are (2, 5) or (7, 0). 
EXAMPLE 16 By using the concept of slope, prove that the diagonals of a rhombus are at right angles. 


SOLUTION LetOABC bea rhombus whose each side is of length a such that O is the origin and 
OA is along x-axis. Let b be the height of the rhombus. Let BL and CM be perpendiculars drawn 
from B and C respectively on x-axis. 






C (c, b) B(a +c, b) 


M A (a, 0) 


Fig. 23.8 


Further, letOM =c. 
Clearly, AOMC =A ALB 
ee OM = AL => AL = c. 
Thus, we have 
OM =c,CM = b,OA =a,OL = a+c and LB =b 
So, the coordinates of the vertices of the rhombus are O (0, 0), A (a, 0), B(a +c, b) and C (c, b) 
In right triangle OMC, we have 
OC? = OM2+MC?2 = a2 = c2 +b? 











Now, 
m, = Slope of diagonalOB = alist = 0 
at+c-O atc 
Mz = Slope of diagonal AC = 30 0 
c—a c—a 
a H 2 2 2 
m 2) ee a : : 
17 a gerne c2 — a2 —p2 1 [ a c +b] 


Hence, OB is perpendicular to AC. 


EXAMPLE17 Using the concept of slope, prove that medians of an equilateral triangle are perpendicular 
to the corresponding sides. 


SOLUTION Let ABC be an equilateral triangle such that AB = AC = BC =2a. 


Let BC be along X-axis, mid-point of BC be the origin and a line passing through O and 
endicular to BC be Y-axis. Then, the coordinates of B and C are (—a, 0) and (a, 0) 
respectively. Let the coordinates of A be (a, f). 


Since ABC is an equilateral triangle. 
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A (a, B) = (0, 3 a) 


(ttt =p 








o( tpt Bas 


Fig. 23.9 

a AB = AC = BC 

Now, AB = AC 

=> AB? = AC? 

=~ (a +a)* +(B—0)? = (a—a)2+(B-0)7 => 4aa =0 >a = 0. 


In right triangle COA, we have 

AC? = OA2+OC? = (2a)? = B7+a* => B = V3a 
Thus, the coordinates of A are (0, 3a). Consequently, A lies on y-axis. 

OA 1 BC [.- OA is along y-axis and BC is along x- axis | 
Let D and E be the mid-points of AC and AB respectively. Then, the coordinates of D and E are 


(st, 8).(2, | and (s=*,8) = (-£, 32) respectively. 














2p 2 2 2 2; 12 2 
5 ¥3a_4 
3a —0 a 1 

Now, = Slope of AC = = ~V/3, mp) = Slopeof BD = = —— 

Ow, My ope o 7 M5 peo ae 5 

2 
Clearly, 1, #12 = —1. Therefore, BD 1 AC. 
fea, Se 
Also Slope of ABx Slope of CE = S80 eee = J3x—23 = —-] 
O+a eof 3 
2 


AB L CE 


Thus, AO, BD and CE are medians of an equilateral triangle ABC such that AO 1 BC,BD 1 CA 
and CE 1 AB. 


Hence, medians of an equilateral triangle are perpendicular to the corresponding sides. 


EXAMPLE 18 Prove that a triangle which has one of the angle as 30°, cannot have all vertices with 
integral coordinates. 


SOLUTION Let ABC bea triangle the coordinates of whose vertices are A Se , ¥}), B (Xp , Yr) and 
C (x3 , 3), where x1 , X2 ,X3,Y1,Y2,Y3 are integers. Let ZBAC = 30° 
We have, 


= Slope of AB = “1—#2, and m, = Slopeof AC = 41—¥3 
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Now, ZBAC = 30° 


My — My 
1 +1 Mp 


¥1—-Y¥2_ ¥1—Y3 


= tan 30° = 








= lbeen eit  Xg 
V3 (1, M92, ¥i-¥3 
Xy—-X_ 2X -X3 
= A |Y1=¥2) (4 = *3) — (Yi — ¥3) (41 — *2) 
v3 (2X4 —X9) (X41 —X3) + (Yy — Yo) (Y — Ya) 





This is not possible as LHS is an irrational number and RHS is a rational number. Hence, 
X41, Xo,X3, V1, V2, Y3 cannot be all integers. 


EXAMPLE19 The vertices of a_ triangle are A(x1,X, tan 04), B(x2,X2 tan QO) and 
C (x3 ,X3 tan 03). If the circumcentre of A ABC coincides with the origin and H (X,¥) is the 
orthocentre, show that 

y _ sin 0; +sin 05 +sin 03 


Xx cos 8; + cos 85 + cos 03 


SOLUTION The circumcentre of A ABC is at the origin O. Let the circum-radius be r. Then, 
OA = OB = OC =r 
OA* = OB* = OC? =7? 


Py 2 tar2 Lue Cate sae Se ee OD) 
xX, +X, tan” 0; = x, +x, tan” 09 = x,° +x, tan” 03 = 1 


e sec” 0; = ae sec” 05 =x," sec” 0 3 =r? 


WY UY Y 


Xx, = 17rcos 01, x9 =r cos 05, x3 =r cos 03 
So, the coordinates of the vertices of A ABC are 

A =(x1, x; tan 01) =(7 cos 04,7 sin 8}), B=(xo, X> tan 85) =(r cos 02,7 sin 89) 
and, C#=(x3,X3 tan 03)=(r cos 03,7 sin 03). 
Sg, the coordinates of the centroid G are 

(- cos 8, +r cos 85 +r cos @3 rsin 8,+rsin 65 +rsin “3. 

3 ; 3 

We know that the circumcentre (O), Centroid (G) and orthocentric (H) of a triangle are collinear. 


Slope of OH = Slope of OG 
r sin 0, +r sin 05 +rsin 03 








Re eee 7 sinlbp een Oy +s Ay 
¥-0  7cos®,+rcosO,+rcos@, . " ¥ cos G4 + cos Oy + cos 03 


3 
EXERCISE 23.1 








1., Find the slopes of the lines which make the following angles with the positive direction of 
pee: 2n 3m = 
: 18 ey & ET peas 7 Tv 
(i) - a (ii) 3 (iii) 4 (iv) 5 
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#22. Find the slope of a line passing through the following points: 
(i) (- 3,2) and(1,4) (ii) (at?,, 2 at,) and (at, 2at,) _—_(iii) (3, - 5), and (1, 2) 
3. State whether the two lines in each of the following are parallel, perpendicular or neither: 
(i) Through (5, 6) and (2,3); through (9, —2) and (6, —5) 
(ii) Through (9, 5) and (-1,1); through (3, —-5) and (8, —3) 
(iii) Through (6,3) and (1,1); through (-2, 5) and (2, -5) 
(iv) Through (3, 15) and (16,6); through (—5, 3) and (8, 2). 
4, Find the slope of a line (i) which bisects the first quadrant angle (ii) which makes an angle 
of 30° with the positive direction of y-axis measured anticlockwise. [NCERT] 
‘5. Using the method of slope, show that the following points are collinear: 
(i) A (4, 8), B (5, 12), C (9, 28) (ii) A (16, — 18), B (3, — 6), C (— 10, 6) 
6, Whatis the value of yso that the line through (3, y) and (2, 7) is parallel to the line through 
(— 1, 4) and (0, 6)? 
7. What can be said regarding a line if its slope is 
(i) zero (ii) positive (iii) negative? 
8, Show that the line joining (2, — 3) and (—5, 1) is parallel to the line joining (7,—1) and (0, 3). 
(9Show that the line joining (2, — 5) and (— 2, 5) is perpendicular to the line joining (6, 3) and 
(1, 1). 
10. Without using Pythagoras theorem, show that the points A (0, 4), B(1, 2) and C (3, 3) are 
the vertices of a right angled triangle. 
AR. Prove that the points (+4, -1), (-2, -4), (4, 0) and (2, 3) are the vertices of a rectangle. 


12< If three points A (/1, 0), P (a, b) and B (0, k) lie ona line, show that: . + : = [NCERT] 


i The slope of a line is double of the slope of another line. If tangents of the angle between 
them is 5 , find the slopes of the other line. [NCERT] 
Sos Consider the following population and year graph: 


Find the slope of the line ABand using it, find what will be the population in the year 2010. 
[NCERT] 





Population in Crores 
\o 
N 





A (1985, 92) 









2000 2005 


Years 
Fig. 23.10 


1985 






1990 





1995 
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Without using the distance formula, show that points (- 2, —1), (4, 0), (3, 3) and(-— 3, 2)are 
the vertices of a parallelogram. 


Find the angle between the X-axis and the line joining the points (3, —1) and (4, — 2). 


[NCERT] 

Line through the points (— 2, 6) and (4, 8) is perpendicular to the line through the points 
(8, 12) and (x, 24). Find the value of x. [NCERT] 
. Find the value of x for which the points (x, —1), (2, 1) and (4, 5) are collinear. [NCERT] 


. Find the angle between X-axis and the line joining the points (3, —1) and (4, — 2). 


By using the concept of slope, show that the points (— 2, —1), (4, 0), (3, 3) and (— 3, 2) are the 
vertices of a parallelogram. [NCERT] 


. A quadrilateral has vertices (4, 1), (1, 7), (— 6, 0) and (—1, — 9). Show that the mid-points of 
the sides of this quadrilateral form a parallelogram. 


Lyptetid i 





ANSWERS 
1. (i) -1 (ii) -—J/3 (iii) -1 (iv) V3 
2. (i) = (i) Gi) -7 
fo TE ty 

3. . parallel (ii) parallel (iii) perpendicular (iv) neither. 
4. (i) 1 Gi) -J3 6.9 
7. (i) The line is either x-axis or it is parallel to x-axis. 

(ii) The line makes an acute angle with positive direction of x-axis. 

(iii) The line makes an obtuse angle with the positive direction of x-axis. 
13. 1, > 14. 104.50 crores 16. 135° 17. 4 18. 1 19. = 


HINTS TO NCERT & SELECTED PROBLEMS 


12. It is given that points A (h, 0), B(0, k) andP (a, b) are collinear. Therefore, 
Slope of PA = Slope of PB 
b-O b-k 
=> = 
a—h a—O 











— ab = (a—h)(b-k) => ab = ab —ak —bh+hk => hk = ak+bh=> a47 = 1 


13. Let m be the slop of first line. Then the slope of the second line is 2m. Let 0 be the angle 
between the lines. Then, 


2m —m 

1 — 
m1 

1 + 2m? 


=  2m*+3m+1=0 
=> 2m* + 3m+1=O0or, 2m? —-3m+1=0 


=>  (2m+1)(m+1) =0or,(2m-1)(m-1)=0 > m=, £1. 


14. Let P be the population in the year 2010. Then, C (2010, P) lies on the line. 
Since A, B, C are collinear points. Therefore, Slope of AB = Slope of BC 
97 —92 P -—97 5 P-97 


——$——— =§ —————_ > — 2 75 =P -97 =P = 104.5 
=> 5995-1985 2010-1995 10 15 


tan 8 = 








1 
= —=+ 
3 
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16. Let 0 be the angle between the line joining the points (3, —1) and (4, — 2) and x-axis. Then, 
—2+1 


- 


=> tan 98 = -—1I1=> 6 = 135°. 





tan 8 = Slope of the line => tan 0 = 


17. Itis given that the line through the points A (— 2, 6) and B (4, 8) is perpendicular to the line 
through the points C (8, 12) and D (x, 24). Therefore, 
Slope of AB x Slopeof CD = —1 
8-6 24-12 | beget. 
ag er NPT =-]=> —~x 
4+2 <x-8 5 x=—& 
18. It is given that points A (x, —1), B(2,1) and C (4, 5) are collinear. 
Slope of AB = Slope of BC 
1+1 5-1 2 


=——_ > 
2Z-x 4-2 2-—X 
19. Let the required angle be 8. Then, 





=-Il=> -4=x-8> x=4 








— eo — 














tan 9 = Slope of the line => tan gee ed). =1=> 6=4 
4-3 4 
20. Given points are A (— 2, —1), B(4, 0), C (3, 3) and D (— 3, 2). Therefore, 
O+1 1 B=Bie fh 
m, = Slope of AB = ==, My = Slopeof CD = = — 
4+2 6 -3-2 6 
mz = Slope of BC = sel = —3 and, m, = Slopeof AD = zit = —3 
3-4 —-3+2 


Clearly, m, =p and mz =my. Therefore, AB||CD and BC || AD. 
Hence, ABCD is a parallelogram. 


23.4 INTERCEPTS OF A LINE ON THE AXES 


If a straight line cuts x-axis at A and the y-axis at B, then OA and OB are known as the intercepts of the 
line on x-axis and y-axis respectively. 

The intercepts are positive or negative according as the line meets with positive or negative 
directions of the coordinate axes. 

In Fig. 23.11, OA = x-intercept, OB = y-intercept. 

OA is positive or negative according as A lies on OX or OX’ respectively. Similarly, OB is 
positive or negative according as B lies on OY or OY' respectively. 

Y 





—= y— intercept —— 


Fig. 23.11 
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23.5 EQUATIONS OF LINES PARALLEL TO THE COORDINATE AXES 


23.5.1 EQUATION OF A LINE PARALLEL TO x-AX/S 

Let AB bea straight line parallel to x-axis at a distance b from it. Then, clearly the ordinate of each 
point on AB is b. Thus, AB can be considered as the locus of a point at a distance b from x-axis. 
Thus, if P (x, y) is any point on AB, then y =b. (See Fig. 23.12). 


P(x, y) 





Fig. 23.12 


Hence, the equation of a line parallel to x-axis at a distance b from it is y = b. 
Since x-axis is a parallel to itself at a distance 0 from it, therefore the equation of x-axis is y = 0. 
If a line is parallel to x-axis at a distance b and below x-axis, then its equation is y =—b. 


23.5.2 EQUATION OF A LINE PARALLEL TO y-AX/S 


Let AB bea line parallel to y-axis and at a distance a from it. Then, the abscissa of every pointon 
AB is a. So it can be treated as the locus of a point a distance a from y-axis. Thus, if P (x, y) is any 
point on AB, then x =a. (See Fig. 23.13) 





Fig. 23.13 


Hence, the equation of a line parallel to y-axis at a distance a from it, is x =a. 
Since y-axis is parallel to itself at a distance 0 from it, therefore the equation of y-axis is x = 0. 
If a line is par allel to y-axis at a distance a and to the left of y-axis, then its equation is x =—a. 


’ 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE Y Write down the equations of the following lines: 

(i) x-axis (ii) y-axis [NCERT] 
(iii) A line parallel to x-axis at a distance of 3 units below x-axis. 
(iv) A line parallel to y-axis at a distance of 5 units on the left hand side of it. 
SOLUTION (i) y=0 (ii) x =0 (iii) y=-3 (iv) x=—5. 
EXAMPLE 2~ Find the equation of a line which is parallel to x-axis and passes through (3, —5). 
SOLUTION The equation of a line parallel to x-axis is y = b. Since it passes through (3, — 5). 
So,-5 = b = b =—5. Hence, the equation of the required line is y = —5. 


ALITER Since y-coordinate of every point on a line parallel to x-axis is always same, it follows 
that the equation of the required line is y = —5. 


EXAMPLE 3_ Find the equation of a line which is parallel to y-axis and passes through (+4, 3). 


SOLUTION The equation of a line parallel to y-axis is x =a. Since, it passes through (— 4, 3). 
So-4=a => a=-—4. Hence, the equation of the required line is x = — 4. 


ALITER Since the abscissa of every point on a line parallel to y-axis is always same. So, the 
equation of the required line is x = — 4. 


EXAMPLE 4, Find the equation of a line which is equidistant from the lines x =—4 and x = 8. 
SOLUTION Since the given lines are both parallel to y-axis and the required line is equidistant 


from these lines, so it is also parallel to y-axis and its distance from y-axis is 5 (—4+ 8) =2 units. 
Hence, its equation is x = 2. 


EXERCISE 23.2 
LEVEL-1 


» Find the equation of the line parallel to x-axis and passing through (3, — 5). 
2: Find the equation of the line perpendicular to x-axis and having intercept — 2 on x-axis. 
3. Find the equation of the line parallel to x-axis and having intercept — 2 on y-axis. 


4 Draw the lines x =— 3, x =2, y=—2, y = 3. and write the coordinates of the vertices of the 
square so formed. 


5. Find the equations of the straight lines which pass through (4, 3) and are respectively 
parallel and perpendicular to the x-axis. 


<& Find the equation of a line which is equidistant from the lines x =— 2 and x = 6. 
4“ Find the equation of a line equidistant from the lines y = 10 and y = —2. 


ANSWERS 
2 £5 (258)3(=639)4(— Ga-2) (0. —>) 


NI 
tt 
i 
= | 


HINTS TO NCERT & SELECTED PROBLEMS 

6. Since the given lines are parallel to y-axis and the required line is equidistant from the given 

lines. Therefore, it is parallel to y-axis at a distance ; (—2 + 6) =2 units from it. So its 
equation is x = 2. 


~~ 
- 


23.18 MATHEMATICS-xI 


23.6 DIFFERENT FORMS OF THE EQUATION OF A STRAIGHT LINE 


In section 23.1, we have seen that a first degree equation in x, y represents a straight line. The 
equation of a straight line can be written in different forms depending on the data given. In this 
section, we shall learn about these forms. 


23.6.1 SLOPE INTERCEPT FORM OF A LINE 
THEOREM The equation of a line with slope m and making an intercept con y-axis is y=mx+C . 


PROOF Let the given line intersects y-axis at Q and makes an angle 0 with x-axis. Then, 
m = tan 0. Let P (x, y) be any point on the line. Draw PL perpendicular to x-axis and QM PL. 





Fig. 23.14 


Clearly, ZMQP =8,QM =OL=x 
and, PM = PL —ML=PL-OQ=y-c. 
From triangle PMQ, we have 





OM x 
=> m = 1S 
x 
— y = mx + c, which is the required equation of the line. Q.E.D. 


REMARK 1 If the line passes through the origin, then 0 =m0 + c => c = 0. Therefore, the equation of a 
line passing through the origin is y = mx, where m is the slope of the line. 


REMARK2 [If the line is parallel to x-axis, thenm =0, therefore the equation of a line parallel to x-axis 1s 

Y=C. 
ILLUSTRATIVE EXAMPLES 
_LEVEL-1_ 

EXAMPLE Y Find the equation of a line with slope —1 and cutting off an intercept of 4 units on negative 
direction of y-axis. 

SOLUTION Here, m=-1 and c=-4 

Substituting these values in y =mx + c, we obtain that the equation of the line is 

y=-x-4or, x+y+4=0 

EXAMPLEY Find the equation of a straight line which cuts off an intercept of 5 units on negative 

direction of y-axis and makes an angle of 120° with the positive direction of x-axis. 
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SOLUTION Here, m= tan 120°= tan (90 + 30°) =—cot 30°=-/3 andc=-5. 
Substituting these values in y =mx + c, we obtain that the equation of the line is 
y=-VJ3x-5 or, Vx +y+5=0 
EXAMPLES, Find the equation of a straight line cutting off an intercept —1 from y-axis and being equally 
inclined tothe axes. 


SOLUTION Since the required line is equally inclined with the coordinate axes, therefore it 
makes either an angle of 45° or 135° with the x-axis. 
So, its slope is either m = tan 45° or, m= tan 135° i.e. m=1 or, —1.Itis given that c=—1. 


Substituting these values in y = mx + c, we obtain that the equations of the lines are y = x—-1 and 
y=-x-1. 





Fig. 23.15 
EXAMPLE Find the equation of a straight line which makes an angle of tan! /2 with the x-axis and 


cuts off an intercept of — a8 with the y-axis. 


/2 
SOLUTION Here,m = tan 6 = tan (tan x 42) =V2 andc=- ae 


V2 


Substituting these values in y =mx + c, we obtain that the equation of the required line is 


y = V2 x-— or, V2y=2x-3 
EXAMPLE 5“ Find the equation of a straight line which cuts off an intercept of length 3 on y-axis and is 
parallel to the line joining the points (3, —2) and (1, 4). 

SOLUTION Let mm be the slope of the required line. Since the required line is parallel to the line 
joining the points A (3, —2) and B (1, 4). 2) 


m = Slope of the line AB = “Wie ee 3 
It is given that c = 3. Substituting these values in y =mx +c, we obtain that the equation of the 
required line is y = —3x+3 or, 3x+y-3 = 0. 


EXAMPLE §— Find the equation of a line that has y-intercept 4 and is perpendicular to the line joining 
(2,-3) and (4, 2). 


SOLUTION Let m be the slope of the required line. Since the required line is perpendicular to 
the line joining A (2, —3) and B (4, 2). 


mx Slope of AB = -1=> mx A 





= Pies eee 
5 


The required line cuts off an intercept of length 4 on y-axis. So, c = 4 
Substituting these values in y =mx + c, we obtain that the equation of the required line is 
y=-Ex+4 or, 2x +5y —20=0. 
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EXAMPLE 7~ Find the equation of the straight line which makes angle of 15° with the positive direction of 
x-axis and which cuts an intercept of length 4 on the negative direction of Y-axis. 
SOLUTION Letz1be the slope of the line. Then, 


1 
(a ° ~ « 
ipemtani se eaten (456° 30°), =. eo, VB v3 -1 
1 + tan 45° tan 30° 1 V3 +1 


(V3-1)* = 4-2V3 
G+yvs-p~ 2? 


It is given that the line cuts an intercept of length 4 on the negative direction of y-axis. 
c=-4 


Substituting these values in y = mx +c, we get 
y = (2-43) x—4 as the equation of the required line. 


EXAMPLES P,, P> are points on either of the two lines y—J3 |x|=2at a distance of 5 units from their 


point of intersection. Find the coordinates of the foot of perpendiculars drawn from P,, P> on the bisector of 
the angle between the given lines. 








=> m= 





[NCERT EXEMPLAR] 
SOLUTION The equations of the given lines are 
y-V3x=2 forx20 aati) 
and, y+V3x=2forx<0 ... (ii) 


The slopes of these two lines are /3 and —J3 respectively. So, they make angles of 60° and 120° 


respectively with x-axis. Consequently, each makes 30° angles with the positive direction of 
y-axis as shown in Fig. 23.16. 





Fig. 23.16 


Clearly, lines (i) and (ii) intersect at P (0, 2) and y-axis is the bisector of the acute angle between 
them. It is given that PP; =5 = PPp. 


Let M be the foot of the perpendiculars drawn from P, and P, on y-axis. 


In right triange PMP,, we have 
cos 39°. 2M => v3 _PM => PM _5v3 
PP, 2 5 2 
OM =OP + PM =2+2¥3 -44+5¥3 





2 2 
Hence, the coordinates of M are $255, 0 ; 
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EXERCISE 23.3 





Find the equation of a line making an angle of 150° with the x-axis and cutting off an 
intercept 2 from y-axis. 
¢ Find the equation of a straight line: 
(i) with slope 2 and y-intercept 3; (ii) with slope —1/3 and y-intercept — 4. 
(iii) with slope —2 and intersecting the x-axis at a distance of 3 units to the left of origin. 
@. Find the equations of the bisectors of the angles between the coordinate axes. 
4, Find the equation of a line which makes an angle of tan ~! (3) with the x-axis and cuts off an 
intercept of 4 units on negative direction of y-axis. 
5. Find the equation of a line that has y-intercept—4 and is pa rallel to the line joining (2, -5) and 
(1, 2). 
6. Find the equation of a line which is perpendicular to the line joining (4, 2) and (3, 5) and 
cuts off an intercept of length 3 on y-axis. 
7. Find the equation of the perpendicular to the line segment joining (4, 3) and (-1, 1) if it 
cuts off an intercept —3 from y-axis. 
8,-Find the equation of the straight line intersecting y-axis at a distance of 2 units above the 





origin and making an angle of 30° with the positive direction of the x-axis. [NCERT] 
ANSWERS 
1. x+¢V3y=2VJ3 9 2. (i) y=2x4+3 (ii) x+ 3y+12=0 (iii) 2x+y+6=0 
3% xty=0 4. y=3x-4 5.7x+y+4=0 6. x-3y+9=0 
7. 5x+2y+6=0 8. x -V3y + 2V3 =0 


HINTS TO NCERT & SELECTED PROBLEM 


8. Clearly, c = y-intercept = 2 and, m = tan 30°= Bo 


V3 
So, the equation of the line is y = Jee or, x -V3y + 2V3 =0. 


V3 
23.6.2 POINT-SLOPE FORM OF A LINE 
THEOREM The equation of a line which passes through the point (x1, y) and has the slope “m’ is 
y — yy =m (X — X4). 
PROOF Let the line pass through the point Q(x, y;) and let P (x, y) be any point on the line. 
Then, 
Slope of the line is = Jon 
X — X41 





But, the slope of the line is m. 
Ua Al 
X— 2X4 


m= 





=> y—Yy, =m (x —X4) 
Hence, y —y, =m (x — x}) is the required equation of the line. Q.E.D. 
ILLUSTRATIVE EXAMPLES 

_LEVEL-1 


EXAMPLE 34 Find the equation of a line passing through (2, — 3) and inclined at an angle of 135° with the 
positive direction of x-axis. 


SOLUTION Here, im =Slope of the line = tan 135° = tan (90° + 45°) =— cot 45°=-—1. 
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X4=2,y,=-3 

So, the equation of the line is y — y, =m (x — x}) 

i.e. y-—(—3) =-1(x-2) > y+3=-x+2 > x+y+1=0. 

EXAMPLE 2?- Determine the equation of line through the point (— 4, — 3) and parallel to x-axis. 

SOLUTION Here,m = Slope = 0, x; =-—4, y, = —- 3. 

So, the equation of the line is y — y, = m(x-x}) 

Or, y+3=0(x+4) > y+3=0. 

EXAMPLE3 Find the equation of the line passing through (1, 2) and making angle of 30° with y-axis. 
[NCERT EXEMPLAR] 


SOLUTION The required line makes 30° with the positive direction of y-axis as shownin 


Fig. 23.17. So, it makes 60° with the positive direction of x-axis. Therefore, its slope m is given by 
m = tan 60°= V3. 





Fig. 23.17 


Thus, the required line passes through (1, 2) and has V3 as its slope. 
Hence, its equation is 


y-2=J3(x-1) or V3x-y+2-V3 =0 


EXAMPLE ¥Y Find the equation of the perpendicular bisector of the line segment joining the points 
A (2, 3) and B (6, —5). 


SOLUTION The slope of AB is given by 








mse 2 =-2 Using: m=2—-"1 
6-2 Xq — X4 


Slope of a line perpendicular to AB =— = =5 


Let P be the mid-point of AB. Then, the coordinates of P are ( 2 > e > z =) i.e. (4,—1). 


Thus, the required line passes through P (4, —1) and has slope > So its equation is 








y+1= = (x-4) [Using: y — y, =m (x —x,)] 


> x-2y-6=0. 
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noe the equation of the line for which tan 8 = ; , where 0 is the inclination of the line and 


(i) x-intercept equal to 4. (ii) y-intercept is. [NCERT] 
SOLUTION (i) Clearly, the line passes through (4, 0) and has slope = 
So, the equation of the line is 

y-O = : (x — 4) | Putting x, =4, y; =O andm= ; in y—y, =m (x -x)| 
==, x-2y-4 = 0 


(ii) The line passes through o, - =| and has slope = ; 


So, it equation is 
3 L 5. a 3 1 ai eo 
y- oi = ie OF Putting 4-07 yp ANG ti Gi Yes Say) 


=> 2y+3=x or, x-2y—-—3=0 

EXAMPLE 6 .6/ The perpendicular from the origin to a line meets it at the point (— 2, 9), find the equation of 
the line. [NCERT] 
SOLUTION We have, 


m, = SlopeofOP = bia 2 


Say 
Let m be the slope of the line AB. Then, 
Slope of AB x Slope of OP = — 








= mx <2 = -1 
2 
2 
=> m= — 
9 
The equation of AB is 
2 
y=9 = ey re ee) us 
=> 9y—81 = 2x+4 Fig. 23.18 


=> 2x—-9y+85 = 0 
EXAMPLE7/ Find the equation of the line passing through the point (0, 2) making an angle = with the 


positive x-axis. Also, find the equation of line parallel to it and crossing the y-axis at a distance of 2 units 
below the origin. [NCERT] 


SOLUTION The equation of the line passing through (0, 2) and making an angle = with the 
positive x-axis is 

y-2=tan (x0) (Using: y — y, =m (x — x})] 
=> (ee eee 
A line parallel to this line crosses y-axis at a distance of 2 units below the origin. So, it passes 
through (0, — 2) and makes an angle = with the x-axis. Hence, its equation is 


y+2=tan = (x-0) => y+2=-J3x => V3x+y+2=0 
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EXAMPLE8 Two lines passing through the point (2, 3) intersect each other at an angle of 60°. If slope of 
one line is 2, find the equation of the other line. [NCERT] 


SOLUTION Let the slope of the other line bem. It is given that the angle between the two lines is 
60°. 
m—2 
1 + 2m 
m—2 
1 + 2m 


tan 60° = 








/3 = 


1 a?s 

1+2m 

m—-2=+J3 +2/3m 

m(1+-2V3) =2+J3 

m= Zt N3_ eee NS 2-V3 Beye et NS 2-N3 
1+-2/3 1-2/3 ‘1+2V/3 2/3 -1° 2/3 +1 


Substituting x, = 2, y; = 3and the values of min y — y; =m (x — x), we obtain that the equations 
of the required lines are 


2+V3 _ 2-V3 
I Bal omen and UG eT cal. 


EXAMPLE ¥ Find the equation of the line passing through (— 3, 5) and perpendicular to the line through 


y 








Y uy Y 











y-3=- 











the points (2,5) and (— 3, 6). [NCERT] 
SOLUTION The slope of the line passing through (2, 5) and (— 3, 6) is = °; = = 


Let m be the slope of the line perpendicular to the line passing through (2, 5) and (—3, 6). Then, 
mx ieee => m=5 


The required line passes through (— 3, 5) and has slope m =5. So, its equation is 
y —5 =5(x+ 3) or,5x-—y+20=0 


EXAMPLE 197 A line perpendicular to the line segment joining the points (1, 0) and (2, 3) divides it in 
the ratio1 :n. Find the equation of the line. [NCERT] 





SOLUTION The slope of the line joining A (1, 0) and B (2, 3) is ; = = 3 and the coordinates of 


n+2 3 


GLa Teer The slope of the line perpendicular to the 





the point dividing it in the ratiol :n are 


line segment AB is — = 


Hence, the equation of the required line is 








3 1 n+2 
y- ses [x-222 or (n+1)x+3(n+1) y=n+11 


EXAMPLEJ& Find the equation of a line which divides the join of (1, 0) and (3, 0) in the ratio 2:1 and 
perpendicular to it. 

SOLUTION LetC be the point which divides the join of A (1,0) and B(3, 0) in the ratio 2:1. Then, 
the coordinates of C are 
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2x34+1x1 2x0+1xO -(2 0) 
7i es eee 2+1 ai 


Since AB is along x-axis, therefore a line perpendicular to AB is parallel to y-axis. As it passes 
through C (7/3, 0), therefore its equation is 


oe. — eS elf 
3 


Hence, the equation of the required line is 3 x =7. 
EXAMPLE 12 /The vertices of a triangle are A (10, 4), B(—4, 9)andC (—2, —1). Find the equation of its 
altitudes. Also, find its orthocentre. 


SOLUTION Let AD, BE and CF be three altitudes of A ABC. Clearly, AD 1 BC, BE LCA and 
CF 1 AB. 









A (10, 4) 
We have, 
-1-9 
Slope of BC = =-—5 
—-2+4 : 
Slope of AD = 5 -Apaes¢]. eee - 


Since AD passes through A (10, 4). Therefore, equation of AD ae = i sibs 
is = 


B (+4, 9) D C (-2, -1) 








y - 4 = =(x-10) > x -5y + 10 = 0 Fig. 23.19 
.»-(i) 
Slope of AC = tLe 
10+2 12 
12 
Slope of BE = 5 [.- BE 1 AC] 
Clearly, BE passes through B (— 4, 9) and has slope — 12/5. So, the equation of BE is 
y - 9 =-Z(x44) > 12x + 5y +3 =0 ...(1i) 
Slope of AB = aa ge = Slope of CF = se [. CF LAB] 
10 + 4 14 5 


Clearly, CF passes through C (— 2, — 1) and has slope = So, the equation of CF is 
y +1 = S(e+2) > dx -5y + 23 =0 ..-(iil) 


Thus, the altitudes of A ABC are 
x-5y+10=0,12x+5y+3=0 and, 14x -—5y+23=0. 
The orthocentre of A ABC is the point of intersection of its altitudes. 
Solving (i) and (ii) by cross-multiplication, we get 
x y 1 9 


— = ao =F —Prxr=-ly=- 
-65 £117 65 5 


Hence, the coordinates of the orthocentre are (—1, 9/5). 
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EXAMPL x Find the equations of the altitudes of the triangle whose vertices are A (7, —1), B(-2, 8) 
and C (1, 2). 


SOLUTION Let AD, BE and CF be three altitudes of triangle ABC. Let m1, mz and mg be the 
slopes of AD, BE and CF respectively. Then, 











AD 1 BC = Slope of AD x Slope of BC = -1 A (7,-1) 
2-8 1 
=> mM, x =-l>m =-— 
E + | 2 
BE 1 AC => Slope of BEx Slope of AC = -1 F E 
=> mx (22) =-l=>m =2 
and, CF 1 AB => Slope : # x Slope of AB = —1 B(-2, 8) D C (1,2) 
=> Ml3x— = =-1=> m, =1. Fig. 23.20 


Since AD passes through A (7, —1) and has slope m, = > 
So, its equation is 
y+1 = 5 (x7) => x-2y-9 =0 


Similarly, equation of BE is 
y—-8 = 2(x+2) > 2x-y+12 =0 
EquationofCFis y-—2 =1(x-1)>x-y+1=0 


EXAMPLE 14/ The mid-points of the sides of a triangle are (2,1),(—5,7) and (—5,—5). Find the 
equations of the sides of the triangle. 


SOLUTION Let D (2,1), E(—5,7) and F (—5, —5) be the mid-points of sides BC, CA and AB 
respectively of A ABC. 


We know that the line joining the mid-points of two sides of a A 
triangle is parallel to the third two side. 

: DE|\|AB, EF||BC and DF||AC 

Slope of AB = Slope of DE 

Slope of BC = Slope of EF and, Slope of AC = Slope of DF 


Let 71;, 2 and mg be the slopes of AB, BC and CA respectively. 
Then, 


F (-5, 5) Lonw---seneeeee0s \ E57) 











7m, = Slopelof AB = Slope ofDE = = = =° B D1) 
=e) 7 Fig. 23.21 
my = Slope of BC = Slope ofEF = — (Undefined) 
1+5 6 
eiclope ofCAl = SlopeckDR == = © 
m3 ope o ope o nT ip 


Side AB passes through F (—5, —5) and has slopem, = = So, its equation is 
y+5 = P(x +5) => 6x+7y+65 = 0 
Side BC is parallel to Y-axis and passes through D (2,1). So, its equation is x = k. As it passes 


through (2, 1). 
. 2K; 
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Hence, equation of BC isx = 2. 


NI] oO 


Side CA passes through E (—5, 7) and has slope m3 = —.So, its equation is 


y-7 = = (x +5) => 6x-7y+79 = 0 


EXAMPLE 15 “Find the equation of the perpendicular bisector of the line segment joining the points (1, 1) 
and (2, 3). [NCERT] 
SOLUTION Let P be the mid-point of the line segment joining points A (1, 1) and B (2, 3). Then, 


the coordinates of P are (= , 2 


Let m be the slope of perpendicular bisector of AB. 








Then, 
mx Slope of AB = —1 
3-1 
— mx = —] 
et 
rt RNS Se A (1,1) B (2,3) 


Clearly, perpendicular bisector of AB passes 
through P Ht? 2) and has slope ae So, its 
equation is 
1 3 
y—2 =-——|x-—| or, 2x+4y—-11 = 0. 
y-2 =->{x-3) y 


Fig. 23.22 


EXAMPLES” Show that the perpendicular drawn from the point (4,1) on the line segment joining 
(6,5) and (2, —1) divides it internally in the ratio 8:5. 


SOLUTION Suppose perpendicular drawn from P (4, 1) on the line joining A (6,5) and B (2, —1) 
meets AB at M. Let be the slope of PM. Then, 








PM AB P (4, 1) 
=> mx Slope of AB = —1 
—-1-5 
— mx = -l 
2-6 
=> mx aa 1 A 1 
2 2 A (6,5) M B (2,—1) 
=> m=— 3 Fig. 23.23 
Clearly, PM passes through P (4, 1) and has slope m = -=. So, its equation is 
y-1 =-5(x-4) or, 2x + 3y—-11 = 0 .-.(1) 
Suppose M divides line segment AB in the ratio 4:1. Then, coordinates of M are 
2A+6 -A+5 
Nate Need 








, 2X+ 6 +3 —2A+5 11 =0 
A+1 A+1 


=. 4.+12-—3A+15-11A-11 = 0 => -10A4+16 =O >A= 


Since M lies on line PM whose hn is 2x + 3y—-11 =0 


U1| Co 


Hence, M divides AB internally in the ratio 8:5. 


\ 


—- 


23.28 MATHEMATICS-XI 


| LEVEL-2 | 


EXAMPLE17 One side of a square makes an angle a with x-axis and one vertex of the square is at the 
origin. Prove that the equations of its diagonals are x (sin a + cosa) =y(cosa-—sin a) and 
x (cos & —sin a) + y(sin a + cos a) =a, where a is the length of the side of the square. 

SOLUTION LetOABC be the square such that its side OA makes an angle a with x-axis. Since 
OA =a, therefore coordinates of A are (a cos a, a sin a). Clearly, the diagonal OB makes an angle 
(1/4 + a) with x-axis and passes through (0, 0). So, equation of OB is 

y- oa tan (1/4 + a) (x —0) 


Se y — Littan oa 
‘  fetno 
=> y (cos a—sin a) = x(cosa+sin a) .»(l) 
Since the diagonal AC is perpendicular to OB. Therefore, 
Slope of AC = ze 


Gre) 
tan | — + a’ 
4 


Clearly, diagonal AC passes through (a cos a, a sin a). So, 





equation of AC is Ox 
; —1 
CAS CLAN os = (x —a cos a) 
tan (E +a) 
Sian Ace A (a cos a, a sin @) 
1—tan a fish 
1+tana 
cos @ —sin a Fig. 23.24 
me Y=WsInie, = —|—————_— | (*¥—a cos a) 
cos a + sin a 
m4 x(cos a —sin a)+y(cosa+sin a) = a. 


EXAMPLE18 A line passing through the point A (3, 0) makes 30° angle with the positive direction of 
x-axis. If this line is rotated through an angle of 15° in clockwise direction, find its equation in new 
position. [NCERT EXEMPLAR] 
SOLUTION Let ABbe the given line and AC be its new position. Clearly, AC makes an angle of 
15° with the positive direction of X-axis. 
m = Slope of AC = tan 15° 
— m= tan (45° —- 30°) 
___ tan 45°— tan 30° 
1 + tan 45° tan 30° 
to 

V3 

(/3 -1)? 
> m= 

(V3 +1) (V3 —1) 


ee ee 


=> 








Fig. 23.25 


N 


Clearly, AC passes through A (3, 0) and has slopem = 2 —J/3. So, its equation is 
y-0 = (2-—¥3) (x —3) or, (2—-V3) x-y—3(2-V3) =0 
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eee ener Perea fait 


ws Find the equation of the straight line passing through the point (6, 2) and having slope —3. 


Find the equation of the straight line passing through (— 2, 3) and inclined at an angle of 45° 
with the x-axis. 


> Find the equation of the line passing through (0, 0) with slope m1. ([NCERT] 
4. Find the equation of the line passing through (2, 2V3) and inclined with x-axis at an angle 
# Of75°. [NCERT] 
3, Find the equation of the straight line which passes through the point (1, 2) and makes such 


an angle with the positive direction of x-axis whose sine is % 


6. Find the equation of the straight line passing through (3, — 2) and making an angle of 60° 
7 with the positive direction of y-axis. 


7. Find the lines through the point (0,2) making angles s and “= with the x-axis. Also, find the 


lines parallel to them cutting the y-axis at a distance of 2 units below the origin. 
8. Find the equations of the straight lines which cut off an intercept 5 from the y-axis and are 
equally inclined to the axes. 
9. Find the equation of the line which intercepts a length 2 on the positive direction of the 
x-axis and is inclined at an angle of 135° with the positive direction of y-axis. 
10. Find the equation of the straight line which divides the join of the points(2, 3) and(—5, 8) in 
the ratio 3: 4 and is also perpendicular to it. 
11. Prove that the perpendicular drawn from the point (4, 1) on the join of (2, —1) and (6, 5) 
divides it in the ratio 5: 8. 
es Find the equations to the altitudes of the triangle whose angular points are A (2, — 2), 
B (1,1) and C (—1, 0). 
oo Find the equation of the right bisector of the line segment joining the points (3, 4) and 
(—1, 2). [NCERT] 
14. Find the equation of the line passing through the point (— 3, 5) and perpendicular to the line 
H joining (2,5) and (—3, 6). 
J5yFind the equation of the right bisector of the line segment joining the points A (1, 0) and 


B (2, 3). 
ANSWERS 

1. 3x+y-—20=0 2. x-y+5=0 
3. y=mx 4. (2+V3)x-y-4=0 
5. 3x-—4y+5=0 6. x-V3y-—3-2/3 =0 
7. V3x-—y+2=0, V3x+y—2=0,V/3x+y+2=0 
8 y=x+5 or x+y=5 9. x-y-2=0 
10. 49x — 35 y + 229 =0 12. 2x+y-2=0,3x-2y-1=0,x-3y+1=0 
13. 2x+y=5 14. 5x —-y+20=0 15. x + 3y-—6=0 


HINTS TO NCERT & SELECTED PROBLEMS 
3. The equation of the line passing through (0, 0) and slope m is y — 0 =m (x — 0) or, y =mx. 
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4. The equation of the required line is 


y-2V3 = tan 75°(x — 2) 
Vor tan 45° + tan 30° 
or, y—-2V3 = Yio He fan’ 75° = tan (45° 4+ 30°) = ——— or 
Y I3e1, 1 Wena. ) = aa : ) 1 —tan 45° tan 30° 


or, y —2V3 = (2+ 3) (x —2) 


13. The right bisector of the segment joining A(3,4) and B(-1, 2) passes through the 
mid-point C (1, 3) of AB and is perpendicular to AB. Letm be the slope of AB. Then, 
= 1 


=O SES ae 
m “4-59 A (3, 4) C (1,3) B (-1,2) 
Fig. 23.25 


So, 11, = Slope of a line perpendicular to AB =— 2. 
Hence, the equation of the right bisector of ABis y-3 = —2(x-—1)or,2x+y-—5 = 0. 


23.6.3 TWO-POINT FORM OF A LINE 
THEOREM The equation of a line passing through two points (x1, 1) and (Xz, Y2) is 








pene 2 1 = 
La aad ie ] (x — x4). 
PROOF Let m be the slope of the line passing through (x1, y,) and (x2, y2). Then, 
ee 21 
eel 


So, the equation of the line is 
y — yy = m(x—%)) [Using point-slope form] 
Substituting the value of m, we obtain 


Up ENG fe 
— =: Sl —xX 
Dea a x, (x — 4) 
This is the required equation of the line in two point form. Q.E.D 
ILLUSTRATIVE EXAMPLES 
_LEVEL-1 


EXAMPLE 4 Find the equation of the line joining the points (—1, 3) and (4, — 2). 
SOLUTION Here, the two points are (x1, y;) =(—1, 3) and (x9, y) =(4, — 2). 
So, the equation of the line in two-point form is 

y-3= “Ian sy-3-= -x-1l> x+y-2=0. 


EXAMPLEZ Find the equation of the line joining the points (at,”, 2 at,) and (at>*, 2 ato). 
SOLUTION Here, x, =at,”, Y, =2aty, Xo =aty*, Yo =2 aly. 
So, the equation of the required line is 





y - 2 aty Sr eel = at, 2) 
aty 2 at)? 
=> — 2at, = x —at 
y 1 i 1) 
=> y (t; +t) — 2at,” — 2at, to = 2x — 2at,* 
— y (4 + ty) =2x + 2 at, to. 
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EXAMPLE 3X Find the equations of the medians of the triangle ABC whose vertices are A (2,5), 
B(—4, 9) and C (—2, —1). 

SOLUTION LetD, E, F be the mid-points of BC, CA and AB respectively. Then, the coordinates 
of these points are D (— 3, 4), E (0, 2) and F (—1, 7) respectively. The median AD passes through 
points A (2,5) and D (— 3, 4). 


So, equation of AD is A(2, 5) 
a= 5 
y—-5 = ——(x-2 
y i AS ) 
— y—-5 = —(x-2 
y = ) 
= x -5y + 23 =0 


The median BE passes through points B (— 4, 9) and E (0, 2). 
So, equation of median BE is 





B49) ~DES.4)_-CC-2,-1) 
(y — 9) (2-3 Faget) = 7 44y- 8 =0. Fig. 23.26 


Similarly, the equation of the median CF is 


(y + 1) = Gites AR os Ses 0. 





EXAMPLE 47 In what ratio is the line joining the points (2, 3) and (4, 1) divides the segment joining the 
points (1, 2) and (4, 3)? 


SOLUTION The equation of the line joining the points (2, 3) and (4, 1) is 
1-3 

y-3= 
oo) uaa 





(x-2) > y-3=-xX4+2 5 x+y-5=0 ...(i) 


Suppose the line joining (2, 3) and (4, 1) divides the segment joining (1, 2) and (4, 3) at point P in 
(44+1 32+2 
L A+1 ° A+] 








the ratio 4:1. Then, the coordinates of P are 


Clearly P lies on line (i). 
4X+1 : 3A+2 
+1 A+1 


-5=0>dA2=1. 








Hence, the required ratio is 2: 1i.e., 1:1. 
EXAMPLE Sf In what ratio, the line joining (—1, 1) and (5, 7) is divided by the line x + y=4? 
SOLUTION Suppose the line x + y =4 divides the join of A (—1, 1) and B(5, 7) in the ratio 4:1. 


5A4+1 7A+1 


The coordinates of the point of division are | ——— , ——— 
A+1 A+l1 


}. It lies on x + y =4. 


5A-1 7A+1 


—— _ + ——_ =4 => 5A-14+7/A4+1=4(A4+1) > 120A=444+4> 8A=4 => ee 
A+1 A+1 2 


Hence, the required ratio are 1 : 2. 


EXAMPLE6 Prove that the points (5, 1), (1, — 1) and (11, 4) are collinear. Also ,find the equation of the 
straight line on which these points lie. 


SOLUTION Let the given points be A (5, 1), B(1, —1) andC (11, 4). Then, the equation of the line 
passing through A and B is 
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-1-1 
y-l1= ice (x-5)> x-2y-3=0 





Clearly, point C (11, 4) satisfies the equation x — 2 y — 3 =0. Hence, the given points lie on the 
same straight line, whose equation is x — 2 y - 3 =0. 

EXAMPLE7 Thie Fahrenheit temperature F and absolute temperature K satisfy a linear equation. Given 
that K = 273 when F = 32and that K = 373 when F = 212. Express Kin terms of F and find the value of F, 
when K = 0. [NCERT] 
SOLUTION Assuming F along X-axis and K along Y-axis, we have two points (32, 273) and 
(212, 373) in xy-plane or FK-plane. 


As F and K satisfy a linear equation. The equation of the line passing through (32, 273) and 
(212, 373) is 


Kaye e 22522 ip = 32) 
Dip 130 
> K-273 = 2° (F_ 32) 
180 
K = : (F— 32) + 273 (i) 


ting K = 0 in (i), we get 


0=2(F- 32) +273 = Pee 





= F=32-4914 => F = —459.4 


LEVEL-2 
EXAMPLES Find the equation of the internal bisector of angle BAC of the triangle ABC whose vertices 
A, B, Care (5, 2), (2, 3) and (6, 5) respectively. 
SOLUTION Wehave, 


A (5, 2) 
AB = (6 -2)2 +(2-3)7 = J10 
and, AC = {6 -6)2 +(2-5)? = 10 


AB:AC = J10:V10 = 1:1 


The internal bisector AD of Z BAC divides BC in the ratio AB: AC 
i.e. 1 : 1. So, coordinates of D are 





as , 252) = (4, 4). B (2, 3) D C (6, 5) 
2 4 Fig. 23.27 
: 4-2 
Equation of AD is y —-2 = ALE (x —5) or, 2x + y-12=0 


EXAMPLE9 A rectangle has two opposite vertices at the points (1, 2) and (5,5). If the other vertices lie 
on the linex = 3, find the equations of the sides of the rectangle. 


SOLUTION Let ABCD bea rectangle whose two opposite vertices are A (1, 2) and C (5,5). 
Let the coordinates of other two vertices B and D of rectangle ABCD be B (3, y,) and D (3, yp). 
Since diagonals AC and BD bisect each other. Therefore, mid-points of AC and BD are same. 
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PTY? = 2+5 => Y¥1+¥2 = 7 ..-(i) 














2 2 
Since ABCD is a rectangle. 
AC = BD 
Sy AG? = BD* 
=> (1-5)* +(2-5)* = (3-3)? +(y, -y2) 
> 16+9 = (yj; — yo)” 
= Yj -Yo = +5 .+-(ii) 
Solving (i) and (ii), we get Y’ 
Y,=6 and yo =1lor, y; =l and y> =6 FG: 22:28 
Thus, the coordinates of B and D are B (3, 1) and D (3, 6). 
The equation of side AB is 
y-2 = — (x -1) or, y-2 = -5 (x —1)or,x+2y-5 = 0 
The equation of side BC is 
y-1 = oo (x —3)or,y-—1 = 2(x—-3)or,2x-y-5 =0 
The equation of side CD is 
yoo = ae (x —5) or, y-5 = - = (x-8) on, x + 2y-15 = 0 
The equation of side AD is 
y-2 = Sia (x-1) or, y-—2 = 2(x-1)or,2x-y = 0 





3-1 


EXAMPLE 10 Find the coordinates of the vertices of a square inscribed in the triangle with vertices 
A (0, 0), B(2, 1) and C (3, 0); given that two of its vertices are on the side AC. 


SOLUTION Let PQRSbe the square inscribed in the triangle ABC such that its vertices P and Slie 
on side AC which is along X-axis. Let the length of each side of the square be / and the 
coordinates of P be (a, 0). Then, the coordinates of other vertices are P (a, 0), S(a +1, 0), Q (a, JD 
and R (a+ 1, l). 





A (0, 0) P(a,0) S(a+l,0) X 
Fig. 23.29 


OF om 


HL 
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The equations of sides AB and BC are 
1— hs 
Vie ) - (x-0) and y-0 = Fant (x — 3) respectively 





Or, x-2y = 0 and x+y-3 = Orespectively. 
Since Q and R lie on AB and BC respectively. 
a-—2l = 0 and a+/+/1-3 =0 


= a = 21 and a+21-3 = 0 
=> ieevand wa 
2 4 


Hence, the coordinates of the vertices of the square are 

P (3/2 ,0),Q(3/2, 3/4), R (9/4, 3/4) and S(9/4, 0) 
EXAMPLE 11 A line is such that its segment between the lines 5x —y + 4=Oand 3x + 4y —4=0is 
bisected at the point (1, 5). Obtain its equation. [NCERT] 
SOLUTION Suppose the required line intersects the lines 5x — y + 4=0 and 3x + 4y—4=0at 


P (X1, y;) and Q (x9, 2) respectively. Clearly, P (x1, y;) lies on 5x — y+4=OandQ (X59, yp) lies 
on 3x + 4y —4=0. 








x’ 
Fig. 23.30 
5x1 -y, +4 =0 and, 3x, + 4y, -4 = 0 
SS yy = Oxped andy = 2-92 


4 . ..(i) 
Since R is the mid-point of PQ. Therefore, 





Sande =5 
2 2 
=> Xx, + Xp = Zand y; + yo = 10 
4— 3x 
=> Xy +X = 2and5x,+4+ ; 2 =10 Using (i) 
=> Xj +X_ = 2and 20x, —3x2 = 20 
Solving these two equations, we get 
26 20 


x, = aa = 33 
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Substituting these values in (i), we get 


222 
ya andy 


23 23 
Thus, the coordinates of P and Q are & ; =| and & , = respectively. 


23 23 
Hence, the equation of PQ is 





322 
222 53 93 foe 
I~ 53°20 26 (: =| 
3. 23 

214 


= 23yY —222 = (23x —26) => 23y—222 =~ (231-26) = 107x-3y-92=0. 


—6 
EXERCISE 23.5 


1. Find the equation of the straight lines passing through the following pair of points: 


(i) (0, 0) and (2, — 2) (ii) (a,b) and(a+csin a,b +c cos a) 
(iii) (0, —a) and (, 0) (iv) (a,b) and (a+b, a-—b) 
(v) (at, a/t}) and (ats, a/t2) (vi) (a cos a, a sin a) and (a cos B, a sin B) 


2. Find the equations to the sides of the triangles the coordinates of whose angular points are 
respectively: (i) (1, 4),(2,-—3) and (—1,-—2) (ii) (0,1), (2, 0) and (—1, — 2). 

3. Find the equations of the medians of a triangle, the coordinates of whose vertices are 
(-1, 6), (- 3, > 9) and (5, re 8). 

4. Find the equations to the diagonals of the rectangle the equations of whose sides are 
x=a,x=a',y=bandy =D’. 

5. Find the equation of the side BC of the triangle ABC whose vertices are A (— 1, —2), B (0, 1) 
and C (2,0) respectively. Also, find the equation of the median through A (—1, — 2). 

6. By using the concept of equation of a line, prove that the three points (— 2, — 2), (8, 2) and 
(3, 0) are collinear. [NCERT] 

7. Prove that the line y — x + 2 = Odivides the join of points(3, —1) and (8, 9) in the ratio 2:3. 

8. Find the equation to the straight line which bisects the distance between the points 
(a,b), (a’, b') and also bisects the distance between the points (— a, b) and (a’, —b’). 

9. In what ratio is the line joining the points (2, 3) and (4, —5) divided by the line passing 
through the points (6, 8) and (— 3, — 2). [NCERT] 

10. The vertices of a quadrilateral are A (—2, 6), B(1,2),C (10, 4) and D(7,8). Find the 
equations of its diagonals. 

11. The length L (in centimeters) of a copper rod is a linear function of its Celsius temperature 
C. In an experiment, if L =124.942 when C = 20 and L =125.134 when C =110, express L 
interms of C. [NCERT] 

12. The owner of a milk store finds that he can sell 980 liters milk each week at Rs 14 per liter 


and 1220 liters of milk each week at € 16 per liter. Assuming a linear relationship between 
selling price and demand, how many liters could he sell weekly at Rs 17 per liter. [NCERT] 


LY ea By = 





13. Find the equation of the bisector of angle A of the triangle whose vertices are A (4, 3), 
B (0, 0) and C (2, 3). 
14. Find the equations to the straight lines which go through the origin and trisect the portion 


of the straight line 3 x + y=12 which is intercepted between the axes of coordinates. 
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15. Find the equations of the diagonals of the square formed by the lines x =0, y =0, x =1and 





y=1. [NCERT EXEMPLAR] 
ANSWERS 
1. (i) y=-x (ii) y—b =cot a (x —a) (iii) ax —by =ab 
(iv) (a-2b) x —by +b? +2 ab —a* =0 (v) ty fp y+x=a(t; +t) 








(vi) x cos (= =F) ysin( AF) =acos( =F) 


2. (i) x+ 3y+7 =0,y-3x=1,y+7x=11 (ii) 2x-3y=4,y-3x=1,x+2y=2. 
3. 29x+4y+5=0,8x-5y—-21=0,13x+14 y+ 47 =0 

4. y(a’ —a) —x(b' —b) =a' b —ab', y(a' —a) + x(b' —b) =a' b’ —ab 

5. x + 2y—2=0, Median:5x —4y —3 =0 

6. 2ay—2b'x=ab -a' b’ ON). O7 10. x + 6y — 34=0, x-y+1=0 
11. L = —=¢ + 124.899 12. 1340 liters 13. x -3y+5=0 

14. y=6x,2y=3x 15. y=x,x+y=1 


CU INTS TO NCERT & SELECTED PROBLEMS 
6. The equation of the line passing through points (— 2, — 2) and (8, 2) is 


—s (x + 2) or, 2x -5y —6 =0 


Clearly, (3, 0) satisfies this equation which means that the line passing through (— 2, —2) 
and (8, 2) also passes through (3, 0). Hence, these points are collinear. 


9. The equation of the line passing through (6, 8) and (— 3, — 2) is 


5 (x+ 3) or, 10x-9y+12=0 .--(i) 


Suppose this line divides the line Sie joining (2,3) and (4, —5) in the ratio 4:1, then the 


y+2= 





y+2= 





42A4+2 -5A+3 


A+1 A+1 


10 (4422) 9(=S4*2) 12 -0 





point of division lies on (i). 





A+1 A+1 
=> 402+ 20 + 45. -—27 +1244+12=0 => 974+5=0 = —— 


Hence, the required ratio is 5 : 97 externally. 
11. The equation of the line passing through (C, = 20, Ly =124.942) and (Cy =110, Ly =125.134) 


1S 
125.134 — 124.942 4 
— 124.942 =——_—___—_—_—__ (C - = ——_ 
L 110 20 (C —20) > L 1875 C + 124.899 


12. Let x denote the price per liter and y denote the quantity of the milk sold at this price. Since 
there is linear relationship between the price per liter and quantity solved. So, the line 
representing the relationship passes through (14, 980) and (16, 1220). So, its equation is 


980 
y -980 =A (x -14) => y—980 =120(x -14) = 120x-y—700=0 


When x =17, we obtain 
120 x 17-y-700 > y=1340 
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23.6.4 THE INTERCEPT FORM OF A LINE 


THEOREM hie equation of a line which cuts off intercepts a and b respectively from the x and y-axes Is 
x -} y = ik 

a ob 

PROOF Let AB be the line which cuts off intercepts OA =a and OB =b on the x and y axes 
respectively. Let P (x, y) be any point on the line. Draw PL 1 OX. Then, OL = x and PL = y. 





Fig. 23.31 
Clearly, 

Area of AOAB = Area of AOPA+ Area of AOPB 
= AOAsOB = =OATEL SB ORGPM 
2 2 2 
a A ab Se ayset ! x 

2 2 2 
=> ab = ay + bx 

x y 
=> —+2% = 

a b 


This is the equation of the line in the intercept form. Q.E.D. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the equation of the line which cuts off an intercept 4 on the positive direction of x-axis 
and an intercept 3 on the negative direction of y-axis. 


SOLUTION Here a = 4, b = — 3.So, the equation of the line is 

~42=21 Or, ~ 47% 21 or, 3x-4y=12. 

a ob 4 -3 
EXAMPLE 2 Find the equation of the straight line which makes equal intercepts on the axes and passes 
through the point (2, 3). [NCERT] 


SOLUTION Let the equation of the line be can =1. Since it makes equal intercepts on the 
a 
coordinate axes, therefore a = b. So, the equation of the line is 
GY, ; 
—+==lorx+y=a dan 
= +H elorxty @) 


This passes through the point (2, 3). 


BSE B ie... 
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2+3=a => a=5, 
Thus, the equation of the required line is x + y =5. [Putting a =5 in (i)] 
EXAMPLE3 Find the equation of the line which cuts off equal and positive intercepts from the axes and 
passes through the point (a, p). 
SOLUTION Let the equation of the line be Pot : =1 which cuts off intercepts a and b with the 
a 


coordinate axes. It is given that a =b. Therefore, the equation of the line is 


~e%e1 => x+y=a .»(I) 
aoa 


It is given that the line (i) passes through (ca, f). 
; a+ 6 =a. 
Putting the value of a in (i), we obtain the equation of the line as x+y = a+. 


EXAMPLE4 Find the equation of a straight line which passes through the point (4, —2) and whose 
intercept on y-axis is twice that on x-axis. 
SOLUTION Let the equation of the line be 

x -b ¥y — 1 


an Ay, 
Me is given that its y-intercept is twice the x-intercept. 
b=2a 
Putting b = 2a in (i), we get 
*42 <1 or, 2x+y=2a ---(ii) 
a 2a 


It passes through the point (4, — 2). Therefore, putting x =4, y = —2 in (ii), we get 
8-2=2a => a=3. 

Substituting a = 3 in (ii), we get 
2x + y =6as the required equation of the line. 


EXAMPLE5 Find the equation of the straight line whose intercepts on X-axis and Y-axis are respectively 
twice and thrice of those by the line 3x + 4y = 12. 


SOLUTION The equation of the given line is 3x + 4y = 12. This can be written as 5 + - =1. 


Clearly, its intercepts on X and Y-axes are 4 and 3 respectively. 
x-intercept of the required line = 2x 4 = a8 and, y-intercept of the required line = 3x 3=9 
Hence, the equation of the required line is — 5 mae J =1 or, 9x+ 8y =72. 


EXAMPLE6 Find the equation of the line siete (2, 3) so that the segment of the line intercepted 
between the axes is bisected at this point. 


SOLUTION Let the equation of the line be By : =1 which meets the x and y axes at 
a 


A (a, 0) and B(0,b) respectively. The coordinates of the mid-point of AB are (a/2,b/2). It is 
given ee the point (2, 3) bisects AB. 


See tee 3=> a= 4 and b = 6. 
5 2 


al 


~4221 or, 3x + 2y=12 
4 6 


Hence, the equation of the required line is 3x + 2y = 12. 
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EXAMPLE7 If the intercept of a line between the coordinate axes is divided by the point (-5, 4) in the 
ratio 1 : 2, then find the equation of the line. 


SOLUTION _ Let the equation of the line be =e : = 1.It meets the coordinate axes at A (a, 0) and 
a 
B(0, b). It is given that P (—5, 4) divides AB in the ratio 1 : 2. 





Fig. 23.32 


Using section formula the coordinates of P are 


ye eee A 
2) alee 3° 3 
gk Bee ie 
3 3 2 
Substituting the values of aandbin= +7 =1, we obtain 
a 
- Fda or, —-8x+5y=60 or, 8x—5y +60 =0as the equation of the line. 


EXAMPLES A straight line cuts intercepts from the axes of coordinates the sum of whose reciprocals is a 
constant. Show that it always passes through a fixed point. [NCERT EXEMPLAR] 


SOLUTION Let the equation of the line be = + 3 =1 ...(i) 


Its intercepts on x and y axes are a and b respectively. It is given that 


us + ee Constant = k (say) 

a b 

ka kb 

Ai 

kak 
=> A244 =] 

a # b 

ce ; i) satisfies the equation = + : =] 
Hence, line (i) passes through the fixed point (- ; : 


EXAMPLE9 A line passes through the point (3, — 2). Find the locus of the middle point of the portion of 
the line intercepted between the axes. 
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SOLUTION Let the equation of the line be ae * = 1 -»(I) 
a 
It passes through (3, — 2). 
3). ‘ 
een ieat | .».(ii) 
a ob 





Fig. 23.33 


The line (i) cuts the coordinate axes at A (a, 0) and B (0, b). Let P (h, k) be the mid-point of the 


portion AB. Then, 


j 
h - 42h k = a = g = 2h and bi= 2k 


Sees me values of a and b in (ii), we get 








2h. 2k 
Hence, locus of P (h, k) is = =1 or, 3y — 2x =2xy. 
x 
_ LEVEL-2 


EXAMPLE10 Find the equation of the line which passes through the point (3, 4) and the sum of its 
intercepts on the axes is 14. 


SOLUTION Let the equation of the line be - + : =1 .»(i) 
This passes through (3, 4). 
3 + ca =1 .»+(ii) 
ab 
It is given that a + b =14 
; b=14-a 


) Putting b =14 —a in (ii), we get 





tag a ami 3 (14-—a)+4a=a(14-a)=> a* -13a+42=0> (a—7) (a—6) =0=> a=7,6 
a _ 

When a=7,b=14-a => b=14-7 =7 and fora = 6, b=14-a > b=14-6=8. 
Thus, we obtain 


a=7,b=7 or, a=6,b=8 
Putting the values of a and b in (i), we obtain that the equations of the lines are 


cig ieee | and La Tee or, x+y=7 and 4x+3y=24. 
TL 7, 6 8 
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EXAMPLE 11 Find the equations of the lines which cut-off intercepts on the axes whose sum and product 


are 1 and — 6 respectively. [NCERT] 
SOLUTION Let the equation of the line be 
x sy ; 
—-— = 1 eeeAl 
eat (i) 


Clearly, it cuts off intercepts a and b on x and y-axes respectively. It is given that 
a+b=1 and ab=-6 
(a—b)? = (a+b)? —4ab => (a—b)? =1-4x-6=25 => a-b=+5 
Solvinga+b = landa-—b = 5,weget: a = 3 and b = —2 
Solvinga+b = landa—b = —5, we get: a=-—2 and b=3. 
Substituting these values in (i), we obtain the equations of the required line as 


*_¥ -1 and ait Lp or, 2x -—3y-—6 = 0 and —3x+2y-6 = 0 
Se "2 2 is 


EXAMPLE 12 Find the equations of the straight lines which pass through the origin and trisect the 
intercept of the line 3x +4y = 12 between the axes. 


SOLUTION The equation of the given line is 
3x+4y = 12 or, -+4 =1 
4 3 


It cuts the coordinate axes at A (4, 0) and B(0, 3). 





Fig. 23.34 


The portion AB of the given line intercepted between the axes is trisected by points P and Q. 
Ae aoe 


— = an = 
jeqey OB 1 
=> P and Q divide AB internally in the ratio 1:2 and 2:1 respectively. 
So, coordinates P and Q are 


p(*x0xex4 1x3+2x 2) ar(4.1}, oS 2x +00) n0(4,2] 


1+2 1+2 3 2+1 2+1 3 
Hence, the equation of OQ is 
2-0 


y-0 = 7—(x-0) or, 3x-2y = 0. 
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EXAMPLE 13 Thie area of the triangle formed by the coordinates axes and a line is 6 square units and the 

length of the hypotenuse is 5 units. Find the equation of the line. 

SOLUTION Let the equation of the line be ~ + . =] «+ (I) 
a ) 


It cuts the coordinates axes at A (a, 0) and B(0,b) such that area of AOAB is 6 square units and 
AB =5 units. 


Now, 
Area of AOAB = 6 sq. units 
=> = (OAxOB) =6 
=> | a||b|=12 = | ab|=12 => ab=+12 (il) 
and, 
AB=5 => AB* =25 => OA2+OB* =25 => a2 +b2 =25 ...(iii) 
Y¥ 





Fig. 24.35 


Following cases arise: 


CASEI When ab =12,a* +b? =25anda>0,b>0. 
In this case, 


(a+b) =a*+b* +2ab=> (a+b)? =25+2x12=49=> a+b =7 
and, (a—b)” =a*+b?-—2ab => (a—-b)? =25-24=1 =>a-b=+1 
Thus, we have 

(a+b =7 and a—b =1) or, (a+b =7 anda-—b =-1) 

— (a=4,b=3) or, (a=3,b =4) 
Substituting the values of a and b in (i), we obtain 


aoe =1 or star as the equation of the line. 


4 
E I ee eee cy co 
In this case, we have 
(a+b)* =a? +b? +2ab =254+24=49=> at+b=-7 [e a<0,b <0] 
and, (a—b)* =a? +b? —2ab =25-24=1=> a-b=+1 
Thus, we have 


(a+b =-7 and a —b =1) or (a+b =-7 anda—b =-1) 
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= (a=-3,b =—4) or (a=—4,b =— 3) 

Substituting the values of a and b in (i), we obtain 
4% 21 or ~+-L=1as the equation of the line. 
-3 -4 -4 -3 


CASEI] When ab =—12, a> +b” =25 anda> 0,b <0: 
In this case, we have 
(a+b) =a* +b* + 2ab =25-24=1=> at+b=+1 
and, (a—b)* =a? +b? —2ab =25+24=49=> a-—b=7 [. a>0,b<0 - a-b>0] 
Thus, we have 
(a+b=land a—b=7) or(a+b=-1 anda-—b=7) 
= (a =4,b =-3) or (a =3,b =—4) 
Substituting the values of a and b in (i), we obtain 
*_¥ 21 or + -*=1as the equation of the line. ’ 
4 3 3 4 
CASEIV When ab =-12, a> +b” =25 anda< 0,b>0: 
In this case, we have 
(a+b)* =a* +b* + 2ab =25-24=1> a+b =+1 
and, (a—b)* =a* +b* —2ab =25+24=49=> a-b=-7 [a<0,b>0.. a—b <0] 
Thus, we have 
(a+b =1 anda—b =-7) or, (a+b =-1 anda-—b =-7) 
= (a=-3 andb =4) or (a =-4,b =3) 
Substituting the values of a and b in (i), we obtain 


Bache Ley | or ae EY as the equation of the line. 
3 4 -4 3 


EXAMPLE 14 Find the equation of the line which passes through P (1, —7) and meets the axes at Aand B 
respectively so that 4AP —3BP =0. 
y 


SOLUTION Let the equation of the required line be - + , =1 .».(i) 


It passes through P (1, —7). 





Fig. 24.36 
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Sn et .»+(ii) 
a ob 
{t is given that the point P (1, —7) divides segment AB in such a way that 
4AP —3BP =0 reek =.9 Or, AP: BP =3:4 
BP 4 


This means that P divides AB internally in the ratio 3 : 4. So, the coordinates of P are 
—— 3xb+4~x >) =( $2 3b 
3+4 " 344 7 
But, the coordinates of P are given as (1, —7). 
slay and AY, => gee and be 
7 7 4 3 


Substituting the values of a and b in (i), we obtain 


4x 3y 


ae ag” 1 or 28x—3y = 49 as the required equation. 


EXAMPLE 15 Show that the locus of the mid-point of the segment intercepted between the axes of the 


variable line xcosa + ysin a = pis 2 + Fe = et where p isa constant. [NCERT EXEMPLAR] 


y 1 ...(i) 








SOLUTION The given equation is xcosa + ysina@ =p or 


, 


+—<—_ = 
p/sin a 


p/cosa 





Xx COS G+Y sin & = p 


Fig. 24.37 


This cuts the coordinate axes at A (p/cosa, 0) and B(0, p/sin a). Let P (i, k) be the mid-point of 
the intercept AB. Then, 


4 =P /cosa+0 , -0+p/sina 








2 
P 
h= ,k= 
= 2cosa 2sina 
=> cosa =, sin a =-2 (i) 
2h 2k 


Here, a is a variable. To find the locus of P (h, k), we have to eliminate a. 


From (i), we obtain : ; : ; 
2 Bi? 7s en allel eS je ae ie am rk 
cos a@+sin a@ Ah Ak? Ah? 4k? yp? h2 k2 
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Hence, the locus of (i, k) is zs - as = = : 

+> 0 Sar 
EXAMPLE 16 If the sum of the distances of a moving point in a plane from the axes ts 1, then find the 
locus of the point. [NCERT EXEMPLAR] 


SOLUTION Let P (h, k) be a moving point in the xy-plane. Let PL and PM be perpendiculars 
from P on OX and OY respectively. Then, PL =| k| and PM =| h|. 
It is given that P (1, k) moves in the xy-plane such that 
PL+PM =1 => |k|+|h|=1 
Hence, the locus of P (h, k) is| y| +|x|=1 or, |x| +|y|=1. 





Fig. 24.38 


Now, 
[x|+|y]/=1 > Os|x|<1,0s|y|s1 
Also, 
x+y=1,ifO0<sx<1,0sysl 
* —x+y=1 ,if-l1sx<0,0sy<s1 
Ix[+lyl=1 => the ,if-1<x<0,-1<ys0 
x-y=1,if0<sxs1,-1<y<0 
Thus,| x| +| y| =1 gives four line segments AB, BC, CD and DA. 
These line segments form a square ABCD as shown in Fig. 24.38. 
Thus, the locus of the variable point P is the square having vertices at A (1, 0), B (0, 1), C (—1, 0) 
and D (0, —1). 
EXAMPLE17_ The line + ~ =1 moves in sucha way that Bie + bets , where c is a constant. Find the 
locus of the foot of the perpendicular from the origin on the given line. 
SOLUTION Let P (h, k) be the foot of the perpendicular from the origin O on the line ~ : =] 
a 


which cuts the coordinates axes at A (a, 0) and B (0, b). Then, 
Slope of OP x Slope of AB =—1 
k-0O0 b-O 

=> ——— X —— = —] 
h-0 O-a 


= bk =ah 
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Fig. 23.39 


—-+-—= . (il) 
2 
= a, - [Using (i)] 


=> a= 
h 


Substituting this values of a in (i), we obtain 


2 2 
pee 
k 
Substituting the values of a and b in + ce = Be we obtain 
Aad Cc 
h k2 3h 


= + -—= > Or, h? +k? =c? 

(h2 + k?)? (h2 rt k?)2 c2 

Hence, the locus of (h, k) is x7 + y” =c?, 
EXERCISE 23.6 





1. Find the equation to the straight line 
(i) cutting off intercepts 3 and 2 from the axes. 
(ii) cutting off intercepts — 5 and 6 from the axes. 


2. Find the equation of the straight line which passes through (1, —2) and cuts off equal 


intercepts on the axes [NCERT EXEMPLAR] 
3. Find the equation to the straight line which passes through the point (5, 6) and has 
intercepts on the axes 


(i) equal in magnitude and both positive. (ii) equal in magnitude but opposite in sign. 


4, For what values of a and b the intercepts cut off on the coordinate axes by the line 
ax +by+8=0 are equal in length but opposite in signs to those cut off by the line 
2x —3y +6 =0on the axes. [NCERT EXEMPLAR] 
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3 


6. 


10. 


11. 


102) 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


Find the equation to the straight line which cuts off equal positive intercepts on the axes 

and their product is 25. 

Find the equation of the line which passes through the point (— 4, 3) and the portion of the 

line intercepted between the axes is divided internally in the ratio 5: 3 by this point. 
[NCERT EXEMPLAR] 


. Astraight line passes through the point (a, $B) and this point bisects the portion of the line 


* * . . a7 ae 
intercepted between the axes. Show that the equation of the straight line is aie + =1, 
OL 


2p 
[NCERT] 


. Find the equation of the line which passes through the point (3, 4) and is such that the 


portion of it intercepted between the axes is divided by the point in the ratio 2: 3. 


. Point R (h, k) divides a line segment between the axes in the ratio 1 : 2. Find the equation of 


the line. [NCERT] 


Find the equation of the straight line which passes through the point (— 3, 8) and cuts off 
positive intercepts on the coordinate axes whose sum is 7. 


Find the equation to the straight line which passes through the point (—4, 3) and is such that 
the portion of it between the axes is divided by the point in the ratio 5: 3. 


Find the equation of a line which passes through the point (22, — 6) and is such that the 
intercept on x-axis exceeds the intercept on y-axis by 5. 


Find the equation of the line, which passes through P (1, —7) and meets the axes at A and B 
respectively so that 4 AP — 3 BP =0. 


Find the equation of the line passing through the point (2, 2) and cutting off intercepts on 
the axes whose sum is 9. [NCERT] 


Find the equation of the straight line which passes through the point P (2, 6) and cuts the 
2 





; AP 
coordinate axes at the point A and B respectively so that BP 


Find the equations of the straight lines each of which passes through the point (3, 2) and 
cuts off intercepts a and b respectively on x and y-axes such that a —b =2. 

Find the equations of the straight lines which pass through the origin and trisect the portion 
of the straight line 2x + 31 = 6 which is intercepted between the axes. 

Find the equation of the straight line passing through the point (2, 1) and bisecting the 
portion of the straight line 3x —5y =15 lying between the axes. 

Find the equation of the straight line passing through the origin and bisecting the portion of 
the line ax + by + c =O intercepted between the coordinate axes. 


ANSWERS 
1.(i) 2x+3y=6 (ii) -6x+5y=30 2.x+y=-1 
3. (i) x+y=11 (ii) x-y=-1 
4. a=-—,b=4 5. x+y=5 6. 9x-20y+96=0 8. 2x+y=10 


9. 2kx+hy=3hk 10.4x+3y=12 11.9x-20y+96=0 


12.6x+1ly—-66=0 or x+2y-10=013. 28x -3y=49 

14. x+2y—-—6=0,2x+y-6=0 _ 15. 9x + 2y = 30 

16. 2x + 3y=12, x-y=1 17. x-3y=0, 4x-3y=0 
18. 5x + y =11 19. ax —by =0 


——— TT gee 


whl. 
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HINTS TO NCERT & SELECTED PROBLEMS 


2. The equation of a line cutting off equal intercepts ‘a’ on the coordinate axes is 
4% =1 of, x+y=a wali) 
a 





a 

If it passes through (1,—2), thenl1-2=a => a=-1. 

Substituting a =1 in (i), we get x + y =—1 as the equation of the line. 
7. Let the equation of the line be 


x + Le = wl) 
a b 
This line cuts the coordinate axes at A (a, 0) and B(0, b). It is given that (a, f) bisects the 
segment AB. 
a+0 0+b 


PRO re eee ign bie 2 
ee or ene ar B 


Substituting these values in (i), we get 
a 
—+—— =] 


2a 28 
9. Let the equation of the line be 
way, : 
—+2+=] one i) 
a ob \ 
It cuts the axes at A (a, 0) and B(0, b). 


It is given that the point R (h, k) divides segment AB in the ratio 1 : 2. 


h= =" and k === seated =, ~ 3k 





Substituting these values in (i), we obtain = + 2 =3 or, 2kx + hy = 3hk as the equation 
1 
of the line. 
14. Let the equation of the line be 


x y 
— + a soll 
abe (i) 
It passes through (2, 2) and the sum of the intercepts on the axes is 9. Therefore, 


—+—=1 and a+b=9 
a b - 


=> 2b+2a = ab and a+b =9 

= 2 (9 —a) + 2a=a(9 —a) [On eliminating }] 
~ a* -9a+18=0 

=> (a -—6) (a-—3)=0 

=> a= 3, 6. 


When a= 3, a+b =9 gives b = 6.Whena=6, a+b =9 gives b = 3. 
Hence, the equations of the line are 


a Pea d Be Yi oy — = 
seat CNY 3 or, 2x+y=6 and x+2y=6 


23.6.5 NORMAL FORM OR PERPENDICULAR FORM OF A LINE 


THEOREM The equation of the straight line upon which the length of the perpendicular from the origin is 
pand this perpendicular makes an angle o. with x-axis is x cos a. + y sin a =p. 


PROOF Let the line AB be such that the length of the perpendicular OQ from the origin O to the 
line be p and ZXOQ =a. Let P (x, y) be any point on the line. Draw PL 1 OX, LM 1 OQ and 
PN 1 LM. Then, OL =x and LP =y. 
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Fig. 23.40 
In AOLM, we have 
OM 
cosa = — 
OL 
— OM = OLcosa@ = xcosa. 
InAPNL, we have 
; PN 
sina = — 
PL 
= PN = PLsina = ysina 


— MQ = PN = ysina 
Now, p=OQ=OM+ MQ=xcosa + ysna 


Hence, the equation of the required line is x cos a + y sin a =p. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1_ Find the equation of the line which is at a distance 3 from the origin and the perpendicular 
from the origin to the line makes an angle of 30° with the positive direction of the x-axis. 

SOLUTION Here, p = 3, a = 30°. 

The equation of the line in the normal form is 


Waa s x+y =6 





x cos 30° + ysin 30°= 3=> xX 


EXAMPLE2 Find the equation of the straight line on which the length of the perpendicular from the 
origin is 4 units and the line makes an angle of 120° with positive direction of x-axis. 
[NCERT EXEMPLAR] 
SOLUTION It is given that 7XAB =120°. Therefore, ZAOP = 30°. 
Thus, we have 
p=4 and a=30° 
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Fig. 23.41 


So, the equation of the line is 
xcosa+ysina =p or, xcos 30°+ysin 30°=4 or, V3x+y=8 
EXAMPLE3 The length of the perpendicular from the origin to a line is 7 and the line makes an angle of 


150° with the positive direction of y-axis. Find the equation of the line. 


SOLUTION Itis evident from the Figure 23.42 that the perpendicularOQ from the origin on the 
line makes 30° angle with x -axis. Therefore, a = 30°. It is given that OQ =7. Therefore, p =7. 





Fig. 23.42 


So, the equation of the required line is 
xcosa+ysina=p or, x cos 30°+ ysin 30° = 7 


=> WSs .Y a7 = VBxty = 14 


EXAMPLE4 Find the equation of the straight line upon which the length of perpendicular from origin is 
3./2 units and this perpendicular makes an angle of 75° with the positive direction of x-axis. 


SOLUTION Let OL be the perpendicular from the origin on the required line. It is given that 
OL =3J2 and ZXOL =75° i.e. p = 3V2 and a =75°. 
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Fig. 23.43 
So, the equation of the line is 
xcosa+ysina=p or, x cos75°+y sin 75° = 3/2 .(1) 
V3 -1 V3 +1 J3-1 V3 +1 
or, ee | |e pe "* COS75°= and sin 75° = 
f az J” avon 2/2 2/2 


or, (V3 -—1) x+(V¥3 +1) y = 12, which is the required equation. 
EXAMPLES5 Find the equation of the straight line upon which the length of the perpendicular from the 
origin is 5 and the slope of this perpendicular is ri 


SOLUTION Suppose the perpendicular OL drawn from the origin O on the given line makes 
acute angle « with x-axis. Then, the slope of OL is tan a. But, itis given that the slope of OL is Tr 






D 


Fig. 23.44 


3 


tana = [Given] 


Since tan (180°+ a) = tan a. So, there are two possible lines AB andCD on which the 
perpendicular drawn from the origin has slope =. 


Now, lana == => sina == and cosa = 


ofp 


Here, p=5 
So, the equations of the required lines are 
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x¥cosa+ysin a = p and, x cos(180°+ a) + ysin (180°+ a) = p 


os 
or, 4x+3y-25 = 0 and 4x+ 3y+25 = 0 


EXAMPLE6 A line forms a triangle of area 54/3 square units with the coordinate axes. Find the 
equation of the line if the perpendicular drawn from the origin to the line makes an angle of 60° with the 
X-axis. 

SOLUTION Let ABbe the given line and OL =p be the perpendicular drawn from the origin on 
the line. 


or, xcosa+ysin a = p and,—xcosa—ysin a = p 
- . —A4yx 
or, ang. oY. 5 and —S- as 


It is given that the perpendicular OL makes 60° angle with x-axis. Therefore, a = 60°. 





Fig. 23.45 


Thus, the equation of the line AB is 
xcosa+ysin ©=p or, x cos 60°+ y sin 60°=p 


x 3y 
4 3 = 2 s <== —~ =] eee i) 
or x+J3y = 2por aa ap ( 


This, cuts the coordinates axes at A and B such that OA = 2p and OB = 2. 
It is given that area of AOAB is 54V/3 sq. units. 
=x OAx OB = 54V3 


1 2p 2 
—x 2px —= = 54V3 = 81 = 9 
= Fig ie eof V3 => Pp a7 
Substituting p =9 in (i), we get x + /3y = 18 as the equation of the required line. 


EXAMPLE7 A straight canal is 4 ; miles from a place and the shortest route from this place to the canal 


is exactly north-east. A village is 3 miles north and four miles east from the place. Does it lie by the nearest 
edge of the canal? 


SOLUTION Let the given place be O. Take this as the origin and the east and north directions 
through O as the x and y axes respectively. Let AB be the nearest edge of the canal. It is given that 


the canal is 45 miles from O. This means that the perpendicular distance of AB fromO is a5 miles 


ie. OL 1 ABand OL = 4. It is also given that OL is exactly north-east. Therefore, ZLOA =45°. 
So, the equation of the edge AB of the canal is 
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North 





Fig. 23.46 
x cos 45° + y sin 45° = 4 ; or, V2 (x+y) =9 (i) 


The position of the village is (4, 3). The village will lie on the edge of the canal, if (4, 3) satisfies 
the equation (i). Clearly, (4, 3) does not satisfy (i). Hence, the village does not lie by the nearer 
edge of the canal. 


EXERCISE 23.7 


1. Find the equation of a line for which 
(i) p=5,a=60° (ii) p=4,a=150° (iii) p=8,a=225° (iv) p=8,a = 300° 
2. Find the equation of the line on which the length of the perpendicular segment from the 
origin to the line is 4 and the inclination of the perpendicular segment with the positive 
direction of x-axis is 30°. [NCERT EXEMPLAR] 
3. Find the equation of the line whose perpendicular distance from the origin is 4 units and 
the angle which the normal makes with the positive direction of x-axis is 15°. ([NCERT] 


4. Find the equation of the straight line at a distance of 3 units from the origin such that the 


perpendicular from the origin to the line makes an angle a given by tana == with the 


positive direction of x-axis. 
5. Find the equation of the straight line on which the length of the perpendicular from the 


origin is 2 and the perpendicular makes an angle a with x-axis such that sin a = ei 


6. Find the equation of the straight line upon which the length of the perpendicular from the 


origin is 2 and the slope of this perpendicular is 7 ; 


7. The length of the perpendicular from the origin to a line is 7 and the line makes an angle of 
150° with the positive direction of y-axis. Find the equation of the line. 

8. Find the value of 6 and p, if the equation x cos 6 + y sin 8 = pis the normal form of the line 
V3x+y+2=0. [NCERT] 





9. Find the equation of the straight line which makes a triangle of area 96/3 with the axes and 
perpendicular from the origin to it makes an angle of 30° with y-axis. 
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10. Find the equation of a straight line on which the perpendicular from the origin makes an 
angle of 30° with x-axis and which forms a triangle of area 50/3 with the axes. 





ANSWERS 
1. i)x+V3y=10 (ii) —V3x+y=8 (iii) x+y +8 V2 (iv) x-V3 y=16 
2. J3x+y=8 3. (V3 +1) x+(V3 -1) y=8V2 4.12x+5y=39 
5. 2V2x+y=6 6. 12x +5y+26=0 7. J3x+y=14 


8. 0= "2, p=1 9.x+VJ3y=24 10. V8x+y=+10 


HINTS TO NCERT & SELECTED PROBLEMS 


3. Here, a =15° and p = 4. So, the equation of the line is 
x cos 15°+ y sin 15° = 4or, (V3 +1) x + (V3 -1) y =842. 
8. We have, 


V3x+y+2=0=> -V3x-y =2> (=2)+(-2)y =1 








This is same as x cos 8+ ysin 6 = p. 


cos § = aoS. cin = = and p =1 
2 2 


22.6.6 DISTANCE FORM OF A LINE 
THEOREM The equation of the straight line passing through (x1, y,) and making an angle 0 with the 


5 ea deel _. X—-X - : . 
positive direction of x-axis is a = ah = r, where r is the distance of the point (x, y) on the line 
cos sin 


from the point (x; 3). 


PROOF Let the given line meets x-axis at A, y-axis at B and passes through the point Q (x1, y}). 
Let P (x, y) be any point on the line at a distance r from Q (x1, Yj) i.e. PQ =r. Draw PL 1 OX, 
QM 1 OX and QN PL. Then, 





Fig. 23.47 


QN = ML =OL —OM =X—-Xy and, PN =PL—NL = PL-—-QM =Y—Yy}- 
In APQN, we have 
QN 
PQ 


cos § = 


THE STRAIGHT LINES 23.55 


Sn cos 8 = cataianed | .»(i) 
r 
and, sin@ = ra 
PQ 
=> sing = 271 ...(ii) 
r 
From (i) and (ii), we get 
eT, oe Les 
cos 9 sin 0 
This is the required equation of the line in the distance form. Q.E.D 


NOTE1 The equation of the line ts 
fae] Sy 
cosQ sin 0 


=f 


a x-—x,=rcos@ and y-y,=rsin® => x=x,+rcos® and y=y; +rsin 0. 


Thus, the coordinates of any point on the line at a distance r from the given point (xX, yy) are 
(x, +r cos 0, y,; +r sin 0). If P is on the right side of (x1, y,), then r is positive and if P is on the left side 
of(x1, y4), then r is negative. Since different values of r determine different points on the line, therefore the 
above form of the line is also called parametric form or symmetric form of a line. 


NOTE2 In the above form one can determine the coordinates of any point on the line at a given distance 


from the given point through which it passes. At a given distance r from the point (xj, y;) on the line 
X— X4 





= Y7 Hi there are two points viz. (x1 +r cos 9, y; +r sin 8) and (x, —r cos 8, y; —r sin 8). 
cos8 = sin 8 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 A straight line is drawn through the point P (2, 3) and is inclined at an angle of 30° with 
the x-axis. Find the coordinates of two points on it at a distance 4 from P on either side of P. 


SOLUTION Here, (x1, ¥;) = (2, 3), 8 = 30°.So, the equation of the line is 
a2 eyo 


cos 30° sin 30° 


or, a or, x-2 = V3 (y—3) or, x-V3 y=2-3 V3. 


2 2 
Points on the line at a distance 4 from P (2, 3) are 
(x, trcos®, y,;trsin®) or, (2+4cos 30°, 344sin 30°) or, (2+2V3, 3+2) 
or, (2+ 23,5) and (2-23, 1). 


EXAMPLE2 The slope of a straight line through A (3, 2) is 3/4 Find the coordinates of the points on the 
line that are 5 units away from A. [NCERT EXEMPLAR] 


SOLUTION Suppose the given line makes an angle 6 with x-axis. It is given that its slope is 3/4. 











anos sine and cos = 
4 5 ts 


3 _y- pease -3_y-2 dth 
cos 0 Ce gS en 


two points P and Q at a distance of 5 units from A are given by 


The equation of the line in distance from i is = 





23.56 
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w8 Y-2 ae 

4/5 3/5 
Now, 

x=S y=2 

4/5 3/5 
=> 4-3=—x5 and, y—2=2x%5 

5 5 

=> x=7,y=5 
and: OE) ae 

4/5 3/5 
= x-3=2x—5and, y-2=2x-5 

Fig. 23.48 

=> x=-1,y=-1 


Hence, the coordinates of P and Q are (7, 5) and (-1, —1) respectively. 
3 
REMARK The coordinates of P and Q are(3+5 cos 0, 2+5 sin 0), where cos@ = : and sin 8 = = 


EXAMPLE3 Find the equation of the line through the point A (2, 3) and making an angle of 45° with 
the x-axis. Also, determine the length of intercept on it between A and the line x + y+1=0. 


SOLUTION The equation of a line through A and making an angle of 45° with the x-axis is 
fa2.) y= 3 - 22 oY — 5 


cos 45° _~—s_ sin 45° 1 oy ee =O 





Fig. 23.49 


Suppose this line meets the line x + y + 1 =O at P such that AP =r. Then, the coordinates of P are 
iven by 
cos 45° ~=sin 45° 
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> ES ee y= ia 


3+— 
ye Sect 
Thus, the coordinates of P are( 2 + wre 3+ <5} 


= x=2+— 


Since P lieson x+y +1=0. Therefore, 
r 
2+—=+3+——+1=0 
i v2 
=> V2r=-6>r=- 32 
Length AP =|r|=3 2. 
Thus, the length of the intercept is 3 V2. 


ALITER The equation of the line through A (2, 3) and making an angle of 45° with x-axis is 
y—3=tan45°(x-2) or, x-y+1=0. 
This line intersects x + y+1=0 at P(-1, 0). 


AP =(2+1) +(3-0)7 =V18 = 3V2 
EXAMPLE4 [If the straight line through the point P (3, 4) makes an angle — F * with x-axis and meets the 


line12x+5 y+10=O0atQ, find the length of PQ. 
SOLUTION The equation of a line passing through P (3, 4) and making an angle - with x-axis is 








x-3 y—4 x-3 y-4 
Sitar, ages aoe gree? 
cos- sin— V3 -- 
6 6 Soe 
where r represents the distance of any point on this line from the given point P (3, 4). 
The coordinates of any point Q on this line are [3 + _ r, 4+ “| IfQ lies on12x +5y + 10 =0, 
then 
V3 r) -132 
Bd 1 = 
12{ 34 Te +5(4+ 5 +10=0 >r J345 
132 


Hence, length PQ = ——=—. 
ence, leng Q DJ345 


ALITER The equation of the line through the point P(3, 4) and making an angle of - with 
x-axis is 
y-4= tan = (x-3) or, x-V3y+4V/3-3=0 


15-30/3 48/3 -46 
5412/3 ’5+12/3 ) 


2 2 
PQ = Gere 3| jek 132 


This intersects the line 12x +5y+10=0OatQ ( 


resent oe AG) a ee 
5+12/3 5412/3 5+12/3 


EXAMPLE5 The line joining two points A (2, 0), B (3, 1) is rotated about A in anti-clockwise direction 
through an angle of 15°. Find the equation of the line in the new position. If point B goes to point C in the 
new position, what will be the coordinates of C? 
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SOLUTION The slope m of the line AB is given by m= = = ; = 1.S0, AB makes an angle of 45° 


~ 


with x-axis. Now, AB is rotated through 15° in anticlockwise direction and so it makes an angle 
of 60° with x-axis in its new position AC. Clearly, AC passes through A (2,0) and makes an angle 
of 60° with x-axis. Therefore, the equation of AC in distance form is 


mee YO a meer oY — 0 
cos60° sin6o® V3 . 
2 2 
Clearly, AB = (3 =2)7 +(1 —0)* =4/2. 


The point C is at a distance /2 from A.So, the coordinates 
of C are given by 


See God Uae 














a 
~ 2 
. v6 A(2, 0) 
=> = 2+= = v2 = and y =~ x /2 = 
“75 a5 2 
Fig. 23.50 
Hence, the coordinates of C a 2 + Bus ; “) 
Voyr 
EXAMPLE6 Find the distance of the line 4x — y =0 from the point P (4,1) measured along the line 
making an angle of 135° with the positive x-axis. [NCERT] 


SOLUTION The equation in distance form of the line passing through P (4, 1) and making an 
angle of 135° with the positive x-axis is 
wae oy =1 


cos 135° sin 135° 
Suppose it cuts 4x — y = 0 atQ such that PQ =r. Then, the coordinates of Q are given by 








x-4 Se 
cos 135°_—s sin 135° 
ar x=-4 yl 
-1/V2 — iA 


aya ,y=1+—— 
ice ar 
So, the coordinates of Q are( 4~—7> 1+), 
Clearly, . lies on oa —y=0. 


: 5r 
. 16-F - -1- 5 =0=> =15 = r=3V2 





Hence, required distance is 3./2 units. Fig. 23.51 
EXAMPLE7 Find the distance of the point (2, 3) from the line 2x — 3y + 9 = 0 measured along a line 
—y+1=0. 

fh A The slope of the line x — y + 1 =O is 1. So it makes an angle of 45° with x-axis 

The equation ofa line, in distance form, passing through P (2,3) and making an angle of 45° with 
X-axis 1S 

x-2 —2 ays 
cos 45 cos45° sin 45° 
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rv 
P(2, 3) x-y+1=0 
Yo 2x-3y+9 =0 
Q 
x O X 
YY’ 
Fig. 23.52 


The coordinates of any point Q on this line are given by 


x=-2 y-3 ci) pert. fest A 








=— =T7 Using : ——— ==>} 
cos 45° sin 45° cos@ sin 8 


r r 
So, the coordinates of O are (2+r cos 45°, 3+rsin 45°) or, | 2+—=, 3+ +5 
>a ( V2 J/2 
If this point lies on the line 2x -3 y+ 9=0, then 


4+rW2-9- 49-0 r= 4/2 > PQ =4V2 


Hence, the required distance is 4 /2 units. 


EXAMPLES Find the distance of the line 4x + 7 y +5 =O from the point (1, 2) along the line 2x — y =0. 


| 


[NCERT] 


SOLUTION Clearly, line 2x — y = 0 passes through P (1, 2) and intersects 4x + 7y +5 =OatQ. 


Let PQ =r. If 2x -—y =0 makes an angle 0 with x-axis. Then, tan 8 = 2 and hence sin 6 = a8 and 


V5 


cos 9 = ze Thus, the line 2x — y = 0 passes through P (1, 2) and makes an angle @ with x-axis such 





aa 
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MAT 
NEMATIOg 
1 . 2 e ® La LY Ld x aR 1 Y oun 2 
iain =—=. 50, its equation in distance form is ——* — 

that cos 0 5 and sin @ V5 q 1/V5 25 and the 

x-1 y-2 
; ———= Sa = r. 

coordinates of Q are given by VAGEETAG 


2g) A he? a a ee 
—= = = YS x=1+——,1 =2+— 
ee oye eas aie 
So, th dinat £Qare( 1+ 245) 
r —,2+—~ |. 
o, the coordinates o 5 5 
As Q lies on 4x +7y +5 =0. 


a(1 +3g}+7 (24%) +5=0 


=> B08 sy a 2899 
v5 1 


Hence, PQ =r |=, 


LEVEL-2 
EXAMPLE9 In what direction a line be drawn through the point (1, 2) that its point of intersection with 
the linex + y = 4is at a distance “ from the given point. [NCERT EXEMPLAR] 


SOLUTION Let the line drawn through A (1, 2) makes an an 


nee 9 with the positive direction of 
x-axis and intersects the line x +y =4 at P such that AP = ~ Then, the coordinates of P are 


given by 


fed ee NG 2) 
cos® sing 3.” #14 fEcos6,y=2+ [sine 





Fig. 23.54 
So, the coordinates of P are 1+ fe cos 6, 2 + ie sin a} 


\ me 
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Clearly, point P lies on the line x + y = 4. 


1+ 2 cos0+2+ |= sind=4 


= cos0-+ sin = [> 


~ (cos®+ sin 9)? = : 


aN iene es sin20=+= 20= "or, 20228 = 8 
2 2 6 6 12 12: 
Hence, the line drawn makes an angle whose measure is either 3 or hi with the x-axis. 


EXAMPLE10 F ind the direction in which a straight line must be drawn through the point (—1, 2) so that 
its point of intersection with the line x + y = 4 may beata distance of 3 units from the point. [NCERT] 
SOLUTION Suppose the required line makes an angle 0 with x-axis. It passes through the point 
P(-1, 2).So, its equation is 

x=(-])i y-2 0. x+1  y-2 





cos 9 sin@ ~ cos@ sin 6 


The coordinates of a point Q on this line at a distance of 3 units from P(—1, 2) are given by 
a ye 





cos9 sin ®@ 
= x =-14+3cos8,y =2+3sin0 
So, the coordinates of Q are 
(-1+3cos 0,2+ 3 sin 9) 
If point Q lies on x + y =4, then 
—-1+3cos0+2+3sin9 =4 






20 =0 or 20=T 
Oi Olon Geese 
2 


Fig. 23.55 


> 3cos0+3sin 0 = 3 Q(-1 + 3. cos 0, 2 +3 sin 8) 
> cos 8+sin 8 = l 

> (cos 6 + sin 9)? = 1 

> 1+sin260 =1 

> sin 28 = 0 

—> 

a 


Hence, the required line must be either parallel to x-axis or to y-axis. 

EXAMPLE11 A line is such that its segment between the lines 5x -—y+4=Oand 3x+4y-4=0's 

bisected at the point (1, 5). Obtain its equation. [NCERT] 

SOLUTION Let ABbe the line making angle ® with x-axis such that its intercept AB between the 

lines 5x ~y+4=Oand 3x+4y-4=0 is bisected at P (1,5). Then, the equation of the line is 
X—-1  y—5 


cos§ sin 8 
Let AP = BP =r. Then, the coordinates of A and Bare given by 
tod =o ete =o Gapee respectively. 
cos@ sin 0 cos@ sin 8 
Sale A 
cos@ sin 








or, y—5 = tan 6 (x—1) --(i) 








Now =r> x=1+rcos0, y=5trsin® 


rd 
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Y 
5x-y+4=0 
3x + 4-4=0 
( P(1, 5) 
/\ 0 
x’ O \\ xX 
B 
1 
Fig. 23.56 
L at eet 7 => 1 cos 0 yer sind 
cos68 sin®@ 


the co-ordinates of A and B are (1+r cos 8,5+r sin 8) and (1—r cos 0,5-—r sin 0) respec- 
ely. Points A and B lie on lines 5x —- y + 4=0 and 3x + 4y — 4 =0 respectively. 
5(1+r cos 8) —-(6+r sin 8) +4=0 and, 3(1-r cos 0) + 4(5-—7 sin 0) -4=0 
= r (5 cos 8 —sin 0) =—4 andr (3cos 0 + 4sin 6) =19 
-4 19 


> r=————- and. t. = ——_—_________- 
5 cos 8 —sin 0 3 cos 8 + 4 sin 8 
a ee 
5 cos 8 —sin 8 3 cos 8+ 4sin 9 
=> —12 cos 8 —16 sin 8 = 95 cos 8 —19 sin 8 
=> 107 cos 8 = 3 sin 9 
=> fan Qo 


Putting the value of tan 6 in (i), we obtain 
y —5=tan 8(x-1) or, y-5=~~ (x-1) 


or, 107 x — 3y — 92 =0 as the required equation of the line. 
EXAMPLE 12 Find the equation of the line passing through the point (2, 3) and making an intercept of 
length 3 units between the lines y + 2x =2and y + 2x =5. 
SOLUTION The equations of the given lines are 

2x+y=2 »-(i) and, 2x+y=5 .. (ii) 
We observe that the lines given by equations (i) and (ii) are parallel. Suppose a line passing 
through A(2, 3) and intercepting length BC = 3 between lines (i) and (ii) makes an angle 6 with 
x-axis. The equation of this line in distance form is 

x-2 _y-3 

cos@ sin®@ 


. «(iil) 
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Y 
A(2, 3) 
j 
B 
x O \ X 
Cc 
te 2x+y=5 
2x+y=2 
Fig. 23.57 


Let AB =r.Then, AC = AB+ BC =(r + 3). Clearly, BandC are points on line (iii) at distances r and 
r+ 3 respectively from A. 


So, the coordinates of B and C are given by 


x4 V8 ee Yeas respectively. 





cos@ sin@ cos@ sin® 
Now, 
hote avo o, => x=2+rcos6, y=3+rsin8 
cos@ sin® 
and, REP eS ee => x=2+(r+3) cos®, y=3+(r+ 3) sind 


cos6 sin@ 
So, the coordinates of Band C are 
(2+rcos 0, 3+rsin 6) and (2 +(r + 3) cos 8, 3 + (r + 3) sin 8) respectively. 
We observe that points B and C lie on lines (i) and (ii) respectively. 
2(2+rcos 0)+(3+rsin 0) = 2and,2 {2 +(r + 3) cos 6 + (3 + (7 + 3) sin O =5 
=> r (2cos@+ sin 0) =—5 and, (r + 3) (2 cos 8 + sin 8) =—2 
—-5 —2 
r =———————- and r + 3 = —————_—__ 
2cos8+sin 6 2 cos 8 + sin 8 
—5 —2 
——_- ——_— + 3 = ———_____—_ 
2.cos 8 + sin 8 2cos8+sin 8 
3 
~ 2cos0+sin6 
2 cos 8 + sin 8=1 
2 cos 8=1 —sin 6 .-.(V) 
4 cos* §@=1+sin? 6—2sin 0 
4(1—sin2 6) = 1+sin? @-2sin 0 


5 sin? 6-2 sin @—3=0 


— 


y 


[On eliminating 7] 


..-(iv) 


Yu YUN Y 
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= (sin 8-1) (5 sin 0+ 3)=0 = sin 0@=1 or sin 0=- 3/5 
Putting sin 8 =1 in (v), we obtain cos 0 = 0. Putting sin 0 = — 3/5 in (v), we obtain cos 0 = 4/5. 


Substituting the values of sin @ and cos 0 in (iii), we obtain that the equations of the required lines 
are 


n = 
0 1 4/5 —-—3/5 








eee ve and die eatin or, x-2=0 and 3x+4y=18. 


EXAMPLE13 A line through A (—5, —4) meets the lines x + 3y + 2=0,2x + y+4=Oandx-y-5=0 
2 2. 
at the points B, Cand D respectively, if (=) +( 30 a ae - (+ 6 ik find the equation of the line. 


AC AD 
SOLUTION The equations of the given lines are 
x+3y+2=0 At) 2x+y+4=0 ...(ii) and, x-y-5=0 «+ (iii) 
The equation of a line passing through A(-5, —4) and making an angle 0 with x-axis is 
ene 4 


...(iV) 








cos 8 sin 6 
Suppose this line cuts lines (i), (ii) and (iii) at B, C and D respectively such that AB =n, AC =n 
and AD =r3. Then, the coordinates of B, C and D are given by 

x+5 _y+4 Er X+9 _yt4 endo a TA 

cos§@ sin 8 cos@ sinO cos® sin®@ 














=rg respectively. 





Fig. 23.58 


The coordinates of B, C and D are (—5 +r, cos 0, —4+7 sin 6), (-5 +7 cos0, —4 +1 sin 6), and 

(—5 +73 cos, —4 +73 sin 8) respectively. 

Points B, C and D lie on lines (i), (ii) and (iii) respectively. 

2 (-5 +7, cos 8) + 3 (—4+7, sin 8) + 2 =0, 2(-5 +7 cos8) +(—4+7 sin6)+4=0 

and (—5 +73 cos ®) —(— 4 +73 sin 8) —5 =0 
1 10 6 


= dra =———_—_—_—_ 
= 71 3 cos § —sin 8 


cos @+3sin 0’ *  2cos0+sin0 


15 : 10 6 
— =cos0+ 3sin 8, —— =2cos6+sin 6 and —— =cos 6 —sin 9 
= ie SEA AD 
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2 2 Doar 
Substituting these values in ( >.) +( nS -( S3) , we obtain 


AB AC AD} 
(cos 0 + 3 sin 0)* +(2 cos 0+ sin 6)? = (cos 0 —sin 6)” 
=> 4 cos* 0 +12 sin 0 cos 0+9 sin? 6 = 0 
=> (2 cos 0+ 3sin 6)? = 0 = 2cos0+3sin0 = 0=>tanO = -2/3 


Putting tan 0 = —2/3 in (iv), we obtain 

y+4=—(2/3)(x+5) or, 2x+ 3y +22 =Oas the required equation of the line. 
EXAMPLE 14 The sides AB and AC of a triangle ABC are respectively 2x + 3y =29 and x + 2y =16 
respectively. If the mid-point of BC is (5, 6) then find the equation of BC. 
SOLUTION Suppose BC makes an angle 8 with the x-axis. Then, its equation is 

x=3 y—6 A 

= eal 
cos9 sin @ w) 












Let BD =CD =r. Then, the coordinates B and C are given by 2x + 3y = 29 


x+2y=16 











BEF yee = —rand, ae WES = r respectively. 
cos6 = sin 8 cos§8 = sin 8 i 
Now, ae E38 =—r= x=5-rcos8, y=6-rsin9 
cos 8 sin 0 
and, X79 _Y—6 + ¥=54+rc0s0, y=6+rsinO Bee8) ° 


cos§ sin®@ Fig. 23.59 
Thus, the coordinates of Band C are B(5-—rcos98,6-rsin 8) and C(5+r cos 8, 6+, sin 8) 
respectively which lie on lines 2x + 3y =29 and x + 2y =16 respectively. 

2(5—-r cos 8)+ 3(6-r sin 80) = 29and,(5+rcos 8)+2(6+rsin 0) = 16 


= wn LE oe 2d a 
2 cos 8+ 3 sin 8 cos 8 + 2 sin 8 
= ate DA st 9 Se [On eliminating r] 
2 cos 8+ 3sin 9 cos § +2 sin 9 
= 2 cos 80+ 3sin 9=cos0+2sin 9 => sin@=-cos8 => tan@=-1=> 0=3n/4 


Putting 6 = ° in (i), we obtain 


20 eG 


=—_*———. or, x + y—11=0as the required equation of the line. 
cos 32/4 sin 3n/4 


EXERCISE 23.8 





1. A line passes through a point A (1, 2) and makes an angle of 60° with the x-axis and 
intersects the line x + y = 6 at the point P. Find AP. 

2. If the straight line through the point P (3, 4) makes an angle z/6 with the x-axis and meets 
the line 12x +5y +10 = OatQ, find the length PQ. 

3. A straight line drawn through the point A (2, 1) making an angle x/4 with positive x-axis 
intersects another line x + 2y + 1 =0 in the point B. Find length AB. 

4. A linea drawn through A (4, —1) parallel to the line 3 x—4 y + 1 =0. Find the coordinates of 
the two points on this line which are at a distance of 5 units from A. 

5. The straight line through P (x, y;) inclined at an angle 6 with the x-axis meets the line 
ax + by + c=0inQ. Find the length of PQ. 
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6. Find the distance of the point (2, 3) from the line 2 x — 3 y + 9 =0 measured along a line 
making an angle of 45° with the x-axis. 


7. Find the distance of the point (3, 5) from the line 2 x + 3 y =14 measured parallel to a line 


having slope 1/2. 

8. Find the distance of the point (2, 5) from the line 3 x + y + 4 =0 measured parallel to a line 
having slope 3/4. 

9. Find the distance of the point (3, 5) from the line 2x + 3y = 14 measured parallel to the line 
x—-2y=1. 


10. Find the distance of the point (2,5) from the line 3x + y + 4 =O measured parallel to the line 
3x —4y + 8=0. 


11. Find the distance of the line 2x + y = 3 from the point (—1, — 3) in the direction of the line 


whose slope is 1. 
LEVEL-2 


12. Aline is such that its segment between the straight lines5x — y —4 =Oand 3x + 4y —4=0is 
bisected at the point (1, 5). Obtain its equation. 


13. Find the equation of straight line passing through (—2, -7) and having an intercept of length 
3 between the straight lines 4x + 3y = 12and 4x+ 3y = 3. 








ANSWERS 
132 5/2 
1 Sivo—1 7g eas a ES Rete 4. (8, 2), (0, —4 
( ) 5+12/3 3 (8, 2), ( ) 
5. “1 sey ES 6. 4/2 7. V5 8. 5 units 
acos 8+b sin 8 
9. V5 10. 5 11. a 12. 83x — 35y + 92 =0 


13. x+2=0,7x+ 24y +182=0 


23.7 TRANSFORMATION OF GENERAL EQUATION IN DIFFERENT STANDARD FORMS 


The general equation of a straight line is Ax + By + C =0 which can be transformed to various 
standard forms as discussed below. 


(i) Transformation of Ax + By + C =O in the slope intercept form (y =mx + c): 
The equation of the line is 


Ax +By+C =0 => By=—-Ax-C => y=(-4)x+(-S) 


This is of the form y =mx + c, where m=~* and, c=—S 


Thus, for the straight line Ax + By +C = 0, wehave 


Coefficient of x 
Slope Se ee ard ntercept on y-axis = C= Constant tenn 


B Coefficient of y ~ B Coefficient of y 


NOTE To determine the slope of a line by the formula m =— Coefficient of x 


, we must first transfer all 
Coefficient of y f f 


terms in the equation on one side. 
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(ii) Transformation of Ax + By + C =O in intercept form (= + : =] ): 
a 


The equation of the line is 
Ax By x 
Ax + By+C =0 => Ax+ By=-C => — + —=1> -~Sw 
A 


| Se 
+ BAG 
B 





This is of the form ~ + ‘ =1. 
a 
Thus, for the straight line Ax + By + C =0, we have 
G Constant term C Constant term 
Intercept on x-axis = —— =————_——_—_ Intercept on y-axis = —— = —- ——_____—__ 
A Coefficient of x B Coefficient of y 
NOTE As discussed above the intercepts made by a line with the coordinate axes can be determined by 
reducing its equation to intercept form. We may also use the following method to determine the intercepts 
on the coordinate axes: 
For intercept on x-axis : Put y =0 in the equation of the line and find the value of x. Similarly to find 
y-intercept, put x = 0 in the equation of the line and find the value of y. 
(iii) Transformation of Ax + By +C =O in the normal form (x cos a+ y sin @ =p): 
We have, Ax + By +C =0 sea(3) 
Let xcosa+ysina—p = 0 .».(li) 
be the normal form of Ax + By +C =0. 
Then, (i) and (ii) represent the same straight line. 
A C 





pat i Ce 
cos Oo sin a —p 
= cosa = =P and, sina = SHE .-.(iii) 
C Ec 
op ] 
2 9 os Arn giBane 


— cos* a@+sin~* a = —+ 
C2 Cc? 


po 2. p2 
— Mesa s +B) >pe=t 





_ Ge 
But, p denotes the length of the perpendicular from the origin to the line and is always positive. 
|C| 


Putting the value of p in (iii), we get 


B 
cos @ = — ———=———-. and, sin a = —- ———— 
A? +B? {A2 +B? 


So, the equation (ii) takes the form é 
A B 
SY y ee 0 
A2 +B? JA? + B \A2 + B2 
A B C 
or, — SS — X - y = 
fa2+B2 fa2+B2 fA? + B? 
This is the required normal form of the line Ax + By + C =0. 


In order to transform the general equation of a line to the normal form, we use the following 
Steps : 
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STEP I Shift the constant term on the RHS and make it positive 
STEPH Divide both sides by v( (Coefficient of x)? + (Coefficient of 1 f y)2 


The equation so obtained is in the normal form. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Transform the equation of the line J3 x + y — 8 =0 to (i) slope intercept form and find its 
slope and y-intercept (ii) intercept form and find intercepts on the coordinate axes (iii) normal form 
and find the inclination of the perpendicular segment from the origin on the line with the axis and tts 
length. 
SOLUTION (i) We have, 
J3x+y-8=0 => y=—V3x + 8, which is the slope intercept form of the given line. 
Slope =-— V3, and y-intercept = 8 
(ii) Wehave, 


J3x+y-8=0> 








Y —1, which is the inter cept form of the given line. 


s7J3* 
So, x-intercept = + and, y-intercept = 8 


(iii) Wehave, J3x + y -8 =Oor, V3x+ y = 


Dividing throughout by (Coefficient of x)” + (Coefficient of y)*, we obtain 


V3 1 8 
= ee Ne FSS 
(V3)? +1? (13)? +12 (13)? +12 
=> a + ; y =4, which is the normal form of the given line. 


Comparing this equation with xcosa + ysin a =p, we obtain 
cans sin Hee and p =4. 
2 2 


As sin a and cos a both are positive, therefore a is in first quadrant and is equal to 7/6. Hence, 
for the given line, we have a = m/6 and p = 


EXAMPLE2 Reduce the lines 3x -4y+4=Oand 4x-—3y+12=0 fo the normal form and hence 
determine which line is nearer to the origin. 
SOLUTION The equation of the first line is 

3x -4y+4=0 
= —-3x+4y= 


Dividing aca by y(-3)2 + ioe we obtain 


4 
tc 2 +4? KS i +2 e344? 


, areas ri = 
or =x 5 / = 


This is the normal form of 3x-—4y+4=0 from which we find that the length of the 
perpendicular from the origin to itis given by p, =4/5. 
The equation of the second line is 

4x-—3y+12 = Oor, —4x + 3y = 
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Dividing throughout by oe of x)* + (Coefficient of y)*, we obtain 


aeek a —— ef eee 
\(-4)? + 32 ies lee 42432 (4243? 
LB 
or, ——x + —y =— 
a ie 


This is the normal form of 4x-—3y+12=0 from which we find that the length of the 
perpendicular from the origin is given by p> = — 
5 


Clearly, p> > p,. Therefore, the line 3 x —-4 y + 4 =O is nearer to the origin. 
EXAMPLE 3_ Find the values of k for which the line (k — 3) x —(4 - k*) y+ k?-7k+6 = Ois 


(i) parallel to the x-axis. (ii) parallel to the y-axis. (iii) passing through the origin. 
[NCERT] 
SOLUTION Letmzbe the slope of the line 


(k -—3)x—-(4—k?) y+k? -7k +6 = 0 eb) 


Then, 
C—3): Kee 


~(4-k2)  4-k? 


(i) If the line is parallel to x-axis, then 


m= 











Slope = 9 _ 0s hee =U es 
(ii) If the line is parallel to y-axis, then 
2 
By = 05 caine =~0=> 4-k7 =0>k=22 
m1 k-3 


(iii) If the line passes through the origin, then (0, 0) must satisfy the equation (i). 
(k —3)x 0—(4—k*)x 0+k7 -7k +6 = 0 => (k-1)(k-6) =0 => k=1,6. 


LEVEL-2 


EXAMPLE4 Find the equation of a line with slope 2 and the length of the perpendicular from the origin 
equal to V5. 
SOLUTION Let the y-intercept of the required line be c. Then, its equation is 

y=2x+c ..(i) 
=> —2xXx + y = 


c 
Dividing throughout by ae of x)? + jars. of ef we obtain 
2 
Se 5 he + Be 
(ea? +2 are er sale see BE 


This is the normal form of line (i). Therefore, RHS represents the length of the 5 aaeeanns 
from the origin. But, the length of the perpendicular from the origin is given to be V5 


“1 =-/5 >l[cl=5>5>c=+5 
a Le aay 


Putting c = +5 in (i), we obtain the equations of the required lines as y = 2x +5. 

EXAMPLES Prove that the slope of a line is invariant under the translation of the axes. 

SOLUTION Let the equation of a straight line referred to a system of coordinate axes be 
ax+by+c = 0 ...(i) 
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The slope of this line is m = “5 


Now, let the origin be shifted to the point (h, k) under some translation of the axes. Then, any 
point (X, Y) with respect to the new system of coordinate axes is given by the relation 


x =X+h and y =Y+k 
where (x, y) are the coordinates of the point in the old system of coordinate axes. 
The equation of line (i) in the new system of axes is given by 
a(X+h)+b(Y¥ +k)+c = 0 or, aX+bY +(ah+bk+c) = 0 ...(ii) 


Let m’ be the slope of this line. Then, m’ =-— . Clearly, m=m'. 


Hence, the slope of a straight line is invariant under the translation of coordinate axes. 
EXAMPLE6 The line 2x -—y = 5 turns about the point on it, whose ordinate and abscissae are equal, 
through an angle of 45° in the anti-clockwise direction. Find the equation of the line in the new position. 
SOLUTION If the line 2x —-y = 5 makes an angle 0 with x-axis. Then, tan 0 = 2. 
Let P (a, a) be a point on the line 2x —y = 5. Then, 

2a-a =5> a=5 





Fig. 23.60 


So, the coordinates of P are (5, 5). 


If the line 2x -y—5 = Ois rotated about point P through 45° in anti-clockwise direction, then 
the line in its new position makes angle @ + 45° with x-axis. Let m' be the slope of the line in its 
new position. Then, 


1—tan @tan 45° 1-2x1 
Thus, the line in its new position passes through P(5, 5) and has slope m1 = — 3. 
So, its equation is y—5 =m (x —-5) or, y-—5 = —3(x-5) or, 3x+y-20 = 0 
EXAMPLE 7 Find the coordinates of one vertex of an equilateral triangle with centroid at the origin and 
the opposite side x + y—2 =0. [NCERT EXEMPLAR] 


SOLUTION LetABC bean equilateral triangle having x + y —2 = Oas the equation of side BC and 
opposite vertex A. Let the coordinates of its vertices be A (xj, Yj), B (Xo, Y2) and C (x3, y3). It is 
given that the centroid of AABC is at the origin. 
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A (1, ;) 


ly’ 
Fig. 23.61 


Ae 3 _ Oand 2 een 
3 3 


=> Xp +X +X3=Oand yj + yo + v3 =0 
= X2 +3 =—%, and yo +y3=-Yy --.(i) 
It is given that AABC is an equilateral ate Therefore: median AD 1 BC andsoOA 1 BC. 
Slope of OA x Slope of BC =—1 
nab —1=1 | Equation of BC isx + y-—2=0.. Slope of BC =-5 --1| 
x1 - 
=> Yy =X4 ...(ii) 
Clearly, D is the mid-point of BC.So, the coordinates of D are 
Xp +X3 atts) -(-2 -41) Using (i 
[*2t%s, Ya 1, 4 [Using (i) 
Point D lies on BC whose equation is x + y—2 =0. 
~j-4-2=05 Xx, +Yy,+4=0 ...(iii) 


Solving (ii) and (iii), we obtain x; =-2, y; =-2. 
Hence, the coordinates of A are (—2, —2). 


ALITER It is given that ABC is an equilateral triangle with centroid at the origin O. Therefore, 
OA | BC and so 


Slope of OA x Slope of BC = — 
=> Slope of OA x —-1 =-1 
— Slope of OA =1 
Thus, OA makes an angle of 45° with x-axis. 
So, the equation OA in distance form is 

= Oa x-0 _ y-0O 

cos45° sin45°~ " 172 ~1/J2 

The equation of BC in normal form is 








ee ee 
App rane 
OD = V2 


Since O is the centroid of AABC. Therefore, OA = 2 (OD) = 2/2. 
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Thus, A is a point on OA at a distance 2/2 from the origin O. So, the coordinates of A are 
given by 
ai et ol 
1/V¥2 1/2 


Hence, the co-ordinates of A are (—2, —2). 


1. Reduce the equation /3 x + y + 2 =0 to: 
(i) slope-intercept form and find slope and y-intercept; 
(ii) intercept form and find intercept on the axes; 
(iii) the normal form and find p and a. 
2. Reduce the following equations to the normal form and find p and a in each case: 
(i) x+ V3 y—4=0(ii) x+y +V2=0 (iii) x-y +22 =0 (iv) x-3=0 
(v) y-2=0. 


3. Put the equation my. . =1 to the slope intercept form and find its slope and y-intercept. 
a 





-2J/2 = x=-2and y=-2 


EXERCISE 23.9 


4. Reduce the lines 3x -—4 y+4=0 and 2 x+4y-—5=0 to the normal form and hence find 
which line is nearer to the origin. 


5. Show that the origin is equidistant from the lines 4x + 3y +10 =0; 5x -12y + 26 =0 and 


7x + 24y =50. 
6. Find the values of 8 and p, if the equation x cos 8 + y sin 6 = pis the normal form of the line 
J/3x+y+2=0. [NCERT] 


7. Reduce the equation 3 x — 2 y + 6 =O0to the intercept form and find the x and y intercepts. 


8. The perpendicular distance of a line from the origin is 5 units and its slope is — 1. Find the 
equation of the line. 
ANSWERS 





1. (i) Slope=—-+3, y-intercept = - 2 (ii) x-intercept =— mt y-intercept = —2 
(iii) p=1, a = 210° 
2. (i) p=2,a=— (ii) p=1, a =225° (iii) p=2,a=135° (iv) p=3,a=0 
(v) p=2,0=> 3. Slope =—", y-intercept =b 4.3x-4y+4=0 
6 a = 210°,p=1 7. x-intercept =— 2, y-intercept = 3 8. x+y—-5/2=0 


23.8 POINT OF INTERSECTION OF TWO LINES 
Let the equations of two lines be 


ax+bhy +c, =0 «++(i) 
and, ax +boy + co =0 ...(ii) 
Suppose these two lines intersect at a point P (x1, y;). Then, (x1, y}) satisfies each of the given 


equations. 
Ay Xy + by y, + cy = O and, ap x1 + boy; + cp = 0 
Solving these two equations by cross-multiplication, we get 
a ey cee SS 5 0 ea 
by Cy —b2 Cy 0 AQ CQ DQ — Dy ay by — ap by" "ay by = ay by 


ee = _— ee) ee eS LE ne 
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Hence, the coordinates of the point of intersection of lines (i) and (ii) are: 

by Cg —by Cy Cy My ~ C2. 

Ay by — ag by ay by ~ Ag by 
NOTE To find the coordinates of the point of intersection of two non-parallel lines, we solve the given 
equations simultaneously and the values of x and y so obtained determine the coordinates of the point of 


intersection. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the coordinates of the point of intersection of the lines 2x-y+3=0 and 

x+2y—-4=0. 

SOLUTION Solving the equations 2x-y+3=0 and x+2y-—4=0, simultaneously we obtain 
x y 1 ee 2 11 


4-6 348 4559..0° So 2 Be > eee 


4-6 3+8 4+1 ~2.> 11 5 5 
Hence, (— 2/5, 11/5 is the required point of intersection. 
EXAMPLE2_ Find the area of the triangle formed by the lines y =x, y = 2x and y = 3x + 4. 
SOLUTION The given equations are 

y=x .--(1) y = 2x (li) and y = 3x+4 (iii) 
Suppose the equations (i), (ii) and (iii) represent the sides AB, BC and CA respectively of a 
triangle ABC. 
Solving (i) and (ii), we get: x =0 and y =0. Thus, AB and BC intersect at B (0, 0). 
Solving (ii) and (iii), we obtain: x =—4, y =— 8. Thus, BC and CA intersect at C (—4, —8). 
Solving (iii) and (i), we get: x =— 2 and y =— 2. So,CA and AB intersect at A (— 2, — 2). 
Thus, the coordinates of the vertices of the triangle ABC are: A (—2, —2), B(0, 0) and C(—4,-8). 


-2 -2 1 
Area of AABC = £ O O I = 4sq. units. 
- -4 -8 1 


EXAMPLE3 Find the equations of the medians of a triangle formed by the lines x+y—6=0, 
x-3y—-—2=0 and 5x-3y+2=0. 
SOLUTION The given equations are : 

x+y—-6=0 ...(i) x—3y-2=0 ....(ii) and 5x-3y+2=0 .-.(iil) 
Suppose equations (i), (ii) and (iii) represent the sides, AB, BC and CA respectively of triangle 
ABC. 


A(2, 4) 





Gy 


NE) 





B(5, 1) D(2,0) C(-1,-1) 

Fig. 23.62 
Solving (i) and (ii), we get: x =5 and y =1. Thus, AB and BC intersect at B (5, 1). 
Solving (ii) and (iii), we get: x =—1 and y =—1. Thus, BC and CA intersect at C (—1, —1). 
Solving (i) and (iii), we get: x =2 and y=4. Thus, AB and CA intersect at A (2, 4). 
Thus, the coordinates of the vertices A, B andC of triangle ABC are (2, 4), (5, 1) and (—1, —1) 
respectively. Let D, E and F be the mid-points of sides BC, CA and AB respectively. Then, the 
coordinates of D, E and F are 
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2 2 OME) 2 2; 2 
respectively. 
The median AD passes through A(2, 4) and D(2, 0). So, its equation is 
PEA (x= 2) 
2-2 
=> eciee ee Ya) oe 2 = OS x= 2 
The median BE passes through points B(5, 1) and E(1/2, 3/2).So, its equation is 


=e 
y-1=2—(x-5) 


— —_— 








=> y-1=-=(x-5) > x+9y-14=0 
The median CF passes through points C (-1, -1) and F(7/2, 5/2). So, its equation is 
—+1 7 
y+1 = 2 es ah as (3 41) > 7x-9y-2=0 
—+1] 
2 


Hence, the equations of the medians of the triangle are x = 2, x + 9y —14 = Oand7x —9y -2=0. 


EXAMPLE4 Find the value of m for which the lines mx +(2m+3)y+m+6=0 and 
(2m +1) x + (m—1) y +m —9 =0 intersect at a point on y-axis. 
SOLUTION The equations of the lines are 
mx + (2m + 3) y+m+6=0' -oa(i) 
(2m +1) x+(m-1) y+m-9=0 .»-(1i) 


Solving these two equations by cross-multiplication, we obtain ; 
x 


(2m + 3) (m—9) —(m—1) (n+ 6) % (2m +1) (1 + 6) —1 (m —9) . m (m—1) —(2m +1) (2m + 3) 
x y 1 
=z MOM rn mn Din m a Sm) ma AN 
m° —20m-21 m*+22m+6 —3(m~ + 3m+1) 
He 20m 21... _ m* +22m+6 
> [2 nn aaa 
—3(m* + 3m +1) —3(m* + 3m +1) 


m* —20m —21 m + 22m +6 
—3(m* + 3m+1) —3(m2 + 3m+1)) 
If it lies on y-axis, then its x-coordinate is zero. 
m* —20m - 21 
—-3 (m? + 3m +1) 


EXAMPLES Find the aren of the triangle formed by the lines Y=myX+ Cy,Y =m X+ Cy and x =0. 

[NCERT] 
SOLUTION Lety =m, x+C1,Y =m x + cp and x =Obe thesides AB, BC andCA respectively of 
a triangle ABC. Solving y =m, x + cy and y=mp x + cy as linear equations in x, y, we get 


=> 


So, given lines intersect at the point | 


= 0 > m*-20m-21=0=> (mt —21) (m+1) =0=> m=-1, 21 


eee cy ee __ My Cp ~My Cy 
SER Le — 


Cp —Cy ; mM Co —Mpy Cy 
my —mMy m, —mM) 


So, the coordinates of B ae( 
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Fig. 23.63 


Solving y =m x + Cp and x =0, we get: x = 0, y=c. So, coordinates of C are (0, cy). 
Similarly, by solving x = 0 and y =m x + cy, we get the coordinates of A as (0, c}). 
Cy 1 
0 C5 1 
.. Area of A ABC = z Cp —Cy = My Cp — My Cy 


1 
My —M> mM — Mp 


= 1 a (cy —C>) 2h (cy = ¢2)" in magnitude. 





2 \ my —1Mp5 2 mm, —Mp 
ALITER Given lines are ; 
y =m, X+ Cy w- (i) 
Y =My X+ Cp w+ (ii) 
X= 0 see (iii) 


Lines (i) and (ii) intersect line (iii) at A (0, c;) and C (0, cp) respectively. 
Solving (i) and (ii), we obtain the coordinates of B as es nik mec 
My —M> my —M> 
BM = x-coordinate of B =—2——1 
mM, —IM> 
Clearly, AC =| cp —c}| 
Area of AABC 


5 Base x Height = = (AC x BM) 


co-¢;| _ 1 (cg-c)" 
my —M5 2 | im, —™Mp5 | 
EXAMPLE6 Find the equation of the line parallel to y-axis and drawn through the point of intersection of 


the lines x —-7y +5 =Oand 3x + y =0. 
SOLUTION On solving the equations x —-7y +5 =O and 3x + y =0, we get: 





A [oy ey fe 
2. 


=--__ d =_-—. 
a=) pph kD 


So, the given lines intersect at the point whose coordinates are :(-5/22, 15/22). 


We know that, the equation of a line parallel to y-axis is of the form x=constant. So, let the 
equation of the required line be 


x= x ...(i) 
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It passes through (—5/22, 15/22). 
=—5 
. hes i 
22 
Substituting the value of ( in (i), we get: 
x=-5/22 or, 22x+5 = Oas the equation of the required line. 


EXAMPLE7 Show that the lines 4x+y—-9 = 0,x-2y+3 = 0,5x-y-—6 = 0 make equal 
intercepts on any line of gradient 2. 


SOLUTION The equation of any line of gradient 2 is 
y = 2x+c i) 






y=2x +c 
ox-y-6=0 


x-2y+3=0 


Fig. 23.64 
The equations of given lines are 
4x+y-9 =0 .»+(ii) 
x-2y+3 =0 .-o(iti) 
5x-y-6 = 0 ...(iV) 


Solving (i) with (ii), (iii) and (iv) respectively, we obtain the coordinates of P, Q and R as 
p(3-£, 3+2),0(1 ~%2 2-S)and R(2+£,4+22) 
2 6 3 3 3 3 3 
Clearly, P is the mid-point of QR. Therefore PQ = PR. 
Hence, lines (ii), (iii) and (iv) make equal intercepts on any line of gradient 2. 


EXAMPLE8 Two vertices of a triangle are(3,—1) and (—2, 3) and its orthocenire is at the origin. Find 
the coordinates of the third vertex. 


SOLUTION Clearly, A is the intersection of sides AB and AC of AABC. Side AB passes through 
B(3, —1) and is perpendicular to OC whose slope is —3/2. So, equation of side AB is 


A(h, k) 





B(3, - 1) C(- 2, 3) 
Fig. 23.65 
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y+1 = = (x — 3) or, 2x-3y-9 = 0 0), 


Similarly, side AC passes through C (— 2, 3) and is perpendicular to OB whose slope is — 1/3. 
So, equation of side AC is 
y-3=3(x+2) or, 3x-y+9=0 (ii) 
Solving (i) and (ii), we get 
x =— 36/7, y =—45/7 
Hence, coordinates of A are (—36/7, —45/7) 


EXAMPLE9 Two consecutive sides of a parallelogram are 4x + 5y =O and7x + 2y =O. If the equation 
of one diagonal is 11x + 7 y = 9, find the equation of the other diagonal. 


SOLUTION Let ABand AD be consecutive sides of parallelogram ABCD. Let the equations of AB 
and AD be 4x + 5y =Oand7x + 2y = Orespectively. Clearly, these two lines intersect at A (0, 0). 


Solving llx+7y = 9and4x+5y = 0,we get:x=5/3 and y=—4/3 
So, the coordinates of B are (5/3, —4/ 3). 
D (-2/3, 7/3) es 






7x + 2y=0 


A(0, 0) 4x + 5y=0 B (5/3, - 4/3) 
Fig. 23.66 
Similarly, by solving 11x+7y = 9 and 7x +2y = 0, we obtain that the coordinates of D are 
(—2/3,7/3) . 
We know that the diagonals of a parallelogram bisect each other. So, P is the mid-point of BD 
OG) hee Xe 





Sy — “ —— 
; : 2 Heil 
and hence its coordinates are 3 = 3 ; 3s or, € F >| 


Clearly, AC passes through A(0, 0) and C(1/2, 1/2). 
1 
—S 0 
Hence, equation of AC is y—0= as (x-O) or, y=x. 


: 
EXERCISE 23.10 
LEVEL-1 
1. Find the point of intersection of the following pairs of lines: 
(i) 2x-y+3=Oandx+y-5=0 (ii) bx + ay =ab and ax + by =ab. 
(iii) y =m x + ne y=My X + = 
2. Find the coordinates of the vertices of a triangle, the equations of whose sides are: 


(i) x+y—4=0,2x-y+3=0 and x-3y+2=0 
(ii) y(t) +f) =2xX+2ab ty, Y(to +tg) =2x+2aty ty and, y(tz +f) =2x+ 2 at, ts. 
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3. Find the area of the triangle formed by the lines 
(i) y=my X+C,, Y= X+C7 and x=0 
(ii) y=0, x=2andx+2y=3. 
(ili) x+ y-6=0,x-3y-2=Oand5x-3y+2=0 
4. Find the equations of the medians of a triangle, the equations of whose sides are: 
38x+2y+6=0,2x-5y+4=Oandx-3y-6=0 
5. Prove that the lines y=J/3 x +1, y =4 and y =— V3 x + 2 form an equilateral triangle. 
6. Classify the following pairs of lines as coincident, parallel or intersecting: 
(i) 2x+y-1=Oand3x+2y+5=0 (ii) x-y=Oand3x-3y+5=0 
(ili) 3x+2y—-4=Oand6x+4y-8=0. 
7. Find the equation of the line joining the point (3, 5) to the point of intersection of the lines 
4x+y—-1=Oand7 x-3 y-35=0. 


8. Find the equation of the line passing through the point of intersection of the lines 
4x —7y — 3 =Oand 2x — 3y + 1 =O that has equal intercepts on the axes. [NCERT] 


9. Show that the area of the triangle formed by the lines y =m, x, y =mly x and y =cis equal to 


a (433 +11), where 111, 1 are the roots of the equation x? +(J3 +2) x+73-1=0. 
4 RIED, q 


10. If the straight line a =1 passes through the point of intersection of the lines x + y=3 
a 


and 2x — 3y =1 and is parallel to x — y —6 =0, find a and b. 

11. Find the orthocentre of the triangle the equations of whose sides are x + y =1, 2x + 3y =6 
and 4x -y+4=0. 

12. Three sides AB, BC and CA of a triangle ABC are 5x-3y+2=0, x-3y-—2=0 and 
x + y —-6 =0 respectively. Find the equation of the altitude through the vertex A. 

13. Find the coordinates of the orthocentre of the triangle whose vertices are (—1, 3), (2, -1) 
and (0, 0). 

14. Find the coordinates of the incentre and centroid of the triangle whose sides have the 
equations 3x —4y =0,12y +5x =O and y —15 =0. 

15. Prove that the lines /3x+y = 0,V3y+x = 0,V3x+y =1 and V3y+x=1 forma 
rhombus. 

16. Find the equation of the line passing through the intersection of the lines 2x + y =5 and 
x + 3y+8 =0 and parallel to the line 3x+4y =7. 


17. Find the equation of the straight line passing through the point of intersection of the lines 
5x —6y—1 =0 and 3x+ 2y+5 =0 and perpendicular to the line 3x —5y +11 =0. 





[NCERT EXEMPLAR] 
ANSWERS 
wie 13 ws ab ab rr a Be at 
BEN (a ) ee i ) oe — Mp va{ 2 2) 
eed ed ome ta (fil Bt IB Vic 2 2 2 
2. = = 4h SS ade t,~, 2 at,), (ato~, 2 at), (atz~, 2 at) 
al; )( a fe 5) i Cat ae nN SP 
—¢,)” : 
3. (i) Gia (ii) 0 (iii) 12. sq. units 
2 (im, —mp) 


4. 41x-112 y—70=0, 16x —59 y-—120=0 and 25x —-53 y+50=0 
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6. (i) intersecting (ii) parallel (iii) coincident 

7. 12x -y-31 = 0 8 x+y+13=0 10.a=1,b=-1 

11. (2, 2) 12. 3x+y—-10=0 13. (-4,—3) 14. (-1,8),(-22,, 10] 
’ aay 3 

16. 3x+4y+3=0 17. 5x + 3y+8=0 


HINTS TO NCERT & SELECTED PROBLEM 


8. Given lines intersect at (— 8, —5). The equation of a line making equal intercepts on the 


0. A 
coordinates axes is > + 4 =1 or, x + y =a. It passes through (— 8, —5). 
a a 


-8-5+a=0 => a=13 
Hence, the equation of the line is x + y =13. 

17. The lines 5x —6y—1 =0 and 3x+2y+5 =0 intersect at the point (1, —1). The slope of the 
line 3x—5y +11 =U is 3/5. So, the slope of a line perpendicular to it is -5/3. Hence, the 
equation of the required line is 

y+1=-5/3(x+1) or,5x+ 3y+8=0. 


23.9 CONDITION OF CONCURRENCY OF THREE LINES 
Three lines are said to be concurrent if they pass through a common point i.e. they meet at a 
point. 
Thus, if three lines are concurrent the point of intersection of two lines lies on the third line. Let 
ay Xz +byy +c, =0 ..fi) ao x+bo y ten =0 ..fii) agx+b3 y+c3 =0 ...(iil) 
be three concurrent lines. Then the point of intersection of (i) and (ii) must lie on the third. 
The coordinates of the point of intersection of (i) and (ii) are: 
[Ercan site e| [See section 22.8] 
A, by —@y by a, bn — A 


This point must lies on line (iii). 


ay b; C5 —bs Cy 4. bs Cy ly — C2 ay % C3 216 
Ay by — Ag by Ay by — ag by 


=> 3 (by Co — bz Cy) + bg (C4 Ag — C2 44) + C3 (@, bg — a2 by) = O 
am by oy 

= Mo by Co| = 0 
a3 bg ¢3 


This is the required condition of concurrency of three lines. 
ANOTHER CONDITION OF CONCURRENCY OF THREE LINES 
Three lines 
Ly = a,x+b, y+e, = 0; Ly =O x+bny+Cp = 0; Lg = agx+bzy+c3 = 0 
are concurrent iff there exist constants A, Az, A3 not all zero such that 
Ay Ly + Ap ly + AZL3 = 0 
i.e. Ay (ay X +b Y + Cy) + Ad (Qn X +09 Y+ Cy) +13 (AR X+53 Y+C3) = 0. 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Prove that the lines 3 x + y-14=0,x-2 y=Oand 3 x-8 y + 4 =O are concurrent. 
SOLUTION Given linesare 3x+y-14=0, x-2y+0=Oand3x-8y+4=0. 


S| T+ 4 
Wehave,| 1 -2 0}/=3(-—8+ 0) -1(4-0) —14(-—8 + 6)=-24-4+ 28 =0. 
3 -8 4 


So, the given lines are concurrent. 


EXAMPLE2 Show that the lines x —y -6=0,4x -—3 y —-20 =Oand 6x +5 y + 8 =Oare concurrent. 
Also, find their common point of intersection. 


SOLUTION The given lines are 


x-y-6=0 ....i) 4x-3y-20=0 _..(ii)  6x+5y+8=0 --{ili) 
Solving (i) and (ii) by cross-multiplication, we get 
x y 1 


—— a = ———_ > x=2 and y=-4. 
20 -18 — 24+ 20 —-3+4 : 


Thus, the first two lines intersect at the point (2, — 4). Putting x = 2 and y = — 4 in (ili), we get 
6x2+5x -4+8=0 

Thus, the point (2, — 4) lies on line (iii). 

Hence, the given lines are concurrent and their common point of intersection is (2, — 4). 


EXAMPLE3 Find the value of 2, if the lines 3x —4y —13 =0, 8x —11y — 33 =O and 2x - 3y+A=0 
are concurrent. 


SOLUTION The given lines are concurrent, if 


3 -4 -13 
8 -11 -33|/=0 
1: rn © 
= 3 (—11 7-99) + 4 (84 + 66) -13 (—24+ 22)=0 => -A-7 = 0>A=-7 
ALITER The given equations are 
3x —4y -13 =0 _...(i) 8x -lly—33=0 ...(ii) and, 2x -3y+A=0 .»+(iii) 


Solving equations (i) and (ii), we get x =11 and y =5. Thus, (11, 5) is the point of intersection of 
lines (i) and (ii). The given lines will be concurrent if they pass through the common point ie. 
the point of intersection of any two lies on the third. Therefore, the point (11, 5) must lie on the 
line (iii). 

2x11-3x5+A = 0>A = -7. 
EXAMPLE4 If the lines a, x +b, y+1=0,a) x +b y+1=Oand a3x + b3y +1 =Oare concurrent, 
show that the points (a1, by), (az, b>) and (a3, b3) are collinear. 
SOLUTION The given lines are 

amyx+byy+1=0 ..(i) agx+boy+1=0 ..(ii) and az x+b3y+1=0 ...(iii). 
If these lines are concurrent, we must have 
ay by 1 
a bz 1/=0, which is the condition of collinearity of three points (a1, b,), (a>, by) and (a3, b3). 
a3 bz 1 


Hence, if the given lines are concurrent, the given points are collinear. 
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EXAMPLES If the lines ax+y+1 = 0, x+by+1 =0 and x+y+e = 0 are concurrent 








(a#b #c #1), prove that , + , * SS ny 1. 
1- 1-b l-c 
SOLUTION The equations of the given lines are 
ax+y+1 = 0 
x+by+1 = 0 


x+y+c=0 


If these lines are concurrent, then 

















a 1 1 

1 Bi} =0 

| Oi Fe 

b 1 thot ody 
— a —1 +1 = 0 

lc lz ; ; 
a a (be —1) -(c -1)+(1 -—b) =0 = abc-a-—c+1+1-b=0 => abe=a+b+c-2 .-(i) 
Now, 1 ‘i 1 é 1 _ (1-6) (1-c) +(1—-a@) (1-0) + (1 -@) (1-8) 

l-a 1-b 1-c (1 —a) (1 —b) (1 -—c) 


_ 3-2(a+b+c)+ab+be+ca 
1—(a+b+c)+ab+be + ca—abe 
3-2(a+b+c)+ab+be+ca Seat 
~ {ce ee ee ee reg 
s 3-2(a+b+c)+ab+bc+ca iy 
3-—2(a+b+c)+ab+bce+ca 
EXAMPLE6 Show that the following lines are concurrent: 
L, = (a-b)x + (b-c)y + (c-a) = 
Ly = (b-—c)x + (c-—a)y + (a—b) 
and, L3 = (c-a)x + (a-—b)y + (b-c) 
SOLUTION Clearly, 
Ay Ly + Ay Lo +A3 L3 =0, where Ay =Ap =A3 =1 


Hence, the given lines are concurrent. 


| oe 
So ° 


EXAMPLE7 Show that the altitudes of a triangle are concurrent. 


SOLUTION Let ABC bea triangle such that the coordinates of its vertices are A (x1, y;),B (Xo, Y2) 
and C (x3, y3). Let AD, BE and CF be the altitudes drawn from the vertices A, B, C respectively 
to the opposite sides BC, CA and, AB respectively. Then, 


Slope of BC = =2 “3 SP ern aes 43 =) and, Slope of AB = #2—71 
*2 %3 =X] X2 —X4 
Since AD 1 BC, BE L ie and CF | AB. Therefore, 








Slope of AD = —~2—*3, Slope of BE=-=3—*1 and, Slope of CF = —*2—4*1. 
Yo -Y3 ¥3—¥4 Yo—¥y 


> Ceres ees = 
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A(X, Y;) 





B(X>, Y>) D C(x3, 3) 





Fig. 23.67 
The equation of altitude AD is 
y-y, = -2243 (x — x4) 
Y2 —Y3 
be Ly = XQ ~ 3) + y (Yo yg) 4 (x2 — 23) -y; (yo —y3) =0 vali) 


Similarly, equations of altitudes BE and CF are 

ha = x (x3 — x4) + ¥(y3 — 1) — X9 (3 — 4) — yo (yz — yy) 
and, Lg = x(x x2) + y (yy — yp) — x3 (x1 — x5) Y3 (Y1 — Y2) 
Clearly,1.L,;+1.L, +1.L3 = 0. 
Hence, the altitudes AD, BE and CF are concurrent. 
EXAMPLES Prove analytically that the medians of a triangle are concurrent. 


SOLUTION Let ABC bea triangle the coordinates of whose vertices are A (x1, 3), B(X9 , V9) 
and C (x3, y3). Let D,EandF be the mid-points of sides BC, CA and AB respectively. 


2 D6 ~b 
The coordinates of D,E and F are 28, Bas £(23 24 3 a and 


ii) 
(iii) 


2 
Equation of median AD is 
y, - 274 


2 — 
X5 + x3 (x x1) 
x; --+—4 


EF [22% j a respectively. 


A (xy) 


Y-Y¥j 





C (x3, y3) 
ey x -_— x . 


Or, Y—-Yj 


or, (241 —Y2 —¥3) x — (2x1 — x9 — x3) y ~ 1 (2¥1 —Y2 —Y3) + Yy (2x1 — x9 —x3) = 0 
Or, hy = (291 — yo —Y3) x — (2x4 - xy — x5) y+ 04 (yo + Y¥3) — Yi (%2 +x3) = 0 --(i) 
Similarly, equations of medians BE and CF are respectively 
Lp = (2Y2 —¥1 —Y3) X — (2x2 — x1 — x3) ¥ + x5 (y, + Y¥3) — Y2 (x1 + x3) 
Lz = (2¥3 —¥1 —Y2) x —(2x3 — x1 — x2) y + x5 (y, + yp) — ¥3 (x1 + x9) 
We observe that 
1.1; +1.L)+1.L3 =0 (identically) 
Hence, medians AD, BE and CF are concurrent. 


...(il) 
«».(iii) 
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EXERCISE 23.11 





LEVEL-1 


1. Prove that the following sets of three lines are concurrent: 
(i) 1I5x-18y+1=0,12x+10 y—3=Oand6x+66y-11=0 
(ii) 3x-5y-11=0,5x+3y-7 =Oandx+2y=0 
ee ee ee a4 
(iii) el ee 
2. For what value of 7 are the three lines 2x -5 y+3=0,5x-9y+A=Oandx-2y+1=0 
concurrent? 


3. Find the conditions that the straight lines y =1m x + Cy, y =z X+ Co and y =mMg X + Cz May 
meet ina point. [NCERT] 


4, If the lines p; x + q, y=1, pp X + q2 y =1 and p3 x + q3 y=1 be concurrent, show that the 
points (p1, 41), (Po, 92) and (p3, q3) are collinear. 


5. Show that the straight lines L; =(b +c) x+ay+1=0, Lz = (C+ a) x+by + 1=0 and 
Lz =(a+b) x +cy +1 =O are concurrent. 

6. If the three lines ax + a” y+1=0,bx+ b? y+1=0 and cx+ c? y + 1 = 0 are concurrent, 
show that at least two of three constants a, b, c are equal. 


7. Ifa,b, carein A.P., prove that the straight lines ax + 2 y+1=0,bx+ 3 y+1=Oandex+4y 
+ 1 =0 are concurrent. 


8. Show that the perpendicular bisectors of the sides of a triangle are concurrent. 


ANSWERS 





2. 4=4 3. my (Cp — C3) + My (C3 — Cy) + Mg (Cy — Co) =0 
HINTS TO NCERT & SELECTED PROBLEM 


3. If the lines y =m ,x+c, and y =m) xX+Cz and y =m X+C3 are concurrent, then 


Mm -1 cy 
My —-1 ¢y|=0 
mz -1 C3 
m, cy 1 
— My Co 1)=0 [Interchanging second and third column] 
mz C3 1 
> my (Co —C3) +5 (c3 —C}) +mMs3 (cy —C5) =0 


23.10 LINES PARALLEL AND PERPENDICULAR TO A GIVEN LINE 


LINE PARALLEL TO A GIVEN LINE 

THEOREM1 Prove that the equation of a line parallel to a given line ax + by +c =0 isax +by +A=0, 

where iis a constant. 

PROOF Let m be the slope of the line ax + by + c =0. Then, 
a 


m= “ah Using: m= 





_ Coeff. of x 
Coeff. of y 


e68 G8) § EL 
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The required line is parallel to the given line. So, the slope of the required line is alsom. Let c; be the 
y-intercept of the required line. Then, its equation is 
Y=mx+ cy 


a 
=> =—-—X+ 
y b “ated 
—_ ax +by—bce, = 0 
=> ax + by + } = 0, where A =—bc, =constant. Q.E.D. 


NOTE To write a line parallel toa given line we keep the expression containing x and y same and simply 
replace the given constant by an unknown constant X. The value of A can be determined by some given 
condition. 


LINE PERPENDICULAR TO A GIVEN LINE 


THEOREM 2 Prove that the equation of a line perpendicular to a given line ax +by+c=0 
is bx —ay + 4 =0, where i is a constant. 


PROOF Let? be the slope of the given line and mz be the slope of a line perpendicular to the 
given line. Then, 11, = =e As the lines are perpendicular. 





= LE eee 
MyM, =-1 > mM = “ih a5 


Let cy be the y-intercept of the required line. Then, its equation is 
Y = MX + Co 


b 
=> y=-x+ec 
. hess 2 
=> bx —ay+ acy = 0 
= bx — ay + A = 0, whered=acy =constant. Q.E.D. 


To write a line perpendicular to a given line we may use the following algorithm. 
ALGORITHM 
STEPI Interchange x and y. 


STEPH If the coefficients of x and y in the given equation are of the same sign make them of opposite 
signs and if the coefficients are of opposite signs make them of the same sign. 


EPI Replace the given constant by a new constant which is determined by a given condition. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the equation of the line which is parallel to 3 x — 2 y + 5 = 0 and passes through the 
point (5, — 6). 


SOLUTION The equation of any line parallel to the line 3x —-2y +5 =0 is 
3x-2y+A=0 (i) 
This passes through (5, — 6) . 
3x5-2x -6+A=0 => A=-27. 
Putting A =— 27 in (i), we obtain 3x — 2y — 27 = Oas the required equation. 
ALITER The slope of the given line is 3/2. Therefore, the slope of the required line is also 3/2. 
Since the required line passes through (5, -6), so its equation is 


y+6 == (x-5) or, 3x—-2y—-27=0 [Using: y—y, =m (x-2))] 
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EXAMPLE2 Find the eauatien of the straight line that passes through the point (3, 4) and perpendicular 
to the line 33x+2y+5=0. 


SOLUTION The equation of a line perpendicular to 3x + 2y+5=0 is 

2x -3y+A=0 .»-(1) 
This passes through the point (3, 4). 

3x2-3x4+2A=0> 1 = 6 
Putting 4 = 6 in (i), we obtain 2 x — 3 y + 6=0 as the required equation. 
ALITER The slope of the given line is —- 3/2. Since the required line is perpendicular to the given 
line. So, the slope of the required line is 2/3. As it passes through (3, 4). So, its equation is 


y-4 =; (x-—3) or, 2x-3y+6=0 [Using:y —y, =m (x —x})]. 


EXAMPLE3 Find the equation of the line perpendicular tox —7y +5 =0 and having x- intercept 3. 
SOLUTION The equation of a line perpendicular to x -7y +5 =Ois 

7xXx+y+A=0 »»-(1) 
Its x-intercept is 3. This means that the line cuts x-axis at a distance of 3 units from the origin. 
Consequently, it passes through the point (3, 0) on x-axis. 

21+0+A=0 => A=-21 
Putting 2. =— 21 in (i), we obtain 7x + y — 21 =0 as the equation of the required line. 
EXAMPLE4 Find the coordinates of the foot of the perpendicular drawn from the point (1,—2) on the line 
y=2x+1. 


SOLUTION Let M be the foot of the perpendicular drawn from P (1, — 2) on the line y=2 x +1. 
Then, M is the point of intersection of y=2.x+1 and a line passing through P (1, -2) and 
perpendicular to y = 2 x + 1. The equation of a line perpendicular toy =2x+lor,2x-y+1=0 
is 


nde Dy He O (i) Be) 
This passes through P (1, — 2). 
1-4+A=0>A2=3 
Putting A = 3 in (i), we get 
x+2y+3=0 
Point M is the point of intersection of the lines 
2x -—-y+1=0 and x+2y+3=0. 7 M B 
Solving these equations by cross-multiplication, we get y=2x+1 
Boe eee, iL Fig. 23.69 


Hence, the coordinates of the foot of the perpendicular are (—1,-—1). 


EXAMPLES Find the equation of a straight line parallel to 2 x + 3 y + 11 =O and which is such that the 
sum of its intercepts on the axes ts 15. 


SOLUTION The equation of a line parallel to2x+3y+11=Ois 
2x + 3y + A = 0, Aisaconstant ...(1) 
To find x-intercept of this line, we put y = 0 in its equation. Putting y = 0 in (i), we get 
=> 2x+A=0> x =-A/2 
So, x-intercept = —A/ 2. 
To find y-intercept of this line, we put x = 0 in its equation. Putting x=0 in (i), we get 





es 
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Sy +X=0> y = -A/3 
So, y-intercept = — 1/3. 
It is given that the sum of the intercepts of the line (i) on the coordinate axes jg ] 5 

(-%) + (-4) = 15 Mite Ss. Rw = 19 

2 3 6 

Putting 1 = -18 in (i), we get: 2x + 3y -18 =0. 
Hence, the equation of the required line is 2x + 3y —18 =0. 
EXAMPLE 6 Show that the equation of a line passing through (a cos? 0,a sin® 9) and Perpendicular, 
the line x sec 8+ y cosec 0 =a is x cos 0 —y sin 8 =a cos 2 0, 


SOLUTION ‘The equation of a line perpendicular to the line x sec 0 + y cosec 0 =a is 
x cosec 8 — ysec@ + X = 0, Aisaconstant 


This line passes through (a cos? 0, a sin? Q). i 
acos® @ cosec @ — asin? Osec@ + 2 = 0 

=> A = a(sin? 8 sec @ — cos” @ cosec Q) 

Putting the value of in (i), we get 
x cosec 8 —y secO+a/(sin? @ sec Q —cos? @ cosec 8) =0 

‘oe ee [se : =) 


sin@ cos 6 cos 6 sin 8 


U 








x cos 9—y sin 8+ a(sin* 6 —cos4 8) = 0 

* cos 8—y sin 6 +a (sin? 6 + cos? 8) (sin? 8 —cos? 8) =0 
* cos 9—y sin 8 —a (cos? @ —sin2 8) =0 

x cos 9-y sin @—acos26= 0 

x cos 8—y sin 0 =a cos 2 0, 


EXAMPLE7 Find the image of the point (— 8, 12) with respect to the line mirror 4 x +7 y +13=0. 


SOLUTION Let the image of the point P (— 8, 12) in the line mirror AB be Q (a, B). Then, the line 
segement PQ is perpendicularly bisected at R. 90, the coordinates of R are 


VuUduygyY 





[a=8 B+12 12) 
pe ie 
As it lies on 4 x+7 y +13 <0, 

r 7B + 84 

26-16 + ot +13=0 => 40+7B8+78=0 ...(i) 


The line segment PQ is perpendicular to AB. 
(Slope of AB) x (Slope of PQ) = —4 





a + 8 Q(a, B) 
> 7a-4B8+104 = 0 .».(ii) Fig. 23.70 


Solving (i) and (ii), we get: a =-16,B=-2 
Hence, the image of (— 8, 12) in the line mirror 4 x +7 y+13=0is —16,—2). 
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EXAMPLE 8 A per ere at a junction (crossing) of two straight paths represented by the 
equations 2X — sy : =U GN (Of Bi 20 =0, wants to reach the path whose equation is 
6x -7y + 8 = Oin the least time. Find the equation of the path that he should follow. [NCERT] 
SOLUTION The lines 2x —- 3y—4 =O and 3x -4y —5 =0 intersect at (-1, — 2). In order to reach 


the path, represented by the equation 6x —7y + 8 =0, in the least time, the person should move 
along the line passing through A and perpendicular to 6x —7 y+8=0. 





Fig. 23.71 


Clearly, slope of the line 6x-7y +8 =Ois =. Therefore, slope of a line perpendicular to it is = 


Hence, the equation of the required path is 


y+2 = -2 (+1) or, 7x+6y+19 = 0 


EXAMPLE9 The equations of two sides of a triangle are 3x-—2y+6 = Oand4x+5y—20 = Oand 


the orthocentre is(1, 1). Find the equation of the third side. [NCERT] 
SOLUTION Let the equations of sides AB and AC of triangle ABC be respectively 

3x—2y+6 = 0 ..-(i) 
and, 4x +5y—20 = 0 ii 





Fig. 23.72 


Let H (1,1) be the orthocentre of triangle ABC where the altitudes AL, BM and CN intersect 

each other. Clearly, BM passes through H (1,1) and is perpendicular to AC. The equation of a 

line Perpendicular to AC is we 
5x-—4y+2 = 0 -«-(ili) 

Ifit passes through the orthocentre H (1, 1), then 

: 9-447 =0> A=-!1 

ubstituting A. = —1 in (iii), we get | 

Spo 4y-1 = 0 ...(iv) 


— 2 ee See ee aera wees 


at 
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This is the equation of altitude BM. 


The vertex B of AABC is the intersection point of side AB and altitude BM. Solving their 
equations given by (i) and (iii), we get x =-13 and y =— 33/2. 
So, coordinates of B are (— 13, — 33/2). 
The altitude CN is perpendicular to AB. So, let its equation be 
2x+3y+p = 0 vl V) 
If it passes through the orthocentre H (1, 1), then 
2+3¢+np =O> pnp =-5 
Substituting }1 = —5 in (v), we get 
2x+3y-5 = 0 (Vi) 
This is the equation of altitude CN. 
The vertex C of A ABC is the point of intersection of side AC and altitude CN. 
Solving (ii) and (vi), we obtain that the coordinates of C are (35/2, —10). 


Thus, the coordinates of B and C are(—13, — 33/2) and (35/2, —10) respectively. Hence, equation 
of side BC is 





33 
-10 + — 
7 (x +13) or, za ao oe. (x +13) or, 26x —122y —1675 =0 
2 35 143 2 61 
2 


EXAMPLE10 A straight line Lis perpendicular to the line5x — y =1. The area of the triangle formed by 
the line L and the coordinate axes is 5 square units. Find the equation of the line L. 
SOLUTION The equation of a line L perpendicular to the line 5x — y =1is 

x+5y+A=0 ww(i) 


This line meets x-axis at y=0. Putting y=0, we get x=—A. So, the line L meets x-axis at 
A (—A, 0). 





Fig. 23.73 


The line L meets y-axis at x = 0. Putting x = 0in the equationx + 5y + A =0, we obtain y =—A/5. 
So, the line L meets y-axis at B (0, —/5). 
Thus, the line L meets the coordinate axes at A and B such that OA =—) and OB =—A/5. 


It is given that 


Area of AOAB =5 
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x = (OA) (OB) =5 
— 3-a(-2}=5 => 2° =50> 2=45 2 


Substituting the value of % in (i), we obtain x +5y +5J/2 =0 as the equations of the required 
line L. 

EXAMPLE11 Let P (x1, 4) be a point and let ax+by+c = 0 bea line. If L(h,k) is the foot of 
perpendicular drawn from P on this line and Q (a, B) is the image of P in the given line, then prove that 





(i) h-x, is k—y S (eu + | (ii) a=-x%, Bp=-y _ {= ym 
é 


a b a +b? a® +b? 


SOLUTION Suppose PQ makes an angle 9 with x-axis. Since PQ is perpendicular to 
P(x a y,) 


ax +by+c=0. 


Slope of PQ x (Slope of ax+by+c = 0) = —1 





= tan Ose = —1 

b ax + by +c =0 
— tan 0 = b 

a 
= Sin: @ =: ma eamee COe Oe 

poNep2 a? he Q(a, B) 


Fig. 23.74 
Since PQ passes through P (x1, y;) and makes an angle @ with x-axis. Therefore, equation of PQ 


ee _X-X, yr-tl 
(in distance form) is ———_! = YON 
cos9 sin 9 


Let PL = LQ =r. Then, coordinates of L and Q are given by 
YY a oe 





= 2r respectively. 


cos 9 sin cos8 sin 8 
aa Viet aL ALY, wali) 
cos 9 sin 6 

and, Suis = B-¥4 = ?r (Li) 
cos 9 sin 0 


h-x, _k-yy 
cos@ sin® 
So, the coordinates of L are (x, +r cos 8, y; +r sin 9). 
Point L lies on ax + by+c = 0. 
a(x; +r cos 8)+b(y,; +rsin 68)+c = 0 
AX, + by, +c 
acos 8+b sin 8 


Now, 





=r=> h=x,+rcos0,k =y;+rsin6 


=> r=- 


_ aX, + by, +C 


od ic a : He b 
ae . cos 9 Fey ae a ae 
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Sy +XK=0> y = -A/3 
90, y-intercept = — 2/3. 


It is given that the sum of the intercepts of the line (i) on the coordinate axes is 15. | 
(-3) + (-%) = = -°5 =15 =.= -18 | 

Putting A = -—18in (i), we get: 2x + 3y —18 =0. 

Hence, the equation of the required line is 2x + 3y —18 =0. 

EXAMPLE 6 Show that the equation of a line passing through(a cos® 0,a sin? 0) and perpendicular to 

the line x sec 8+ y cosec 8 =a is x cos 8 —y sin 8 =a cos 2 0. 


SOLUTION The equation of a line perpendicular to the line x sec 0 + y cosec 0=a is 
x cosec 68 — ysecO + A = 0, Aisaconstant ..(i) 


This line passes through (a cos? 0, asin? 6). 
acos® @cosec@ — asin? @secO + 1 = 0 
= a(sin® @sec@ — cos* 0 cosec 8) 
‘ng the value of 2 in (i), we get 
x cosec 8 — y sec 0 + a(sin® @ sec 0 — cos® 0 cosec 6) =0 


x y +o{ SO se ) =p 








sin @ cos 0 cos®@ = sin 8 


x cos 8 —y sin 6 +.a(sin* 0 -cos* 6) = 0 


Vv 


x cos 8—-ysin 0 +a(sin* 8 + cos” 6) (sin? ® — cos” 6) =0 
x cos 8 —y sin 9 —a(cos” 9 -sin? 6) =0 
x cos 8—ysin 8-—acos26= 0 
x cos 8—y sin 8 =a cos 2 8. 
EXAMPLE7 Find the image of the point (— 8, 12) with respect to the line mirror 4x +7 y +13 =0. 
SOLUTION Let the image of the point P (— 8, 12) in the line mirror AB be Q (a, 8). Then, the line 
segement PQ is perpendicularly bisected at R. So, the coordinates of R are 
(= —-8 B+ =) 
Dig DF) 
As it lies on 4x+7 y+13=0. 


7B + 
20-16 + PFE 413-0 > 40+7f+78=0 76) 


YU ¥ 





P(-8, 12) 


4x+7y+13=0 





The line segment PQ is perpendicular to AB. 
(Slope of AB ) x (Slope of PQ) = -1 





Se Pe 8 
7 a+8 O(a. B) 
=> 7a-—4B8+104 =0 ...(ii) Fig. 23.70 


Solving (i) and (ii), we get: « =—16, B =—2. 
Hence, the image of (— 8, 12) in the line mirror 4 x +7 y + 13 =0 is (- 16, — 2). 
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EXAMPLE 8 A person stranding at a junction (crossing) of two straight paths represented by the 
equations 2x-3y—4=0 and 3x—4y-5=0, wants to reach the path whose equation is 
6x -7y + 8 =0in the least time. Find the equation of the path that he should follow. [NCERT] 


SOLUTION The lines 2x — 3y —-4 =O and 3x —4y —5 =0 intersect at (—1, — 2). In order to reach 
the path, represented by the equation 6x —7y + 8 =0, in the least time, the person should move 
along the line passing through A and perpendicular to 6x —-7y + 8 =0. 








A(-1,-2) 2r-3y— 4a 


Fig. 23.71 


serene 
Clearly, slope of the line 6x —7y +8 =O is <. Therefore, slope of a line perpendicular to it is ar 


Hence, the equation of the required path is 


y+2 = -2 (x41) or, 7x+6y+19 = 0 


EXAMPLE9 The equations of two sides of a triangle are 3x -2y+6 = Oand4x+5y-—20 = Oand 


the orthocentre is(1, 1). Find the equation of the third side. [NCERT] 
SOLUTION Let the equations of sides AB and AC of triangle ABC be respectively 

3x -2y+6 = 0 .»-(i) 
and, 4x+5y—20 = 0 ...(il) 





Fig. 23.72 


Let H (1,1) be the orthocentre of triangle ABC where the altitudes AL, BM and CN intersect 
each other. Clearly, BM passes through H (1, 1) and is perpendicular to AC. The equation of a 
line perpendicular to AC is 

5x-4y+A = 0 ..(iii) 
If it passes through the orthocentre H (1, 1), then 

5-447 =0> A=-1 
Substituting A = —1 in (iii), we get 

Sx-4y-1 = 0 ...(iv) 


os. ~~ oa == ae se =) sere ererr™ © 
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This is the equation of altitude BM. 


The vertex B of AABC is the intersection point of side AB and altitude BM. Solving their 
equations given by (i) and (iii), we get x =—13 and y =— 33/2. 
So, coordinates of B are (—13, — 33/2). 
The altitude CN is perpendicular to AB. So, let its equation be 
2x+ 3y+p = 0 .-(V) 
If it passes through the orthocentre H (1, 1), then 
2+34¢np =-O>un=-5 
Substituting 1) = —5 in (v), we get 
2x + 3y—-5 = 0 ..(Vi) 
This is the equation of altitude CN. 
The vertex C of A ABC is the point of intersection of side AC and altitude CN. 
Solving (ii) and (vi), we obtain that the coordinates of C are (35/2, —10). 


Thus, the coordinates of B and C are(—13, — 33/2) and (35/2, —10) respectively. Hence, equation 
of side BC is 





33 
—-10 + — 
ee (13) 07, ae a2 (413) or, 26x -122y -1675 =0 
2 39 143 Oe 61 
2 


EXAMPLE10 A straight line L is perpendicular to the line5x — y =1. The area of the triangle formed by 
the line L and the coordinate axes is 5 square units. Find the equation of the line L. 
SOLUTION The equation of a line L perpendicular to the line 5x — y =1 is 

x+5y+A=0 »»-(1) 


This line meets x-axis at y=0. Putting y=0, we get x=—2. So, the line L meets x-axis at 
A (—A, 0). 





Fig. 23.73 


The line L meets y-axis at x = 0. Putting x = 0 in the equation x + 5y + 4 =0, we obtain y =—A/5. 
So, the line L meets y-axis at B (0, —A/5). 
Thus, the line L meets the coordinate axes at A and B such that OA =—A and OB =—A/5. 


It is given that 


Area of AOAB =5 
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nT." = 2. 
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=> (0A) (OB) =5 


5(-9(-2)=5 = 2 =50= 4=25 V2 


Substituting the value of A in (i), we obtain x + 5y + 5./2 =0 as the equations of the required 
line L. 


EXAMPLE 11 Let P (x1, y1) be a point and let ax+by+c = 0 bea line. If L(h,k) is the foot of 
perpendicular drawn from P on this line and Q («., B) is the image of P in the given line, then prove that 





q Bom 2 kom _ (sues | ay 2 eu -o[ uptise] 
al 


a b a? = b? b az + b2 
SOLUTION Suppose PQ makes an angle @ with x-axis. Since PQ is perpendicular to 
ax+by+c=0. P(X, ¥y) 


Slope of PQ x (Slope of ax+by+c = 0) = ~1 





— tan 0 x Site —] 
b ax + by +c=0 
b L(ht, k) 
— tan 8 = — 
a 
: a 
= pints: arid cos 989 = ———— 
OEY POR. Q(a, B) 
\ Fig. 23.74 


Since PQ passes through P (x1, yj) and makes an angle 8 with x-axis. Therefore, equation of PQ 


ee _xX-xX, yr! 
(in distance form) is ——— = JT 
cos9 sin 8 


Let PL = LQ =r. Then, coordinates of L and Q are given by 


coi = VERELAL =rand Ses | = Usmlal =2r respectively. 








cos®@ sin @ cos@ sin 0 
h-x, a k-yy =e .»-(i) 
cos 8 sin 0 

eee Pt >, 2 
cos 8 sin 6 
h=x k=" =r=> h=x,+rcos8,k =y,+rsin6 


Now, 
cos§  sin@ 


So, the coordinates of L are (x, +r cos 9, y; +7 sin 9). 
Point L lies on ax +by+c = 0. 
a(x; +rcos 8)+b(y; +rsin 8)+c = 0 
ax, + by, +c 
acos 8+0b sin 6 


=> ie 


a = a tbyite 


+ ar: ip Sena 
Ria “ cos 8 sera a2 +b? 


ns eres © 


Ube LA he 
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(i) Substituting the values of cos 0, sin 0 and r in (i), we get 


Meee 8 Oe thy te 
inte _ . eae 
ya +b? a> +b 

h=-x%, _ K-yy _ ax, + by, +c 
a b a +b? 


(ii) Substituting the values of cos 0, sin 0 and r in (ii), we get 


a-—X, a B-¥ B35 Ge ss) 

a | 1 Is) ae aaa a 
Re = b 
5 6) — am + 

Ja +b Ja +b 


ox a— xX} _ Brn Bap <4; fps 





a* +b? 
EXAMPLE 12 Find the centroid, incentre circum-centre and orthocentre of the triangle whose sides have 
the equations 3x -4y=0,12 y+5x=Oand y—15=0 


SOLUTION Let ABC be the triangle whose sides BC, CA and AB have the equations y — 15 =0, 
3x-4y=0and5x+12 y =0 respectively. Solving these equations pair wise we can obtain the 
coordinates of the vertices A, B,C as A (0, 0), B (— 36, 15) and C (20, 15) respectively. 





B(-36, 15) D C(20, 15) 
Fig. 23.75 


Centroid: The coordinates of the centroid are 


Se | -(-%8, 10) Using: (t#at#s wtstvs)} 
3 3 3 3 3 


In centre: We have, 


a = BC =4{(- 36 — 20)? + (15 -15)* =56, b= CA = 20? +1527 =25, 
and, c= AB =,/(- 36 — 0)? + (15 -0)7 =39. 


Using | +bxX5+CX3 ayy +by2 + cy3 


“ the coordinates of the incentre are 
at+b+c a+b+c 


7 


56x 0+ 25x —36+ 39x20 56x0+25x15+ 39x15 
56 + 25 + 39 56 + 25 + 39 


)- 15 


ee -- 
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Circum-centre: Let(x, y) be the coordinates of the circum-centre O (say). Then,OA = OB = OC. 
Now, OA = OB 

=> OA? = OB? 

=> oo y" = (x + 36)? + (y ~15)? 

=> 72x — 30y + 1521 = 0 -»-(i) 
and, OB = OC 

= OB? = OC? 

>  (x+ 36)? +(y—15)? =(x — 20)” + (y -15)” 

SS 2s +896 =0 => F=—s .--(ii) 
Solving (i) and (ii), we get : x =— 8 and, y = 63/2. 

So, the coordinates of circumcentre are (— 8, 63/2). 

re le AD isa line passing through A (0, 0) and perpendicular to y —15 = 0.50, equation 
of AD is x =0. 


The equation of any line perpendicular to side AC having equation 3x—4y=0 is 
4x+3y+2=0.If it passes through B(—36, 15), then 
—144+45+A=0 > A=99. 
So, the equation of BE is 4x+3y+99=0. 
Solving the equations of AD and BE, we obtain x =0 and y =— 33. 
Hence, the coordinates of the orthocentre are (0, — 33). 
EXAMPLE13 Find the circumcentre of the triangle whose sides are 3x-y+3=0,3x+4y+3=0 
andx+3y+11=0. 


SOLUTION Let ABC be the triangle whose sides AB, BC andCA have the equations 
3x-y+3=0,3x+4y+3=Oandx+3y+11=0 respectively. 


A(-2, —3) 





B(-1,0) 3x+4y+3=0 C(7,6) 
Fig. 23.76 


The circumcentre of AABC is the point of concurrence of its perpendicular bisectors. So, let us 
first find the perpendicular bisector of sides BC and AC. 


Solving the equations of AB and AC; BC and AB; AC and BC in pairs we obtain that the 
coordinates of the vertices A, BandC are (— 2, —3), (— 1, 0) and (7, — 6) respectively. 


The equation of a line perpendicular to BC is4x—3y+A = 0. 

This will pass through (3, — 3), the mid point of BC, if 
12+9+2A=0 => A=—21. 

Putting A =— 21 in 4x — 3y + 4 =0, we get 


a Sear 


__——— 
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4x —3y—21=0. -os(i) 
as the equation of the perpendicular bisector of BC. 


The equation of a line perpendicular to AC is 


3x —-y+A, =0. 
This will pass through (5/2, — 9/2) i.e. the mid point of AC, if 
ee a = = — 12, 
2 2 
Putting A, =—12in3x—y +A, =0, we get 
3x -—y-12=0. . (ii) 


as the perpendicular bisector of AC. 

Solving (i) and (ii), we get: x = 3, y =— 3. 

Hence, the coordinates of the circumcentre of A ABC are (3, — 3). 

EXAMPLE14 Find the orthocentre of the triangle whose vertices are (at, ty, a (ty +)), 
(ato tz, a(tp +t3)) and (at, tz, a(t, + ts)). 

SOLUTION Let ABC be a triangle whose vertices are A (at, fo, a (ty + f)), B (alg tz, 4 (to + t3)) 


and C (at, tz, a(t + t3)). The orthocentre of AABC is the point of concurrence of its altitudes. So, 
let us find their equations. 


Clearly, 
= = +t 
Slope of BC = a(ty +t3) — a(t + #3) = 1 and, Slope of AC = a(t + #3) — a (fy +b) = 1 
ato fs —al, fs fs at, fs —aty f5 fy 

The equation of the line through A perpendicular to BC i.e. the altitude through vertex A is 

y—-Aa (ty + ty) = —fs (x — at; f5) .»-(1) 
The equation of the line through B perpendicular to AC i.e. the altitude through vertex B is 

y-a (to ay ts) = =F (x — aly ts) ...(ii) 


The point of intersection of (i) and (ii) is the orthocentre. 

Subtracting (ii) from (i), we get x =—a. 

Putting x =—a in (i), we get y =a (fy + fy + tg +t fy fs). 

Hence, the coordinates of the orthocentre are (— a, a (ty + tp + fg + ty fp ta). 


EXERCISE 23.12 
LEVEL-1 


1. Find the equation of a line passing through the point (2, 3) and parallel to the line 
3x-4y+5=0. 


2. Find the equation of a line passing through (3, — 2) and perpendicular to the line 
x-3y+5=0 

3. Find the equation of the perpendicular bisector of the line joining the points (1,3) and (3, 1). 

4. Find the equations of the altitudes of a A ABC whose vertices are A (1, 4), B(— 3, 2) and 
C (—5, —3). 

5. Find the equation of a line which is perpendicular to the line 3 x - y +5 =0 and which 
cuts off an intercept of 4 units with the negative direction of y-axis. 


6. If the image of the point (2, 1) with respect to a line mirror is (5, 2), find the equation of the 
mirror. 


7. Find the equation of the straight line through the point (a, B) and perpendicular to the line 
Ix +my +n =0. 
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10. 


11. 


14. 


15. 


16. 


17, 


18. 


19. 


20. 


21, 


24. 


25. 


26. 





Find the equation of the straight line perpendicular to 2x—3y=5 and cutting off an 
intercept 1 on the positive direction of the x-axis. 


. Find the equation of the straight line perpendicular to 5 x-2y=8 and which passes 


through the mid-point of the line segment joining (2, 3) and (4, 5). 


Find the equation of the straight line which has y-intercept equal to 4/3 and is 
perpendicular to 3x —-4 y+11=0. 


Find the equation of the right bisector of the line segment joining the points (a,b) and 
(ay b,). 


. Find the image of the point (2, 1) with respect to the line mirror x + y -5 =0. 
13. 


If the image of the point (2, 1) with respect to the line mirror be (5, 2), find the equation of 
the mirror. 


Find the equation to the straight line parallel to 3 x — 4 y + 6 =0 and passing through the 
middle point of the join of points (2, 3) and (4, — 1). 


Prove that the lines 2x-3y+1=0, x+y=3, 2x-3y=2 and x+y=4 form a 
parallelogram. 


by OO al 
Find the equation of a line drawn perpendicular to the line ri + 7 =1 through the point 


where it meets the y-axis. [NCERT] 
The perpendicular from the origin to the line y =mx + c meets it at the point (—1, 2). Find 
the values of m and c. [NCERT] 


Find the equation of the right bisector of the line segment joining the points (3, 4) and 
(-1, 2). 


The line through (i, 3) and (4, 1) intersects the line 7x —9y —19 = 0 at right angle. Find the 
value of h. 


Find the image of the point (3, 8) with respect to the line x + 3y =7 assuming the line to bea 
plane mirror. [NCERT] 
Find the coordinates of the foot of the perpendicular from the point (—1, 3) to the line 
3x —4y —16 =0. [NCERT] 


. Find the projection of the point (1, 0) on the line joining the points (—1, 2) and (5, 4). 
. Find the equation of a line perpendicular to the line /3 x-—y+5=0and ata distance of 3 units 


from the origin. 


The line 2x+3y = 12 meets the x-axis at A and y-axis at B. The line through G, 5) 
perpendicular to AB meets the x-axis and the line AB at C and E respectively. If O is the 
origin of coordinates, find the area of figure OCEB. 


Find the equation of the straight line which cuts off intercepts on x-axis twice that on y-axis 
and is at a unit distance from the origin. 


The equations of perpendicular bisectors of the sides AB and AC ofa triangle ABC are 
x-y+5=Oand x + 2 y=0 respectively. If the point A is (1,—2), find the equation of the line 
BC. 


ANSWERS 
1. 3x-4y+6=0 2. 3x+y-7=0 3. y=Xx 
4. 2x+5y-22=0,6x+7 y+4=0,2x+y+13=0 
5. x+ V3 y+ 4/3 =0 6. 3x+y—-12=0 
7. m(x-a)=l(y—-B) 8 3x+2y-3=0 9.2x+5y-26=0 10.4x+3y-4=0 


. 2x (a, -a) + 2y (b, —b) + (a? +b?) -(a,? +b,2) =0 12. (4,3) 
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13. 3x+y=12 14. 3x-4y=5 16. 2x-3y+18=0 17. m=1/2,c =5/2 
18. 2x+y-5=0 = 19. 22/9 20. (-1, -4) 21. (Se ,- 2) 

25: «25 
22. (=.=) 23. x+ V3 y+6=0 24, = sq. units 25. x + 2y+ v5 =0 


26. 14x+23y-40=0 27. 5x+3y+8=0 
HINTS TO NCERT & SELECTED PROBLEMS 





16. The line - “+ i =1 cuts y-axis at (0, 6) and has slope is -5. 


Hence, equation of the required line is y — 6 =< (x -—0) or, 2x-3y+18=0 


17. cHean (1, 2) lies on y =x + ¢. 





2=-m+c .»-(1) 
The line joining the origin to (— 1, 2) is perpendicular to y =mx + c. 
Ss ==> a 
-1-0 


Putting m =5 in (i), we get c = >. 

















20. Let the image of the point P (3, 8) in the line mirror x + 3y =7 be Q (a f). Then, PQ is 
perpendicularly bisected at M. The coordinates of M are as z / B 3 S Since M lies on 
x+ 3y =7. 

a5343(F5)-7 P(3, 8) 
2 2 
=> a+3B+13 = 0 pa(1) 
Line segment PQ is perpendicular to x + 3y =7. 
Beas x — yy =—1 
a-3 3 
=> 3a-9 = B-8 
— 3a-B-1=0 .»-(il) Fig. 23.77 


Solving (i) and (ii), we get a =—1 and B =— 
Hence, the coordinates of Q are (—1, —4). 
21. Let M (a, ) be the foot of perpendicular from P (—1, 3) on the line 3x — 4y —16 =0. Then, 
B-3 3 


x—=-1 
atl 4 P(- 1, 3) 


=> 4a + 3B-5=0 ..-(i) 
Point M (a, B) lies on 3x — 4y —16 =0. 


3a —48 -16 =0 ...(ii) 
Solving (i) and (ii), we get 





o= 25 and mea 3x-4y -16=0 M(a,f) 
Hence, the coordinates of M are (68/25, — 49/25). Fig. 23.78 
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23.11 ANGLE BETWEEN TWO STRAIGHT LINES WHEN THEIR EQUATIONS ARE GIVEN 
THEOREM Prove that the acute angle ® between the lines a, x + by y+ Cy = Oand ay x + bp y+ Cp =0 
is given by 


ay by —ay b 
tan 0 = hea? Me elie Wasi? 








Ay ay +b, bo 


PROOF Let m, and mp be the slopes of the lines a, x +b; y+ cy = 0 and ay x+by y+ Cp =0. 
Then, 











al at 
m, =—— and my =——*. 
b, b> 
my —m 
Now, tan 9 =|-_!_—__ 2 
1 +m, Mp 
SL 22 
by Ay by — a by 1 


> tan 6 = ___ «| => tan§@ = => 6 = tan 





Ay by — ay by 
ay aa + by b 
Q.E.D. 


CONDITION FOR THE LINES TO BE PARALLEL [f the lines a, x +b, y +c, =Oanday x+ by y+ Co =0 
are parallel, then 








a a> + b, b> 


my, = b> ae tes 2 Ae le by 
b, by ay dy 
CONDITION FOR THE LINES TO BE PERPENDICULAR [If the lines a,x+b,y +¢, =0 and 
My X + by Y + Cp =Oare perpendicular, then 
ay A> 


mm = -1>-+x-4 =-1l>amam+bhbo = 0 
by bo 
It follows from the above discussion that the lines a, x + by y + cy =Oanday x + bp y + cp =Oare: 
b 
(i) Coincident, if = 21 = {1 (ji) Parallel, if tb =—1 + 1. 
fly i) C5 ad b> C2 
(iii) Intersecting, if a # A (iv) Perpendicular, if a, ay +b; bo =0 
2 2 


To find the acute angle between two lines when their slopes are given, we may use the following 
algorithm. 


ALGORITHM 
STEPI Obtain the equations of the lines. 


Coeff. 
STEPII Obtain the slopes m, and mp of two lines by using the formula: Slope = — eee , 


STEPT Use the formula : tan 6 = mo to find the acute angle © between the lines. 
ty) 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the angles between the pairs of straight lines 
(i) x-V3y-5 = OandJ/3x+y-7=0 (ii) y=(2—V3)x4+5 and y=(2+ V3) x-7. 
SOLUTION (i) The equations of two straight lines are: 
x -V¥3y -5 = 0 ...(i) and J3x+y-7=0 ...(ii) 
Let m, and mp be the slopes of these two lines. Then, 


-1 1 V3 
= ————— SO Cl CO d =e 3 
my = Te = yy and m, ; V3 
We observe that 11,112 =—1. Thus, the two lines are at right angle. 
(ii) Letm, and mp be the slopes of the straight lines y =(2 -/3)x +5 and y=(2+ V3) x-7 
respectively. Then, m, = 2-—J/3 and my =2+ V3. 
Let 6 be the angle between the lines. Then, 


m,—m | _ | (2-V3) -(2+ V3) a 2/3 
1 +m, mp _ fi 
= 8 = r/3 


tee vs\2+v3)| | 144—3| 
Thus, the acute angle between the lines is of 60°. 


EXAMPLE2 Find the tangent of the angle between the lines whose intercepts on the axes are respectively 
a,—band b,-a. 


SOLUTION The line which cuts off intercepts a and —b on the coordinate axes passes through 
points A (a, 0) and B (0,-—b). 
-b—-0 


Slope of line AB = m, = - = 
—a 


The line which cuts off intercepts b and — aon the coordinate axes passes through points C (b, 0) 
and D (0,-—a). 


tan 6 = 





V3 








a |S 








Slope of line Cbeane =e 
0-b b 
Let 6 be the angle between AB and CD. Then, 
Zot 222 
Pig naling yg Sp BT a 
1 +m, m) 142.8 2 ab 
ab 


EXAMPLE3 Find the obtuse angle between the lines x -2y + 3 =Oand 3 x+y-1=0. 


SOLUTION Let mj, and mp be the slopes of the straight lines x -2 y + 3 = 0 and 3x+y-1=0. 
Then, 4 


1 3 
Mm, = —-— = — and ™ = -—— = -3. 
: a iee 2 1 


Let 6 be the angle between the given lines. Then, 
1 


tan 8 = 








Thus, the acute angle between the lines is tan! (7) and the obtuse angle is x — tan" (7). 


THE STRAIGHT LINES 23.97 


EXAMPLE4 Find the value ofk if the straight line 2x+ 3 y+4+k(6x-y+12)=0%s perpendicular to 
the lne7 x+5 y—-—4=0. 


SOLUTION The two lines are 


x(2+6k)+y(3—k)+4+12k = 0. ...(i) and 7x +5y-4=90 ...(ii) 
Letm and mz be the slopes of (i) and (ii) respectively. Then, 
m= 2+6K My = ms 
—k 5 


If lines (i) and (ii) are perpendicular. Then, 





ae -~ 
MyM, =-1 => {2208 (-Z)=-1 = 144+42k=-15+5k => bo, 
. 3-k 5 37 


EXAMPLES A line passing through the points (a, 2 a) and (— 2, 3) ts perpendicular to the line 
4x+3y+5=0, find the value of a. 





2a-3 
SOLUTION Let mm be the slope of the line joining A (a, 2a) and B (- 2, 3). Then, m, = = ) 


+ 
Let m be the slope of the line 4x+ 3y+5=0.Then, tm) =- a 


Since given lines are perpendicular. Therefore, 


mM, My = -1> 
a+2 





EXAMPLE6 Classify the following pairs of lines as coincident, parallel or intersecting: 
(i) x+2y—3=0 and -3x-6y+9=0 (ii) x+2y+1 = 0 and 2x+4y+3=0 
(iii) 3x-2y+5=0 and 2x+y-9=0 

SOLUTION (i) The given lines are a,x+b, y +c, = Oandan x+b2 y+¢2= 0, where 
a =1,b, =2, Cy =-3, = 3,b5 =-—6and Co = 9, 
Clearly, fie SS So, the given lines are coincident. 

ay b> C5 3 
(ii) The given lines are a, x +b, y+c,=0 and ay x+bp y+C7=0, where 

a4 =1, b, =2,c, =1, a> =2,bp = 4, and cp =3. 
Clearly, Giger + <1. So, the given lines are parallel. 

Ay bo C5 
(iii) The given lines are a, x +b, y+ ¢,=0 and a9 x+bp y+c2=0, where 

a, = 3,b, =—2,c, =5, ay =2,bp = 1, and cy =-9. 


Clearly, As a. So, the given lines are intersecting. 


a2 2 
EXAMPLE7 The hypotenuse of a right isosceles triangle has its ends at the points (1, 3) and (—4, 1). 
Find the equations of the legs (perpendicular sides) of the triangle. [NCERT] 


SOLUTION Let ABC be the right triangle with diagonal AC. Let mbe the slope of a line making 
45° angle with AC. 
1-3 2 


Clearly, Slope of AC = cara oe We observe that 6 is the angle between AC and a line of 


slope m. 


23.98 MATHEMATICS-XI 


m— & Sed) 
tan 45° = |.» fs 
2m 
1+-— 
5 
— 2m+5 = + (5m — 2) 
=> 2m+5 = 5m-2 or, 2m+5 = —(5m-— 2) 
7 3 o aS 
=> m= — or, m = -— B A (1,3) 
3 7/ 


Fig. 23.79 


Thus, the lines making 45° angle with AC having slopes ‘ or — : .So, the possible equations of 


Rare 
y-3 = 7 (x-1)andy~3 = ->(x-1) => 7x-3y+2 = Oand 3x+7y-24 = 0 
ssible equations of BC are 
Yiala= “ (x44) andy—1 = == (x+4) = 7x-—3y+ 31 = Oand 3x+7y+5 = 0 


the equations of the sides are: 
7x—3y+2 = Oand 3x+7y+5 =0 or, 7x-3y+ 31 = Oand 3x+7y-—24 = 0 
PLES If the lines y= 3x +1 and 2y =x + 3.are equally inclined to the line y=mx + 4. Find 
alues of m. [NCERT] 
LUTION Let 8 be the acute angle which the line y =mx + 4 makes with the lines y = 3x +1 
d 2y =x + 3. Then, 




















m-3|  |2m-1 
1+ 3m m+ 2 
m—3 2m —1 
=> = + 
3m +1 m+2 
= m? —m—6 = + (6m? -m-1) 
+ 
=> 5m? +5 = 0 or 7m*-2m-7 = 0 => 7m*-2m-7 = 0 = m = 185 


EXAMPLE9 Find the slope of the lines which make an angle of 45° with the line 3x —-y +5 =0. 


SOLUTION Letmbe the slope of the line which make an angle of 45° with the line 3x —y +5 =0. 
Then, 








tan 45° = wis [.- Slope of 3x —-y +5 =0 is 3] 
1+ 3m 
mis ite m—3 
1+ 3m 
=> [1 + 3m = |m—3| ; 
=> 143m = +(m-3) > 1+ 3m = m—3, 1+ 3m =—-m+3—>m = -2,- 
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EXERCISE 23.13 





LEVEL-1 


1. Find the angles between each of the following pairs of straight lines: 
(i) 3x+y+12 = 0 and x+2y-1=0 (ii) 3x-y+5=0 and x-3y+1=0 
(iii) 3x+4y-7 =0 and 4x-3y+5=0 (iv) x-4y=3 and 6x-y=11 


(v) (m? —mn) y =(mn + n*) x+n° and (mn +m?) y =(mn =n*) x+m>, 


2. Find the acute angle between the lines 2x -y+ 3=Oandx+y+2=0. 


3. Prove that the points (2, — 1), (0, 2), (2, 3) and (4, 0) are the coordinates of the vertices of a 
parallelogram and find the angle between its diagonals. 


4. Find the angle between the line joining the points (2, 0), (0, 3) and the line x + y =1. 
5. If @is the angle which the straight line joining the points (x1, y;) and (x2, 2) subtends at the 
origin, prove that tan 0 = *2 W171 92 and cos 0 = 1 2 * Ye 


+142 © 91 92 Oe nese + Yo” 


6. Prove that the straight lines (a+b) x+(a—b) y=2ab,(a—b) x +(a+b)y=2ab and 


; SH 
x + y =0 form an isosceles triangle whose vertical angle is 2 tan J 5 


7. Find the angle between the lines x =a and by +c=0. 
8. Find the tangent of the angle between the lines which have intercepts 3, 4 and 1, 8 on the 





axes respectively. 
9. Show that the line a*x + ay + 1 =Ois perpendicular to the line x — ay =1 for all non-zero real 
values of a. 
na ap 
10. Show that the tangent of an angle between the lines mF we and ace ee lis a 5 
a 0 a b a“ —b 
[NCERT EXEMPLAR] 
ANSWERS 
1. (i) 45° (ii) tan (=) (iii) 90° (iv) tan7 (=) (vy tant Sm 
3 10 we 
2. tan~! 3 3. tari eda (=) 7. 90° qe 
2> 2 5 7 


23.12 POSITION OF TWO POINTS RELATIVE TO A LINE 


In this section, we shall see how to check whether two given points are on the same side or 
opposite sides of a given line. 
Let the equation of the given line be ax+by+c=0 --(i) 


and let the coordinates of the two given points be P (x}, y;) and Q (x5, yp). 
The coordinates of the point R which divides the line joining P and Q in the ratiom:nare 
mM Xo +N X4 mMYp5 +n yy 
m+n ° m+#n 
If this point lies on (i), then 


MX5 +nx m +n 
py pce 2 preys PR 4 \sen0 
m+n m+n 


...(ii) 
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Q(x, Y>) 





(i) (ii) 


Fig. 23.80 
=> mM (AX> + bys +c) +n (ax, + by, +c) =0 
es m _ _@X, + by, +c (iii) 
n AX + by + 


If the point R is between the points P and Q i.e. points P and Q are on the opposite sides of the 
given line, then the ratio m:n is positive. 


AX, + by; +:C 


AXy +by> +C 
AX, + by, +c 
=> eG 
AX, + by +c 
=> ax, + by; + cand axy + by> + c are of opposite signs 


If the point R is not between P and Q i.e. point P and Q are on the same side of the given line, 
then the ratio m:n is negative. 


[Sets <0 [From (iii)] 
AX> + byo +c 

ax, +by,+c " 

AX5 + byo +c 


> 


= ax, + by; + cand ax> + by> + care of the same sign. 

Thus, the two points. (x1, y1) and (x2, y2) are on the same (or opposite) sides of the straight line 
ax + by + c = 0 according as the quantities ax; + by; + c and ax2 + by2 + c have the same (or 
opposite) signs. 

REMARK 1 A point (x1, y) will lie on the side of the origin relative to a line ax + by +c=0, if 
ax, + by, + cand c have the same sign. 

REMARK2 A point (x, y3) will lie on the opposite side of the origin relative to the line ax + by + c =0, if 
ax, + by; + cand c have the opposite signs. 





EXAMPLE 1 Are the points (3, 4) and (2, — 6) on the same or opposite sides of the line 3x —-4y =8? 
SOLUTION Let Z =3x-—4y-—8.Then, the value of Z at (3, 4) is given by 
Z,=3x 3-4x 4-8 =9-16-8=-15<0 


2-8 © 2h tom — e282 = - 


ON 888) 8 Semmes 
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The value of Z at (2, — 6) is given by 

Zo =3x2-4x-6-8=6+ 24—-8=22>0 
Since Z; and Z> are of opposite signs, therefore the two points are on the opposite sides of the 
given line. 
EXAMPLE2 If the points (4,7) and (cos 0, sin 0), where 0 <® <1, lie on the same side of the line 
x+y -—-1=0, then prove that 0 lies in the first quadrant. 
SOLUTION If the points (4, 7) and (cos 0, sin 9) lie on the same side of x + y—1=0, then 
4+7-1 and cos 0+sin 0-1 must be of the same sign. 
cos 0+ sin 8-1 >0 


=> Beechs. 0 4e-aeisin Hee 
2 2 2 


T oe 
> cos 8 sin — + sin 0 cos — > —= 
é 4 4 2 
i 1 1 Ol rt TC 
=> sin(0+Z)>— => Eeaetcits 0<8<—=> a<(0, =) 
4) 2 4 4 4 2 2 


Hence, 0 lies in the first quadrant. 


EXAMPLE3 Find the values of B so that the point (0, B) lies on or inside the triangle having the sides 
3x+y+2=0,2x-3y+5=Oandx+4y—14=0. 
SOLUTION Let ABC be the given triangle. The coordinates of the vertices of the triangle ABC 
are marked in Fig. 23.81. The point P (0, f) will lie inside or on the triangle ABC, if the following 
three conditions hold simultaneously: 
(i) A and P lie on the same side of BC (ii) B and P lie on the same side of AC, 
(iii) C and P lie on the same side of AB. 
Now, A(2, 3) 
A and P will lie on the same side of BC, if 
(3x2+3+2)(3x0+B+2) >0 


=> 11(B+2) = 0 
= B+2 20 
= B > -2 -»-(i) 


B and P will lie on the same side of AC, if 
(-2x2-3x4+5)(2x 0-—38+5)20 





B(-2, 4) 3x +y+2=0 C(-1, 1) 
= —11(-—3B +5) 2 0 Fig. 23.81 
= 3B-520 
5 us 
=> > — ...(ii) 
P 3 
C and P will lie on the same side of AB, if 
(-1+1x 4-14) (0+ 48-14) =0 
=> —22(2B-7) = 0 
= 2B -—7 <0 
> ps2 (ii 


From (i), (ii) and (iii), we obtain that 2 <p< e ie. Be5/3,7/2] 
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EXAMPLE4 Determine all values of o. for which the point (a, «7) lies inside the triangle formed by the 
lines 2x + 3y-1 = 0,x+2y-—3 = Oand5x-6y~-1 = 0. 
SOLUTION Let ABC be the triangle, the equations of whose sides AB, BC andCA are 
respectively 2x + 3y —1=Ox + 2y — 3 =O and5x — 6y —1 =0. The coordinates of the vertices are 
A (1/3 ,1/9), B(—7,5) andC (5/4 , 7/8). If the point P (a, a7) lies inside the AABC, then 
(i) A and P must lie on the same side of BC 

(ii) B and P must lie on the same side of AC ALLS TL9) 

(iii) C and P must lie on the same side of AB. 
Now, 

A and P will lie on the same side of BC, if 


(5+2-s\(a+207-3}>0 
3° 9 


a+2a2-3< 0 






2x +3y-1=0 5x -6y-1=0 


— 
=> 202 +a-3 <0 = 
is x+2y-3= 
=> (a-1)(20+3) <0 eae) as C6/4, 7/8) 
= a €(-—3/2,1) .»-(i) Fig. 23.82 
B and P will lie on the same side of CA, if 


(— 35 - 30-1) (5a —6a7 -1) > 0 
=> 607 -—5a+1 > 0 => (3a-1)(2a-1) > O= ae(-~,1/ 3) U(1/2, «) .».(1i) 
C and P will lie on the same side of AB, if 

(2 + 2-3) 20+ 307-1) > 0 


=> 3a7 +2a-1 > 0 => (a+1)(3a-1) >0 > ae(-«, -1) U(1/3, ») ...(iii) 
From (i), (ii) and (iii), we obtain: a e(-— 3 / 2,-—1) U(1/2 ,1) 


EXERCISE 23.14 
LEVEL-2 


1. Find the values of a so that the point P (a, a) lies inside or on the triangle formed by the 
lines x —5y + 6 =0,x-3y+2=Oand x -2y -—3=0. 


2. Find the values of the parameter a so that the point (a, 2) is an interior point of the triangle 
formed by the lines x + y —-4=0, 3x -7y —-8 =O and 4x —y — 31=0. 


3. Determine whether the point (— 3, 2) lies inside or outside the triangle whose sides are 
given by the equations x + y —4 =0, 3x —-7y + 8 =0, 4x —y — 31 =0. 


ANSWERS 
1. a €[2, 3] 2. ae(22/3, 33/4) 3. Outside 
23.13 DISTANCE OF A POINT FROM A LINE 
THEOREM Prove that the length of the perpendicular from a point (x, y;) to a line ax + by + c =0is 
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PROOF The line ax + by + c = 0 meets x-axis at y = 0. Therefore, putting y = 0 in ax + by+c=0, 
we getx =~“. Thus, the coordinates of the point A where the line ax + by + c = O meets x-axis are 
a 





(-c/a, 0).Similarly, the coordinates of B where the line cuts y-axis are (0, —c/b). 
Let P (x1, y;) be the point. Draw PN L AB. 

















Now, 
Area of A PAB = , 1 (0+£)-£(-£-n)} +00 -9) 
= 1 ox, yy = (ax, + by, +c) 2 Oy) 
b a 2 ab 
A(—c/b, 0) 
Also, 
1 flo ae PE aloe . 
Area of APAB = 5 ABx PN 5 =o FNS = V4 +b” x PN -»-(1i) 
From (i) and (ii), we get 
Cc c 2 2 
ax, + by, +c) — = — ya +b° x PN 
Cestasla ) Sab 2 ab 


b by + 
0° PN = es Q.E.D. 
\a +b 


| hana Cerri 
COROLLARY The length of the perpendicular from the origin to the line ax + by + c =0 is Vee “pe . 


We may use the following algorithm for finding the length of the perpendicular from a point 
(x1, y1) to the line ax + by + c =0. 

ALGORITHM 

STEPI Write the equation of the line in the form ax + by + c =0. 


STEP I Substitute the coordinates x, and y, of the point in place of x and y respectively in the 
expression. 


STEP Il Divide the result obtained in step II by the square root of the sum of the squares of the 
coefficients of x and y. 


STEPIV Take the modulus of the expression obtained in step III. 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the distance between the line 12x —5y + 9 =O and the point (2, 1). 





12x2-5x14+9|_ |24-5+9| 28 
hia? + (—5)2 13 13 


EXAMPLE2 [fpis the length of the perpendicular from the origin to the line ek ' = 1, then prove that 
a } 


SOLUTION Required distance = 











a5 Ee ae | sian Mee 2 2 Dk 
(i) 2 = = + i] (ii) a° +b* =0,if a“, p~,b* are in ALP. [NCERT] 
SOLUTION (i) The equation given line is bx + ay —ab =0 ..+(i) 
It is given that 
p = Length of the perpendicular from the origin to line (i) 
p= Le(O)+Aa(0)—ab| ab 
b> +a" ya +b? 
& (2 - EL, a ee 
az a 52 p? az b2 p> az b2 
(ii) Ifa’, p’, b? are in AP, then 2p =a* +b. 
Now, —>=>+— [from (i) 
Da a= 0 
=> p* (a? +b?) = ab? 
ya 
— ee) (a? +b) = ab [Using 2p? =a’ +b7] 
= (a* +b)? =2a2b? => a* +b4 =0. 


EXAMPLE3 If p and p’ be the perpendicular from the origin upon the straight lines 
x sec 8+ y cosec 8=a and x cos 8—y sin 0=a cos 2 9. Prove that: 4 yp? + he =a’, [NCERT] 
SOLUTION Wehave, 

p = Length of the perpendicular from (0, 0) to x sec 8 + y cosec 9-a =0 


_ |Osec0+Ocosec8-a} acos@sin 0 


=> =asin 8 cos 8 


sec” @ + cosec? 6 sin? 8 + cos” 6 
and, p’ = Lengthofthe perpendicular from (0,0) tox cos 9—y sin 0-—acos20=0 
a pig ees CisheacOs20 SF GaD'. 
cos” @ + sin? 6 

Now, 4p*+p'? = 4a" sin” @ cos” @ +a” cos* 20 

= 4p* +p’? = a* (2sin@ cos 6)” + a* cos” 20 = a” (sin? 26 + cos” 26) =a2. 
EXAMPLE4 What are the points on x-axis whose perpendicular distance from the line 4x + 3y =12 
is 4? 
SOLUTION Let the required point be P (a, 0). Then, Length of the perpendicular from P (a, 0) 
on 4x + 3y —12 =0is 4. 


—— 
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4a4+3x0-12|  , 
na 32 
4q — 
woe = 4 |4a-12| = 20> [a-3] =5=> 0-3 =45—> 0 = 8,-2 








Hence, the required points are (8, 0) and (— 2, 0). 
EXAMPLE5 = Find the points on y-axis whose perpendicular distance from the line 4x — 3y —12 =0is3. 


SOLUTION Let te required point be P (0, a). It is given that the length of the perpendicular 
from P (0, a) on 4x — 3y —12 = Ois 3. 





ax 0-30-12) _ 3 
42 +(-3) 
> |3a+12| =15>]a+4| =15>5> a0+4=+45> 0a =1,-9 


Hence, the required points are (0, 1) and (0, — 9). 


EXAMPLE6 Find the equation of the straight line which cuts off intercept on X-axis which is twice that 
on Y-axis and is at a unit distance from the origin. [NCERT EXEMPLAR] 


SOLUTION Let the equation of the straight line be as =1.Itis given thata = 2b. 
a 


Putting a = 2b in the above equation, we get 


x+2y-2b = 0 -.(i) 
This line is at a unit distance from the origin. 
O+2x0-—2b) | [2b] 


= 
12 + 2? V5 


Substituting the value of b in (i), we obtain x + 2y+ V5 = 0 as the equations of the required 
line. 


S| oy 


=1> (2 =V5 > M@=2J5 > db =H 


EXAMPLE7 The equation of the base of an equilateral triangle is x + y—2 = Oand the opposite vertex 











has coordinates (2, —1). Find the area of the triangle. [NCERT EXEMPLAR] 
SOLUTION Let p be the altitude of the given triangle and ‘a’ be the length of each side. Then, 
p =Length of perpendicular from (2, -—1) onx+y—2=0 A (2,-1) 
2-1- | 1 
—— P = = ___ 
12 +1? V2 
In AABD, we have 
aja hea es ke en qu Ze. => ies Sc 2 
a he ie V3 V3 2 3 
2 2 
“. Area of the triangle = ae EAB ie =—1_ sq. units x+y-2=0 
4 4 3) 2V3 Fig. 23.84 


EXAMPLES Prove that the length of perpendiculars from points P (m , 2m), Q(mn,m+n) and 
R(n?, 2n) to the line x cos” + y sin 9 cos 0+ sin? 8 = OareinG.P. 


SOLUTION Let a,b andc denote the lengths of perpendiculars drawn from P,Q andR 
respectively on the line x cos” @ + y sin @ cos @+ sin? 6 = 0. Then, 


—S eS et PF eee 


na 
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iM m2 cos” 0 + 2m sin 9 cos 0 - + sin? 0) 


a= eae Cite —-° 


cil mu) 
cos? 6+ sin2 Bicos2 9 





(1 cos 8 + sin 0)? 
cos 0 








ee mn cos” 0 + (m + 1) + 1) sin 0 cos 0 + 0 + sin? 0} 


cos? 0 +s 6 + sin2 ® cos” 2 9 


-|...(il) 








(m cos 0 + sin 9) (1 cos 0 + sin 8) 
cos 0 


5, n2 cos” 0+ 2n sin 0 cos 0 + sin 0 


and, ¢ = ——_—_—_ 
cos! 0 + sin? 0 cos” 0 


_ |(1 cos 8 + sin 0)? 
cos 0 


.+.(Ii1) 











-  ———— ——— —_—— —— am = ee 3 ee ee 


52 (m cos 8 + sin 6)? (1 cos 0 + sin 9)? _ (mcos 0 + sin 9)? . (n cos 0 + sin 9)? | 
cos? 0 cos 9 cos 8 
=> b* = ac 
— a,b,c areinG.P. 


EXAMPLE 9 Find the coordinates of a point on x + y + 3 =0, whose distance from x + 2y + 2 =Ois V5. 
SOLUTION Let the required point be (x1, y1). Since it lies on x + y+ 3 =0. 


Xy + Yi + oF— 0 (i) 
Now, 
Length of the perpendicular from (x1, y;) tox + 2y + 2 =0 is V5. 
eg Se eee Dy, F2 = £5 (ii) 
12 +2? 


Solving equation (i) and (ii), we get: x; =—9, y,; =6and x, =1, y, =—4. 

Hence, the required points are (—9, 6) and (1, — 4). 

ALITER Putting x=tinx+y+3=0, we get: y=-—3-t. 

So, let the required point be(t, — 3 —#). This point is at a distance of J5 units from x + 2y + 2=0. 


. | 
el Jorn aa = 5 = [EA = 6 > 144 = 45 = t=1,-9 | 
12+ 22 V5 


Hence, the required points are (1, — 4) and (— 9, 6). 
EXAMPLE10 Find all points on x + y =4 that lie at a unit distance from the line 4x + 3y —10 =0. 


SOLUTION Note that the coordinates of an arbitrary point on x + y =4 can be obtained by 
putting x =t¢ (or y =t )and then obtaining y(or x) from the equation of the line, where? isa 
parameter. Putting x =t in the equation x + y =4 of the given line, we obtain y =4 —t. 


So, coordinates of an arbitrary point on the given line are P (t, 4 —#). 
Let P (t, 4 —#) be the required point. Then, distance of P from the line 4x + 3y —10 =0 is unity. 


4t + 3(4-#) -10 





=1> jf+ 2) =5> §+2 =+5 >t=-7or,t = 3 


Hence, required points are (— 7, 11) and (3, 1). 
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EXAMPLE 11 Find the equations of lines passing through the point (1, 0) and at a distance a from the 











origin. [NCERT EXEMPLAR] 
SOLUTION Let be the slope of a line passing through (1, 0). Then, its equation is 
y-—O=m(x—-1) or, mx -—y—-—m=0 .--(1) 

It is given that line (i) is at a distance 2 from the origin. 

mx0-O-m|_ V3 

m2 +(-1)2| 2 
> ln Sit. 4? a one Vio sae ae ee 

m= +1 


Substituting the values of m in (i), we obtain 
J/3x-y+V3 =0 and /3x+y+~/3 =Oas the equations of the line. 


EXAMPLE 12 Find the locus of a point which moves in such away that the square of its distnace from the 
point(3, —2) is numerically equal to its distance from the line 5x —12y =13. 


[NCERT EXEMPLAR] 


SOLUTION Let P (h, k) bea variable point moving in such a way that the square of its distance 
from A (3, —2) is numerically equal to its distance from the line 5x —12y =13. 


(h— 3)2 +(k+ 2)2 S | 54 —12k +13} 
5 + (12)- 


> 13 {(h-3)? (+2)? =+ (5h —12k + 13) 


=> 13 (h? +k?) —83h + 64k +182 =0 or, 13 (h2 +k*) -73h + 40k +156 =0 
Hence, the locus of (i, k) is 
13 (x? + y*) -83x + 64y +182 =0 or, 13 (x7 +y7) -73x + 40y +156 =0 
EXAMPLE13 A point moves such that its distance from the point (4, 0) is half that of its distance from 


the line x =16, find its locus. [NCERT EXEMPLAR] 
SOLUTION Let P(h, k) be the variable point. 
By hypothesis 
1| h-16 
(h—4)2 +(k—0)2 = 2 | to 
73 PA 








= 4 {C4 +k? =(h-16)2 => 3h? + 4k? =192 
Hence, the locus of (/1, k) is 3x2 + 4y* = 192. 
EXERCISE 23.15 








1. Find the distance of the point (4, 5) from the straight line 3x —5y + 7 =0. 


2. Find the perpendicular distance of the line joining the points (cos 9, sin 8) and (cos 9, sin 9) 
from the origin. 


3. Find the length of the perpendicular from the origin to the straight line joining the two 
points whose coordinates are (a cos a, a sin a) and (a cos B, a sin §). 
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4. 


5. 


10. 


11. 


12: 


13. 


14. 


15. 
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Show that the perpendiculars let fall from any point on the straight line 2 x +11 y-5=0 
upon the two straight lines 24 x +7 y =20 and 4 x — 3 y — 2 =O are equal to each other. 


Find the distance of the point of intersection of the lines 2 x + 3 y=2land 3x -—4y+11=0 
from the line 8x+6y+5=0. 


. Find the length of the perpendicular from the point (4, — 7) to the line joining the origin and 


the point of intersection of the lines 2x — 3y + 14=Oand5x+4y-—-7 =0. 


. Whatare the points on X-axis whose perpendicular distance from the straight line — + ; =1 
a hb 


isa? 


. Show that the product of perpendiculars on the line ~ cos 0+ 4 sin 0 =1 from the points 
) 


a 
(+ ya —b?, 0)is b?. [NCERT] 


. Find the perpendicular distance from the origin of the perpendicular from the point (1, 2) 


upon the straight line x — /3 y + 4 =0. 


Find the distance of the point (1, 2) from the straight line with slope 5 and passing through 
the point of intersection of x + 2 y=5andx-3 y=7. [NCERT] 


What are the points on y-axis whose distance from the line 2 +42 = 1is4 units? 


In the triangle ABC with vertices A (2, 3), B(4, —1) and C (1, 2), find the equation and the 


length of the altitude from the vertex A. [NCERT] 
Show that the path of a moving point such that its distances from two lines 3x — 2y =5and 
3x + 2y =5are equal isa straight line. [NCERT] 
If sum of perpendicular distances of a variable point P (x, y) from the lines x + y —5 =Oand 
3x —2y + 7 =Oisalways 10. Show that P must move ona line. [NCERT] 


If the length of the perpendicular from the point (1, 1) to the line ax — by + c = 0 be unity, 
show that — + —-—=— 
c 








b  2ab 
ANSWERS 
1. oo 2. cos (—#) 3. acos( <—F) 5. 3 
6. 1 7. {fs a> +b of 9. = (2+ V3) 
iy eee 11. (0, 32/3), (0, -8/3) 12, x-y+1=0,~2 
~ /650 eos enn ei see 


HINTS TO NCERT & SELECTED PROBLEMS 


2. The equation of the line joining (cos 0 , sin 8) and (cos 9, sin 9) is 


x cos (2*) +y sin (S+*)- cos (2-*) 


0 cos( °*#)4.0 sin (25*) —cos/ 












Required distance = 


23.109 
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8. Let p; and pz be the lengths of perpendiculars drawn from points P(Va? ~b*,0) and 


Q (- yar ~b*, 0) on the line ~ cos 0 + ' sin 0 =1. Then, 
a ? 
2 —h? 














7 Cie 
a~ —b a 
\ cos 0+-— sin 0—1 asa - cos 0 aes 
p ef ces SS Be p = ————- b — 
; 2 = 2 7 F2 De Dia 
cos~ 0 sin“ 9) |cos? 0 sin 0 
Va b? \ a b? 
2 He gh.sf2 
a cos 9 —1 - cos 6+ 1 
. aa a 
Py Po = | K 
feos? @ sin?6| | |cos?@ | sin? 0 
\ az b \ a’ b2 








=a | 

2 2 
a” —b ? 
a a * poe lie (a —b) cos? 6 - a” b2 
1 y] — — 
cos? @ sin 70 b2 cos? 0+ a” sin? 0 
Goa —— = - ~~ = i 
a~ b 





ey? 
—b? cos~ 0 ~ ar sin~ 6 








— Pi P2 = 
b2 cos* 0 + a2 sin? 0 


29 2) 
gece 


10. Given lines x + 2y =5 and x — 3y =7 intersect at( 


The equation of the line of slope 5 passing through this point is 


2 29 
y+ =5(x- 2 Jor, 25x —5y -147 =0 


The distance d of the point (1, 2) from this line is 


25-10-147| 132 
(625+25 | 650 


11. Let the required point on y-axis be (0, a). Then, 


4x0+3xa-12 3a —-12 
=a = 4 
42 + 32 ) 
32 _8 
3 4 


3a -12=+20 > 3a=32,-8 > a= _ 


d = 











=> 
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A(2,3 
12. The equation of BC is e) 
2+1 
y+1l = ——(x-4) or, y+1 = -x+4 
y Tg eh 8) Oty 
or, x+y-3 = 0 
as B(4, -1) L C(I, 2) 
vi a aaa Bae Fig. 23.85 
V1 +1] 








Clearly, slope of BC having equation x + y — 3 =0 is —1. So, Slope of AL is 1. As it passes 
through A (2, 3). So, its equation is y— 3 =1 (x -—2)orx—y+1=0 

13. Let P (, k) be a moving point such that it is equidistant from the lines 3x — 2y —5 =Oand 
3x + 2y —5 =0. Then, 








Sh=2k—-5| |3h+2k—5 
J9+4 J9+4 
— | 3h -—2k -—5| =| 3h+2k-—-5| 
=> 3h-2k-5 = +(3h + 2k —5) 


= 4k = Oor,64-10 = O> k = Oor,3h =5 
Hence, the locus of (i, k) is y =0 or 3x =5, which are straight lines. 
14. It is given that the sum of the perpendicular distances of a variable point P (x, y) from the 
lines x + y-—5 =Oand 3x —2y + 7 =O is always 10. 
(x+y—-5) (3x-2y+7) 
aes + <a = 
=> (3/2 + V13) x + (V13 —2V2) y + (7V2 -5V13 -10 /26) =0 


Clearly, it is a straight line. 


23.14 DISTANCE BETWEEN PARALLEL LINES 


If two lines are parallel, then they have the same distance between them throughout. Therefore 
to find the distance between two parallel lines choose an arbitrary point on one of them and find 
the length of the perpendicular on the other. In order to choose a point on a line, we give an 
arbitrary value to x or y and find the value of the other variable. 


We may use the following algorithm to find the distance between two parallel lines. 


10 


ALGORITHM 

Let the two parallel lines be ax + by + c, =0 and ax + by + cp =0. To find the distance between 
these two lines we proceed as follows: 

STEPI  Choosea point on any one of the two lines by giving a particular value to x or y of your choice. 
STEPIT Find the length of the perpendicular from the chosen point in step I to the other line. 

STEP I The length obtained in step II is the required distance between the parallel lines. 


THEOREM Prove that the distance between two parallel lines ax + by +c, = Oandax+by+c, =0 
[ey — col 


is given by 
a> +b? 
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PROOF Given lines are 
ax +by +c, = 0 ++(1) 
ax +by+cy = 0 .--(ii) 


Let P (h, k) be a point on the line ax + by +c; =0. Then, 
ah +bk +c, = 0 ..-(ili) 


Clearly, distance ‘d’ between parallel lines (i) and (ii) is equal to the length of perpendicular from 
P on line (ii). 














Fig. 23.86 
d= PM 
= d= BBN Eee rs enc [From (iii): ah + bk =—c,] 
ya +b? a2 +b? 
_ |e, -¢| .E.D. 
=> d= ia Q.E.D 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the distance between the parallel lines 3x —4y + 9 =O and 6x — 8y —15 =0. 


SOLUTION Putting y =0 in 3x —4y + 9 =0, we get x =— 3. Thus, (— 3, 0) is a point on the line 
3x -—4y + 9. 


Length of the perpendicular from (—3, 0) to 6x —8y —15 =0 is given by 
gala 3% 6-8x0-15| _ 33 


Hence, the distance between the given lines is : units. 


ALITER Given lines are 





3x -—4y+9=0 ...(i) and, 6x—8y-15=0 or, 3x-4y->=0 .-.(ii) 
Required distance = = = 
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EXAMPLE2 Find the equations of lines parallel to 3 x —- 4 y —-5 = Oat a unit distance from it. 
SOLUTION Equation of any line parallel to 3x -—4 y-5 =Ois 

3x -4y+2X=0 veel) 
Putting x =-—1in 3x -—4 y—5 =0, we get y = -2. Therefore, (— 1,—2) isa pointon 3 x —4 y-5=0. 


Since the distance between the two lines is one unit. Therefore, the length of the perpendicular 
from (—1,-—2) to3x-—4y+A=Ois one unit. 
|3x-1-4x-2+A| sf 





i.e. 
32 +(-4)2 
=> eee a => |5+A/=5> 5+A=t5 => A=0 or -10. 


Substituting the values of 1 in (i), we get 
3x-4y =0 and, 3x-—4y-—10=Oas the equations of the required lines. 
ALITER Let the equation of a line parallel to 3x -4y-—5 = Obe 





3x-4y+A = 0 ».-(i) 
It is given that the distance between the line 3x —4y —5 = Oand line (i) is 1 unit. 

et mloe A = pes mena =1> |A+5 =5 > 1+5 = +5 => A =0,-10. 

(32 +(-4)2 S 


Substituting the values of (in (i), we get 3x -4y=0 and 3x —4y-—10=0as the equations of 
required lines. 


EXAMPLE3 Two sides of a square lie on the lines x + y =1 and x + y + 2 =0. What is its area? 


SOLUTION clearly, the length of the side of the square is equal to the distance between the 
parallel lines 


x+y—1=0 _.....(i) and x+y+2=0 -»(il) 
Putting x = 0 in (i), we get y =1. So (0, 1) is a point on line (i). 

Distance between the parallel lines 
LO TZ |e 


a ore i 


2 
Thus, the length of the side of the square is + and hence its area is (=| = : square units 


J2 


ALITER The equations of parallel sides of the square are x + y—1=0 and x+y+2=0. 


= {Length of the perpendicular from (0,1) tox+ y+ 2=0} 


Length of the side of the square = Distance between parallel side = [2G 0) = : 


12 1 


EXAMPLE4 Prove that the line 5x -—2y—1=0 is mid-parallel to the lines 5x -2y—9=0 and 
5x —2y +7 =0. . 

SOLUTION Clearly, the slope of each of the given lines is same equal to 5/2. Hence, the line 
5x —2y —1 =(is parallel to each of the given lines. 


In order to prove that the line 5x — 2y —1 = 0 is mid-parallel to the given lines it is sufficient to 
show that the line 5x —2y —1 =0 is equidistant from the given lines. 


NI 


2 
Hence, Area of the square = (Side)? -(+) = ; Sq. units. 
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Putting y = Oin5x - 2y —1 =0, we get x =1/5. So, the coordinates of a point on5x — 2y —1 =Oare 
(1/5, 0). 


The distance d, between the lines 5x — 2y —-1 =O and 5x — 2y —9 =O is given by 
d, = Length of the perpendicular from (1 / 5, 0) to5x -2y —-9=0 
5x(1/5)-20-9} _ 8 
J29 


5? + (—2)? 
The distance dy between the lines 5x — 2y —1=0 and 5x —2y +7 =Ois given by 
d,> = Length of the perpendicular (1/5, 0) to5x -2y+7 =0 
| 
5) ERAS) Ps elle RL 
| V29 





=> d, = 





=> d> eRe 

57 +(—2)? 
Clearly, d, =d>.Consequently the line5x — 2y —1 =O is equidistant from the lines5x — 2y —-9 =0 
and 5x —2y +7 =0. Hence, the result follows. 


EXAMPLES Prove that the parallelogram formed by the lines ae 2 =], ; +i oor : =2 and 
recta) a a 
asl. 


1 ; 
—+*=2 isa rhombus. 
b a 








SOLUTION Let the given straight lines be AB,BC,CD andCA whose equations are 
respectively 
Sewn 20) » hehe Gio =a Soe iene 
a b b a a b b 
Putting y = 0 in (i) and (ii), we get x =a and x =b respectively. So, the coordinate points on lines 
(i) and (ii) are (a, 0) and (b, 0) respectively. 
Now, 4d, = Distance between the parallel lines (i) and (iii) 


pad (iv) 
a 











> d, = Length of the perpendicular drawn from (4, 0) upon the line (iii) 
a QO 
35 4 = |e betas % # 1 el 
| rarer aed By 72.42 
a + = 1 ae a \ a’ + b 
Va- b ie ses 


and, 4d, = Distance between the parallel lines (ii) and (iv) 


= d, = Length of the perpendicular drawn from (6, 0) upon the line (iv) 
D0 
-+——2 
ed ee 
A by + S = + 5) a~ +b 
8 x =b 


Clearly, d = d> i.e. the distances between the pairs of parallel lines are equal. Hence, ABCD isa 
rhombus. 


EXAMPLE6 Find the equation of the line mid-way between the parallel lines 9x + 6y —7 =0 and 


3x +2y+6=0. [NCERT] 
SOLUTION The equations of the lines are 
8x + 2y -2 =10 a 


3x+2y+6 =0 ..-(ii) 


23.114 MATHEMATICS-2! 


Let the equation of the line mid-way between the parallel lines (i) and (ii) be 














3x+2y+ = 0 .»-( iii) 
Then, 
Distance between lines (i) and (iii) = Distance between lines (ii) and (iii) 

a 7 
1 ([A-4 

——- = 

/9 + 4 9 +4 
= n+ 2] = |r-> A+ =-246> = 6-F > Ma Dada 
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Hence, the equation of the required line is 3x + 2y + - = 0. 


EXERCISE 23.16 


1. Determine the distance between the following pair of parallel lines : 
(i) 4x-3y-—9=0 and 4x-3y-—24=0 
(ii) 8x+15y—-—34=0 and 8x+15y + 31=0 
(iii) y=mx+c and y=mx+d 
(iv) 4xn+ 3y—-—11=0 and 8x+6y=15 
2. The equations of two sides of a square are 5x —-12y —65 =Oand 5x —12y + 26 =0. Find the 
area of the square. 
3. Find the equation of two straight lines which are parallel to x +7y +2=0 and at unit 
distance from the point (1, — 1). 
4. Prove that the lines 2x+3y=19 and 2x+3y+7=0 are equidistant from the line 


2x+3y=6. 

5. Find the equation of the line mid-way between the parallel lines 9x + 6y —7 =0 and 
3x + 2y+6=0. 

6. Find the ratio in which the line 3x+4y+2=0 divides the distance between the lines 
3x+4y+5=Oand 3x+4y-5 =0. [NCERT EXEMPLAR] 

ANSWERS 
2 : vee (OO! ag way [OC —a| Fhe re 
1. (i) 3 units (ii) — units (iii) —————— (iv) — units 
17 V1 +m 10 
2. 49 sq. units 3.x+7y+6+5J2=0 5.18x+12y+11=0 6.3:7 


23.15 AREA OF A PARALLELOGRAM 


Let ABCD be a parallelogram the equations of whose sides AB, BC,CD and DA are 
a, x +b, y +c, =0, Ap X+ by Y'+ Cp =0,0, +d, y+ dy =Oand ay x + boy + dy =0. Let p, and p2 
be the distances between the pairs of parallel sides of the parallelogram. In As ALD and AMB, 
we obtain 

P2 


i =Iu8 i =-< respectively. 
sin 0 Tie Mga AB p y 


S _ApeeAe ana AB=—2— 
sin 0 sin 9 
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Par 90° ra 
M 
Fig. 23.87 
Now, 
Area of parallelogram ABCD = ABx p, = Pi P2 oA Bie be 
sin 0 sin 0 
Also, Area of parallelogram ABCD = ADx p> = PLP2 AD = 41 
=, . 1sinke sin 0 





Thus, area of a parallelogram is PiP 7 where p; and p> are the distances between pairs of parallel sides 
in 


and Q is the angle between two adjacent sides. 
Let m, and mp be the slopes of sides AB and AD respectively. Then, 


ay A 
mM, =—-— and, m =-—+ 
seaare tS a 
The angle 0 between AB and AD is given by 
tan 9 = LA aa 
1+ M5 
a 
=> tan 6 = Oy 8p 
1+ 18D: 
by bo 
=> eC Rea nL Oy eee Ay by — A bo 
Sitar Bile (a? +b?) (a3 +3) 
We have, 
p, = Distance between parallel sides AB and AD = lege : 
a, +b 
1 1 


and, pj = Distance between parallel sides AD and BC = oa Aal 
a, +b, 










Area of parallelogram ABCD = PiP2 _ |e ~4a|1¢2—a| — |€1 = 4) (cz — dp) 
sin 8 | ap by —Ay bo | ay by 
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ILLUSTRATIVE es 


EXAMPLE1 Show that the area of the parallelogram formed by the lines 2x -3y+a=0, 


3x —-2y —a=0, 2x — 3y + 3a =Oand 3x —-2y -2a=O0is > sq. units. 
SOLUTION Using the above formula, we obtain 


(3a—a){-2a—-(-a)}| 2a? 


Area of given parallelogram = i = S sq. units 





3 -2 

EXAMPLE 2 Prove that the area of the parallelogram formed by the lines x cos @ + y sin =p, 

x cosa +ysin a=4q,x cosB+ysin B=rand x cosB + y sin B =s is + (p —q) (r —s) cosec (a —f). 

SOLUTION The equations of the sides of the parallelogram are: 
xcosa+ysina—-p=0, xcosa+ysina—q=0, xcosB+ysinBp—r = 0 

and, xcosB+ysinBp—s = 0 





{(— p) —(— 9} (-r) -(-s)} 
cosa sing 
cosB sin fi 


Area of the parallelogram = 














Bere SPs |S OSS) 
(cos a sin B —sin « cos f) : sin (a —f) 
LEVEL-2 
EXAMPLE 3 Prove that the four straight lines ~ +221, =+4%=1,2+2=2and~+ Y.2 forma 
a b b a a b b 
rhombus. Find its area. 
SOLUTION The equations of the four sides are 
ay : Xe, ‘i 
a ee ¥ sal SE at gly | ..,(il) 
aes (i) 5 + ( 
*42%=2 ...(iii) *4+2%=2 .»(iv) 
eed b oa 


Clearly, (i), (iii) and (ii), (iv) form two sets of parallel lines. So, the four lines form a 
parallelogram. 


Let p, be the distance between parallel lines (i) and (iii) and pz be the distance between (ii) and 
(iv). Then, 


3 ee 








Clearly, p, = po. So, the given lines form a rhombus. 


1 B a* b2 
(1/a2 -1/b”)| |b? -a?| 







(2 —1) (2-1) 
1/a a 
1/b 1/ 


Area of the rhombus = 
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EXAMPLE4 Show that the four lines ax + by + c =O enclose a rhombus whose area ts 2c*/ ab. 


SOLUTION The four lines are 
ax +by+c=0 {6} ax + by —c =0 .--(ii) 
ax —by +c =0 ...(ili) ax —by —c =0 ...(iV) 
Clearly, (i), (ii) and (iii), (iv) are pairs of parallel lines. Solving (i) with (iii) and (ii) with (iv), we 
obtain the coordinates of C and A as (—c/a, 0) and (c/a, 0) respectively. 






x’ 
c 
a’ 


Cc 


y’ 
Fig. 23.88 


Solving (ii) with (iii) and (i) with (iv), we obtain the coordinates of B and D as (0, c/b) and 
(0, —-c/b) respectively. 
Thus, the vertices of the parallelogram ABCD are 
A(c/a,0), B(0,c/b), C (—c/a, 0) and D (0, —c/b) 
This shows that the vertices of the parallelogram are on the coordinate axes such that one 


diagonal is along x-axis and other along y-axis. Since, the diagonals are at right angles. Hence, 
ABCD is a rhombus. 


oC 02 
Area of the rhombus = Lac xBD= 3{= x ) = ney 
2 ON a oO ab 


EXERCISE 23.17 





1. Prove that the area of the parallelogram formed by the lines 
a,x+b, y +c, =0,a,x+b; y+ a, =0, a9 x+b2 y+Cy=0, 4 x+b2y+ad,=0 is 


(d, —C) (dy — C9) 








Sq. units. 
ay by — ay by 
Deduce the condition for these lines to form a rhombus. 
2. Prove that the area of the parallelogram formed by the lines 3x-—4y+a = 0, 
3x -—4y+ 3a = 0,4x-3y-—a = Oand 4x—-3y-2a = vis sq units. 
3. Show that the diagonals of the parallelogram whose sides are Ix+my+n = 0, 


Ix+my+n = 0,mx+ly+n = Oand mx + ly +n =O include an angle x/2. 
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HINTS TO SELECTED PROBLEMS 





y ; 
1. Area = mma , where pj, po are the distance between the pairs of parallel lines and 0 is he 
sin 


angle between two adjacent sides. For, rhombus use p, = p>. 
3. Use: Pi = Po- 


23.16 EQUATIONS OF LINES PASSING THROUGH A GIVEN POINT AND MAKING A 
GIVEN ANGLE WITH A LINE 


THEOREM Prove the equations of the straight lines which pass through a given point (x,y) and makea 
given angle o with the given straight line y=mx + c are 
mz tan a 
Vice No 


ent (ka 
jtyiina v 


PROOF Let P (xj, y;) be the given point and let the given line be LMN, making an angle 0 with 
the axis of x. Then, m= tan 0. 





Let PMR and PNSbe two required lines which make angle a with the given line. Let these lines 
meet the axis of X at R and S respectively. Suppose lines PMR and PNS make angles 0 and 0, 
with the positive direction of X-axis. Then, the equations of the two required lines are 





P(x, Y;) 


Fig. 23.89 
y — y; = tan 6; (x —2x}) »»(i) 
and, y — yo = tan @ (x—x9) --s(ii) 
In ALMR, we have 
6; =6+a. 
‘In ALNS, we have 
2 85 =0+180-a ' 


: Now, 6,=8 +a 

iz tan 0 9 pe eR 
Tae fn OO) tan ene em tan 
and, 6) =0+180°-« 
=> tan 05 = tan (180 + 0 — a) = tan (6 — a) 
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tan 0—tan @ m—tan a 
=> tan 05 = = 


1+tan@Otana l1+mtana 


On substituting the values of tan 0, and, tan 5 in (i) and (ii), we get 


m+-tan @ nm—tana 
Y= 


(x-x,) and y - y; = (x — X}) 


1 —-mtang l+mtana 


These are the equations of the required lines. 
Q.E.D. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE 1 Find the equations of the two straight lines through (7, 9) and making an angle of 60° with 
the line x — V3 y—-2J/3 =0. 


SOLUTION We know that the equations of two straight lines which pass through a point(x1, 1/1) 
and make a given angle « with the line y =mx +c are 


wea, = Ce tan & (x — x1) 
1+mtan @ 
Here, x, =7, ¥; =9,a =60° and m= (Slope of the line x — /3 y-2J3=0) = 3 
So, equations of required lines are 
1 ° 1 ate ° 
y—-9= ee 7 and y -— 9 = oF Marae os 
1- 13 tan 60° 1 + B tan 60° 


1 ons (Race eee 
or, (y-9) (1-7 tan 60°) (+ tan 60°) 7) 


1 2) {Lee 
and, (y-9)(1+ tan 60°) ee tan 60° | (x 7) 


1 1 
or, 0 =|—~+ 3 |(x-7), and (y—9) (2 = (Je-V3)(@-7 
f T3 } ) (y —9) (2) 73 (x —7) 
or, x -7 =O and, x+V3y =7+9V3. 
Hence, the required lines are x =7 and x + V3 y=7 +943. 
EXAMPLE2 Show that the equations of the straight lines passing through the point (3, —2) and inclined 
at 60°to the lineV3 x + y=larey+2=Oand y-J3x+2+3V3=0. [NCERTEXEMPLAR] 
SOLUTION The equations of two straight lines passing through a point (x1, y,;) and making an 
angle a with y =mx + c are 
atic m+ tan a 
ae 1+m tan a 
Here, xX, =3, y; =—2,a=60° andm = (Slope of /3 x + y=1) = —V3. 
So, the equations of the required lines are 
_./3 —tan 60° —J/3 + tan 60° 


(x — X}) 


+25 x—3) and y + 2 = ——.———_(x-— 
Vado tan 608 Jae tan 60° 
or, y + 2 = J3(x-3) and y+2 = 0 
Or, y -V3x+2+ 373 =0 and y+2 = 0. 


ie 
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EXAMPLE3 Find the equations of the straight lines through (3, 2) which make acute angle of 45° with the 
linex-2y-3=0. [NCERT] 

1 
SOLUTION Here, x; = 3,y; =2,a =45° and, m= (Slope of the line x -2 y-3 =0)= 5 


So, equations of required lines are 








i tan 45° : + tan 45° 
y-2=4, —(x- 3) and, y - 2 = 4, (x — 3) 
1 + — tan 45° 1 —— tan 45° 
2 2 
=> y - 2 = -=(x-3) and y — 2 = 3(x-3) 
=> x+3y =9 and 3x - y =7. 


ALITER The equation of any line through (3, 2) is 
y —- 2 = m(x-3) 
where m1 is the slope of the line and is to be determined. 


It is given that the line (i) makes an acute angle of 45° with the line x — 2 y — 3 = 0. Therefore, 


wwa(l) 


—- 





1 —m | 
tan 45° = + 7° Using tan @ = + Bila al 
Tee L + my Mp | 
2. 
— 1T=£ ett ik Ota (Qn —1) > n= 3, —— 
2+m 3 


Putting the values of m in (i), equations of required lines are 


y—-2=3(x-3) and y-2=-—(x-3) or, 3x—y=7 and x+3y=9. 


EXAMPLE4 A vertex of an equilateral triangle is (2, 3) and the opposite side is x + y =2. Find the 
equations of other sides. [NCERT EXEMPLAR] 
SOLUTION Let A (2, 3) be one vertex and x + y =2 be the opposite side of an equilateral 
triangle. Clearly, remaining two sides pass through the point A (2, 3) and make an angle of 60° 
with x + y =2. 


Letm be the slope of x + y = 2.Then, m =—1.Fig. 23.90 the equations of the other two sides are 





Fig. 23.90 
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—1—tan 60° —1+ tan 60° 


—- 3 —- = x— = = x=—2 
: 1 — tan 60° eR eee 1+ tan 60° ae 
(Liens 3) /3-1 
=> -3 a b a J d _ 3 SS x~—2 
y 1-3 a ae. J a WT Tine 
= y-3 = (2+3)(x—2) and, (y—3)(2+V¥3) = x-2 


=> (2+V3)x-y =14+2V3 and, (2-3) x-y = 1-23. 


EXAMPLES Show that the equation of the straight line through the origin making angle » with the line 
y mzttang 


y=mx + bis | sp [NCERT] 
x 1+mtan 
SOLUTION Let be the slope of the desired line. Then, its equation is 
(y—0O) = my, (x —0) [Using : y—y, =m(x -x))] 
= y = myx .»(i) 
If y=m x + b makes angle ¢ with line (i), then 
m—m m+ tan > 
tan ¢=+ ——— = =—_ ae 
1+mmy 1+mtan > 
mz tan o 


Putting the values of 11, in (i), we get: y = x as the required equations of two lines. 


1+m tan o 
EXAMPLE6 The opposite angular points of a square are (3, 4) and (1, — 1). Find the coordinates of the 
other two vertices. 


SOLUTION We have, 
Slope of AC = sini ee) 
1 2 


2 
ree 





Clearly, AB and AD pass through A (3, 4) and make angle of 45° with AC whose slope is 5/2. 
Therefore, equations of AB and AD are given by 





DB aardbe 
y-4 = -2____ (x - 3) 
1 +— tan 45° 
2 
5+2 
> y-4 = x-3 
y a a5 | ) 


= y-4 = 2 (x-3) and y—4 = -2(x-3) 


=> 3x -7y +19 = 0 and7x+3y-33=0. 
Thus, equations of AB and AD are 3 x —7 y +19 =Oand7x + 3 y — 33 =0 respectively. Since BC 
isaline parallel to AD. Therefore, equation of BC is7x + 3y + 4 =0. This passes through (1,—1). 


D(x2, Y2) C(1,-1) 






A(3, 4) B(x, ¥) 
Fig. 23.91 
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7-3+2A=0 => A=-4. 
So, the equation of BC is 7x + 3y—-4=0. 


Since B is the point of intersection of AB and BC. Therefore, solving equations of AB and BC by 
cross-multiplication, we get 
x y 1 1 3) 
. =< —> © — 
2 


— = — =-—, y= 


-29 155 58 ge? 
So, the coordinates of B are (—1/2, 5/2). 
Let the coordinates of D be (x9, yz). Then, the coordinates of the mid-point of BD are 
1 
Xy-= Yot= 
27-5 42% 5 
21° deme) 
The coordinates of the mid-point of AC are (2, 3/2). 


Since the diagonals AC and BD bisect each other. 
1 5 

2S =. Uy aries 

2 = 2 and 71 = d Se 
2 Demencwe > 2 ~ 5 


So, the coordinates of D are (9/2,1/2). Hence, the other two vertices are (—1/2,5/2) and 


(9/2, 1/2). 


EXAMPLE7 [fone diagonal of a square is along the line 8x —15y = Oand one of its vertex is at (1, 2), then 
find the equations of sides of the square passing through this vertex. [NCERT EXEMPLAR] 


SOLUTION Let ABCD be the given square whose one vertex is at A (1, 2) and the diagonal BD is 
along the line 8x—-15y = 0. 


We observe that the sides AB and AD pass through the vertex A (1, 2) and make 45° angle with 
the diagonal BD of slope m = 8/15. Therefore, equations of AB and AD are given by 








C 
Oy tan 45° A S 
y—-2=12 ___(x-1) 
1+ — tan 45° 
15 
8+15 
or, y—2 =——_. (x —1 
y ipza” ) 
23 7 
or, arin Cia any 2 SD . nN 
A(1, 2) B 
Or, 23x-7y—-9=0 and 7x + 23y -53=0 Fig. 23.92 


EXAMPLE8 One side of a rectangle lies along the line 4 x +7 y + 5 = 0. Two of its vertices are (- 3, 1) 
and (1, 1). Find the equations of the other three sides. 


SOLUTION Clearly, the point (—3, 1) lies on the line 4 x +7 y +5 =0. So let A (—3, 1) andC (1,1) 
be two vertices of the rectangle ABCD and let the equation of the side ABbe 4x +7 y+5=0. 


Clearly, DC isa line parallel to AB passing through C (1, 1). 
Let the equationof DC be 4x +7y +A=0 ...(i) 
This passes through (1, 1). 

44+7+A=0>A, =-11. 
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Putting the value of 2 in (i), we get 
4x+7y-11=0. 
This is the equation of the side DC. 
since AD is a line through A perpendicular to AB, 





therefore equation of AD is 4x +7y+5=0 
7x -4y +A, =0 ..-(ii) A(-3, 1) B 
This will pass through (- 3, 1), if Fig. 23.93 


—21-4+A,=0=> A, =25. 
Putting the value of (, in the equation of AD is7 x -4 y+25=0. 
Clearly, BC is a line perpendicular to AB passing through C (1, 1). Let the equation of BC be 
7x -4y +p =0 ...(iii) 
This will pass through (1, 1) if 
7-4+p=0>5>4 =-3B. 
Putting the value of 1 in (iii), we get 7x — 4y — 3 = O.This is the equation of BC. 


EXAMPLE9 A line 4x +y=1 through the point A(2,—7) meets the line BC whose equation ts 
3x —4y + 1 =Oat the point B. Find the equation to the line AC so that AB = AC. 


SOLUTION The lines AB and BC meet ata point B. Let a be the angle between them. Then, 


tang = — 1-72 , where, m1, = Slope of AB =— 4, my = Slope of BC => 


1+, mp 
-4=3/4 - 19 


a tana = ———— = 
1 +(-—4) x 3/4 8 


It is given that AB = AC. Therefore, triangle ABC is an isosceles triangle. 


A( 2,-7) 





B 3x -—4y+1=0 C 
Fig. 23.94 


Clearly, AB and AC both pass through A (2, —7) and are equally inclined to 3x —4y + 1=0.5So, 
their equations are given by 


m+ tan a 3 19 


(y+7) = im San a ete) m = Slope of BOG SNe Ce: 
Deets) Se, 
ig. 18 a 1 tigt iB 2 
10h (y +7) mel 2) and y+7 3 2) 


4 8 4 8 
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or, y+7 = -4(x-—2) and y+7 = -2 (x -2) 


— 4x+y = land 52x+89y+519 = 0 
Clearly, 4x + y =1 is the equation of AB. So, equation of AC is 52x + 89y +519 =0. 


EXAMPLE 10 The straight lines 3x + 4y =5 and 4x — 3y =15 intersect at the point A. On these lines, 
the points B and C are chosen such that AB = AC. Find the possible equations of the line BC passing 
through the point (1, 2). 


SOLUTION Let, and my be the slopes of the lines 3x + 4y =5 and 4x — 3y =15 respectively. 
Then, m1, = -2 and Mp = = Clearly, 1.112 =—1. So, lines ABand AC are at right angle. 





044 








4x + 3y-15 





A(3, —1) 





Fig. 23.95 


Thus the triangle ABC is a right angled isosceles triangle. Hence, the line BC through (1, 2) will 
make an angle of 45° with the given lines. So, possible equations of BC are 





m+ tan 45° 3 
— 2) =——————__ (x1), wh = =-— 
(y — 2) aRRO ARS (x-1), where m= slope of AB 7 
-—3/4+1 
=> -2 = ———— (x-1 
peeee Isao" 
—-3+4 
> Vie aa) 
eee = (x-1) and y—2 = -7(x-1) 
=> x-7y+13 =Oand 7x+y-9 =0 


EXERCISE 23.18 








1. Find the equation of the straight lines passing through the origin and making an angle of 
45° with the straight line /3 x + y =11. 

2. Find the equations to the straight lines which pass through the origin and are inclined atan 
angle of 75°to the straight line x + y+ V3 (y—x) =a. 

3. Find the equations of the straight lines passing through (2, — 1) and making an angle of 45° 
with the line 6 x +5 y —-8 =0. 

4. Find the equations to the straight lines which pass through the point (h, k) and are inclined 
at angle tan“! m to the straight line y = mx +c. 
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5. 


10. 


11. 


12. 


Find the equations to the straight lines passing through the point (2, 3) and inclined atan angle 
of 45° to the line 3.x + y-5 =0. 


. Find the equations to the sides of an isosceles right angled triangle the equation of whose 


hypotenuse is 3 x + 4 y = 4and the opposite vertex is the point (2, 2). 


[NCERT EXEMPLAR] 
LEVEL-2 


. The equation of one side of an equilateral triangle is x — y = 0 and one vertex is (2 + V3,5). 


Prove that a second side is y + (2 — /3) x = 6 and find the equation of the third side. 


. Find the equations of the two straight lines through (1, 2) forming two sides of a square of 


which 4 x + 7 y =12 is one diagonal. 


. Find the equations of two straight lines passing through (1, 2) and making an angle of 60° 


with the line x + y = 0. Find also the area of the triangle formed by the three lines. 


Two sides of an isosceles triangle are given by the equations 7 x-y+3=0 and 
x+y —3=Oand its third side passes through the point (1, — 10). Determine the equation of 
the third side. 


Show that the point (3, — 5) lies between the parallel lines 2x+3y-—7=0 and 
2x+3y+12=Oand find the equation of lines through (3, —5) cutting the above lines at an 
angle of 45°. 


The equation of the base of an equilateral triangle is x + y = 2 and its vertex is(2, —1). Find 
the length and equations of its sides. [NCERT EXEMPLAR] 








13. If two opposite vertices of a square are (1, 2) and (5, 8), find the coordinates of its other two 
vertices and the equations of its sides. 
ANSWERS 
1, y=(¥3+2)x 2. x=0,y+V¥3x=0 3. 1lx—y-23=0 
4. y=k,(1 —m?) (y—k) =2m(x —h) 5. x+2y—-8=0 and 2x-y-1=0 
6. 7x+y-16=0 and x-7 y+12=0 7. y+(2+V3)x=12+4 V3 
8. 3x-11y+19=0 and 11x+3y-17 =0 
9. y-2=(2+ V3) (x -1), Area = E —— Sq: units 
10. x-3y-31=0or3x+y+7=0 11. x-5 y-—28=O0or5x+y—-10=0 
12. (2. owe) wayesmode =o, (2+ V3) x-y-5-2/3 =0 
13. (6, 3),(0,7),x -5y+9=0; 5x+y—-7 =0; 5x+y-33=0; x-—5y+ 35=0 
HINTS TO SELECTED PROBLEMS 
6. The two sides pass through (2, 2) and make an angle of 45° with the line 3x + 4 y =4. 


8. The two sides pass through (1, 2) and make 45° angle with the diagonal having slope 
m=—4/7. 
10. Any line through (1, — 10) is y + 10 =m (x —1). Since it makes equal angles, say 0, with the 


given lines. Therefore, 
sey ie: m—7 nme m —(-—1) 
1+7m 1 +m(-1) 





=> m=-3or, os 
3 


23.126 MATHEMATICS-XI 


23.17 FAMILY OF LINES THROUGH THE INTERSECTION OF TWO GIVEN LINES 


THEOREM Prove that the equation of the family of lines passing through the intersection of the lines 
a, x+by y+c, = Oand ag x+by y+ co =0is (a, x+d, y+c,) + A(dg X +b Y + Cg) =0, where? 
is a parameter. 


PROOF The equations of the lines are 


ax +b y +c, = 0 si) 
and, ax + boy + Co = 0 .»(ii) 
Let (a, 8) be the point of intersection of the lines (i) and (ii). Then, 

a,a +b,B + cy = 0 .»-(ill) 
and, @&a+bh8B + co = 0 ...(iV) 
Now, consider the equation 

(a, x +b, y+) + A(agx+bo y+) = 0 .(V) 


Clearly, this is a first degree equation in x and y. So it represents a straight line. 
We have, 

(a, a+b, B+c,) + A(ag a+bo B+¢9)=0+A0=0 [Using (iii) and (iv)] 
So, (a, B) lies on the line given in equation (v). 
Hence, equation (v) represents family lines through the point of intersection of lines (i) and (ii). 
Thus, the family of straight lines through the intersection of lines Ly = a, x +b, y +c, =Oand 
Ly =p x+b> Y + Co = (is 

(a, Xx+b, y+C}) + A(Qox+bo y+) = 0 
i.e. L; + ALy =0 

Q.E.D. 


REMARK The equation L; +L, = 0 represents a line passing through the intersection of the lines 
L,; = Oand Ly = Owhich isa fixed point. Hence,L;+2Lz = O represents a family of straight lines, 
for different values of i, which pass through a fixed-point. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the equation of the straight line which passes through the point (2,—3) and the point 
of intersection of the linesx +y +4=Oand3x-—y-—8=0. 


SOLUTION Any line through the intersection of the lines x + y+ 4=0 and 3 x-—y—8=0 has 
the equation 


(x+y+4) + A(3x-y-8) =0 ...(i) 
This will pass through (2, — 3), if 

(2—3+4) + A(6+3-8) =OS>3+A=05>A2=-3. 
Putting the value of 2 in (i), the equation of the required line is 2x — y—-7 =0. 
ALITER Solving the equations x + y + 4=0O and 3 x —y—8 = 0 by cross-multiplication, we get 
x =1, y =—5. So, the two lines intersect at the point (1, — 5). Hence, the required line passes 
through points (2, —3) and (1, — 5) and so its equation is 


y + 3 = 27S (x-2) > 2x -y -7 =O. 


EXAMPLE 2 Find the equation of the straight line which passes through the intersection of the lines 
x-—y—-1=Oand2x-3y+1=Oand is parallel to (i) x-axis (ii) y-axis (iii) 3x+4y=14. 
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SOLUTION The equation of any line through the intersection of the lines x —-y—1=0 and 
2x-3y+1=O0is 

(x-y-1) + A(2x-3y+1) = 
or, (2A+1)x — y(3A44+1) +A-1=0 ...(1) 
(i) The line in (i) will be parallel to x-axis if it is of the form y =constant. 

Coefficient of x in (i) = 0 
= 2A+1=0 > A=-1/2. 
Putting A =—1/2 in (i), we get y = 3s is the equation of the required line. 
(ii) The line in (i) will be parallel to y-axis if it is of the form x = 

Coefficient of y in (i) = 0 
= 3A+1=0 => A=-1/3. 
Putting A =—1/3 in (i), we get x =4 as the equation of the required line. 
(iii) The line in (i) is parallel to the line 3 x + 4 y -14 =0. Therefore, their slopes are equal 
So, slope of line in equation (i) is same as that of the line 3x + 4y —14 =0. 

2A+1 

= y Ve a 


i.e. — 
3A+1 4 17 





Putting this value of 4 in (i) we get the equation of the required line as 3x + 4y =24. 


EXAMPLE3 Find the equation of the straight line which passes through the point of intersection of the 
straight lines x + 2 y=5 and 3x +7 y=17 and is perpendicular to the straight line 3 x + 4 y =10. 
SOLUTION The equation of any line through the intersection of the lines x + 2 y—5 =0 and 
3x+7 y-17 =0is 

(x+2y—5)+A(3x+7 y-17) =0 
or, x(3A4+1) + y(7A4+2) - (174+5) =0 m6) 
This is perpendicular to the line 3x + 4y =10. 
: Product of their slopes = —1. 


3i+1 ( S| 11 
—| ——_ || -— ] =-1 > Aa=-— 
7A+2 a 37 
Putting this value of in (i), the equation of the required line is 4x — 3y + 2 =0. 
EXAMPLE4 Obtain the equations of the lines passing through the intersection of lines 4x -3 y—1=0 
and 2x-—5 y+ 3 =Oand equally inclined to the axes. 
SOLUTION The equation of any line through the intersection of the given lines is 
(4x-3y-1) + A(2x-5y+ 3)=0 


or, x(2A+4+4)-y(5A+3)+3A-1=0 Ai) 
Let m be the slope of this line. Then, mm sg Pee 
i ‘ 5A +3 


As the line is equally inclined with the axes. 


9 
ae > Bn =+1=> A=-1 or, 1/3 
5A+3 


Putting the values of A in (i), we obtain 
x + y — 2 = Oandx = y as the equations of the required lines. 








EXAMPLES If t; and t2 are roots of the equation md +At e 1 = 0, where i is an arbitrary constant. Then 
prove that the line joining the points (at? , 2 at) and (at>” , 2 aty) always passes through a fixed point. 
Also, find that point. 
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SOLUTION Since f; and fy are roots of the equation [7 + At+1=0. 





ty + t> =—-X and, ty i) =) (i) 
The equation of the line joining the points (at,, 2 at) and (aty”, 2 ats) is 
2 ato —2 at : 
y- 2 at, = ~2 uid (x = at,”) or, Y (to +t ty) =2x +2 at, t5 .»(ii) 
aty~ — at, 


Putting t, +fp =—dXand ft, ty =1 in (ii), we get 
2X + 2a =—-AY => (x+Aa) + (-#]y = 0 


This is a line passing through the intersection of the lines x + a=0 and y =0 which is a fixed 
point having coordinates (— a, 0). 


EXAMPLE6 Show that the straight lines given by x (a + 2b) + y (a + 3b) =a + b for different values ofa 
and b pass through a fixed point. 


SOLUTION The given equation can be written as 
a(x+y—1)+b(2x+ 3y—-—1) =0 
Or, (x+y —1) +A(2x + 3y —1) =0, where A =b/a 


This is of the form L, + AL, =0. So it represents a line passing through the intersection of 
x+y —1=O0and 2x + 3y —1 =0. Solving these two equations, we get the point (2, —-1), which is 
the fixed point. 


EXAMPLE7 Ifa, b, care variables such that 3a + 2b + 4c =0, then show that the family of lines given by 
ax + by + c =0 pass through a fixed point. Also, find that point. 


SOLUTION We have, 


3a+2b+4c=0 => eens pees 
4 2 


Substituting this value of c in ax + by + c =0, we get 


aeniby= ad = 0 
4 2 


3 1 3 1 b 
ee b ——— ee _ —_—_ — —_— — — =—_—, 
=> a( x 3) (y > | 0=> € = + aly | 0, where A E 


This equation is of the form L; +4 Lj =0 which represents a straight line through the 
intersection of the line L; = 0 and Ly =Oi.e. x — rg Oand y — a 0. Solving these two equations, 
we get the point (3/4, 1/2), which is a fixed point. 
ALITER We have 

3a + 2b + 4c =0 


=> (2)a+(Z)o+e=0 
=> (3/4, 1/2) lies on the line ax + by + c =0 


Hence, the given family of lines pass through the point (3/4, 1/2). 


EXAMPLE 8 Let a,b, c be parameters. Then, the equation ax + by +c = 0 will represent a family of 
straight lines passing through a fixed-point iff there exists a linear relation between a,b and c. 


SOLUTION First, let the equation ax + by +c = 0 represent a family of straight lines passing 
through a fixed-point (a, B) (say) for different values of a, b, c. Then, we have to prove that there 
is a linear relation between a, b and c. Since, ax + by +c = O represents a family of lines pasing 
through (a,, ). Therefore, 
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aa+bB+c=0, which is the required linear relation between a, b and c. 


Conversely, let there be a linear relation between the parameters a, b, c. Then, we have to prove 
that the equation ax + by + c = 0 represents a family of lines passing through a fixed-point. 


Let the linear relation be 


la+mb + nc =0, where I, m, n are constants. 
pas 
m 
=> a a +()o c= 0 
n nN 


= ax +by +c = O passes through the fixed-point (1/n, m/n) 


EXAMPLE9 If the algebraic sum of the perpendiculars from the points (2, 0), (0, 2), (1, 1) toa variable 
line be zero, then prove that the line passes through a fixed-point whose coordinates are (1, 1). 
[NCERT EXEMPLAR] 
SOLUTION Let the variable line be ax+by = 1. It is given that the algebraic sum of the 
perpendiculars from the points (2, 0), (0, 2) and (1, 1) to this line is zero. Therefore, 
2000-1 Ot+2p—-1. Abd 


———ee™ 9 ee FS 
a? + b? fa oh b? a2 + b? 


=. 3a+3b-3 = O> at+b-1=O0> a+b = 1. 


= 0 





This is a linear relation between the parameters a and b. So, the equation ax + by = 1 represents 
a family of straight lines passing through a fixed-point. Comparing ax +by = landa+b = 1, 
we obtain that the coordinates of the fixed-point are (1, 1). 


EXAMPLE10 A ray of light is sent along the line x — 2y — 3 =O upon reaching the line 3x —2y —5 =0, 
the ray is reflected from it. Find the equation of the line containing the reflected ray. 


SOLUTION The point of intersection of the lines x — 2y — 3 = Oand 3x —2y —5 =Ois B(1, —1). BP 
is the normal at P. Clearly, BP passes through B (1,-1) and is perpendicular to 3x — 2y -5 = 0.50, 
equation of BP is A C 


y +1=—(2/3) (x-1) or, 2x + 3y+1=0 









Since the reflected ray passes through the intersection 
of x-2y-3=0 and the normal 2x+ 3y+1=0. 
Therefore, equation of the reflected ray is 


x¥-2y-—3+A(2x+ 3y+1)=0 ...(i) 
or, x(1+22)+y(3A-2)+(A-3) = 0 ...(ii) 


Let P (x,, y,) be an arbitrary point on the normal at P. (1 BF 1) 
Then, P is equidistant from the incident ray and the eae 

ig. 23.96 
reflected ray. 


3x-2y-—5=0 


x4 —2y,-3 x (x4 —2y); — 3) +A(2x, = SY +1) 


Ji+4 | Va + 24)* + (3N—2)- 
x2 = 3] 
eS = 











(x, -2y, -3)+2x0 


p (x1, ¥;) lies on 2x + 3y+1= " 
(1 + 2a)? + (3 —2)? 


2x1 + 3y; +1=0 
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MATHEMATICS: 
Raleal N creensercreer 
=> IB = |-—-—--=— Ss SS = 
5 (22 +1)? + (32 —2)2 
=> 5 = (24 +1)* +(34—2) 
=> ieee = 0S A = 0 or, t= — 


13 
Since 4.=0 is not possible. So, A = = Putting the value of 2 in (ii), we get 29x — 2y — 31 =0 
as the equation of the line containing the reflected ray. 


EXAMPLE 11 Lines Lj =ax + by +c =Oand Ly =Ix + my +n=0 intersect at a point P and make an 


angle © with each other. Find the equation of the line L different from Ly which passes through P and 
makes the same angle with Ly}. 


SOLUTION Since the required line L passes through the intersection of L; =0 and Lz =0. So, 
equation of the required line L is 


L, +ALL, =0 ie. (ax+by+c)+A(Ix+my+n) = 0 ..-(i) 
where iis a parameter. 


Since L, is the angle bisector of L=0 and L> =0. Therefore any point A (x1, y;) on L; is 
equidistant from L =0 and Ly =0. 


| 1 x,+my,+n| _ lax, tb yy +o) +A xy +m y, +7n)| 


...(ii) 
JP. +m (a +21? +(b+ Am) 
But, A (x1, y;) lies on L}. So, it must satisfy the equation of L; i.e. ax + by + c =0. 
ax, +by,+c = 0 
Substituting a x; +b y; + c =Oin (ii), we get 
[ixy+my,t+n|  |O+A(lx,+my,+n)| 





I? +m? (a +A Nn? + (b + Xm)” 
— 22 (7 + m?) = (a+r 12 +(b+2 m)? A, 
2 2 (X14) “s 
a~ +b 

— eee 

2al + 2bm 
Substituting the value of 2 in (i), we get Fig. 23.97 

ety eye) econ +n) = 0 
2al + 2bm y a 


or, 2 (al + bm) (ax + by +c) - (a2 + b*) (Ix + my +1) = 0as the equation of the required line L. 


EXERCISE 23.19 





1. Find the equation of a straight line through the point of intersection of the lines 4 x — 3 y =0 
and 2x-—5 y+ 3=0and parallel to4x+5y+6=0. 


2. Find the equation of a straight line passing through the point of intersection of 
x+2y+3=Oand 3x+4y+7 =0and perpendicular to the straight line x — y + 9 =0. 


3. Find the equation of the line passing through the point of intersection of 2 x -7 y+11=0 
and x + 3 y—8 =Oand is parallel to (i) x-axis (ii) y-axis. 


4, Find the equation of the straight line passing through the point of intersection of 
2x+3y+1=Oand 3x-5y-—5 =0 and equally inclined to the axes. 
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5. Find the equation of the straight line drawn through the point of intersection of the lines 
x+y=4 and 2x-3y=1 and perpendicular to the line cutting off intercepts 5, 6 on the 


axes. 


6. Prove that the family of lines represented by x (1 + 4) + y(2—-A)+5=0, A being arbitrary, 
pass through a fixed point. Also, find the fixed point. 


7. Show that the straight lines given by (2 + k) x +(1 +k) y=5+7k for different values of k 
pass through a fixed point. Also, find that point. 


8. Find the equation of the straight line passing through the point of intersection of 
2x+y-1=Oandx+ 3 y —2=Oand making with the coordinate axes a triangle of area 3/8 
Sq. units. 


9. Find the equation of the straight line which passes through the point of intersection of the 
lines 3x — y =5 and x + 3y =1 and makes equal and positive intercepts on the axes. 


10. Find the equations of the lines through the point of intersection of the lines 
x — 3y +1=0 and 2x +5y —9 =O and whose distance from the origin is V5. 


11. Find the equations of the lines through the point of intersection of the lines x —-y +1 =Oand 


2x -3y +5 =0 whose distance from the point (3, 2) is 7/5. [NCERT EXEMPLAR] 
ANSWERS 
1. 28x + 35y — 48 =0 2.x+y+2=0 3. 13 y =27,13 x =23 
4.19x+19y+3=0 or, 19x-19 y-23=0 5. 25 x — 30 y —23 =0 
6. (—5/3, -5/3) 7. (—2, 9) 
8 3x+4y-3=0 or, 12x+y-—3=0 9. 5x +5y =7 
10. 2x+y-5=0 11. 3x-4y+6=0, 4x—-3y+1=0 


HINTS TO SELECTED PROBLEMS 


11. The equation of the family of lines through the intersection of the lines x—y+1=0 and 
2x-3y+5=O0is 
(x-—y+1)+A(2x—3y+5) =0 or, x(2A+1)+y(-3A—-1) +5A+1=0 ..-(i) 


This is at a distance of — units from the point (3, 2). 


| 3(2A+1) +2(-3A-1)+5A+1| _ 7 


\(2a+ 1)* +(-3A—1)- 5 


[5A +2] 7 
—_ =— 
Vi3x24101+2 © 

= 25(5042)2 =49 (1322 +10A+2) => 67-50-1=0=> 2=1, -2 


Substituting the values of A in (i), we obtain 
3x —4y +6 =0 and 4x — 3y + 1 =0as the required equations of the line. 
VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word ar one sentence or as per exact requirement of the 
question: 


1. Write an equation representing a pair of lines through the point (a, b) and parallel to the 
coordinate axes. 


23.132 MATHEMATICS-xI 


2. Write the coordinates of the orthocentre of the triangle formed by the lines x? - y” = Oand 
x+6y = 18. 


3. If the centroid of a triangle formed by the points (0, 0), (cos 0, sin 0) and (sin 0, — cos 9 lies 
on the line y = 2x, then write the value of tan 0. 


4. Write the value of 0¢(0, =) for which area of the triangle formed by points 


O (0, 0), A (a cos 0, b sin 0) and B(a cos 0, —b sin 8) is maximum. 


ul 


. Write the distance between the lines 4x + 3y -11 = Oand 8x + 6y—15 = 0. 


2: 


Write the coordinates of the orthocentre of the triangle formed by the lines xy = 0 and 
x+y = 1. 

7. If the lines x+ay+a = 0,bx+y+b = Oand cx+cy+1 = O are concurrent, then write 
the value of 2abe — ab —be — ca. 


Write the area of the triangle formed by the coordinate axes and the line 
(sec 8 — tan 0) x + (sec 0 + tan 6) y = 2. 


9. If the diagonals of the quadrilateral formed by the lines 1, x +m, y+m = 0, 
lbx+myy+n = 0, x+m,ytn! = 0 and lb x+m, y+’ = 0 are perpendicular, 


then write the value of L oe Lie +m, aes Mo 


10. Write the coordinates of the image of the point (3, 8) in the linex + 3y—-7 = 0. 


11. Write the integral values of m for which the x-coordinate of the point of intersection of the 
lines y = mx+1land 3x+4y = 9 isan integer. 


12. Ifa #b #c, write the condition for which the equations (b —c) x + (c —a) y +(a—b) = Oand 
(b? - c?) x+ (c? - a?) y + (a® =p?) = 0 represent the same line. 

13. Ifa,b, care in G.P. write the area of the triangle formed by the line ax + by + c = Owith the 
coordinates axes. 

14. Write the area of the figure formed by the lines a|x| + b|y| +c =0. 


15. Write the locus of a point the sum of whose distances from the coordinates axes is unity. 
16. If a,b,c are in A.P., then the line ax+by +c =0 passes through a fixed point. Write the 
coordinates of that point. 


17. Write the equation of the line passing through the point (1, —2) and cutting off equal 
intercepts from the axes. 


18. Find the locus of the mid-points of the portion of the line xsin 8+ ycos0 = p intercepted 
between the axes. 





ANSWER 
1. (x-a)(y—b) =0_ 2. (0,0) 3. -3 4. 1/4 
5. 7/10 units 6. (0, 0) 7.-1 8. 2sq. units 
9. 0 10. (-1, -—4) 11. =—1,-2 12. a+b+c = 0 
2c” : 
13. = Sq. units M4. 77 Sa units 15. A square 16. (1, -2) 
1 1 4 
 xX+ +1=0 18. —+—- ==> 
17, x+y x2 y* yp? 
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MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1, 


10. 


11. 


Lisa variable line such that the algebraic sum of the distances of the points (1, 1), (2, 0) and 
(0, 2) from the line is equal to zero. The line L will always pass through 


(a) (1,1) (b) (2,1) (c) (1, 2) (d) none of these 


. The acute angle between the medians drawn from the acute angles of a right angled 


isosceles triangle is 


.1( 2 msl: [aoe =1( 2 1] 2] 
(a) cos (2) (b) cos (=) (c) cos (=) (d) cos (& 








. The distance between the orthocentre and circumcentre of the triangle with vertices 
; a 
(1, 2).(2,1) and| > ONG + V3 |; 
2 2 
(a) 0 (b) V2 (c) 3+V73 (d) none of these 


. The equation of the straight line which passes through the point (—4, 3) such that the 
portion of the line between the axes is divided internally by the point in the ratio 5: 3 is 
(a) 9x -20y +96 = 0 (b) 9x + 20y = 24 
(c) 20x+9y+53 = 0 (d) none of these 

. The point which divides the join of (1, 2) and (3, 4) externally in the ratio 1: 1 
(a) lies in the III quadrant (b) lies in the II quadrant 
(c) lies in the I quadrant (d) cannot be found 


. A line passes through the point (2,2) and is perpendicular to the line 3x+y=3. Its 


y-intercept is 
(a) 1/3 (b) 2/3 (c) 1 , (d) 4/3 


. If the lines ax +12y+1 = 0,bx+13y+1 = 0 and cx+14y+1 = O are concurrent, then 


a,b, care in 
(a) H.P. (b) G.P. (c) A.P. (d) none of these 


. The number of real values of % for which the lines x -2y + 3=0, Ax+ 3y+1=0 and 


4x —hy + 2 =O are concurrent is 
(a) 0 (b) 1 (c) 2 (d) Infinite 


. The equations of the sides AB, BC and CA of AABC are y—x=2,x+2y=1 and 


3x + y +5 =0 respectively. The equation of the altitude through B is 
(a) x-3y+1=0 (b) x-3y+4 =0 (c) 3x-y+2 = 0 (d) noneof these 


If pj and po are the lengths of the perpendiculars from the origin upon the lines 
x sec 8 + y cosec 8 =a and x cos 8 —y sin 8 =a cos 2 8 respectively, then 


(a) 4p,? +P” = a (b) pi? + 4p,” = a 


2 


(c) a + pee =a (d) none of these 


Area of the triangle formed by the points ((a + 3) (a+ 4),a+ 3), ((a+ 2) (a+ 3), (a+ 2)) 
and ((a +1) (a+ 2),(a+1)) is 


(a) 25a” (b) 5a? (c) 24a (d) none of these 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 
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Ifa +b +c =0, then the family of lines 3ax + by + 2c = 0 pass through fixed point 
(a) (2, 2/3) (b) (2/3, 2) (c) (—2, 2/3) (d) none of these 
The line segment joining the points (— 3, — 4) and (1, — 2) is divided by y-axis in the ratio 
(a) 1:3 (b) 2:3 (c) 3:1 (G)i Oo oz 
The area of a triangle with vertices at (— 4, —1), (1, 2) and (4, —3) is 
(a) 17 (b) 16 (c) 15 (d) none of these 


The line segment joining the points (1, 2) and (— 2, 1) is divided by the line 3 x + 4. y =7 in 
the ratio 


(a) 3:4 (b) 4:3 (c) 9:4 (d) 4:9 
If the point (5, 2) bisects the intercept of a line between the axes, then its equation is 
(a)5x4+2y=20 (b) 2x+5y=20 (c)5x-2y=20 (d) 2x-5y=20 


A (6, 3), B(— 3,5), C (4, —2) and D (x, 3x) are four points. If A DBC : A ABC =1: 2, thenx 
is equal to 


(a) 11/8 (b) 8/11 (c) 3 (d) none of these 

If » be the length of the perpendicular from the origin on the line x/a + y/b =1, then 

(a) p> =a* +b? (b) p> = ih. + — (c) hg b = (d) none of these 
ie p= ato 


The equation of the line passing through (1, 5) and perpendicular to the line 
3x-5y+7 =Ois 


(a) 5x + 3y—20=0(b) 3x-5y+7=0 (c) 3x-5y+6=0 (d) 5x+3y+7 =0 
The figure formed by the lines ax + by + c =Ois 
(a) a rectangle (b) asquare (c) arhombus (d) none of these 


Two vertices of a triangle are(— 2, —1) and (3, 2) and third vertex lies on the line x + y =5. If 
the area of the triangle is 4 square units, then the third vertex is 


(a) (0,5) or, (4,1) (b) (5,0) or, (1,4) (c) (5, 0) or, (4,1) (d) (0,5) or, (1, 4) 


22. The inclination of the straight line passing through the point (— 3, 6) and the mid-point of 
the line joining the point (4, —5) and (— 2, 9) is 
(a) 1/4 (b) 2/6 (c) r/3 (d) 37/4 

23. Distance between the lines 5x + 3y —-7 =O and 15x + 9y +14 =Ois 
(a) (0) a (©) () 

24. The angle between the lines 2x —-y + 3=Oandx+2y+3=Ois 
(a) 90° (b) 60° - (c) 45° (d) 30° 

25. The value of A for which the lines 3x + 4y =5,5x + 4y =4and2 x + 4y = 6meetata pointis 
(a) 2 (b) 1 (c) 4 (d) 3 

26. Three vertices of a parallelogram taken in order are (—1, — 6), (2, —5) and (7, 2). The fourth 


vertex is 


(a) (1, 4) (b) (4,1) (c) (1, 1) (d) (4, 4) 
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27. The centroid of a triangle is (2, 7) and two of its vertices are ( 4, 8) and (- 2, 6). The third 


28. 


29. 


30. 


31. 


32. 


vertex is 

(a) (0, 0) (b) (4,7) (c) (7, 4) (d) (7,7) 

If the lines x + q=0, y-2 =Oand 3x + 2y +5 =Oare concurrent, then the value of qwill be 
(a) 1 (b) 2 (c) 3 (d) 5 


The medians AD and BE of a triangle with vertices A (0,b), B(0,0) and C (a, 0) are 
perpendicular to each other, if 


b a 


aja => (b) b = = (c) ab = 1 (d) a = +V2b 


The equation of the line with slope —3/2 and which is concurrent with the lines 
4x + 3y —7 =Oand 8x +5y —-1=Ois 
(a) 3x+2y-—63 = 0 

(c) 2y-3x-2 = 0 


(b) 3x+2y-—2 = 0 
(d) none of these 


The vertices of a triangle are (6, 0), (0, 6) and (6, 6). The distance between its circumcentre 
and centroid is 

(a) 2/2 (b) 2 
A point equidistant from the line 4x + 3y +10 =0,5x —12y + 26 =0 and7x + 24y—50 =O is 
(a) (1, -1) (b) (1,1) (c) (0, 0) (d) (0, 1) 


(c) J2 (d) 1 





33. The ratio in which the line 3x+4y+2=0 divides the distance between the lines 
3x+4y+5=Oand 3x+4y—-5 =Ois 
(a) 1:2 (b) 3:7 (c)i 23 (d) 2:5 
34. The coordinates of the foot of the perpendicular from the point (2, 3) on the line 
x+y-—-11=Oare 
(a) (-6, 5) (b) (5, 6) (c) (-5, 6) (d) (6,5) 
35. The reflection of the point (4, —13) about the line5x +y+6=Ois 
(a) (-1, -14) (b) (3, 4) (c) (0, 0) (d) (1, 2) 
ANSWERS 
1. (a) 2. (c) 3. (a) 4. (a) 5. (d) 6. (d) 7. (c) 8. (a) 
9. (b) 10. (a) 11. (d) ~~ 12. (b) 13. (c) 14. (a) 15. (d) 16. (b) 
17. (a) 18. (c) 19. (a) 20. (c) 21. (b) 22.. (a) =235i(c) 24. (a) 
255(b)i 26. (Db) 27. (Db) 28a (c) 29. (d) 30. (b) 31. (c) 32. (c) 
33. (b) 34. (b) 35. (a) 
SUMMARY 


1. Every first degree equation in x, y represents a straight line. 


2. The trigonometrical tangent of the angle that a non-vertical line makes with the positive 
direction of the x-axis in anticlockwise sense is called the slope or gradient of the line. 


3. Theslopemofanon-vertical line passing through the points (x1, 3) and (x, y2) is given by 


Freya Le ah a 


Difference of ordinates 


My —x, Difference of abscissae 
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4. 


Slope of a horizontal line is zero and slope of a vertical ine is undefined. 


- An acute angle @ between the lines having slopes m and my is given by 


my —mM> 
1 +4 M5 


tan 9 = ,l+m,m, 4 0 








6. Two lines are parallel if and only if their slopes are equal. 


7. Two lines are perpendicular if and only if the product of their slopes is —1. 


8. Three points P, Q and R are collinear if and only if 


10. 


11. 


12. 


13. 
14. 


15. 
16. 


17. 


18. 


19. 


20. 


A541 TV 
cos@ sin 8 


21. 


Slope of PQ = Slope of QR 


. If a straight line cuts x-axis at A and the y-axis at B, then OA and OB are known as the 


intercepts of the line on x-axis and y-axis respectively. 


The equation of a line parallel to x-axis at a distance a from it is y = aor y = — aaccording asit 
is above or below x-axis. 


The equation of a line parallel to y-axis at a distance b from it is x = b or x = —b according as it 
is on the right or on left side of y-axis. 


The equation of x-axis is y = 0. 

The equation of y-axis is x = 0. 

The equation of a line with slope m and making an intercept c on y-axis is y =mx + ¢. 
The equation of a line with slope m and passing through the origin is y =m. 


The equation of the line which passes through the point (x1, y) and has slope nis 
y—Yyy = m(x—%)) 
The equation of the line passing through the points (x1, y;) and (x5, y>) is 


Sie ie Oe 
Y-Vy X 





VW ( x — x3) 
The equation of the line making intercepts aandb on x and y-axis respectively is em 
a 


b 


The equation of the straight line upon which the length of the perpendicular from the origin 
is p and the angle between this perpendicular and positive x-axis is a is given by 
xcosa+ysin a=p. 


The equation of the straight line passing through (x1, y,) and making an angle 0 with the 
positive direction of x-axis is 


=r, wherer is the distance of the point (x, y) on the line from the point (x1, ¥}). 


The coordinates of any point on the line at a distance r from the point (x}, 1) are 
(x; tr cos 0, y; +r sin 8) 
The slope of the line ax + by +c = Ois 
_a _ _ Coefficient of x 
b  _—- Coefficient of y 
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22. 


24, 


25. 


26. 


27. 


Three lines L, =a, x +b, y +c, =0, Ly =a, x+b2 y+ Cp =Oand,L3 =a3 x+b3 y+c3 =0 
are concurrent, if 


m by cy 
aa b> C5 = (0) 
M3 bz 3 


Also, these lines are concurrent iff there exist scalars 41, 42, 43 such that 
Ay Ly + Az Lo +A3 L3 — 1b 


. The equation of a line parallel to the line ax + by +c =0 is ax + by + A=0, where A is a 


constant. 

The equation of a line perpendicular to the line ax + by +c = Oisbx —ay +2 = 0,wherea 
is a constant. 

The perpendicular distance (d) of a line ax + by + c = 0 from a point (x1, ¥}) is given by 


ax, + by; +c 

a2 +b? 
The distance (d) between the parallel lines ax + by +c; = Oandax+ by+Cop = Ois given 
Se i eae | 


The equations of the lines passing through (x1, y;) and making an angle a with the line 
y = mx + care given by 
m+ tan a 
Ll 


d= 


= ——__—__—_ (x — X}). 
Llimtana : 
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THE CIRCLE 


24.1 DEFINITION 


A circle is defined as the locus of a point which moves ina plane such that its distance from a fixed point in 
that plane is always constant. 


The fixed point is called the centre of the circle and the constant distance is called the radius of the 
circle. 


In Fig. 24.1, P is the moving point, C is the fixed point and CP is equal to the radius. 


(Fixed point) 





(Moving 
point) 


Fig. 24.1 


EQUATION OFACIRCLE By the equation of a circle is meant the equation of the circumference; it 
is a relation between the coordinates x, y of the moving point P, involving some constants 
depending upon the position of the centre and the length of the radius. In set theoretical 
notations it is the set of all points lying on the circumference of the circle. 


24.2 STANDARD EQUATION OF A CIRCLE 


In this section, we will find the equation of any circle whose centre and radius are given. 


Let Cbe the centre of the circle and its coordinates be (h, k). Let the radius of the circle be a and let 
P (x, y) be any point on the circumference. Then, 


CP =a 
= CP? =”? 
= (x—h)? + (y—k)* =a" 


P(x, y) 


Fig. 24.2 


This is the relation between the coordinates of any point on the circumference and hence it is the 
required equation of the circle having centre at (h, k) and radius equal to a. 


NOTE1 The above equation is known as the central form of the equation of a circle. 
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NOTE2 Ifthe centre of the circle is at the origin and radius is a, then from the above form the equation of 
the circle is x7 + y? =a, 
ILLUSTRATION} Find the equation of a circle whose centre is (2, -3) and radius 5. 
SOLUTION The equation of the required circle is 
(x —2)? +(y+ 3)? =5? or, x? + y" —4x+6y—12 =0. 
ILLUSTRATION 2 Find the equation of a circle whose radius is 6 and the centre is at the origin. 
SOLUTION The equation of the required circle is 
x2 4y =67 or, x? + y7 = 36. 
24.3 SOME PARTICULAR CASES 
The equation of a circle with centre at (i, k) and radius equal to a, is 
(x—h)? +(y—k)? =a (i) 


(i) When the centre of the circle coincides with the origin (Fig. 24.3). 





Fig. 24.3 


In this case, h =k =0. Putting h =0, k =O in equation (i), we obtain hcalae y? =~ as the equation 
of the circle having centre at the origin and radius equal to ‘a’. 
(ii) When the circle passes through the origin (Fig. 24.4): 


Let O be the origin and C (h, k) be the centre of the circle. Draw CM 1 OX. 
Using Pythagoras Theorem in AOCM, we obtain 


OC? =OM? +CM? 
= az =h? +k? 
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The equation of the circle (i) then becomes 
(x—h)* + (y-k)? = h? + k* or, x? + y* — 2hx — 2Zky = 0. 
(iii) When the circle touches x-axis (Fig. 24.5): 
LetC (h, k) be the centre of the circle. Since the circle touches the x-axis. Therefore, a =k 


Hence, the equation of the circle is 


v€ 





Fig. 24.5 


(x -- h)? +(y—a)* =a* or, x” +y" —2hx-2ay + h? =0 
(iv) When the circle touches y-axis (Fig. 24.6): 
Let C (h, k) be the centre of the circle. Since the circle touches the y-axis. Therefore, h =a 


Hence, the equation of the circle is 


(x -—a)? +(y —k)? = a* or, x? + y* —2ax—2ky +k? = 0. 


Y x 





Fig. 24.6 Fig. 24.7 


(v) When the circle touches both the axes (Fig. 24.7): 
In this case we have, h =k =a 
Hence, the equation of the circle is 


(x —a)? +(y—a)” =a’ or, x? + y* —2ax-2ay+a? = 0. 
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(vi) When the circle passes through the origin and centre lies on x-axis ( Fig. 24.8): 
In this case, we have k=O andh =a. 
Hence, the equation of the circle is 

(x —a)? +(y—0)? =a or, x2 + y* —2ax = 0. 





Fig. 24.8 


(vii) When the circle passes through the origin and centre lies on y-axis (Fig. 24.9): 
In this case, we have h =O and k =a. 
Hence, the equation of the circle is 

(x—0)? + (y —a)? = a* or, x7 + y? — 2ay = 0. 





y’ 
Fig. 24.9 


IMPORTANT POINTS TO REMEMBER 
(i) When a circle touches x-axis, then its radius is equal to the absolute value of the 
y-coordinates of the centre. 
(ii) When a circle touches y-axis, the x-coordinates of its centre, in magnitude, is equal to the 
radius. 
(iii) When a circle touches x-axis at the origin, then its centre lies on y-axis and absolute value 
of y-coordinates of the centre is equal to the radius. 
(iv) When a circle touches y-axis at the origin, then its centre lies on x-axis at a distance equal 
to the radius of the circle. 
(v) When acircle touches both the axis, then the coordinates of its centre are (+ a, + a), where 
ais the radius of the circle. 
(vi) When a circle touches a line, then length of the perpendicular from its centre on the given 
line is equal to the radius of the circle. 
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ILLUSTRATIVE EXAMPLES 


| LEVEL-1 | 


Type I ON FINDING THE EQUATION OF A CIRCLE WHEN ITS CENTRE AND RADIUS ARE KNOWN 
EXAMPLE Find the equation of the circle whose centre is (2, —3) and radius ts 8. 
SOLUTION The equation of the circle is 

(x- 2)2 + (y=(- 3))? = 87 [Using: (x =hy- +(y —k)? = a7] 
= (x —2)? +(y + 3)? = 87 or, x7 + y*-4x+6y-51 = 0. 
EXAMPLE? Find the equation of the circle which passes through the point of intersection of the lines 
3x-2y-1=O0and4x + y—27 =O and whose centre is (2, — 3). 
SOLUTION Let P be the point of intersection of the lines AB and LM whose equations are 
respectively 

3x -2y-1=0 ssi) and 4x +y- 27 =0 (il) 
Solving (i) and (ii), we get x =5, y =7.So, coordinates of P are (5, 7). Let C (2, —3) be the centre of 


the circle. Since the circle passes through P. B 
3x-2y-1=0 


CP = Radius M dx + y—27=0 
= (5 - 2)? +(7 + 3)? = Radius 


= Radius = 7109. 
Thus, the required circle has its centre at C (2, — 3) 


and, radius = 4109. So, its equation is 
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(x -2)? +(y + 3)? = (/109) Or, x7 +y7-4x+6y-96=0 


EXAMPLE3 Find the equation of the circle having centre at (3,—4) and touching the line 
5x+12y—12 =0. 
[NCERT EXEMPLAR] 


SOLUTION Let C (3, —4) be the centre of the circle. If the line 5x+12y—12 =0 touches the 
required circle at P. Then, CP is perpendicular to the line and is equal to the radius of the circle. 






5x+12y-12=0 


Fig. 24.11 


Radius = CP = Length of perpendicular from C (3, —4) on the line5x+12y—12 =0 
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5x 3+12x-—4-—-12 


Re ee oe ee eee ee 
—————— 


_ 45 


= Radius = es 
13 











Thus, the required circle has its centre at C (3, —4) and radius = =. 


2 
Hence, its equation is (x — 3)? +(y+ 4)? = (=) 
EXAMPLE4 Find the equation of a circle with origin as centre and which circumscribes an equilateral 
triangle whose median is of length 3a. 


SOLUTION Let the circle circumscribes an equilateral triangle ABC and let AD = 3abea median 
of AABC. It is given that the centre of the circle is at the origin O. Clearly, O lies on the median AD 
and coincides with the centroid of AABC. 


OA 2 N= Soc or 
3 3 
= Radius = 2a 





Fig. 24.12 


Thus, the given circle has its centre at the origin O (0, 0) and radius = 2a. 

Hence, the equation of the circle is (x —0)* + (y —0)? = (2a)? or, x7 + y? = 4a’. 

EXAMPLE5 If the equations of the two diameters of a circle arexx —y =5 and 2x + y = 4 and the radius of 
the circle is 5, find the equation of the circle. 

SOLUTION Let the diameters of the circle be AB and LM whose equations are respectively 


x-y=5 (i) 2x+y=4 »»,(ii) 
Solving (i) and (ii), we get :x =3 and y =—2. 
Since the point of intersection of any two diameters of a circle is its centre. Therefore, 
coordinates of the centre of the required circle are (3, — 2) and its radius is 5 (given). 
Hence, its equation is 

(x -3)2 +(y+2)2 =5% or, x7+y*-6x+4y-12=0 
EXAMPLE6 Find the equation of a circle whose diameters are 2x — 3y +12 =Oand x + 4y —5 =Oand 
area is 154 square units. 
SOLUTION The centre is the point of intersection of diameters. Solving 2x — 3y +12 =0 and 


x+4y—-5=0, we get x=—3and y=2.5So, the coordinates of centre are (-3, 2). Let r be the 
radius of the circle. Then, 


Area = 154 => mre = 154 => x1? = 154 Sp SY 


Hence, the equation of the required circle is (x + 3)* + (y-—2)* = 49. 
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EXAMPLE7 Find the equation of a circle of radius 5 whose centre lies on x-axis and passes through the 
point (2, 3). 

SOLUTION Let the coordinates of the centre of the required circle be C (a, 0). Since it passes 
through P (2, 3). 


CP = radius 

= CP =5 

> (a-2)2+(0-3)2 =5 

a (a—2)7+9 =25 >a-2=+44 > a=6 or, a= -2 





Fig. 24.13 


Thus, the coordinates of the centre are (6, 0) or (-2, 0). Hence, the equations of the required circle 
are 
(x-6)2 +(y—0)2 =52 and (x+2)2+(y-0)? = 5? 


=> x? +. y* -12x +11 O and x7 +y7+4x-21 = 0 


Type IT ON FINDING THE CENTRE AND RADIUS OF A GIVEN CIRCLE 
EXAMPLES Find the centre and radius of each of the following circles: 
(i) x7 +(y+2)? =9 (ii) x7 + y? —4x + 6y = 12 
(iii) (x +1)? +(y-1)? = 4 (iv) x7 + y* + 6x—4y+4 = 0. 
SOLUTION (i) We have, 
x2 +(y+2)2 = 9 => (x-0)? + fy-(-2}° = 3? 
Comparing this equation with (x — a)” (y- b)? =r2, we find that the given circle has its centre at 
(0, -2) and radius 3. 
(ii) We have, x? + y? —4x+6y = 12 
= (x? —4x) +(y? + 6y) = 12 
=> (x? —4x + 4) + (y? + 6y +9) = 12+4+9 
> (x-2)2 +(y+ 3)? =5% => (x-2)? +{y-(-3)}? = 57 
Comparing this equation with (x — a)? + (y- b)? =r, we find that the given circle has its centre 
at (2, -3) and radius 5. 
(iii) We have, (x +1)? +(y-1)? = 4 
=>  — {x-(-1)}? +(y-1)? = 2? 
Clearly, the given circle has its centre at (1, 1) and radius 2. 
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(iv) We have, x* + y* +6x-4y+4 = 0 
=> (x? + 6x) +(y? —4y) = - 
=> (x? + 6x +9) +(y? -4y +4) = -44+9+44 
=> (x + 37) + (y —2)? - 37 = {x —(— 3)}? +(y —2)? = 


Clearly, this circle has its centre at (-3, 2) and radius 3. 


Type III ON FINDING THE EQUATION OF A CIRCLE SATISFYING SOME GIVEN GEOMETRICAL 
CONDITIONS 


EXAMPLE9 Find the equation of the circle which touches: 
(i) the x-axis and whose centre is (3, 4) 


(ii) the x-axis at the origin and whose radius Is 5 
(iii) both the axes and whose radius is 5 


(iv) the linesx =0, y=0 and x=a. 
SOLUTION (i) Clearly, radius =CP = 4 (Fig. 24.14) and the coordinates of the centre are (3, 4). 
6 


O P 
Fig. 24.14 
Hence, the equation of the required circle is 
(x — 3)? +(y—4)? = 4? or, x? +y" —6x-8y+9=0 


(ii) Since the circle touches the x-axis at the origin and has radius 5. So, the coordinates of the 
centre are (0, 5) as shown in Fig. 24.15. Hence, the equation of the circle is 


(x —0)? +(y —5)? =5 or, x7 + y* —10y =0. 


x 


O X 
Fig. 24.15 


(iii) The circle touches both the axes and has radius 5. So, the coordinates of the centre are (5, 5) 
and radius = 5 ses shown in Fig. 24.16. Ry the equation of the required circle is 
(x -5)* +(y—5)” = 5° or, x? + y* -10x-10y +25 = 0. 
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Fig. 24.16 


Since, the circle may lie in any one of the four quadrants. So, there are four such circles. The 
equations of these circles are given by x? +4 y* +10x+10y+25 = 0. 


(iv) The circle touches the coordinate axes and the line x=a_ as shown in Fig. 24.17. So, the 
centre of the required circle is at(a/2,a/2) and radius = a/2. 





C(a/2,a/2) 


A 





Fig. 24.17 


Hence, its equation is (x —a/ 2)? + (y —a/ 2)? =(a/2)?. 


There may be two such circles, one lying above x-axis and other below x-axis. The circle lying 
below x-axis has its centre at (2/2, —a/2) and radius a/2. The equation of this circles is 


(-5) +(s+5) -(G) 
x-~-j| +|/yt+—| =/-— 

2 2 2 

ay av (ay 

Hence, the equations of the circles are (= -£) (ys <) -(<) : 
EXAMPLE10 Find the equations of the circles which passes through two points on the x-axis which are at 
distances 4 from the origin and whose radius is 5. 
SOLUTION As is evident from Fig. 24.18 there are two circles which pass through two points 
A and A’ on x-axis which are at a distance 4 from the origin. The centres of these circles lie on 
y-axis. 


— 
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Fig. 24.18 


Applying Pythagoras Theorem in A OAC, we get 
AC* = OA? +0C? 
=> 5* = 474+0C* = OC = 3. 
So, the coordinates of the centres of the required circles are C (0, 3) and C’ (0, — 3). 
Hence, the equations of the required circles are 
(x — 0)? +(y + 3)? =5* or, x2 + + 6y —16 =0. 
EXAMPLE 11 Find the equation of the circle which passes through the origin and cuts off intercepts 3 
and 4 from the positive parts of the axes respectively. 
SOLUTION Let the circle cuts off intercepts OA and OB from OX and OY respectively. It is given 
that OA =3 and OB =4. 


OL == and, CL =2 


In A OLC, we have 
oc? = O12 + LC? 
3 2 
=> oc? = (=) + 2% 


=> oc = 2. 
2 





Thus, the required circle has its centre at(3/2 , 2) and 
radius 5/2. Fig. 24.19 


3 2 A tls 2 
Hence, its equation is (=-3) + (y —2) -(3) 


EXAMPLE 12 Find the equation of a circle which touches y-axis at a distance of 4 units from the origin 
and cuts an intercept of 6 units along the positive direction of x-axis. 


SOLUTION The given circle touches y-axis at L(0, 4) and cuts an intercept AB = 6 along the 
positive direction of x-axis. As shown in Fig. 24.20, there are two such circles. 
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Fig. 24.20 


In ACAM, we have 
CA? = CM? + AM? 
> CA? = 4243? 
= CA =5 
Also, CL =CA =5. 
Thus, the coordinates of the centres are (5, 4) or (5, — 4) and radius = 5. 
Hence, the equations of the required circles are 
(x-5)7+(y#4)? =5 => x? + y2 -10x # 8y+16 = 0. 
EXAMPLE13_ Find the equation of a circle which passes through the pore t (2, 0) and whose centre is the 
limit of the point of intersection of the lines 3x +5y =land(2+c)x+ 5c? y=lasc—1. 
SOLUTION We have, 
3x +5y=land (2+ c)x +5c7y =1. 
Solving these two. equations, we get 





c~ —1 c-l 
Se anidy = -—.—_—_—_ 
3c” —c-2 5 (3c —c —2) 
2 
c~ -l : (c —1) (c +1) ; c+1 2 
Now, Leth 0 ee Sa A eT = = 
ec>1 ¢ 31 3c*-c-2 c—1 (c —1) (3c + 2) c>1 3c+2 5 
—1 : 1 1 
and, ai enlinne-=e lim (c=) = lim = 


pated c—>1 5 (3c? —c—2) eee 5 (c —1) (3c + 2) es 5 (3c + 2) 95 
Thus, the coordinates of the centre of the circle are C (2/5, —1/25) . It passes through P (2, 0). 
1 64 1 _ +1601 


2 2 
2 > Ose ae 
Radius = CP = (2-2) +(0+ =) 5E + 405 35 





Hence, the equation of the required circle is 


(x-2) +(y+ 32] a or, 25x + 25y* —20x + 2y —60 =0 





25 625 





EXAMPLE14 A circle of radius 5 units touches the coordinate axes in the first quadrant. If the circle 
makes one complete roll on x-axis along the positive direction of x-axis, find its equation in new position. 
SOLUTION Let C andC;, be the centres of the circle in its initial and final positions. The 
coordinates of C are (5, 5). In making one complete roll on x-axis, the centre C moves through the 
distance CC, = AB = Circumference of the circle =10 x. 
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Fig. 24.21 


So, the coordinates of the centre of the circle in the new position are (5 + 107, 5). 

Radius of the circle in its new position is 5 units. 

Hence, its equation is {x —(5 + 107)}” +(y —5)2 = 57. 

EXAMPLE15 A circle of radius 6 units touches the coordinate axes in the first quadrant. Find the 
equation of its image in the line mirror y = 0. 


SOLUTION The given circle has radius 6 and the co- ordinates of its centre C are (6, 6). The 
coordinates of its image C, in the line mirror y = Oi.e. x-axis are (6, — 6). 





Fig. 24.22 


So, the centre of the required circle is at C (6, — 6) and its radius is 6. 
Hence, its equation is 
(x — 6)? +(y+ 6)? = 67 or, x? +y —12x+12y + 36 = 0. 
EXAMPLE 16 Find the equation of the image of the circle x + y? + 8x —16y + 64 =0in the line mirror 
Fics The equation of the given circle is 
x* + y* + 8x -16y + 64 = 0 
=> (x? + 8x +16) + (y* —16y + 64) = 16 
— (x + 4)? + (y—8)” = 47 
=>  (x-- 4)? +(y-8)? = # 
Clearly, its centre is at (— 4, 8) and radius = 4. 
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Fig. 24.23 


The image of this circle in the line mirror has its centre C, (4, 8) and radius 4. So, its equation is 
(x — 4)? +(y -8)? = 4” or, x? + y” —8x-16y +64 = 0 


EXAMPLE17 The circle (x —)~ 4 (y —a)? = a” is rolled on the y-axis in the positive direction 
through one complete revolution. Find the equation of the circle in its new-position. 


SOLUTION The given circle has its centre C (a, a) and radius =a. Clearly, it touches both the 
axes. When this circle rolls on y-axis and completes one revolution, its centre moves vertically 
through the distance equal to its circumference i.e. 27a. So, the coordinates of the centre of the 
new-circle are C, (a, a + 27a). Clearly, radius of the new circle is same as that of the given circle 
i.e. @. 





Fig. 24.24 


Hence, the equation of the new circle is (x — a)” + fy —(a+ 2na)}” =a’. 
EXAMPLE18 Find the equation of the circle whose radius is 5 and which touches the circle 
x4: y’ — 2x —4y —20 =0 externally at the point (5, 5). 
SOLUTION The equation of the given circle is 
x 4 y* — 2x —4y —20=0 or, (x1)? +(y—2) =5?. 


5 
P(5, 5) C,(a, B) 


Fig. 24.25 
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Its centre is C, (1, 2) and radius = 5. This circle touches another circle of radius 5 externally at 
point P (5,5). Let its centre be Cy (a, f). 
Clearly, P (5,5) is the mid-point of C; C5. 
a+] 
2 
Thus, the required circle has its centre at (9, 8) and radius = 5. 





= 5 and nee =5 => a=9,p=8 


Hence, the equation of the required circle is (x — 9)? +(y— 8)? = 52. 


EXAMPLE19 Find the equation of a circle of radius 5 which lies within the circle 
x2 + y* + 14x +10y —26 = Oand which touches the given circle at the point ( —1, 3). 


SOLUTION The equation of the given circle is 
x* + y? +14x + 10y — 26 =0 or, (x-(-7))* +(y—(-5))* =107 


P (-1, 3) S 


Fig. 24.26 
Its centre is at C, (—7, —5) and, radius =10. 


The required circle touches the above circle internally at P (—1, 3) and has radius = 5 ie. half of 

the radius of the given circle. So, its centre C> is the mid-point of C,P. Therefore, coordinates of 

wee 3). (- 4, -1). 
2 2 


Hence, the equation of the required circle is (x + 4)? + (y+ 1)? = 57. 





its centre C> are 


EXAMPLE 20 A circle of radius 2 lies in the first quadrant and touches both the axes. Find the equation of 
the circle with centre at (6, 5) and touching the above circle externally. 

SOLUTION The coordinates of the centre of the given circle are C, (2, 2) and the coordinates of 
the centre of the required circle are C, (6,5). 





Fig. 4,07 


Since it touches the given circle externally. Therefore, 
CC = C,P + C5P 
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> (6-2)2+(6-2)2 =2+C)P 

=> 5 = 2+ Cy P 

=> CoP = 3 

Thus, the required circle has its centre at C> (6, 5) and radius = 3. 

Hence, its equation is (x — 6) + (y—5)* =37 or, x* +y7 -12x-10y +52 =0 

EXAMPLE 21 Show that the equation of the circle which touches the coordinate axes and whose centre 

. . - ? 

lies on the line Ix + my +n=Ois (1+ m)? (x? + y”) + 2n(1+m)(x+y)+n~ = 0. 

SOLUTION We know that the coordinates of the centre of a circle touching the coordinates 

axes in first quadrant are (a, a), where ais the radius of the circle. So, the equation of the circle is 
(x —a)* +(y —a)* = a* or, x7 + y” —2ax - 2ay + a* =0 sec(d) 

Since the centre (a, a) lies on /x + my +n =0. Therefore, 

n 
l+m 





la+ma+n=O0O0>a=- 


Putting the value of a in (i), we obtain the equation of the circle as 


2 
x2 py? 4 2 5 ay rete Soy Or, (1+ m)?(x? + y*) + 2n (x+y) (1+m) +n? = 0. 
l+m [+m (1+m) 





EXAMPLE 22 Find the equation of the circle which touches both the axes and the line 3x —4y + 8 = Oand 
lies in the third quadrant. [NCERT EXEMPLAR] 
SOLUTION Leta be the radius of the circle. It is given that the circle touches both the axes and 
lies in the third quadrant. So, the coordinates of its centre are (— a, —a) and the equation of the 
circle is 

(x+a)* +(y+a)” =a’ or, x7 + y? + 2ax + 2ay + a* =0 L609) 





Fig. 24.28 


The circle touches the line 3x —4y + 8 = 0. Therefore, length of the perpendicular from the centre 
(—a, —a) to the line 3x —4y + 8 =0 is equal to the radius of the circle. 





i.e. CP =a 
— mes eenee => (ee a+8=5a => a=2 [<a>0O -.a+8>0] 
[32 (a2 5 


Substituting a = 2 in (i), we obtain 
x* +y” +4x+4y+4=O0as the required equation of the circle. 
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EXAMPLE 23 Find the equation of the circle which touches the coordinate axes and whose centre lies on 
the line x —2y = 3. 


SOLUTION _ Since the circle touches the coordinate axes and the line x —2y + 3 = 0. So, its centre 
lies in third or in fourth quadrant. Let a be the radius of the circle. 





CASEI When centre is in third quadrant: 

In this case, the coordinates of the centre are (— a, — a). As it lies on x — 2y = 3. 
—at+2a=3> a = 3. 

So, the equation of the circle is 


(x + a)* +(y +a)” =a*=> (x + 3)? +(y + 3)? = 37. 


CASEIl When centre is in fourth quadrant: 
In this case, the coordinates of the centre are (a, — a). As it lies on x — 2y = 3. 
. at+2a=3>a=1 
So, the equation of the circle is 

(x =a)= +(y + a)” =a=> (x —1)* +(y + 1)? =] 
ALITER We know that a circle touching both the axes has its centre either on y = x or, y =—X. 
CASEI When centre of the circle is on y =x: 
It is also given that the centre of the circle lies on x — 2y = 3. Thus, centre of the required circle is 
the point of intersection of the lines y =x and x — 2y = 3. Solving these two equations, we get 
x =— 3, y =— 3. Thus, the required circle has centre at (— 3, — 3) and radius 3. 


So, its equation is (x + 3)? +(y+ 3)? = 37. 

CASEI When centre of the circle ison y=—x: 

In this case, centre is the point of intersection of the lines y =—x and x — 2y = 3. 

Solving these two equations, we obtain that the coordinates of the centre are (1, —1). Radius of 
the required circle is 1 unit. 

Thus, the equation of the required circle is (x — 1)7 +(y+1)? = 17. 

EXAMPLE 24 Acircle has radius 3 units and its centre lies on the line y = x —1. Find the equation of the 
circle, if it passes through (7, 3). [NCERT EXEMPLAR] 


SOLUTION The coordinates of any point on the line y =x —1 can be taken as (t, t —1). So, let 
C (t,t -1) be the centre of required circle. Its radius is 3. Therefore, equation of the required 


circle is 

(x -#)? + {y-(f-1)}? = 37 ..(i) 
It passes through (7, 3). 

(7 -t) +{3-(¢-1)}? = 3” 


= (7-2 4(4-p2 = 9 = t?-11f+28 = 0> ((-4)(¢-7) =O >t = 4,7 
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Substituting’ the values of t in (i), we obtain that the equations of the required circles are 
(x-4)2 +(y—3)2 = 32and (x-7)? +(y-6)? = 3° 

EXAMPLE 25 Find the equation of the circle whose centre is at (3, —1) and which cuts off a chord of 

length 6 units on the line 2x —5y +18 =0 [NCERT EXEMPLAR] 

SOLUTION Let PQ be the chord cut off by the circle on the line 2x —5y +18 = 0. LetC (3, —1) be 

the centre of the circle and CL perpendicular drawn fromC on the chord PQ. Then, L bisects PQ. 


PL =QL =—PQ = pila One 


Rw 
QO 

2x -5y + 18=0 
Fig. 24.30 


Now, 
CL = Length of perpendicular from C (3, —1) on 2x-Sy +18 =0 


Se op a| Se SORT 18) fo9 
22 +(-5)? 

Applying Pythagoras theorem in ACLP, we obtain 

CP? =CL? + PL? 
=> cp? =(./29) + 37 = 38 
=> CP =/38. 
Thus, the coordinates of the centre of the circle are (3, —1) and its radius is /38. 
Hence, the equation of the circle is 

(x—3)? +(y+1)? =(V38)? or, x7 + y? —6x + 2y —28=0 
EXAMPLE26 A rectangle ABCD is inscribed in a circle with a diameter lying along the line 


3y = x+10. If Aand Bare the points (— 6,7) and (4, 7) respectively, find the area of the rectangle and 
equation of the circle. 


SOLUTION Clearly, centre P of the desired circle lies on 3y = x + 10 and perpendicular bisector 
of AB. As ABis parallel to x-axis, therefore perpendicular bisector of AB passes through (— 1, 7) 
and is parallel to y-axis. So, its equation is x = —1. Solving 3y = x+10 and x = —1, we get 
x =-1and y = 3. Thus, the coordinates of the centre P are (—1, 3). 





Fig. 24.31 
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Also, AP = Radius of thecircle = V(- 6+1)7 +(7 -—3)? = V41 


Hence, the equation of the circle is 
(x +1)? + (y — 3)? = (/41) or, x? +7 +2x—-6y-31 = 0 


Now, AD = 2PM = 2(-1 +1)*+(3-7)* = 8 and AB = \(-6 -4) +(7-7)* = 10 
Area of rectangle ABCD = ABx AD = 10x 8 = 80 square units. 


EXAMPLE 27 Find the equation of the circle passing through the points (1, — 2) and (4, — 3) and whose 
centre lies on the line 3x +4y = 7. 


SOLUTION Clearly, centre of the required circle lies on the perpendicular bisector of AB. 


Clearly, 
—-3+2 —] 





Slope of AB = 


4-1 


Slope of CP =3 





Fig. 24.32 


The coordinates of the mid-point P of AB are (5/2, -5/2). The perpendicular bisector of AB 
passes through P(5/2,—5/2) and is perpendicular to AB. So, the equation of perpendicular 
bisector of AB is 

y+2 = 3(x-2) Or, 3x —y-—10 = 0 


Solving 3x + 4y —7 =O and 3x—y —10 =0, we get: 
x=47/15 and, y=-—3/5 

So, the coordinates of C are (47/15, — 3/5). 

Clearly, radius of the circle is AC. 


2 2 2 2 
Radius = AC = (2-1) +(-2 +2) : (2) ni _ V1465 
15 5 15 5 





Hence, equation of the required circle is 


2 2 2 2 2 
47 3 1465 47 3 1465 
—_— + + — = Se iy — — => SS 
(x al [y | ( 15 % (x 4 +(y+3) 225 
EXAMPLE 28 Find the equation of the circle which touches the lines 4x -—3y+10=0 and 
4x — 3y — 30 =0 and whose centre lies on the line 2x + y =0. 


SOLUTION Clearly, the lines 4x — 3y + 10 =Oand 4x — 3y — 30 = Oare parallel and are touching 
the circle. It is given that the centre of the circle lies on the line 2x + y =0 which intersects the 
lines 4x — 3y +10 =0 and 4x — 3y — 30=0 at A (—1, 2) and B(3, —6) respectively. Therefore, 
centre of the circle is the mid-point of AB. So, the coordinates of the centre C are (1, — 2). 
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Fig. 24.33 


Let d be the distance between parallel lines 4x — 3y + 10 =0 and 4x — 3y — 30 =0. Then, 
10 —(— 30) 


42 He (= 8)e 


Radius & 5 (PQ)=5xd=4 


d = =8 


Thus, the required mes has its centre Bt C(1, —2) and radius = 4. 
Hence, its equation is (x — 1)? +( y + 2)? = 47. 


EXAMPLE 29 Find the locus of the centre of the circle touching the line x +2y =O and x—2y =0. 
SOLUTION Let(h, k) be the centre of the circle touching the lines x + 2y =0 and x —-2y =0.Letr 
be the radius of the circle. We know that the length of the perpendicular from the centre of a 
GHEE on the tangent line is equal to the radius of the circle. 

(Length of the perpendicular from (i, k) on x+2y =0) =r 
and, (Length of the perpendicular from (it, k) on x —2y =0) =r. 














i [1+ 2k| aand, h—2k ss 
V1 $27 ie + (=2)4 
x [n+ 2k] _ aa | h-2k| _ 
V5 5 
be | + 2k| eal h —2k| 
V5 V5 
= |h+2k| =|h-—2k| 
=> h+2k =+ (h —2k) 
=> h+2k =h—2k or, h+2k =—(h—2k) 
= 4k=0 or, 2h=0 
= h=0 or, k=0 


Hence, the locus of (h, k) isx=0 or y=0. 


EXAMPLE 30 LetC be any circle with centre(0, J2). Prove that at most two rational points can be there 
on C.(A rational point is a point both of whose coordinates are rational numbers) 


SOLUTION The equation of pe circle C with centre (0, /2) is given by 


(x —0)? + (y—V2 )? =r2, where r is any positive real number. 
or x*+y*-2V2y =7r7-2 .».(i) 


— NS e—eEOEEEeee 
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If possible, let P (x1, y;), Q (xo, yo) and R (x3 , y3) be three distinct rational points on circleC. 
Then, 


Ky yi 7—2V2y, = 72-2 li 
<5 + Yo =f) Yo = r2—2 .-( ii) 
oe + Ya. =9./2 y3 = r2—2 :(i¥) 


We claim that at least two y1, y and y3 are distinct. For if y; = yp = y3, then P, Q and Rlieona 
line parallel to x-axis and a line parallel to x-axis does not cross the circle in more than two 
points. Thus, we have either 1 # y> or, y; # Y3 OF, Y> # Y3. 


Subtracting (ii) from (iii) and (iv), we get 

Ge + Yo) —(x,? + y,) —2V/2 (yo —y4) = 
and, (Gee + Y3) —(x,? +Y; a — 2/2 (¥3 — 3) 
=> a, -V2b, = 0 and a, —J2b, = 0 -e(V) 
where, 4, = Com + Y>) —(x,7 + Y; a ,b 2 (Y2 — ¥}) 


2(y¥3 — ¥3) 

Clearly, a), a7, b;, b> are rational numbers as x1, x2, X3, ¥1, V2, y3 are rational numbers. 
Since either y; # Y> Or, y; # ¥3. Therefore, either b, # 0 or, b> # 0. 

If b; # 0, then 


a,—V2b, = 0=> 2 =/2 


1 


ll 
oO © 


a = (Ge + ya) —(x,7 + y,°) , bo 


This is not possible because a is a rational number and 2 is an irrational number. 


1 
If b> se 0, then 
fay —V2 bo =0> #2 = /2 
bo 
This is not possible because = is a rational number and ¥2 is an irrational number. 
2 


Thus, in both the cases we arrive at a contradiction. This means that our supposition is wrong. 
Hence, there can be at most two rational points on circle C. 


ALITER Let there be three points P (xj, Ya) Q (x2, ¥2) and R (x3, y3) with rational coordinates 
on circle C Zevne its equation 


x? +y" +29x+2fy+c = 0 .(i) 
Since P, Q, R lie on circle (i). Therefore, 
2 by, + 2gxy + 2fyy +c = 0 
Xp? + Yo> + 2gxo + fy +¢ = 0 
Xq + Yq” + 2gxg + 2fy3 +¢ = 0 
These are three linear equations in g, f and c with rational coefficients. So, we get rational 


values of g, f, c. But, f = V2. Thus, we arrive at a contradiction. Hence, there can be at most two 
rational points on circle C. 
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EXERCISE 24.1 
LEVEL-1 
1. Find the equation of the circle with: 
: ‘ sa Leeene 
(i) Centre (—2, 3) and radius 4. (ii) Centre (a, b) and radius ya" +b~. 
(iii) Centre (0, —1) and radius 1. (iv) Centre (acos a, asin a) and radius a. 
(v) Centre (a, a) and radius V2 a. 
2. Find the centre and radius of each of the following circles: 
(i) (x-1)? +y? = 4 (ii) (x +5)7 +(y+1)? = 9 
(iii) x? + y? —-4x+6y =5 (iv) x? + y* —-x+2y-—3 = 0. 

3. Find the equation of the circle whose centre is (1, 2) and which passes through the point 
(4, 6). 

4. Find the equation of the circle passing through the point of intersection of the lines 
x+3y=0 and 2x—-7y=0 and whose centre is the point of intersection of the lines 
x+y+1=Oandx-2y+4=0. 

5. Find the equation of the circle whose centre lies on the positive direction of y-axis at a 
distance 6 from the origin and whose radius is 4. 

6. If the equations of two diameters of a circle are 2x + y = 6 and 3x + 2y =4 and the radius is 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


10, find the equation of the circle. 


. Find the equation of a circle 


(i) which touches both the axes at a distance of 6 units from the origin. 
(ii) which touches x-axis at a distance 5 from the origin and radius 6 units 
(iii) which touches both the axes and passes through the point (2, 1). 
(iv) passing through the origin, radius 17 and ordinate of the centre is —15. 


. Find the equation of the circle which has its centre at the point (3, 4) and touches the straight 


line 5x + 12y -1 =0. 


. Find the equation of the circle which touches the axes and whose centre lies on x — 2y = 3. 
10. 


A circle whose centre is the point of intersection of the lines 2x-3y+4=0 and 
3x + 4y —5 =0 passes through the origin. Find its equation. 

A circle of radius 4 units touches the coordinate axes in the first quadrant. Find the 
equations of its images with respect to the line mirrors x = 0 and y =0. 

Find the equations of the circles touching y-axis at (0, 3) and making an intercept of 8 units 
on the x-axis. 

Find the equations of the circles passing through two points on y-axis at distances 3 from 
the origin and having radius 5. 

If the lines 2x —3y =5 and 3x —4y =7 are the diameters of a circle of area 154 square units, 
then obtain the equation of the circle. 


If the line y = /3x +k touches the circle x* + y” =16, then find the value of k. 


[NCERT EXEMPLAR] 
Find the equation of the circle having (1,—2) as its centre and passing through the 
intersection of the lines 3x + y =14and 2x +5y =18. [NCERT EXEMPLAR] 
If the lines 3x —-4y + 4 = 0 and 6x —8y—7 =Oare tangents to a circle, then find the radius of 
the circle. [NCERT EXEMPLAR] 


LEVEL-2 


2 
Show that the point (x, y) given by x = ate and y = (3 — lies on a circle for all real 
1+t 1l+t 








values oft such that—1 <¢ <1,whereais any givenrealnumber. [NCERT EXEMPLAR] 
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19. Thecircle x? + y* — 2x —2y + 1 =0is rolled along the positive direction of x-axis and makes 
one complete roll. Find its equation in new-position. 

20. One diameter of the circle circumscribing the rectangle ABCD is 4y=x+7. If the 
coordinates of A and B are (— 3, 4) and (5, 4) respectively, find the equation of the circle. 


21. Ifthe line 2x — y + 1 =O touches the circle at the point (2, 5) and the centre of the circle lies on 
the line x + y — 9 =0. Find the equation of the circle. 


ee eC ANSWERS 
1. (i) (x +2)? +(y-3)* =16 (ii) x2 + y? — 2ax —2by =0 (iii) x* + y? + 2y=0 

(iv) x? + y? —(2a cos a).x —(2a sin a). y =0 (v) x7 + y” — 2ax —2ay =0 
2. (i) (1,0);2 (ii) (-5,-1);3 (iii) (2,-3);3V2 (iv) & -1); ae 
3. x7 +7 —2x -4y—20=0 4, x7 +7 44x -2y=0 5. x7 + y* -12y+20=0 


6. x7 + y* -16x + 20y + 64=0 7. (i) x7 + y” -12x -12y + 36 =0 

(ii) x* + y* —10x —12y + 25 =0 (iii) x2 + y? -2x-2y+1=0, x7 + y* -10x-10y +25=0 
(iv) x7 + y* +16x + 30y =0 8. 169 (x” + y* — 6x —8y) + 381 =0 

9. x? + y* + 6x+6y+9=0 or x* + y* -2x+2y+1=0 


( 1 ) ( =i) 485 
10. | x+—] +|/ y-—| =— 
17 17 289 


11. With respect tox = 0;x* + y* + 8x -8y +16 = 0 
With respect toy = Ox? + y* -8x + 8y +16 = 0 


12. x7 + y* +10x -6y+9=0 13. x7 + y7+8x-9=0 

14. x* +y* -2x+2y-47 =0 15. k=+8 

16. x7 + y* -2x+4y-20=0 17. 3/2 

19. (x -1—2n)* +(y-1)? =1 20. x7 + y* -2x —4y-15 =0 


21. (x —6)* +(y — 3)” =20 


HINTS TO NCERT & SELECTED PROBLEMS 


8. Radius = Length of the perpendicular from the centre (3, 4) to the line 5x + 12y —1=0. 
9. Let a be the radius of the circle. Clearly, the required circle lies either in third or in fourth 
quadrant. So, the coordinates of its centre are (— a, — a) or (a, — a). Since, centre lies on 
x — 2y = 3. Therefore, a = 3 ora =1. 
17.. Clearly, Diameter = Distance between parallel tangents 3x —4y + 4 =Oand 3x-—4y—7/2=0 


2 
18. x= ae and, y=a : = are parametric equations of a curve. In order to obtain the 
1+t 1+t 








cartesian equation, we will have to eliminate parameter t. 
dat? a (-P)? _ aH)? 
aaa Se ONDe ee th sp 2Ne. 
(1+)? (1 +#°) (1+#°) 
of the curve representing a circle having centre at (0, 0) and radius a. 


Clearly, x + y? = =a”, which is the cartesian equation 
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24.4 GENERAL EQUATION OF A CIRCLE 

THEOREM = Prove that the equation x? + y* + 2. gx +2 fy +c =O always represenits a circle whose centre is 
(—g,-f) and radius = 9" + fe —C. 

PROOF The given equation is x + y? +29x+2 fy+c=0 «-.() 
= (x7 +2 ex +97) +(y72+2 fy+f 7) = 97+f7-c 


== (x +g)? +(y +f)? = vs" + f 2 =e} 
> fr-(-g)} + fy-C fy’ = ‘vs rfPae} 


This is of the form (x — h)? +(y — k)? =a* which represents a circle having centre at (, k) and 
radius equal to a. 
Hence, the given equation (i) represents a circle whose centre is at 


(-2,-f) ie. (-5 Coefficient of x, -5 Coefficient of v) 


and, Radius = 4 or the =\( ; Coeff. of x) a: E Coeff. of y) 2 _ Constant term 
Q.E.D. 
NOTE1 The equation x* + y* + 2 gx+ 2 fy+ c= 0 represents a circle of radius \s fies 


If 2 + f 2 _¢>0, then the radius of the circle is real and hence the circle is also real. 


If g? ae fi 2 _c¢=0, then the radius of the circle is zero. Such a circle is known as a point circle. 


If g? + f?—c<0, then the radius \ g? + fr-e of the circle is imaginary but the centre is real. Such 
a circle is called an imaginary circle as it is not possible to draw such a circle. 
NOTE2 Special features of the general equation x? + y? +2 9x+ 2 fy +c=0 of the circle are: 
(i) it is quadratic in both x and y. 

(ii) Coefficient of x* = Coefficient of y*. 

(iii) there is no term containing xy i.e., the coefficient of xy is zero. 

(iv) it contains three arbitrary constants viz. g, f and c. 
NOTE3 The equation ax? + ay” + 2 9x+ 2 fy+ c= 0,a+# Oalso represents a circle. This equation can 
also be written as 


f 


9 2.228 2 Cc 
x* + y> +—— x+— y+ -=0. 
J a a id a 


2: 
ae 


The coordinates of the centre of the circle are (—g/a, — f /a) and, radius = 


: 


NOTE 4 On comparing the general equation x? + y*> +2 gx + 2 fy +c=0 of a circle with the general 
equation of second degree ax” + 2 hxy + by? +2 9x+2 fy +c=0, we find that it represents a circle ifa =b 
i.e., coefficient of x* =coefficient of y* andh = Oi.e., coefficient of xy = 0. 

NOTE5 While solving problems it is advisable to keep the coefficient of x° and y* unity. 
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ILLUSTRATIVE EXAMPLES 


Type I ON FINDING THE CENTRE AND RADIUS OF A CIRCLE WHEN ITS EQUATION IS GIVEN 
RESULT The coordinates of the centre of the circle x* + y? + 2gx + 2fy +c =Oare 


(-5 Coefficient of x, -5 Coefficient of y) 


2 2 
and, Radius = (5 Coefficient of x) + (> Coefficient of y*) — Constant term 


EXAMPLE1 Find the centre and radius of the circle x + y* — 6x + 4y -12=0. 
SOLUTION The coordinates of the centre of the circle x” + y* —6x+4 y —12=0are 


(-5 Coeff. of x, a Coeff. of y Jie. (-5 x -6,-2 4) = (3,—2) 
2 2 2 2 


2 2 
and, Radius = [-5) +(5) —(-—12) = (9+4+12 = 5, 


EXAMPLE2 Find the centre and radius of the circle given by the equation 
2x” + 2y” + 3x+ ay += =0. 


SOLUTION In the given equation the coefficients of x? and y? are not unity. So, we re-write the 
equation to make the coefficients of x? and y? unity. 


We have, 2x? + 2y? + 3x4 dy += =0> Pa Sat 2y 4 = 0. 


2 
So, the coordinates of the centre are (— 3/4,-1) and, Radius = (=) Mahe = ~ = 1. 


Type II ON FINDING THE EQUATION OF A CIRCLE SATISFYING GIVEN CONDITIONS 

EXAMPLE3 Find the equation of the circle whose centre is at the point (4, 5) and which passes through 
the centre of the circle x“ + y? — 6x + 4y —12=0. 

SOLUTION The coordinates of the centre of the circle x + y? — 6x + 4y —12 =O areC;, (3, —2). 


Therefore, the required circle passes through the point C, (3, — 2) and has its centre at the point 
C (4, 5). So, its radius is equal to 


CC, = (4-3)? +6 +2)? =v50 


Was x2+y2-6x+4y-12=0 


Fig. 24.34 


Hence, the equation of the required circle is 
(x4)? + (y —5)? =(V50)? or, x” + y* -8x—10y -9 =0 
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EXAMPLE4 Find the equation of the circle concentric with the circle 2x7 4. 2y” + 8x + 10y —39=0 
and having its area equal to 16 square units. 
SOLUTION The equation of the given circle is 

2x? + 2y? +8x+10y—39=0 => x7 + y + 4x +5y — 39/2 =0. 
The coordinates of its centre are (— 2, —5/2). The required circle is concentric with the above 
circle, therefore the coordinates its centre are (— 2, —5/2). 
Let r be the radius of the required circle. Then, its area is xr”. But, it is given that its area 
is 167 sq. units. 
mre =16n => r=4 
Hence, the equation of the required circle is 

(x + 2)? +(y + 5/2)? =47 or, 4x? + 4y + 16x + 20y —23 = 0. 
Type III ON FINDING THE EQUATION OF A CIRCLE PASSING THROUGH THREE GIVEN POINTS 
EXAMPLE5 Find the equation of the circle that passes through the points (1, 0), (—1, 0) and (0, 1). 
SOLUTION Let the required circle be et y? + 29x+2fy+c=0 a(t), 
It passes through (1, 0), (-1, 0) and (0, 1). Therefore, on substituting the coordinates of three 
points successively in equation (i), we get 

1+2¢+c = 0 ....(ii), 1-2¢+c = 0 ....(iii), 1+2f+c=0 .--(1V) 
Subtracting (iii) from (ii), we get 

4g=0 > g=0 
Putting g =O in (ii), we obtain c =—1. 
Now, putting c =—1 in (iv), we get f =0. 
Substituting the values of g, f and c in equation (i), we obtain the equation of the required circle 
as x7 + y* = 1. 
EXAMPLE & Find the equation of the circle which passes through the points (5, — 8), (2, — 9) and (2, 1). 
Find also the coordinates of its centre and radius. 
SOLUTION Let the required circle be 

x27 + y* + 2x + 2fy +c =0 ...(i) 
It passes through the points (5, — 8), (2, — 9) and (2, 1). Therefore, 


89 +10¢ -16f +c =0 ...(ii) 
85 + 4¢ -18f +c = 0 iii) 
5+4¢9+2f +c=0 ...(iv) 


Subtracting (iii) from (ii), we obtain 
4+6¢9+2f=0 > 2+3¢g+/f =0 .-.(V) 
Subtracting (iv) from (iii), we get 
80+ 0¢g-20f =O>f =4 
Putting f =4in (v), we get g=-—2. Putting f =4, g =— 2 in (iv), we get 
5-8+8+c=0 >c=-5 
Substituting the values of g, f andc in equation (i), we obtain the equation of the required 


circle as 


x7 + y*7 -4x + 8y —-5=0. 


The coordinates of the centre are (— g,—f) i.e (2, —4). 
and, Radius = 92 +f 2-c = /4+164+5 =5. 


i a i a Te . 2 + &* = 
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EXAMPLE7 The straight line ay: =1 cuts the coordinate axes at A and B. Find the equation of the 
a 


circle passing through O (0, 0), A and B. 


SOLUTION The straight line pa : =1 cuts the coordinate axes at A (a, 0) and B (0, b). 
a 


Let x7 + y* +2ex+2fy+c = 0 (i) 
be the circle passing through O, A and B. Then, 
0+ +c = 0 ..(ii) 
a? + 2ga+c = »»+(ili) 
b7+2fb+c = ..(iv) 


Solving (ii), (iii) and (iv), we obtain 


g=-2,f = -5 and c = 0. 


Substituting these values in (i), we obtain the equation of the required circle as 
x7 +? —ax—by = 0 
ALITER The line represented by the equation at ' = 1 meets the coordinate axes at A (a, 0)and 
a 
B(0, b). Clearly, ZAOB = 90°. So, AB is a diameter of the circle such that 


AB = y(a—0)2 +(0—b)? = Va +b? 





x/a + y/b =1 


Fig. 24.35 


Radius => AB == a? +b”. 
The centre C of the circle is the mid-point of AB and so its coordinates are 
a+0 O+b -( >): 
eR EOE 


Hence, the equation of the circle is 


2 2 64 2 
( -2} +(y-3) -( a+b? | or, x* +y* —ax—by =0 


2 
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EXAMPLE8 Find the equation of the circle passing through (1, 0) and (0, 1) and having the smallest 
possible radius. 
SOLUTION Let the equation of the required circle be 

x? + y? +2ex+2fy+c = 0 .--(i) 
This passes through the points A (1, 0) and B (0, 1). 

1+2¢+c =0and,1+2f+c =0 >g= (=) and, f = -($) 








Letr be the radius of circle (i). Then, 


= e7+f%-c 

















—— 
2] c+1 e+1y c7 +1 2 1,2 
— + | => r-~ = —(c” +1) 
~ \ 2 Vp 2 
Now, En Dnt phe te By SS 
2 2 2. 2 
Thus, the minimum value of r2 is . 
Also, r? Spies ied pd oh c=0 
2) 2 22. 
So,r is minimum when c = 0 and in that case, the minimum value of r is 5 
Putting ¢=0 in g=-“= and f =- I we get g = -=and f = i: 
Substituting the values of g, f and c in (i), we get x* + y? —x-—y = Oas the equation of the 


required circle. 


NOTE To prove that four given points are concyclic; find the equation of the circle passing through any 
of the three given points and show that the fourth point lies on it. 


Type IV ON CONCYCLIC POINTS 
EXAMPLE9 Show that the points (9,1), (7, 9) (—2, 12) and (6, 10) are concyclic. 


SOLUTION Let the equation of the circle passing through (9, 1), (7, 9) and (— 2, 12) be 
2 


x + 7 + 2ox + 2fy +i¢ = 0 .-.(i) 
Then, 82 + 18¢+2f +c=0 ...(ii) 
130 + 14¢ + 18f +c =0 ...(iii) 
148 —-4¢ + 24f +c =0 .».(iv) 
Subtracting (ii) from (iii), we get 
48 -4¢9+16f =0>12-¢+4f =0 ..-(V) 
Subtracting (iii) from (iv), we get 
18 -18¢ +6f =0>3-3g+/f =0 .-.(Vi) 


Solving (v) and (vi) as simultaneous linear equations ing and f, we get: f=—3,g=0. 
Putting f =— 3, g =O in (ii), we get 

82+0-6+c=0 > c=-%6 
Substituting the values of g, f and c in (i), we get caeee y? — 6y — 76 = Oas the equation of 
the circle passing through points (9, 1), (7, 9) and (— 2, 12). 
Clearly, point (6, 10) satisfies this equation. Hence, the given points are concyclic. 
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Type V ON FINDING THE EQUATION OF A CIRCLE SATISFYING THREE GIVEN CONDITIONS 


EXAMPLE10 Find the equation of the circle which passes through the points (1,—2) and (4,—3) and 
has its centre on the line 3x+4y=7. 


SOLUTION Let the equation of the required circle be 


x27 + y7 + 2ex + 2fy +c =0 (i) 
It passes through (1, — 2) and (4, — 3). 
5+29-4f+c=0 .»-(ii) 
and, 25+ 8¢-6f+c=0 +«s(itl) 
The centre (— 9, —f) of (i) lies on 3x+ 4 y=7. 
-3¢g -4f =7 (iV) 
Subtracting (ii) from (iii), we get 
20+6¢g-2f =0>10+ 3g -f=0 .(V) 
Solving (iv) and (v) as simultaneous equations, we get 
47 3 
=e d a 
S O57 Sabana 
Substituting the values of g and f in (ii), we get 
94 12 sy) al 
-—--—+te=0>5>c=—=— 
15 5 15 3 
Substituting the values of ¢g, f and c in (i) we obtain the required equation of the circle as 
x? + y? - x4 2y+ = = 0 or, 15 (x? + y?) —- 94x + 18y + 33 =0 


EXAMPLE 11 Find the equation of the circle circumscribing the triangle formed by the lines x + y =6, 
2x+y=4andx+2y=5. 


SOLUTION Let the equations of sides AB, BC and CA of A ABC are respectively 
x+y=6 .-(i) 2x+y=4 (il) and x+2y =5 .-,(ili) 


Solving (i) and (iii), (i) and (ii); (ii) and (iii) we get the coordinates of A, B and C. The coordinates 
A, B and C are (7, —1), (— 2, 8) and (1, 2) respectively. 


Let the equation of the circumcircle of A ABC be 


x7 + y*7 + 29x+2fy+c=0 ...(iV) 
It passes through the points A (7, —1), B (— 2, 8) and C (1, 2). Therefore, 
50 + 14g -2f+c=0 ..(V) 
68 —-49g +16f +c=0 ...(Vi) 
5+ 2g+4f +c=0 ...(Vii) 
Subtracting (v) from (vi), we get 
18 -18¢ + 18f =O>1-g+f =0 ...(Viii) 
Subtracting (v) from (vii), we get: -45-12¢+6f = 0 ...(iX) 


Solving (viii) and (ix), we get: g=—17/2, f = -19/2. 

Putting the values of g and fin (v), we get c = 50. 

Substituting the values of g, f and c in (iv), the equation of the required circumcircle is 
x2 + y? -17x -19y + 50 =0 
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LEVEL-2 
Type VI MISCELLANEOUS EXAMPLES 


EXAMPLE 12 Find the radius of the circle (x cos a@ + y sin @ — a)? +(x sin a— y cosa —b)? =k?, 
if a varies, the locus of its centre is again a circle. Also, find its centre and radius. 
SOLUTION The given equation is 

(x cos a+ Yy sin a ~a)* +(x sin a —y cos @ —b)* = k? 


2 a + cos” a)-2(acosa+bsin a)x 


=> x? (cos* a + sin? c) + y? (sin 
—2(asin a —b cos a) y+a>+b2 —k? =0 
— x? +y —-2x(acosa+bsin a)—-2y(asina—b cos a) + a2 +b7 —k? =0 


The coordinates of the centre of this circle are(a cos a + b sin a, asin a —b cos a). Letits radius 
ber. Then, 


r = \(acos a+b sin a)” + (asin a —b cos a)” —(a? +b? —k?) 





a” (cos? a +sin? a) + b? (sin? a + cos ca) —(a +b? ~k?) 


— r = ya? +b? -a? —b?2 +k? =k 


Let (p, q) be the coordinates of the centre of the given circle. Then, 
p =acosa+bsina and q=asina-—bcosa 

To find the locus of (p, q) we have to eliminate a. Squaring and adding these two, we get 
p> + q’ =(acosa+b sin a)? +(asin a—b cos a) 

= p> + q’ = a’ (cos? a + sin? a) + b? (sin a + cos” ca) 

=> p> + qr = a> +b? 


Hence, the locus of (p, q) is x + y? =a +b. This is a circle having centre at (0, 0) and radius 


equal to a2 hon 


EXAMPLE 13 Find the area of an equilateral triangle inscribed in the circle 
x? + +2ex+2fy+c = 0. 
SOLUTION Let ABC be an equilateral triangle inscribed in the circle 
x + y? +2gx+2fy+c = 0 .-.(i) 
Let O (— g, —f ) be the centre of the circle. Then, 
OA = OB = OC = Jg24+f2-c 


In AOBD, we have 
in 60° = —— 
sin OB 
— BD = 3 op 


=> BD = 2 |g? +f? 
— = 2 7 
BC = 2BD J3 Vg +f “—¢ ig oaaa 


Area of AABC = af (Side)? = 3 (Bc)? 
— Area of A ABC = Bx 30g? +f? ~0) sq. units = 243 0g? 4 f 2-0) sq, units 
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EXAMPLE 14 If the line Ix + my =1 is.a tangent to the circle x* + y* =a”, then prove that (I, m) lies ona 
circle. [NCERT EXEMPLAR] 
SOLUTION If the line /x+my-—1=0 touches the circle x* + y? =a”, then length of the 
perpendicular from its centre O (0, 0) is equal to the radius a. 

m+mxO-1] _ 


1? +m? 
1 
=> =a 
1? +m? 
=> [7 +m? = 4 
a 
‘of ene ey ae 
= (1, m) satisfies the equation x* + y* = a 
a 
— (1, m) lies on the circle x? + y? = “a 
a 


Hence, (/, m) lies on a circle. 
EXAMPLE 15 If the line Ix+my+n=0 touches the circle x*+y* =a", then prove that 
(12 +m?) a® =n?. [NCERT EXEMPLAR] 
SOLUTION If the line Ix+my+n=0 touches the circle x2 4+ y? = a’, then length of the 
perpendicular from its centre O (0, 0) is equal to its radius a. 

Ix0+mx0O+n sie 
I? +m? 
=> (I? +m) a* =n”, which is the required condition. 


EXAMPLE 16 Prove that the locus of a point which moves such that the sum of the squares of its 
distances from the vertices of a triangle is constant is a circle having centre at the centroid of the triangle. 


[NCERT EXEMPLAR] 


SOLUTION Let A (xj, 3), B(x, y2) and C (x3, y3) be the vertices of AABC, and let P(h, k) be 
a point which moves in such a way that 


PA? + PB* + PC? =c (constant) 
=> (h—x1)? + (k yy)? +(h—x9)? +(k yp)? +(h—x3)? + (k—-y3)? =e 
=> 3h? + 3k? -2h (xy + X2 +X3) —2k (yy + Yo +3) +X47 + X97 + X37 +17 + yo" +y37-c=0 
=> h*+k? — (2 + x2 +3) h-= (¥4+Y> + Y3) k= (xy + X57 +X37 + 47 + Yo" +37 —c) =0 


= h? +k? == (x + Xp +X3) h-= (yi +92 +3) k+2X=0, 


where 2 == (x42 + Xp* + ae + 437 4 Yo" + y37 -¢) 
Hence, the locus of (i, k) is P 
x* +y -= (x 4% +%3) x—-=(¥1 +Y2+y3) y+A=0 


Clearly, it represents a circle with centre at — , u*t*¥s) , which is the centroid of 


AABC. 


EXAMPLE 17 Ifa circle of constant radius 3c passes through the origin and meets the axes at A and B, 
prove that the locus of the centroid of AABC isa circle of radius 2c. [NCERT EXEMPLAR] 
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SOLUTION Let the coordinates of A and B be (a, 0) and (0, b) respectively. Clearly, AOAB is a 
right triangle right-angled at O. Therefore, AB is a diameter of the circle. 











Fig. 24.37 
if AB =2 (3c) = 6c 
In AAOB, 

OA? +OB? = AB? [Using Pythagoras theorem] 
=> a? +b? = 36c? .--(i) 
Let (a, B) be the coordinates of the centroid of AOAB. Then, 

Oat Owes _0+0+b => > a=3a and ps6 
3 3 3 


Substituting the values of a and b in (i), we thts 
90.7 +98? = 36c* or, a2 +P* =(2c)? 
Hence, the locus of («, 3) is xe y” = (2c), which is a circle of radius 2c. 
ALITER Let OA=a and OB=b. Then, the coordinates of A and B are (a,0) and (0,b) 
respectively. 
The equation of the circle passing through O, A and Bis 


x7 + y* -ax —by =0 [See Example 7] .«-(i) 
Let (a, 8) be gh sete of the centroid of AOAB. Then, 
= and B= 7= a=3a andb = 38 ...(ii) 
It is given that the Sate of circle (i) is 3c. 
2 2 
~+7-0 = 3c => a*+b* = 36c* ... (iii) 


Eliminating a and b between (ii) and (iii), we obtain 
907 + 9p7 =36c* or, a+ B = 4c? 
Hence, the locus of (a, 8) is x2 + y” = (2c), which is a circle of radius 2c. 


EXERCISE 24.2 





1. Find the coordinates of the centre ana raaitia of each of the following circles : 
(i) x? +y7 + 6x —-8y-—24 = 0 (ii) 2x ye = —3x+5y = 7 
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fix U : 
(iii) s(x" + y’) +x cos 0+ ysin 0-4=0 (iv) x? + y? —ax —by = 0 
2. Find the equation of the circle passing through the points: 
(i) (5,7), (8, 1) and (1, 3) (ii) (1, 2), (3, — 4) and (5, — 6) 
(iii) (5, - 8), (— 2, 9) and (2, 1) (iv) (0, 0), (— 2, 1) and (— 3, 2) 


3. Find the equation of the circle which passes through (3, —2), (2, 0) and has its centre on the 
line 2x — y = 3. 


4. Find the equation of the circle which passes through the points (3, 7), (5, 5) and has its centre 
on the line x — 4y =1. 
5. Show that the points (3, — 2), (1, 0), (—1, — 2) and (1, — 4) are concyclic. 


6. Show that the points (5, 5), (6, 4), (-2, 4) and (7, 1) all lie on a circle, and find its equation, 
centre and radius. 


7. Find the equation of the circle which circumscribes the triangle formed by the lines 
(ji) x+y+3 =0, x-y+1=0 ara x = 3 
(ii) 2x+y-3 =0, x+y-1=0 and 3x+2y-5 = 0 
(iii) x+y = 2, 3x-4y = 6 and x—-y = 0. 
(iv) y=x+2, 3y =4x and 2y = 3x. [NCERT EXEMPLAR] 
8. Prove that the centres of the three circles x7 + y? — 4x —6y -12=0, 
x? + y* + 2x + 4y —10 =O and x* + y* —10x —16y —1 =Oare collinear. 
9. Prove that the radii of the circles x? + y* =1, x7 + y? —2x —6y—6 =0 and x? +y? -4x 
—12y —9=Oare in A.P. 
10. Find the equation of the circle which passes through the origin and cuts off chords of 
lengths 4 and 6 on the positive side of the x-axis and y-axis respectively. 
11. Find the equation of the circle concentric with the circle x” + y? — 6x +12y +15 =0 and 
double of its area. 


12. Find the equation to the circle which passes through the points (1, 1) (2,2) and whose radius 
is 1. Show that there are two such circles. 


13. Find the equation of the circle concentric with x2 + y? — 4x — 6y — 3 =0 and which touches 
the y-axis. 
PK: If a circle passes through the point(0, 0),(a, 0),(0, b), then find the coordinates of its centre. 
15. Find the equation of the circle which passes through the points (2, 3) and (4,5) and the 





f centre lies on the straight line y —4x + 3 =0. [NCERT EXEMPLAR] 
ANSWERS 
3 5) 3-10 
1. (i) (-3, 4);7 | Ae 
() (-3, 4) ay (2,-3) > 
(iii) (— cos @, — sin 6); 3 (iv) (< 4 ; F ya? +2. 


2. (i) 3(x? + y*) —29x -19y +56 =0 (ii) x? + y? -22x —4y + 25=0 
(iii) x* + y* +116x + 48y — 285 =0 (iv) x? + y* —-3x-1ly=0 


3. x? + y? + 3x+12y+2=0 4. x? + y* + 6x +2y-90=0 
6. x7 +y* —4x -2y-20=0;(2,1),5 | 
7. (i) x? + y* —6x + 2y-15=0 (ii) x? + y* -13x -5y +16 =0 


(iii) x* + y* + 4x+ 6y-12=0 (iv) x? +y” —46x + 22y =0 
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10. x? + y* —4x -6y =0 11. x? + y* —6x +12y-15=0 
12. x? + y2 4x -2y+4=0, x* +7 —-2x-4y+4=0 


13. x7 + y* —4x-6y+9=0 14. @ 4 15. x? +y7 —4x-10y+25=0 


HINTS TO SELECTED PROBLEMS 
10. The circle passes through (0, 0), (4, 0) and (0, 6). 
11. Centre of the given circle is (3, — 6), and radius = 9 + 36-15 = /30. Let r be the radius of 
the required circle. Then, z r27 =2 (x (/30)7) = r= V60. 
13. The centre of the required circle is (2,3). As it touches y-axis. So, its radius = x-coordinate of 
centre = 2. 
24.5 DIAMETER FORM OF A CIRCLE 
THEOREM Thre equation of the circle drawn on the straight line joining two given points (x1, y,) and 
(Xp, Yn) as diameter is (x — x) (x —Xp) + (y — y}) (Y — Y2) =0. 
PROOF Let A and B be the extremities of the diameter AB having coordinates (x, y,;) and 
(x9, Y2) respectively. Let P (x, y) beany point on the circle. Join point P to points A and B.Then, 


m, = Slope of the line AP = 2= 71 and, Mz = Slope of the line BP = ean = : 
PY X —X9 





“sa B(x, Y>) 


Fig. 24.38 


The angle subtended at the point P in the semi-circle APB is a right angle. 
mM, My = —1 


poe enh Py a 
X—X4 X—X9 


> (y — yy) (Y — Ya) =— (x — X4) (X — Xp) 


> (x — x4) (x —X2) + (y — yy) (Y — 2) =0 (1) 
This is the required equation of the circle having (x1, y;) and (xz, y) as the coordinates of the 
end points of a diameter. Q.E.D. 


REMARK 1 If the coordinates of the end points of a diameter of a circle are given, we can also find the 
equation of the circle by finding the coordinates of the centre and radius. The centre is the mid-point of the 
diameter and radius is half of the length of the diameter. 
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REMARK 2 Equation (i) can also be written as 
Rs y? —X (X4+Xo) —Y (Yy + Yo) +X4Xo + Yo =0 
or, <7 4. y? —x (Sum of the abscissae) — y (Sum of the ordinates) + Product of the abscissae 
+ Product of the ordinates = 0. 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the equation of the circle, the coordinates of the end points of whose diameter are (-1,2) 
and (4, -3). 
SOLUTION We know that the equation of the circle described on the line segment joining 
(x1, Yj) and (x2, yp) as a diameter is (x — x1) (x — xp) + (y — y}) (y — yo) =0. 
Here, xX; = -1, % = 4, yy =2 and yo = -3. 
So, the equation of the required circle is 

(x +1) (x-4)+(y-2)(y+ 3) =0 or, x7+y*-3x+y-10 = 0. 
EXAMPLE 2 Find the equation of the circle drawn on the intercept made by the line 2x + 3y =6 between 
the coordinate axes as diameter. 


SOLUTION The line 2x + 3y =6 meets x and y-axes at A (3, 0) and B (0, 2) respectively. Taking 
AB asa diameter, the equation of the required circle is 

(x — 3) (x -0)+(y—0)(y-—2) = 0 [Using: (x — x) (x — x2) + (y — yy) (y—¥2) =0] 
Or, x? + y? —3x—-2y = 0 
EXAMPLE3 Find the equations of the circles drawn on the diagonals of the rectangle as its diameter 
whose sides are x = 6, x =— 3, y = 3.and y =-1. 


SOLUTION Let the sides AB, BC,CD and DA of the rectangle ABCD be represented by the 
equations y=—1,x=6, y=3and x =— 3 respectively. Then, the coordinates of the vertices are 
A (-—3,1), B(6,-—1),C (6, 3) and D (- 3, 3). 





Fig. 24.39 


The equation of the circle with diagonal AC as diameter is 
(x + 3)(x—6)+(y+1)(y-—3) = 0 or, x? +7 —3x—2y—-—21 =0 
The equation of the circle with diagonal BD as diameter is 
(x — 6) (x + 3) +(y +1) (y — 3) =0 or, x? +y" — 3x —2y —21 =0. 
EXAMPLE4 If y = 2x isa chord of the circle x? +4 y* — 10x =0, find the equation of a circle with this 
chord as diameter. 
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SOLUTION The points of intersection of the given chord and the given circle are obtained by 
solving y = 2xand x + y? — 10x = Osimultaneously. Putting y = 2x in x“ + y~ —10x =0, we get 
5x7 -10x = 0 => 5x(x-2) =0 => x = 0,2. 
Putting x = 0 and x = 2 respectively in y =2x, we get y =O and y =4. 
Thus, the coordinates of the points of intersection of the given line and the given circle are 
A (0, 0) and B (2, 4). The equation of the circle a cotta AB as pei os is 
(x —0) (x —2) +(y—0)(y-4) = 0 or, x? + 7 —-2x-4y = 


EXAMPLE 5_ If the abscissae and the ordinates of two points A and B be the roots of ax* + bx +c =Oand 
a y? +b' y+c' =0 respectively, show that the equation of the circle described on AB as diameter is 
aa’ (x? + y?) +a bx + ab' y + (ca’ + c'a) =0 

SOLUTION Let (x1, ;) and (x5, y>) be the coordinates of points A and B KeSRecuvely. 

It is given that x1, x» are roots of ax* + bx + c =Qand yj, y> are roots of a’ y? +b' y+c'=0. 


Xp +X ee %1xX) == yy+y aes and 1 a (i) 
aie 22 yb MA See 7 Yij2 = 7 ove 
The equation of the circle with AB as diameter is 


(x —x4) (x — x2) + (y—yy) (y-y2) = 0 


> x ty? -x(x1+%)-Y¥(M ty) +2 MtMY = 0. 

~ Pay?—x(-2)-(-7) yn £48 =20 [Using (i)] 
a a’ a 4 

— aa’ (x? + y?) +a’ bx + ab' y+(ca'+c'a) = 


EXAMPLE 6 Bind the equation of the circle on the straight line joining the points of intersection of 
ax” + 2hxy + by” y~ =Oand Ix + my =1 as diameter. 


SOLUTION Suppose the line /x + my =1 intersects the lines given by ax? + 2hx y + by? = =0 in 
A and B. Let the coordinates of A and B are (x7, ¥;) and (x5, yz) respectively. Eliminating y 


between [x + my =1 and ax? + 2hxy + by? = 0, we obtain 
x? (am? —2hIlm + bl?) —2x (bl —hm) +b = 0 


Clearly, x1, X> are roots of this equation. 


een 2 (bl — hm) andi = b 
ee pee ae am” —2hlm + bl? 


am —2hIm + bl? 

Now, eliminating x between /x + my =1 and ax? + 2hxy + by” = 0, we get 
y? (am — 2h Im + bi?) - 2y (am —hl)+a = 0. 
Since i}, Yo are roots of this equation. 
2 (am — hi) andi ie & a 
am™ —2hlm + bl? Tage’, am* —2hIm + bi? 
The equation of the circle with AB as diameter is 
(x — x4) (x — x2) + (y-—yy) (Y—Y2) = 
of, x — x(x +X) + xy AQ ty? —Y (N+ Yo) +H 2 = 0 
2 2 zs (bl — hm) 2y (am — hl) b a 
2 zp 2° aaa a 
am” —2hlm+bl2 am? —2him+bI2 am? —2hlm+bl2— aam2 —2hlm + bIZ 


Ya Von = 
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or, (x? + y*) (am? — 2hlm + bl?) — 2x (bl —hm) —2y (am —hl) +(a+b) = 0 
This is the required equation of the circle. 


EXAMPLE7 On the line joining (1,0) and (3, 0) an equilateral triangle is drawn, having its vertex in the 
first quadrant. Find the equation to the circles described on its sides as diameter. 


SOLUTION Let (1, 0) and (3, 0) be the coordinates of the points A and B respectively. Then, 


AB = Ja — 3)7 +(0 —0)? =2. 


Let C (x1, y;) be the third vertex of the equilateral triangle ABC. Then, AC = BC = 2 
Now, AC = y(x,-1)? +(y,-0)?, BC = (x, - 3)? +(y, -0) 

A AC = BC 

= AC* = BC 


= (x, -1)? +y,° = (x, — 3)? +y,° => 4x, =8 > x, =2 

Again, AC = 2 

=> (x4 —1)* + yz = 2 

=> (x, -1)7+y? = 4 

=> (2-1)7 +? =4=> y,=+V3 => y,=V3 [~ x, =2] 
So, the coordinates of C are (2, V3). [‘- C (x1, y;) lies in first quadrant] 


The equation of the circle on AC as diameter is 
(x —1) (x —2) + (y —0) (y —V3) = 0 or, x? +y" — 3x -—V3y+2 =5(); 
similarly, the equations of circles with AB and BC as diameters are 
(x 1) (x - 3) + (y-0) (y-0) =0 and, (x—3)(x-2)+(y-0)(y—V3) = 0 
Or, x7 + y? ~4x+3=0 and, x* + y* —5x-V3y+6 = 0 respectively. 
EXAMPLE8 Find the equations to the circles which pass through the origin and cut off equal chords of 
length ‘a’ from the straight lines y =x and y =—x. 


SOLUTION From Fig. 24.40, we see that there will be four such circles which pass through the 
origin and cut off equal chords of length a from the straight lines y = + x. 
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Since ZAOB = ZBOC = ZCOD = ZDOA = 2/2. Therefore, AB, BC, CD and DA are diameters 
of the four circles. 


Now, ZXOA=nr/4 and, OA=a 
AC, =asin ~ =—“ and, OC, = i 
1 7 oe an 1 =4 cos 7 





i 

J2 

So, the coordinates of A are (a/V2, a/V2). 

Similarly, the coordinates of B, C and D are (—a/V2, a/V2), (—a/V2,-a/V2) and (a/V2, —a/V2) 


respectively. 


The equation of the circle with AD as diameter is 


5) (eller) <8 Atte no 


Similarly, the i aoa of the required circles with BC, CD and AB as diameters are 
a a 

X+—= : — |ly+—= 

(+ aller a) yaaa) 

feat )lxt 5+ (y +e \(ys : + = 0 or, x? + y* + V2 ay =0 


and, [x- [x47 +z \+(¥--5 (y--F = 0 or, x7+y7-V2 ay = 


respectively. 


0 or, x? + y* + J/2 ax =0 





EXERCISE 24.3 


1. Find the equation of the circle, the end points of whose diameter are (2, — 3) and (— 2, 4). 
Find its centre and radius. 


2. Find the SIRENS le of the circle the end points of whose diameter are the centres of the 
circles x7 + y” + 6x-— 14y -—1 = Oand x? + y? — 4x+ 10y — 2=0. 

3. The sides of a square arex=6, x=9, y=3and y =6. Find the equation of a circle drawn 
on the diagonal of the square as its diameter. 


4, Find the equation of the circle circumscribing the rectangle whose sides are x — 3y =4, 
3x + y =22,x —3y =l4and 3x + y = 62. 

5. Find the equation of the circle passing through the origin and the points where the line 
3x + 4y =12 meets the axes of coordinates. 


6. Find the equation of the circle which passes through the origin and cuts off intercepts a and 
b respectively from x and y-axes. 


7. Find the equation of the circle whose diameter is the line segment joining (— 4, 3) and 
(12, -1). Find also the intercept made by it on y-axis. 


3, The abscissae of the two points A and B are the roots of the equation x* + 2ax—b? =O and 
their ordinates are the roots of the equation x” + 2px— q’ = 0. Find the equation of the circle 
with AB as diameter. Also, find its radius. 

9. ABCD is a square whose side is a; taking ee and AD as axes, prove that the equation of the 
circle circumscribing the square is x? +4 y? —a(x + y) =0. 


40. The line 2x — y + 6 =0 meets the circle x? +y" — 2y —9 =Oat A and B. Find the equation of 
the circle on AB as diameter. 
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11. 


12. 


Find the equation of the circle which circumscribes the triangle formed by the lines 
x=0, y=Oand Ix + my =1. 


Find the equations of the circles which pass through the origin and cut off equal chords of 
/2 units from the lines y = x and y =—x. 


ANSWERS 
1. x 4y?-y-16=0;(0,5), ve 2x? +y" +x —2y —41=0 
3. x7 + y? -15x-9y +72 =0 4, x* + y* -27x -3y +142 =0 
5. x? 4 y* —4x -3y=0 6. x? + y* + ax +by =0 
7. x? 4+ y* —8x -2y —-51 =0, 4v13 
8. x? + y* + 2ax + 2py —b? —q? =0, ja? +b? + p? +4? 
10. x? + y* 4+ 4x-4y+3=0 11. v4 yo x-—y=0 

m 

12. x? + y* + 2y=0, x? + y? + 2x =0. 


HINTS TO SELECTED PROBLEMS 


. Theline 3x + 4y =12 meets the coordinate axes at A (4, 0) and B(0, 3). We have to find the 


equation of the circle with AB as diameter. 


- The coordinates of the end points of a diameter are (+ a, 0) and (0, + Bb). 
. The required circle has (0, 0) and (a, a) as the end points of a diameter. 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1k. 


2. 
3. 
4. 


Ul 


Write the length of the intercept made by the circle x* 4+ y7 +2x-—4y—-5 = Oony-axis. 

Write the coordinates of the centre of the circle passing through (0, 0), (4, 0) and (0, — 6). 

Write the area of the circle passing through (— 2, 6) and having its centre at (1, 2). 

If the abscissae and ordinates of two points P andQ are roots of the equations 
2 Be 2 9: = , 

x© + 2ax—b* = Oandx* + 2px—gq~ = Orespectively, then write the equation of the circle 

with PQ as diameter. 


. Write the equation of the unit circle concentric with x* + y? —-8x+4y-—8 = 0. 


6. If the radius of the circle x* + y” + ax+(1—a) y+5 = 0 does not exceed 5, write the 


7. 





number of integral values a. 
Write the equation of the circle passing through (3, 4) and touching y-axis at the origin. 


. If the line y =mx does not intersect the circle (x +10)” + (y + 10)* =180, then write the set of 


values taken by m. 


9. Write the coordinates of the centre of the circle inscribed in the square formed by the lines 
x=2,x=6,y=5 and y =9. 
ANSWERS 
1. 6 units 2. (2, — 3) 3. 107sq. units 
242 2py —b* -q* = 0 Pie — i 
4. x~ +y~ + 2ax + Zpy q 5.x +y" —8x+4y+19 =0 6. 16 


7. 3 (x2 + y*) — 25x = 0 8. me(-2,-3) 9. (4,7) 
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MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternatives in each of the following: 


1. 


10. 


11. 


12. 


13. 


If the equation of a circle is Ax? +(22%—-3) y? —4x + 6y —1=0, then the coordinates of 
centre are 
(a) (4/3 , -1) (b) (2/3,-1) (c) (-2/3, 1) (d) (2/3 ,1) 


phox" + 2. xy + 2y* + (24-4) x + 6y —5 =O is the equation of a circle, then its radius is 


(a) 3/2 (b) 23 (c) 242 (d) none of these 
. The equation van y? + 2x —4y +5 =0 represents 
(a) a point (b) a pair of straight lines 
(c) acircle of non-zero radius (d) none of these 
. If the equation (4a — 3) x7 + ay” + 6x —2y + 2=0 represents a circle, then its centre is 
(a) (3, -1) (b) (3,1) (c) (-— 3,1) (d) none of these 
. The radius of the circle represented by the equation 3x7 + 3y +AXxY+9x+(A-6) y 
+3=0 is 
(a) 3/2 (b) V17/2 (c) 2/3 (d) none of these 


. The number of integral values of 4 for which the equation x? + y? +Ax+(1-A) y+5=D0is 


the equation of a circle whose radius cannot exceed 5, is 
(a) 14 (b) 18 (c) 16 (d) none of these 


. The equation of the circle passing through the point (1, 1) and having two diameters along 


the pair of lines x2 =e —2x+4y-3=0,is 
(a) x? +y* -2x-4y+4=0 (b) x? +y74+2x+4y-4=0 
(c) eye —2x+4y+4=0 (d) none of these 


. If the centroid of an equilateral triangle is (1, 1) and its one vertex is (—1, 2), then the 


equation of its circumcircle is 
(a) x? +? -2x-2y-3=0 (b) x? +y7 + 2x-2y-3=0 
(c) x7 + y" +2x+2y—3=0 (d) none of these 


. If the point (2, k) lies outside the circles x? + y” +x—-2y—14=0and x7 + y? =13 then k lies 


in the interval 

(a) (— 3, —2) U(3, 4) (b) —3,4 

(c) (-2%0, — 3) U(4, ~) (d) (2, —2) U(3, ~) 

If the point (A, 4 + 1) lies inside the region bounded by the curve x = 1 25 — y” and y-axis, 
then A belongs to the interval 


(a) ay 3) (b) (— 4, 3) 

(c) (—20 , — 4) U(3, «) (d) none of these 

The equation of the incircle formed by the coordinate axes and the line 4x + 3y = 6is 
(a) x? + y* —6x-—6y +9 = 0 (b) 4(x7 + y2-x-y)+1 = 0 

(c) 4(x27 + y74+x+y)41 = 0 (d) none of these 

Ifthe circles x” + y* =9 and x” + y? + 8 y + c =0 touch each other, then c is equal to 
(a) 15 (b) —15 (c) 16 (d) —16 


If the circle x? + y? +2 ax +8 y +16 =0 touches x-axis, then the value of a is 
(a) +16 (b) +4 (c) +8 (d) +1 
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14. The equation of a circle with radius 5 and touching both the coordinate axes is 
(a) x7 + y?2 410x410 y+5=0 (b) x7 + y7+10x+10y=0 
(c) x? +y? +10 x+10 y+ 25=0 (d) x? +y +10x+10 y+51=0 


15. The equation of the circle passing through the origin which cuts off intercept of length 6 
and 8 from the axes is 


(a) x? + y? —-12x-16y=0 (b) x 4 y +12x+16y=0 
(c) x7 + y746x+8y=0 (d) x7 + y7 -6x-8y=0 
16. The equation of the circle concentric with x? + y*-3x+4 y —c = 0 and passing through 
(—1,-2) is 
(a) x7 +y7-3x+4y-1=0 (b) x7 +y7-3x+4y=0 
(c) x? + y* —-3x+4y+2=0 (d) none of these 
17. The circle x? + y? + 29x +2 fy + c =0 does not intersect x-axis, if 
(a) 9? <c (b) 2 >Cc (c) ¢” >2c (d) none of these 
18. The area of an equilateral triangle inscribed in the circle x* + y? -6x-8y—25=0is 
(a) a (b) 25 x (c) 50 x—100 (d) none of these 


19. The equation of the circle which touches the axes of coordinates and the line : + =1and 


whose centres lie in the first quadrant is x* + y” —2 cx -2 cy + c” =0, where c is equal to 


(a) 4 (b) 2 (c) 3 (d) 6 
20. If the circles x? + y? =aand x” + y* —-6x-8y+9=0, touch externally, then a= 
(a) 1 (b) -1 (c) 21 (d) 16 


21. If(x, 3) and (8, 5) are the extremities of a diameter of a circle with centre at (2, y), then the 
values of x and y are 


(a) (3, 1) (b) x=4,y=1 (c) x=8, y=2 (d) none of these 
22. If (- 3, 2) lies on the circle x* + y? +2 gx +2 fy + c=0 which is concentric with the circle 
— +y" +6x+8y-—5=0,thenc= 


(a) 11 (b) -11 (c) 24 (d) none of these 
23. Equation of the diameter of the circle x7 + y?-2x+4 y =0 which passes through the 
origin is 


(a) x+2y=0 (b) x-2y=0 (c) 2x+y=0 (d) 2x-y=0 
24. Equation of the circle through origin which cuts intercepts of length a and b on axes is 


(a) x* + y* +ax+by=0 (b) x* + y* —ax —by =0 
(c) x7 + y” + bx + ay =0 (d) none of these 
25. If the circles x” + y? + 2ax +c=Oand x” +y7 + 2by + c =0 touch each other, then 
Lbewscisk 1 1 Pome t 1 Leia 2 
a) =+—5=- s=+s = +b =2 d) -+- == 
Osta 75 Oata=y We e dy -+- 
ANSWERS 
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PARABOLA 


25.1 CONIC SECTIONS 


A conic section, as the name implies, is a section cut-off from a circular (not necessary a right 
circular) cone by a plane in various ways. The shape of the section depends upon the position of 
the cutting plane. 


Consider a double right circular cone of semi vertical angle a and let it be cut by a plane inclined 
at an angle 6 to the axis of the cone. We will get different sections (curves) as follows: 


CASEI If the plane passes through the vertex O 
The curve of intersection is a pair of straight lines passing through the 
vertex which are 
(i) real and distinct for 0 < a. 

(ii) coincident for 6 = a i.e. the plane touches the cone. 

(iii) imaginary for 0 >a. 
CASEI! If the plane does not pass through the vertex O 
The curve of intersection is called 





(i) acircle if 6 = a 


Fig. 25.1 
(ii) a parabola for 0 = a i.e. if the plane is parallel to the generator PQ. 


(iii) an ellipse for 6 > a (0 # x / 2) i.e. if the plane cuts both the generating lines PQ and RS. 
(iv) a hyperbola for @ < a i.e. if the plane cuts both the cones. 


Thus, we may get the section either as a pair of straight lines, a circle, a parabola, an ellipse ora 
hyperbola depending upon the different positions of the cutting plane. These curves of 
intersection are called the contic sections. 





Fig. 25.2 Fig. 25.3 


25.2 ANALYTICAL DEFINITION OF CONIC SECTION 
CONIC SECTION A conic section or conic is the locus of a point P which moves in such a way that its 


distances from a fixed point S always bears a constant ratio to its distance from a fixed line, all being in the 
same plane. 


25.2 MATHEMATICS-xXI 


FOCUS The fixed point is called the focus of the conic section. 
DIRECTRIX = Thie fixed straight line is called the directrix of the conic section. 
In general, every conic has four foci, two of them are real and the other two are imaginary. Due 
to two real foci, every conic has two directrices corresponding to each real focus. 
ECCENTRICITY The constant ratio is called the eccentricit y of the conic section and is denoted bye. 
AXIS The straight line passing through the focus and perpendicular to the directrix is called the axis of 
the conic section. 
VERTEX 9 hie points of intersection of the conic section and the axis are called vertices of the conic section. 
CENTRE The point which bisects every chord of the conic passing through it, is called the centre of the 
conic. 
LATUS-RECTUM The latus-rectum ofa conic is the chord passing through the focus and perpendicular to 
the axis. 
NOTE As mentioned above the eccentricity of a conic is generally denoted by e and 
(i) for e <1, the conic obtained is an ellipse; 
(it) for e = 1, the conic obtained is a parabola; 
(iit) for e > 1, the conic is a hyperbola; 
(iv) for e =0, the conic is a circle. 


25.3 GENERAL EQUATION OF A CONIC SECTION WHEN ITS FOCUS, DIRECTRIX 
AND ECCENTRICITY ARE GIVEN 


Let S(a, B) be the focus, Ax + By + C =0 be the directrix and e be the eccentricity of a conic. Let 
P (h, k) be any point on the conic. Let PM be the perpendicular from P, on the directrix. Then, by 
definition Z 


SP =e-PM 
=> SP? = e2 PM2 


P(h, k) 





0 


S(a, B) 
Focus 


2 
=> (h=a)" + (kB)? =e? 4 


A” +B? 


9 (Ax + By +C)? 
(A2 + B?) Fig. 25.6 


This is the cartesian equation of the conic section which, when simplified, can be written in the 
form 


ax? +2 hxy + by” + 2 gx +2 fy+c=0, which is the general equation of second degree. 
It can be easily shown that the general equation of second degree viz. ax” + 2 hxy + by” + 2x 
+ 2 fy + c =O always represents: 
(i) a pair of straight lines, if A=abc + 2 fgh — af 2 _ bg? — ch? =0 
(ii) a circle if A+ 0,a=bandh=0 
(iii) a parabola if A 0 and h? =ab 
(iv) an ellipse if A # 0 and h? <ab 
(v) a hyperbola if A # 0 and h2 >ab 
(vi) a rectangular hyperbola if A+ 0, h* >abanda+b=0. 


Ax + By+C 


Thus, the locus of (h, k) is 


(x-a)? + (yp)? =e 


N 
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25.4 THE PARABOLA 


ANALYTICAL DEFINITION § A parabola is the locus of a point which moves in a plane such that its distance 
from a fixed point in the plane is always equal to its distance from a fixed straight line in the same plane. 


As defined in section 25.2, the fixed point is called the focus and the fixed Z 

straight line is called the directrix of the parabola. The line through the M P 
focus and perpendicular to the directrix is the axis of the parabola. The 

point on the axis midway between the focus and directrix is called the 


vertex of the parabola. Foctis 
Let S be the focus, ZZ’ be the directrix and let P be any point on the : 
parabola. Then, by definition PS 
SP = PM 
where PM is the length of the perpendicular from P on the directrix ZZ’. Ha O57 


ILLUSTRATION 1 Find the equation of the parabola whose focus is (—3, 2) and the directrixis x+y =4. 


SOLUTION Let P (x, y) be any point on the parabola whose focus is S (— 3, 2) and the directrix 
x+y—-4=0. Draw PM perpendicular tox + y—4=0. Then, 





SP = PM [By definition] Z Lr 
x, 
=>  Sp* = PM? M / 
¥+1 =ale 
= (x+ 3)? +(y=2)? =|— ° S(-3, 2) 
1+1 | a 
= 
Drea 2. 2 Ne 
= a(s +y vox-ay eis] c + y~ +16 + 2xy —8x —8y * 
Deh esl) = Zi 
= x“ +y~ -—2xy+20x+10=0 
Fig. 25.8 


Thus, the required equation of the parabola is x? + y? —2 xy+20x+10=0. 


ILLUSTRATION 2 Find the equation of the parabola whose focus is (— 3, 0) and the directrixis x +5 =0. 


SOLUTION Let P (x, y) be any point on the parabola having its focus at S (— 3, 0) and directrix as 
the line x + 5 = 0. Then, 
SP = PM, where PM is the length of the perpendicular from P on the directrix 


= SP = PM~ 





x+5=0 Y’ 
Fig. 25.9 


25.4 MATHEMATICS-ZI 











a) x+O0y+5 - 

=> tS) (ay — 0) 2 | er 

ey O) v1 +0 

=> y* = 4x + 16, which is the required equation of the parabola. 


25.4.1 EQUATION OF THE PARABOLA IN ITS STANDARD FORM 


Let S be the focus, Z Z’ be the directrix. Draw SK perpendicular from S on the directrix and 
bisect SK at A. Then, 


AS = AK 
=> Distance of A from the focus = Distance of A from the directrix 
=> A lies on the parabola [By def} 


Let SK =2 a. Then, AS = AK =a. 
Let us choose A as the origin, AS as x-axis and AY a line perpendicular to AS as y-axis. Then, the 
coordinates of S are (a, 0) and the equation of the directrix ZZ’ is x =—a. 





Fig. 25.10 


Let P (x, y) be any point on the parabola. Join SP and draw PM and PN perpendiculars on the 
directrix Z Z’ and X-axis. Then, 


PM = NK = AN + AK=x + a. 
Since P lies on the parabola. Therefore, 


SP = PM [By definition of parabola] 
= SP? = PM? 
=> (x —a)* +(y—0)? = (x+a)? 
— y” = 4ax 


This is the equation of the parabola in its standard form. 

NOTE The parabola has two real foci situated on its axis one of which is the focus S and the other lies at 
infinity. The corresponding directrix is also at infinity. 

25.4.2 TRACING OF THE PARABOLA 17 =4ax, a>0 

The given equation can be written as y =+ 2 Jax. 

We observe the following: 


(i) Symmetry: For every positive value of x, there are two equal and opposite values of y. 


(ii) Region: For every negative value of x, the value of y is imaginary. Therefore, no partof the 
curve lies to the left of y-axis 
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(iii) Origin: The curve passes through the origin and the tangent at the origin is x = 0 i.e., 
y-axis 
(iv) Intersection with the axes: The curve meets the coordinate axes only at the origin. 
(v) Portion Occupied: Asx — », y — ». Therefore the curve extends to infinity to the right of 
axis of y. 
With the help of the above facts and by joining some convenient points on the parabola the 
general shape of the parabola y* = 4 ax is as shown in Fig. 25.10. 


25.4.3 VARIOUS RESULTS RELATED TO THE PARABOLA 


As discussed in section 25.4, the focus of the parabola y” = 4 ax is at (a, 0) and the directrix is x =—a. 
The axis is a line passing through ihe focus and perpendicular to the directrix. In Fig. 25.10 x-axis 
i.e., y= 0 is the axis of the parabola y? = 4ax. The axis meets the curve y= =4axat A, the origin. So, 
the coordinates of the vertex are (0, 0). Clearly, the vertex A is the midway between the focus and 
the directrix i.e., the vertex is equidistant from the focus and the directrix. 


DOUBLE ORDINATE Let P be any point on the parabola y = 4 ax. A chord passing through P 
perpendicular to the axis of the parabola is called the double ordinate through the point P. 

In Fig. 25.10, PP' is the double ordinate of point P. 

LATUS-RECTUM A double ordinate through the focus is called the latusrectum i.e. the latusrectum of a 
parabola ts a chord passing through the focus perpendicular to the axts. 

In Fig. 25.10, LSL' is the latusrectum of the parabola y? = 4 ax. By the symmetry of the curve 
SL =SL' =i (say). So, the coordinates of L are (a, 4). Since L lies on y = 4 ax. Therefore, 

Z Y 







p y* = 4ax 
Fig. 25.11 

22 =4aq* = =2a => LL'=2A=4a. 

Latusrectum = 4 a. 


The coordinates of L and L’ ,end points of the latusrectum, are (a, 2 a) and (a,—2.a) respectively. 


FOCAL DISTANCE OF ANY POINT The distance of P (x, y) from the focus S is called the focal distance of 
the point P. 


Clearly, SP = V(x —a)? +(y—0)2 

=> SP = \(x-<)? + y 

= SP = \(x-a)? +4ax [. P(x, y) lies on the parabola .. y” = 4 ax] 
=> SP = (x + a)? =|x+a|=a4x [- x>0,a>0 “x+a>0] 
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Hence, a+ x is the focal distance of any point P (x, y) on the parabola y* = 4ax. 
FOCAL CHORD A chord of the parabola is a focal chord, if it passes through the focus. 


25.4.4 SOME OTHER STANDARD FORMS OF PARABOLA 


Proceeding as in section 25.4, we find that there are three other standard forms of parabola viz. 

=-4ax,x*=4 ay and x7=-4 ay depending upon the choice of the axes. Thus, in all there are 
four standard forms. The shapes of the curves in these four standard forms and their 
corresponding results are as follows: 








| =4ax y2 =-—4ax | 2 =4 ay | paint! ( 
Coordinates of vertex | (0, 0) (0, 0) | (0, 0) | (0, 0) 
Coordinates of focus (a, 0) (— a, 0) (0, a) | (0, -—a) 
Equation of the directrix | x=-Aa | x=a | y=-a | y=a 
Equation of the axis | y=0 | y=0 | += 0 | x=0 
Length of the Latusrectum 4a | 4a | 4a | 4a 
Focal distance of a point P (x, y/) GEx | a-Xx | a+y a-y 


—_ 





—_-= ——_ ——_—_ -_—_- 





Fig. 25.12 








y' 
Fig. 25.14 Fig. 25.15 
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REMARK If the vertex of the parabola is at the point A (h, k) and its latusrectum ts of length 4a, then its 
equation 1s 


(i) (y- k)? =4a (x —h) or,(y —- k)? =-4a (x —h) according as its axis is parallel to OX orOX’. 





(ii) (x - hy? = 4a(y—k) or, (x- h)? =— 4a (y —k) according as its axis is parallel toOY orOY’. 


ILLUSTRATIVE EXAMPLES 


Type I ON FINDING THE EQUATION OF A PARABOLA WHEN ITS FOCUS AND DIRECTRIX ARE GIVEN 


EXAMPLE1 Find the equation of the parabola whose focus is the point (0, 0) and whose directrix is the 
straight line 3x —4y + 2 =0. 


SOLUTION Let P(x, y) be any point on the parabola whose focus is S(0, 0) and the directrix 
3x -4y + 2=0. Draw PM perpendicular from P on the directrix. Then, by definition 





SP = PM 
= SP* = PM? 
a P he 
a (x _0)2 ey _0)2 =7 3x—4y +2 2 M (x, y) 
3? + (-4)2 + (-4)2 
Ri.- = Se S(0, 0) 
= tuna? (3x —4y +2)° a 
25 ; 
2 2 4 = 
= 25 (x° +y*) = (3x —4y + 2) ve 
=> 25x? + 25y? = 9x7 +16y? + 4 —24xy + 12x -16y “ 


=> 16x? + 9y* + 24xy -12x +16y-—4 = 0 
This is the required equation of the parabola. Fig. 25.16 
EXAMPLE2 Find the equation of the parabola whose focus is at (—1, —2) and the directrix the line 
x-2y+3=0. 
SOLUTION Let P(x, y) be any point on the parabola whose focus is S(—1, —2) and the directrix 
x-2y+3=0. Draw PM perpendicular from P(x, y) on the directrix x —-2y + 3 =0. Then, by 
definition 

SP = PM 





=> SP? = PM? M P(x, y) 
a is 3) 
=> (x+1)*+(y+2)? = aos S(-1, - 2) 
V1 +4 = 
~) 
are: Sil ae 2 S, 
= sfoeon + ( + 2) | = (x -—2y + 3) “ 
~ 
=> 5 (x? + y? + 2x + 4y +5) = (x? + 4y? +9 —4xy + 6x —-12y) 
=> 4x? + y” + 4xy +4x+ 32y+16 = 0 Fig. 25.17 


This is the equation of the required parabola. 


Type II ON FINDING THE FOCUS, DIRECTRIX, LATUS-RECTUM, AXIS ETC. FOR A GIVEN PARABOLA 
IN ONE OF THE STANDARD FORMS 


EXAMPLE3 For the following parabolas find the coordinates of the foci, the equations of the directrices 
and the oe of the latus-rectum: 


(i) y? =8x (ii) x? =6y (iii) y? =-12x (iv) x7 =-16y 


) | ne ee 


bh EER DE 


= 
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SOLUTION (i) The given parabola y’ = 8x is of the form y* = 4ax, where 4a = 8 i.e. a = 2. 
The coordinates of the focus are (a, 0) i.e. (2, 0) and the equation of the directrix is x =a 
ile.x =—2., 

Length of the latus-rectum = 4a = 8. 

(ii) The given parabola x? =6 y is of the form x? = 4ay, where 4a = 6 i.e. a = 3/2. 


Clearly, the coordinates of the focus are (0, a) = (0,3/2) and the equation of the directrix is y=-a 
i.e. y=—3/2. 

Length of the latus-rectum = 4a = 6. 

(iii) The given parabola y? =— 12x is of the form y? = — 4ax, where 4a =12 i.e. a = 3. 

Clearly, the coordinates of the focus are (-a, 0) =(—3, 0) and the equation of the directrix is x =a 
ie. X = 3. 

Length of the latus-rectum = 4a = 12. 


(iv) The given parabola is of the form x? =- day, where 4a = 16 i.e. a = 4. 


Clearly, the coordinates of its focus are (0, —) = (0,-— 4) and the equation of the directrix is y=4 

le. y = 4. 

Length of the latus-rectum = 4a = 16. 

Type III ON FINDING THE VERTEX, FOCUS, AXIS, DIRECTRIX, LATUS-RECTUM ETC. OF THE 
PARABOLAS REDUCIBLE TO ONE OF THE FOUR STANDARD FORMS 


EXAMPLE4 Find the vertex, axis, focus, directrix, latus-rectum of the following parabolas. Also, draw 
their rough sketches: 


(i) y7-8y-x+19 = 0 (ii) 4y? + 12x —20y + 67 = 0 
(iii) y = x7 -2x4+3 (iv) x? + 2y—3x+5 = 0 
SOLUTION (i) The given equation is 
y* -8y—x +19 = 0 
=> y* —8y = x-19 
~ y* —8y+16 = x-19+16 => (y—4)? = (x—3) ..(i) 


Shifting the origin to the point (3, 4) without rotating the axes and denoting the new coordinates 
with respect to these new axes by X and Y, we have 


x=X+3, y=Yr4 w»»(ii) 
Using these relations, equation (i) reduces to 
y? =X (iii) 
ye 





A 
i y2-8y-—x+ 19=0 
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1 
This is of the form Y* = 4aX. On comparing, we get 4a=1 or, a= a 


Vertex: The coordinates of the vertex with respect to the new axes are (X = 0, Y = 0). 
So, the coordinates of the vertex with respect to the old axes are 


(3, 4) [Putting X = 0, Y = 0 in (ii)] 
Axis: The equation of the axis of the parabola (iii) with respect to the new axes is Y = 0. 
90, the equation of the axis with respect to the old axes is y = 4. [Putting Y = 0 in (ii)] 


Focus: The coordinates of the focus with respect to the new axes are (X =a, Y =0) 
i.e., (X14, Y = 0) 


So, the coordinates of the focus with respect to the old axes are 


(13/4, 4) [Putting X = 1/4 and Y = 0 in (ii)] 
Directrix: The equation of the directrix with respect to the new axes is X = —a i.e, X=-1/4. 
So, the equation of the directrix with respect to the old axes is 

1 11 1 

=p 8 SS XS — Putting X =—— in (ii 

7 Fi [ g r (ii)] 


Latus-rectum: The length of the latus-rectum of the parabola (iii) is equal to 4a = 1. 
(ii) The given equation is 
4y? +12x—-20y +67 = 0 


= y+ 3x-5y+Z = 0 


= y” —5y = a5 84 
4 
2 2 
2 5i\s 67 (2) 
—9 —| = -3x-—+/= 
= y y+(2) x Fi 5 
( a 42 
= y-—| = -3x-— 
2 4 
? 
5i\s 7 ; 
—> - =-3/x+— eoAl 
ye) lea e 


Shifting the origin to the point (-7/2, 5/2) without rotating the axes and denoting the new 
coordinates with respect to these axes by X and Y, we have 


x 





Fig. 25.19 
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r=X-2, y=yv+? fi 
Using these relations, equation (i) reduces to 
y? = -3x ww (iii) 


This is of the form Y? = — 4aX. 
On comparing, we get: 4a =3=> a=3/4. 
Vertex: The coordinates of the vertex with respect to the new axes are (X = 0, Y = 0). 
So, the coordinates of the vertex with respect to the old axes are 
(-7/2, 5/2) [Putting X = 0, Y = 0 in (ii)] 
Axis: The equation of the axis of the parabola with respect to the new axis is Y = 0. So, the 
equation of the axis with respect to the old axes is 
y =5/2 [Putting Y =0 in (ii)] 
Focus: The coordinates of the focus with respect to the new axes are (X =—a, Y =0) ie. 
(X =-— 3/4, Y =0).So, the coordinates of the focus with respect to the old axes are 
(-—17/4,5/2) [Putting X = -3/4 and Y = 0in (ii) 


Directrix: The equation of the directrix with respect to the new axes is X =aie.X = ri 


So, the equation of the directrix with respect to the old axes is x = — ~ [Putting X =3/4 in (ii)] 


Latus-rectum: The length of the latus-rectum of the given parabola is 4a = 3. 
(iii) The given equation is 
y = x7 -2x+3 


=> x7 = 2% =y-3 
=> 2 — 2x +1 =y-3+1 
— (x-1)? = y-2 .»(1) 


Shifting the origin to the point (1, 2) without rotating the axes and denoting the new coordinates 
with respect to these axes by X and Y, we obtain 


x=X+1, y=Y+2 .-e{il) 
Using these relations, equation (i) reduces to 
xX? =¥Y iti 





Fig. 25.20 
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This is of the form X* = 4aY. On comparing, we get 
4a = 1i.e.a = 1/4. 
Vertex: The coordinates of the vertex with respect to the new axes are (X = 0, Y = 0). So, the 


coordinates of the vertex with respect to the old axes are (1, 2) [Putting X =0, Y = 0in (ii)] 
Axis: The equation of the axis of the parabola with respect to the new axes is X = 0. 
So, the equation of the axis with respect to the old axes is x = 1. [Putting X = 0 in (ii)] 
Focus: The coordinates of the focus with respect to the new axes are (X = 0, Y =a) i.e. 

(X =0, Y= 1/4) 
So, the coordinates of the focus S with respect to the old axes are 

(1, 9/4) [Putting X = 0, Y = 7 in Gi)] 


Directrix: The equation of the directrix with respect to the new axes is Y =—a ie. Y =—1/4. 
So, the equation of the directrix with respect to the old axes is 


1 f 1 
y=--—-+2 or y= Putting Y =—— in (ii 
y 7 Es [ g 4 (ii)] 


Latus-rectum: The length of the latus-rectum of the given parabola is equal to 4a =1. 
(iv) The given equation is 

x? +2y-—3x+5 = 0 
=> x* 3x = —2y—9 


— x? ~3x+ 


= (: - ah -- al y ++ =) .--(i) 


Shifting the origin to the point(3/2, —11/8) without rotating the coordinate axes and denoting 


the new coordinates with respect to the new axes by X and Y, we obtain 


3 11 r. 
x=X+-—, y=Y-— wes 
at Y 3 ) 


# | 0 


9 
= —2y-5+— 
wy 





Vx242y-3x+5=0 


Fig. 25.21 


Using these relations, equation (i) reduces to 
x? = -2Y (iii) 
This is of the form X2 = — 4aY. On comparing, we get: 4a=2ie.a= 1/2. 


25.12 MATHEMATICS-XI 


Vertex: The coordinates of the vertex with respect to the new axes are (X = 0, Y = 0). So, the 
coordinates of the vertex with respect to the old axes are: 


(3/2, —11/8) [Putting X =0, Y =0 in (i)] 
Axis: The equation of the axis of the parabola with respect to the new axes is X = 0. 


So, the equation of the axis with respect to the old axes is x = : [Putting X = 0 in (ii)] 


Focus: The coordinates of the focus with respect to the new axes are (X = 0, Y =—a) 
i.e. (X = 0, Y =—1/2). So, the coordinates of the focus with respect to the old axes are 


(3/2, —15/8) [Putting X = 0, Y =-1/2 in (ii)] 
Directrix The equation of the directrix with respect to the new axes is Y = a i.e. Y = 1/2. So, the 
equation of the directrix with respect to the old axes is y = — A [Putting Y = 1/2 in (ii)] 


Latus-rectum The length of the latus-rectum of the given parabola is equal to 4a = 2. 
EXAMPLES Find the vertex, focus, directrix, axis and latus-rectum of the parabola 
y? =4x+ Ay. 
SOLUTION The given equation is 

y* =4x+4y 
=> y*-4y =4x=—> y*-4y4+4 = 4x4+4> (y-2)? = 4(x+1) (i) 


Shifting the origin to the point (— 1, 2) without rotating the axes and denoting the new 
coordinates with respect to these axes by X and Y, we have 


x =X +(-1), y=Y +2 ..-(ii) 
Using these relations equation (i), reduces to 
y* = 4X ii 


This is of the form Y* = 4 aX. On comparing, we get: 4a=4 >a=1. 
Vertex: The coordinates of the vertex with respect to new axes are (X = 0, Y = 0). So, coordinates 


of the vertex with respect to old axes are(—1, 2). [Putting X =0, Y =0in (ii)] 
Focus: The coordinates of the focus with respect to new axes are (X = 1, Y = 0). So, coordinates of 
the focus with respect to old axes are(0, 2). [Putting X =1, Y =0in(ii)] 


Directrix: Equation of the directrix of the parabola with respect to new axes is X =~1. So, 
equation of the directrix of the parabola with respect to old axes is 


a) [Putting X =—-1 in (ii)] 
Axis: Equation of the axis of the parabola with respect to new axes is Y = 0. 
So, equation of axis with respect to old axes is y = 2. [Putting Y =0 in (ii)] 


Latus-rectum: The length of the latus-rectum = 4. 
EXAMPLE6 Find the vertex, focus and directrix of the parabola 4 y* + 12 x -12 y + 39 =0. 
SOLUTION The given equation is 


4y*+12x-12y+39=0 
= 4y? —12y =-12x-39 
=> 4(y? —3y) =-12x—39 


=> 4(y?-3y+2)=-12x-39+9 
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cae) 
= [y - a =— 3( + 4 »++(i) 


Shifting the origin to the point (—5/2, 3/2) without rotating the axes and denoting the new 
coordinates with respect to these axes by X and Y, we obtain 


pe 5 “ 3 7 

r=X+(-3),y=¥4 .--(il) 
Using these relations equation (i), reduces to 

y? =-3X ...(iii) 


This is of the form Y? = -4 aX. On comparing, we get: a= -. 


Vertex: The coordinates of the vertex with respect to new axes are (X = 0, Y = 0). So, coordinates 
of the vertex with respect to old axes are(—5/2, 3/2). [Putting X =0, Y = Oin (ii)] 


Focus: The coordinates of the focus of the parabola with respect to new axes are 


(x=-3,y=0} 
4 


So, coordinates of the focus with respect to old axes are 


(-2 =| Putting X=-3, Y =0 in ct 


4 


4 2 
Directrix: The equation of the directrix of the parabola with respect to new axes is X = -. So, 


equation of the directrix of the parabola with respect to old axes is 


aie ; [Putting X = 3/4 in (ii)] 


Type IV ON FINDING THE EQUATION OF A PARABOLA WHEN ITS FOCUS AND VERTEX ARE GIVEN 

EXAMPLE7 Find the equation of the parabola with vertex (2, — 3) and focus (0, 5). 

SOLUTION In order to find the equation of a parabola, we need to know the coordinates of its 
focus and the equation of the directrix. We are given the coordinates of focus and vertex. So, we 
require the equation of the directrix. Let Z (x1, y,) be the point of intersection of axis and the 
directrix. The vertex A is the mid-point of the line segment joining the focus Sand the point Z of 
intersection of the axis and directrix. Therefor, (2, — 3) is the mid-point of the line segment 
joining S (0, 5) and Z (xj, y}). 


A(2, -3) S(0,5) 
Vertex Focus 





Fig. 25.22 


25.14 MATHEMATICS-Al 


x, +0 
= bo bend ee ==3=> x, = 4, y, = —11. 





Thus, the directrix meets the axis at Z(4,—11). 
Let 11, be the slope of AS. Then, 


m4 ont =-4 


Let mz be the slope of the directrix. Since directrix is perpendicular to AS. 


= ae. 1 
M4 = -1> Mm om Sig 


Thus, the directrix passes through the point Z(4,—11) and has slope 1/4. Therefore, the equation 
of the directrix is 


y+11 == (x= 4) 0r,x-4y 48 =0. 
Let P (x, y) be any point on the required parabola, and let PM be the length of the perpendicular 
from P on the directrix. Then, 

SP = PM [By definition] 
= SP? = PM? 


2 


x-4y—48 
1 +(—4)? 


= 17 x7 +17 y* -170 y + 425 =x? +16 y? + 2304-8 xy -96x+ 384 


=> (x-0)? + (y—5)? = 








=> 16x? + y7 + 8xy + 96x —554y —1879 = 0 which is the required equation of the parabola. 


EXAMPLES Find the equation of the parabola whose focus is (1,—1) and whose vertex is (2, 1). Also, find 
its axis and latus-rectum. 


SOLUTION In order to find the equation of a parabola, we require the coordinates of its focus 
and the equation of the directrix. Here, we are given the coordinates of the focus and vertex. So, 
we require the equation of the directrix. Let Z(x1, y) be the coordinates of the point of 
intersection of the axis and the directrix. Then, the vertex A(2,1) is the mid-point of the line 
segment joining Z (xj, y,) and the focus S(1, —1). 


Z(X1, ¥) 
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Thus, the directrix meets the axis at Z(3, 3). 


Let m, be the slope of the axis. Then, 


m, = (Slope of the line joining the focus S and the vertex A) = a =2 -+(i) 


Slope of the directrix = — [- Directrix is perpendicular to the axis] 


Nie 


Thus, the directrix passes through (3, 3) and has slope — 1/2. So its equation is 
1 
Ye es, ea) or, x + 2y—9=0 


Let P (x, y) be a point on the parabola. Then, 
Distance of P from the focus = Distance of P from the directrix 











. 9 a 
= (e=1)7 +(y +1)? = x+2y-9 
Wake 
2 SEPT ONG 
=>  (x-1)2 + (y+1)? = wae 
= 5 x? +5y? —-10x+10y+10 = x? +4y? +81+4xy-18x-36y 
— 4x7 + y* —-4xy+8x+46y-—71 = 0, which is the required equation of the parabola. 


The axis passes through the focus (1,—1), and its slope ism, = 2. Therefore, equation of the axis is 
y+1=2(x-1) or, 2x-y-—3=0 
Now, 
Latus-rectum = 2 (Length of the perpendicular from the focus on the directrix) 
= 2 [Length of the perpendicular from (1, -1) on x +2 y—-9=0] 
g| te eae 
J1+4 V5 
Type V ON FINDING THE EQUATION OF A PARABOLA WHEN ITS VERTEX AND DIRECTRIX ARE GIVEN 
EXAMPLE9 Find the equation of the parabola whose vertex is at (2, 1) and the directrix ts x = y —1. 


SOLUTION In order to find the equation of a parabola, its focus and directrix are required. 
Here, we are given it directrix and vertex. So, we first find its focus which lies on the axis. The 
axis of the parabola is a line perpendicular to the directrix and passing through the vertex. The 
equation of a line perpendicular tox -y+1=Ois x + y+A=0. This will pass through (2, 1), if 
2+1+A=0>A=-3. 
So 











Fig. 25.24 
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Putting A=-3inx+y+2=0, we obtain 
x+y-3=0 (i) 

as the axis of the parabola. 
The equation of the directrix is 

x= y 1 = 0 »+(I1) 
solving (i) and (ii), we get x =1, y = 2. So, the coordinates of K are (1, 2). 
Let (x1, y;) be the coordinates of the focus S. Then, A is the mid-point of KS. 

x4 +] s 





2 and fee 1 => xX, = 3 and y, = 0 


So, the coordinates of the focus S are (3, 0). 
Let P (x, y) be a point on the parabola. Then, 








PS = PM 
=> Ps? = PM? 
2 
x-y+1 
=> (x —3)* +(y—0)? = |} === —— 
1? +(-1)2 

=> 2 (x7 + y7 -6x+9) = x7 4+y74+1-2xy+2x-21 

y uv, y 
=> <4. y” —14x+2y+2 xy +17 =0, which is the required equation of the parabola. 


EXAMPLE 10 Find the equation of the parabola whose focus is (1, 1) and tangent at the vertex is 
x+y=1. 

SOLUTION Here, we are given the coordinates of the focus and the equation of the tangent at 
the vertex. To find the equation of a parabola, we require the coordinates of its focus and the 
equation of the directrix. So, we first find the equation of the directrix of the parabola from the 
given components. Let S be the focus and A be the vertex of the parabola. Let K be the point of 
intersection of the axis and directrix. Since axis is a line passing through S (1, 1) and 
perpendicular to x + y= 1. So, let the equation of the axis be x — y + 2 =0. 





Fig. 25.25 


This will pass through S (1, 1), if 
1-1+A=0 => A=0 
So the equation of the axis is 
x-—y=0 w»(i) 


The vertex A is the point of intersection of x—y =0 and x + y =1.Solving these two equations, we 
get x =1/2 and y =1/2. 


So, the coordinates of the vertex A are(1/2, 1/2). 
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Let (x1, yy) be the coordinates of K. As A is the mid-point of SK. 
Xx, +1 1 ¥f+1 1 
a Se as CD = Q, = 0 
2 Din ier Lee 


So, the coordinates of K are (0, 0). Since directrix is a line passing through K (0, 0) and parallel to 
x + y =1. Therefore, equation of the directrix is 


y-O = -—1(x-0) or, x + y = 0. .--(ii) 
Let P (x, y) be any point on the parabola. Then, 
Distance of P from the focus S = [Distance of P from the directrix x + y =0] 








=> (x —1)2 +(y—-1)? = 2 ies 
17 31- 
=> 2x7 +2y2 -4x—-4y+4=x74y7 +2 xy 
= x2 + y* —~2xy-4x-4y+4=0, which is the required equation of the parabola. 


EXAMPLE11 Find the equation of the parabola whose latus-rectum is 4 units, axis is the line 
3x+4y-—4=0and the tangent at the vertex is the line4x-3y+7 =0. 


SOLUTION Let P (x, y) be any point on the parabola and let PM and PN be perpendiculars from 
P on the axis and tangent at the vertex respectively. Then, 


0 











: P(x, y) 


4x -3y +7 


Axis 
M 3x+4y-4=0 


Fig. 25.26 


PM2 = (Latusrectum) (PN) 
2 
3x+4y-4 


132 +4? 


= (3x+4y—-4)? 


4x-3y+7 


{42 + (-3) 


= 4 

















Type VI MISCELLANEOUS PROBLEMS ON PARABOLA 

EXAMPLE12_ A double ordinate of the parabola y? = 4ax is of length 8a. Prove that the lines from the 
vertex to its ends are at right angles. 

SOLUTION Let PQ be the double ordinate of length 8a of the parabola y? = 4ax. Then, 


PR = QR = 4a. Let AR = x. Then, the coordinates of P and Q are (x1, 4a) and (x1, — 4a) 
respectively. Since P lies on y* = 4ax. 
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ue P(4a, 4a) 


Fig. 25.27 


(40)? = 40x, => XxX, = 4a. 
So, coordinates of P and Q are (4a, 4a) and (4a, — 4a) respectively. Also, the coordinates of the 
vertex A are (0, 0). 
-—1 





4a —0 —4a-0 
= Sl of AP = ———— = 11, and, = Slope of AQ = = 
my = Slope ear, and, M5 op Q =p 
Clearly, m ty7 = —1. Hence, AP is perpendicular to AQ. 
EXAMPLE13 The focal distance of a point on the parabola y* = 12x is 4. Find the abscissa of this point. 


SOLUTION The given parabola is of the form y* = 4ax. On comparing, we obtain 4a = 12 Le. 

a=3. 

We know that the focal distance of any point (x, y) on y* =4 axis x +a. 

Let the given point on the parabola y” = 12x be (x, y). Then, its focal distance is x + 3. 
+3 =4>5 x = 1. 

Hence, the abscissa of the given point is 1. 

EXAMPLE14 Prove that the equation to the parabola whose vertex and focus are on the x-axis at a 

distance a and a’ from the origin respectively is y* = 4 (a' —a) (x -a). 

SOLUTION Let O, A and S be respectively the origin, vertex and focus of the parabola. Then, 


OA =a, OS =a’. Therefore, the coordinates of S are (a’, 0). Let KK’ be the directrix of the required 
parabola. Suppose SA produced meets the directrix at Z. Let the coordinates of Z be (x1, yj). 
Then, 
xy + a’ 
2 





=a and = a2 0 [.: Ais the mid-point of SZ] 


Bt eeeeses Geemusccsmpessecesces 





ky Y’ 
Fig. 25.28 


PARABOLA 25.19 


=> X;=2a-a' and y; =0 
So, the equation of the directrix KK’ is x =x, i.e. x =2a—d’. 
Let P(x, y) be any point on the parabola. Then, 

SP = PM [By def.] 


= \(x-a')? +(y-0)? = 


=> (x —a')? +y" = (x-—2a+ a’)? 


x-2a+a’ 
1+0 








=> (x-a’)? +y? = [(x-a’)-2(a-a')? 

=> (x —a’')? +7 = (x —a')” +4(a—a')* —4(x-—a')(a-a’) 
=> y? = 4(a—a') (a—a') -(x-a')} 

4(a’' —a) (x —4@). 


9 
— Np 
ALITER The parabola has its vertex at (a, 0) and the length of its Latus-rectum = 4 (Distance 
between foucs and vertex) = 4 (a’ —a). The axis is along OX. 


So, its equation is (y (i) = 4(a’ —a)(x—a) or, y? = 4 (a’—a) (x -a) 


EXAMPLE15_ Find the locus of the middle points of all chords of the parabola y? = 4ax which are drawn 
through the vertex. 
SOLUTION Let OA bea chord, drawn through the vertex and P(i, k) be its mid-point. Let the 
coordinates of A be (x1, 3). Then, 
RUD os py, PUES poe ee and y, = 2k 
2 





Ye 
Fig. 25.29 


So, the coordinates of A are (2h, 2k). Since A lies on y” =4 ax. 
(2k)? = 4a(2h) => k? = 2ah 
Hence, the locus of (h, k) is y” = 2ax. 


EXAMPLE 16 An equilateral triangle is inscribed in the parabola y” = 4ax whose vertex is at the vertex 
of the parabola. Find the length of its side. [NCERT EXEMPLAR] 
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SOLUTION Let AB =I. Then, 


AM = I cos 30° 3 and. BM = Tein 30° =—. 


V31 1 


So, the coordinates of B are (e 1} Since, B lies on 


, 


y? = 4ax.So, coordinates of B satisfy y* = 4ax. 


2 
> = an( 43) = 1 = 8aV3 





Fig. 25.30 


EXAMPLE17 If 1, Yo, 3 be the ordinates of a vertices of the triangle inscribed in a parabola y? = 4ax, 
then show that the area of the triangle is = (Ya — Yo) (Y2 — ¥3) (¥3 — 4) |. 
a 


SOLUTION Let A (x1, y;), B(x2, y2) and C (x3, y3) be the vertices of AABC. Since (xj, yj), 
(Xp, Y2) and (x3, y3) lie on the parabola. Therefore, 


2 2 2 

2 2 2 y y Y3 
=4ax,, Yo =4axy and y, =4ax3 => x,=—b, x, =-* and xq => 

Y, VY 2 Y3 3 Latte aa ae 


1 
Area of AABC = 5 [x1 (Y2 —¥3) + X2 (¥3 — Y1) + X3 (¥1 — Y2)] 


1| y? ys y3 
= ARS (Yo — ¥3) +2 (ys — ¥3) +23 -»»)| 


1 
aa LT (Yo — 3) + (ydy3 — yoy3) — 1 (y3 -Y9)) 


1 
a Lyi (Yo —y3) + Yoy3 (Yo — 3) — yy (v3 -3)] 


1 
ar (yo —y3) yt + yoys —¥1 (Y2 + ¥3)] 


1 
5 Y2- Ys) [(vt -—y1y2) + (Yoys —y2y3)I 


1 
oa (Yo — ¥3) Lyi (¥1 — Y2) — 3 (1 — ¥2)] 


1 
ae (Yo — ¥3) (Yi — Yo) (Y, — y3) 


1 
mar (Y1 — Y2) (Y2 -— ¥3) (y3 —y1) 
1 
Hence, Area of AABC = ae (v1 — ¥2) (Y2 — ys) (y3 —y3)| 


EXAMPLE18 PQ is a double ordinate of a parabola y* = 4ax. Find the locus of its points of trisection. 
SOLUTION Let Rand S be the points of trisection of the double ordinates PQ. Let (h, k) be the 
coordinates of R. Then, L=h and RL =k. 

ha RS = RL+LS = k+k = 2k. 

=> PR = RS = SQ = 2k 

as LP = LR+RP =k+2k = 3k 
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¥7 
Fig. 25.31 


Thus, the coordinates of P are (h, 3k). Since (h, 3k) lies on y? = 4ax. 
9k? = 4ah 
Hence, the locus of (/1, k) is 9y7 = 4ax. 


EXAMPLE 19 /f the line Ix + my +n =0 touches the parabola y* = 4ax, prove that In= am 


[NCERT EXEMPLAR] 


SOLUTION The x-coordinates of the points of intersection of the line /x+my+n=0 or 





y= -( ms *) and the parabola y? = 4ax are roots of the equation 
m 





1 


2 
{=} = 4ax [On eliminating y between y = {= ") and y? = 4ax] 


or, I? x7 + 2x (In- 2am) +n? =0 


If the line /x + my +n =0 touches the parabola y? = 4ax, then this equation has equal roots. 


2 
4 C ~ 2am ) ~4[7 n* =0 [Putting discriminate equal to zero] 


— —4a lm?n+ 4a2m* =0 => In=am 

25.9 SOME APPLICATIONS OF PARABOLA 

Parabola has many applications in our day-to-day life. For example, if an object (projectile) is 
thrown in space, then the path of the projectle is a parabola. If we know the equation of the path 
of a projectile by using various properties of parabola studied in earlier sections, we can obtain 
many important results like greatest height attained by the projectile, its horizontal range 
reached etc. 


Parabolic reflectors have the property that the light rays or sound waves coming parallel to its 
axis converge at the focus and then it reflects them parallel to the axis. Due to this property, 
parabolic reflectors are used in cars, automobiles, loudspeakers, solar cookers, telescopes etc. 
If the roadway of a suspension bridge is loaded uniformly per horizontal metre, the suspension 
cable hangs in the form of arcs which closely approximate to parabolic arcs. Therefore, parabolic 
arcs are used in suspension cable bridge construction. 


In this section, we shall discuss some examples on these applications 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Ifa parabolic reflector is 20 cm in diameter and 5 cm deep, find its focus. [NCERT] 
SOLUTION Let LAM be the parabolic reflector such that LM is its diameter and AN is its depth. 
Itis giventhat AN=5cm and LM = 20cm. 
is LN = 10cm ie 
Taking A as the origin, AX along x-axis and a line through A 
perpendicular to AX as y-axis, let the equation of the reflector be 


y* = 4ax “Ge A 





The point L has coordinates (5, 10) and lies on (i). Therefore, 
107 = 4ax5=>a=5 


:10 cm 
So, the equation of the reflector is y7 = 20 x. 

*M 

Its focus is at (5, 0) i.e. at point N. Fig. 25.32 
Hence, the focus is at the mid-point of the given diameter. 


EXAMPLE2 Thi focus ofa parabolic mirror as shown in Fig. 25.33 is at a distance of 6 cm from its vertex. 
If the mirror is 20 cm deep, find the distance LM. [NCERT] 


SOLUTION Let the axis of the mirror be along the positive direction of x-axis and the vertex A be 
the origin. 
eal e. ; L(20, LN) 






Since the focus is at a distance of 6 cm from the vertex. Then, the 
coordinates of the focus are (6, 0). Therefore, the equation of the 
parabolic section is 





y* = 24x [Putting a =6 in y* =4ax] 

Since L (20, LN) lies on this parabola. Therefore, S(6, 0) | N(20, 0) 
LN? = 24x 20 3 

=> LN = 4/30 : 
LM = 2LN = 830 cm. M 


Fig. 25.33 


EXAMPLE3 Anarcisin the form of a parabola with its axis vertical. The arc is 10 m high and 5 m wideat 
the base. How wide is it 2m from the vertex of the parabola. [NCERT] 


SOLUTION Let the vertex of the parabola be at the origin and axis be along OY. Then, the 
equation of the parabola is 





Fig. 25.34 
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x7 = day i) 


The coordinates of end A of the arc are (2.5, 10) and it lies on the parabola (i). 
(25)7 = 4dax 10 
= 1020 . 625 5) 
40 4000 32 


Putting the value of a in (i), we obtain that the equation of the parabolic arc is x? = 2 y. 
8 


When y = 2, we obtain 


2 5 V5 


x* =—-x2> x = —m. 
8 2 


Hence, the width of the arc at a height of 2 m from the vertex is 2 x 8 m = ¥5m. 


EXAMPLE 4 The towers of a bridge, hung in the form of a parabola, have their tops 30 m above the 
roadway and are 200 metres apart. If the cable is 5 m above the roadway at the centre of the bridge, find the 
length of the vertical supporting cable 30 metres from the centre. [NCERT] 


SOLUTION LetCABbe the bridge and X'OX be the roadway. Let A be the centre of the bridge. 


Taking X'OX as x-axis and y-axis along OA, we find that the coordinates of A are (0, 5). Clearly, 
the bridge is in the shape of a parabola having its vertex at A (0,5). Let its equation be 


x? = 4a (y —5) ...(i) 





Fig. 25.35 


It passes through B (100, 30). 
(100) = 4a(30-5) => a = 100. 
Putting the value of a@ in (i), we get 
x* = 400(y—5) ...(ii) 
Let / metres be the length of the vertical supporting cable 30 metres from the centre. Then, 
P (30, f) lies on (ii). 
9 29 


= [- = —+5 = —m. 
900 = 400(/-5) => r To 


Hence, the length of the vertical supporting cable 30 metres from the centre of the bridge is ° m. 


EXAMPLE 5 A beam is supported at tts ends by supports which are 12 metres apart. Since the load is 
connected at its centre, there ts a deflection of 3 cm at the centre and the deflected beam is in the shape of a 
parabola. How far from the centre is the deflection 1 cm? [NCERT] 
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SOLUTION Let O be the centre of the beam in deflected position. Taking O as the origin OX as 
x-axis and OY as y-axis. The equation representing the parabolic shape of the beam is x? = day. 


3 
This passes th hQ| 6, — |. 
Ss passes throug Q( =| 
Soe 4aux > ae '300m 
100 


So, the equation of the curve representing deflected beam is x7 = 1200 Y. 


A 
, 6,3) 
Q| 100 
/) 
etn 
a. =3) 


(Oe 


Fig. 25.36 





Let the deflection of the beam be 1 cm == m at point B. Then, the coordinates of B are 
(= , aa , where OL =x. Since B lies on the parabola x* =1200 Y. 
x* =1200 x = => x= /24 =2V6 metres. 


Hence, the deflection of the beam is1cm at a distance of 2/6 metres from the centre O. 





EXERCISE 25.1 


1. Find the equation of the parabola whose: 
(i) focus is (3, 0) and the directrix is 3x +4 y=1 
(ii) focus is (1, 1) and the directrix is x + y+1=0 
(iii) focus is (0, 0) and the directrix 2 x -y -1=0 
(iv) focus is (2,3) and the directrix x —4 y + 3 =0. [NCERT EXEMPLAR] 
2. Find the equation of the parabola whose focus is the point (2, 3) and directrix is the line 
x —4y-+3=0. Also, find the length of its latus-rectum. 
3. Find the equation of the parabola, if 
(i) the focus is at (— 6, — 6) and the vertex is at (— 2, 2) 
(ii) the focus is at (0, — 3) and the vertex is at (0, 0) 
(iii) the focus is at (0, —3) and the vertex is at (— 1, — 3) 
(iv) the focus is at (a, 0) and the vertex is at (a’, 0) 
(v) the focus is at (0, 0) and vertex is at the intersection of the lines x + y =1 and x -y=3. 
4, Find the vertex, focus, axis, directrix and latus-rectum of the following parabolas 


(i) y* =8x (ii) 4x7 +y=0 (iii) y2 4 y-3x+1=0 
(iv) y2-4y+4x=0 (v) y27+4x+4y-3=0 (vi) y? = 8x4 8y 
(vii) 4(y—-1)? = -7(x-3) (viii) y* = 5x-4y-9 (ix) x2+y = 6x-14 


5. For the parabola y2 = 4 px find the extremities of a double ordinate of length 8 p. Prove that 
the lines from the vertex to its extremities are at right angles. 
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6. 


10. 
11. 
12. 


13. 


14. 


15. 


16. 


17. 


Find the area of the triangle formed by the lines joining the vertex of the parabola x? = 12y 
to the ends of its latus-rectum. [NCERT EXEMPLAR] 


. Find the coordinates of the point of intersection of the axis and the directrix of the parabola 


whose focus is (3, 3) and directrix is 3 x — 4 y = 2. Find also the length of the latus-rectum. 


. At what point of the parabola Ng =9y is the abscissa three times that of ordinate ? 


. Find the equation of a parabola with vertex at the origin, the axis along x-axis and passing 


through (2, 3). 

Find the equation of a parabola with vertex at the origin and the directrix, y = 2. 

Find the equation of the parabola whose focus is (5, 2) and having vertex at (3, 2). 

The cable of a uniformly loaded suspension bridge hangs in the form of a parabola. The 
roadway which is horizontal and 100 m long is supported by vertical wires attached to the 
cable, the longest wire being 30 m and the shortest wire being 6 m. Find the length of a 
supporting wire attached to the roadway 18 m from the middle. [NCERT] 


Find the equations of the lines joining the vertex of the parabola y* = 6x to the point on it 
which have abscissa 24. [NCERT EXEMPLAR] 
Find the coordinates of points on the parabola y* = 8x whose focal distance is 4. 

[NCERT EXEMPLAR] 


Find the length of the line segment joining the vertex of the parabola y* =4axanda point on 
the parabola where the line-segment makes an angle 8 to the x-axis. [NCERT EXEMPLAR] 


If the points (0, 4) and (0, 2) are respectively the vertex and focus of a parabola, then find the 

equation of the parabola. [NCERT EXEMPLAR] 
If the line y =mx +1 is tangent to the parabola y* =4,x, then find the value of m. 

[NCERT EXEMPLAR] 

ANSWERS 





1. 


(i) 16.x7 + 9 y* —24 xy -144x+8 y+ 224=0 
(ii) x? + y* -2xy-6x-6y+3=0 

(iii) x7 +4 y7+4xy+4x-2y-1=0 

(iv) 16 x7 + y* + 8 xy -74.x -78 y + 212 =0. 


2. 16x7 + y7 +8 xy -74.x—-78 y + 212=0, LR=s-. 
3. (i) (2x-y)* +4(26x+ 37 y—31) =0 (ii) x? =-12y 
(iii) y7+6y—-4x+5=0 (iv) y* =—4(@' —a) (x-@’) 
(v) (x+ 2 y)? + 40 x —20 y—-100 =0. 
4. vertex focus axis directrix L.R. 
(i) (0, 0) (2, 0) y=0 x=-2 8 
Gi) (0, 0) (0, -1/16) ; y =1/16 1/4 
@i) = «G1,2) - (-1/4,2) y=2 xa-7 3 
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(iv) (1,2) (0, 2) y=2 x=2 4 
) SI?) iar =) y+2=0 4x=11 4 
(vi) (— 2, 4); (0, 4) y =4 x+4=0 8 
(vii) (3, 1) (41/16, 1) y=1 x =55/16 7/4 
(viii) (1, -2) (9/4, — 2) y=-2 4x+1=0. 5 
(ix) (3, -5) (3, —21/4) x=3 4y+19=0 1 
5. (4p, 40), (4p, - 46) 6. 18:sq 7. (= | 
8. (3,1) 9. 2y? = 9x 9. 2y* =9x 10. x7 =—8y 
11. y* —4y —8x + 28 =0 12. 9.11 m(approx.) 13. x+2y=0 


14. (2, 4),(2,—- 4) 15. 4a cosec@-cot®@ 16. x7 + Sy = 32 17. m=1 


mA —S—SSSSS—COFsCCC“‘(N”SCUCHINTS TO SELECTED PROBLEMS 


6. Required Area = — (LL’xOS) = =X 12 x 3 =18 sq. units 


N|[e 


x? = 12y 






L'(-6, 3) 


Fig. 25.37 


12. Let X'OX be the bridge and PAQ be the suspension cable. The suspension cable forms a 


parabola with vertex at (0, 6). So, let the equation of the parabola formed by suspension 
cable be 


(x -0)* =4a(y —6) (i) 
It passes through P (—50, 30) and Q (50, 30). 


2500 = 4a (30 —6) > 4a-—* 








Fig. 25.38 
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13. 


14, 


15. 


Substituting this value of 4a in (i), we get 
x2 = = (y -6) atti) 
Let LM be the: att ts wire attached at M which is 18 m from the middle O of the bridge. 


Let the coordinates of L be (18, /). It lies on parabola (ii). Therefore, 
2500 


187 = mu ° -~6) => 1-6=311 => 1=911 m. 
The parabola y” = 6x is symmetric about x-axis. So, for a given abscissa there will be two 
points on the parabola as shown in Fig. 25.39. Let P and Q be two points on the parabola 
whose abscissa is 24. Let their coordinates be (24, y,) and (24, — y) respectively. 


AY 





Q(24, -Y;) 


yy 
Fig. 25.39 


Since P (24, y;) lies on y" = 6x. 
yi =6x 24> y, =12 


So, the coordinates of P and Q are (24, 12) and (24, —12) respectively. 
The EO sis and OQ are 


—0 c d —-0=— 
> (x ) and y oA 








2-0 
= x-0 
Yn0= = aac ) 


or, x=2y and x=-—2y respectively. 
Comparing y” = 8x with y” = 4ax, we obtain 4a = 8 or a = 2. The focal distance of any point 
9 e 
P (x, y) on y~ =4ax is a+ x. Therefore, 
at+x=4> 24+x=4> x=2 
Putting x =2 in y" = 8x, we obtain y = 4. 
Hence, the coordinates of required points are (2, 4) and (2, —4). 


Let P (x, y) be a point on the parabola y” = 4ax such that the segment OP makes an angle 0 
with x-axis. Then, 


o- 


tan 8 =Slope of OP => tan ane y =xtan 6. 


Since P (x, y) lies on y? = 4ax. Therefore, 


(x tan 0)? =4ax => x =4acot?0=> y = 4acot0 
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y* = 4ax 


Fig. 25.40 


Thus, the coordinates of P are (4a cot 0, dacot 0). 
Hence, OP = x2 + y? = 16a" cot? 6 +167 cot? 6 = 4a cosec 0 cot 0 


VERY SHORT ANSWER QUESTIONS (VSAQs) 





Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. Write the axis of symmetry of the parabola y* = x. 
- Write the distance between the vertex and focus of the parabola y? +6y+2x+5 = 0. 
. Write the equation of the directrix of the parabola x? — 4x — 8y+12 = 0. 


2 

3 

4. Write the equation of the parabola with focus (0, 0) and directrix x + y—4 = 0. 

5. Write the length of the chord of the parabola y” = 4ax which passes through the vertex and 


is inclined to the axis at * 


6. Ifb and care lengths of the segments of any focal chord of the parabola y* = 4ax, then write 
the length of its latus-rectum. 
7. PSQ isa focal chord of the parabola y? = 8x. If SP =6, then write SQ. 
8. Write the coordinates of the vertex of the parabola whose focus is at (— 2, 1) and directrix is 
the linex+y—3 = 0. | 
9. If the coordinates of the vertex and focus of a parabola are (—1, 1) and (2, 3) respectively, 
then write the equation of its directrix. 
10. If the parabola y? =4ax passes through the point (3, 2), then find the length of its 
latusrectum. : 
11. Write the equation of the parabola whose vertex is at (—3, 0) and the directrix is x +5 =0. 





ANSWERS 
Lx-axis 2.1/2 3.y=-1  4..x24+y?-2xy+8x+8y-16=0 5. 42a 
6. we Fane 8.(-1,2) 9 3x+2y+14=0 10.4/3 11. y*=8(x+3) 





b+e 
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MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. 


10. 


11. 


12. 


14. 


The coordinates of the focus of the parabola y? —x-2y+2=Oare 


(a) (5/4, 1) (b) (1/4, 0) (c) (1,1) (d) none of these 
. The vertex of the parabola (y + a)* = 8a (x —a) is 
(a) (—a, —a) (b) (a, —a) (c) (—a, a) (d) none of these 
. If the focus of a parabola is (— 2,1) and the directrix has the equation x + y = 3, then its 
vertex is 
(a) (0, 3) (b) (-1,1/2) (c) (-1, 2) (d) (2, -1) 


. The equation of the parabola whose vertex is (a, 0) and the directrix has the equation 


x+y =3ua,is 
(a) x* + y? + 2xy + 6ax + 10ay + Jaz =0 (b) x* = 2xy + y? + 6ax + 10ay -~7a* =0 
(c) x? - 2xy + y? — 6ax + 10ay ~7a* = 0 (d) none of these 


. The parametric equations of a parabola are x = eal y = 2t + 1. The cartesian equation of 


its directrix is 
(a) x = 0 (b) x+1=0 (c) y = 0 (d) none of these 


. If the coordinates of the vertex and the focus of a parabola are(—1, 1) and (2, 3) respectively, 


then the equation of its directrix is 
(a) 3x+2y+14 = 0 (b) 3x+2y-—25 = 0 
(c) 2x -3y+10 = 0 (d) none of these. 


. The locus of the points of trisection of the double ordinates of a parabola is a 


(a) pair of lines (b) circle (c) parabola (d) straight line 


. The equation of the directrix of the parabola whose vertex and focus are (1, 4) and (2, 6) 


respectively is 


(a)x+2y = 4 (b) x-y =3 (c) 2x+y =5 (d) x+ 3y = 8 
. If V and S are respectively the vertex and focus of the parabola y? + 6y + 2x +5=0, then 
SV = 
(a) 2 (b) 1/2 (c) 1 (d) none of these 
The directrix of the parabola x? — 4x — 8y +12=O0is 
(a) y = 0 (b) x =1 ()y =-1 (d) x =-1 


The equation of the parabola with focus (0, 0) and directrix x + y =4 is 

(a) x” +7 —2xy+8x+8y-16 =0 (b) x? +y" —2xy + 8x+8y = 0 

(c) x7 +7 +8x+8y-16 = 0 (d) x7 -y? +8x+8y-16 = 0 

The line 2x — y + 4 =0 cuts the parabola y? = 8x in P and Q. The mid-point of PQ is 
(a) (1, 2) (b) (1, 2) (c) i, 2) (d) (=i, Pe 2) 


. Inthe parabola y” = 4 ax, the length of the chord passing through the vertex and inclined to 


the axis at 1/4 is 
(a) 4/2 a (b) 2V2 a (c) V2 a (d) none of these 
The equation 16x? + y” + 8xy —74x —78y +212 = O represents 


(a) acircle (b) a parabola (c) an ellipse (d) ahyperbola 
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15. The length of the latus-rectum of the parabola y? + 8x — 2y +17 =Ois 

(a) 2 (b) 4 (c) 8 (d) 16 
16. The vertex of the parabola x* + 8x + 12y +4=(Ois 

(a) (—4, 1) (b) (4, —1) (c) (~4, -1) (d) (4, 1) 
17. The vertex of the parabola (y — 2)? =16(x -—1) is 

(a) (1, 2) (b) (-1, 2) (c) (1, — 2) (d) (2, 1) 
18. The length of the latus-rectum of the parabola 4y* + 2x —20y +17 =0 is 

(a) 3 (b) 6 (c) 1/2 (d) 9 
19. The length of the latus-rectum of the parabola x? 4x -8y +12 = Ois 

(a) 4 (b) 6 (c) § (d) 10 
20. The focus of the parabola y = 2x? + xis 

(a) (0, 0) (b) (1/2 , 1/4) (c) (-1/4, 0) (d) (-1/4,1/8) 
21. Which of the following points lie on the parabola x* =4ay? 

(a) x = at’, y = 2at (b) x = 2at, y = at? 

(c) x = 2at?, y = at (d) x = 2at, y = at? 


. The equation of the parabola whose focus is (1, —1) and the directrix is x + y +7 =0is 
(a) x? + y* —2xy-18x-10y = 0 (b) x7 -18x -10y -45 = 0 
(c) x? + y* -18x-10y -45 = 0 (d) x* + y* —2xy—18x -10y—45 = 0 
ANSWERS 
1. (a) 2. (b) 3. (c) 4. (b) 5. (a) 6. (a) 7. (c) 8. (a) 
9. (b) 10. (c) ~ 11. (a) 12. (c) 13. (a) 14. (b) 15. (c) 16. (b) 
17. (a) 18. (c) 19. (c) 20. (c) 21. (d) 22. (d) 


SUMMARY 


1. A parabola is the locus of a point which is equidistant from a fixed point (called focus) anda 
fixed line (called directrix). 


Thus, if (a, B) is the focus and ax + by + c =0 is the equation of the directrix of a parabola, 
then its equation is 


2 nat (ax + by + c)* 
(x — a)“ +(y —B) Sete 
This equation is of the form 
ax? + 2hxy + by” + 29x + 2 fy + c =0 satisfying the conditions 
abc + 2fgh —af * —bg* —ch” # 0 andh?2 —ab = 0. 


2. Axis: The straight line passing through the focus and perpendicular to the directrix is called 
the axis of the parabola. 


3. Vertex: The point of intersection of the parabola and its axis is called the vertex of the 
parabola. 
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4. Latus-rectum : A chord passing through the focus and perpendicular to the axis is called the 
latus-rectum. 

5. Focal chord : Any chord passing through the focus of a parabola is called its focal chord. 

6. Double ordinate: Any chord perpendicular to the axis of a parabola is called double ordinate. 

7. Following are four standard forms of parabola: 





ee ee we ee | eee 2 = eee 
; 





—= oS eee 
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| w=4ax | yr=-4ax | x2 =4 ay | x =-4ay 
Coordinates of vertex | @,0) | yO) | (0) 9 ys orGS 
Coordinates of focus | (a, 0) |. 1Ga0) (0, a) (0, —a) 
Equation of the directrix | x=-a | x=a | y=-a y=a 
Equation of the axis | y=0 | y=0 | x=0 x=0 
Length of the Latus-rectum | 4a | 4a | 4a | 4a 


Focal distance of a point P (x, y) | a+Xx | a-Xx ery is tleay 
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ELLIPSE 


26.1 INTRODUCTION 

In previous chapter, we have discussed that an ellipse is a particular case of the conic 
ax? + 2hxy + by” + 29x +2fy +c=0 when abe + 2feh —af cS ~ bg? ~ch? # 0 and h? <ab. The 
analytical definition of an ellipse is as follows. 

ELLIPSE Anellipse is the locus of a point in a plane which moves in the plane in sucha way that the ratio 


of its distance from a fixed point (called focus) in the same plane to its distance from a fixed straight line 
(called directrix) is always constant which is always less than unity. 


The constant ratio is generally denoted by e and is known as the eccentricity of the ellipse. 
If S is the focus, ZZ’ is the directrix and P is any point on the ellipse, then by definition 


2 => SP = e.PM 


PM 
Z 
nig: | Siete du y) 
S(focus) 
a’ 
= 
Z' 
Fig. 26.1 


ILLUSTRATION 1 Find the equation of the ellipse whose focus is (1, 0), the directrix is x + y + 1 =Oand 
eccentricity is equal to1/V2. 


SOLUTION Let S (1, 0) be the focus and ZZ’ be the directrix. Let P (x, y) be any point on the 
ellipse and PM be perpendicular from P on the directrix. Then, by definition 


1 
SP =e-PM, wheree = —= 
/2 








= Sp? = e2 PM? : M feossseee2222 PGry) 
2 2 1 \Vi[x+y+1 2 ‘ 

=> (x-1)* + (y—0O) - (+) Sea: © S(1, 0) 

=> 4[(x-1)? + y7] = (x+y +1)? a 

=> 4x*+4y*-8x+4 = x74 y7414+2xy+2x4+2y " 

=> 3x74 3y*-2xy-10x-2y+3=0 - 


This is the equation of the required ellipse. Fig. 26.2 


eee 


Sid a 
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re’ 2 
26.2 EQUATION OF THE ELLIPSE IN STANDARD FORM “S Pe iy 
fl 


Let S be the focus, ZK the directrix and e the eccentricity of the ellipse whose equation is 
required. Draw SK perpendicular from S on the directrix. Divide SK internally and externally at 
A and A' (on KS produced) respectively in the ratio e : 1. 

S 


Pe. == = SA =e:AK wll) 
Akoe sl 

ees oS SA = 2 A'K alii) 
A'K 1 


Since A and A’ are such points that their distances from the focus bear constant ratio e¢ (< 1) to 
their respective distances from the directrix. Therefore these points lie on the ellipse. 
Let AA’ =2 aand C be the mid-point of AA’. Then, CA =CA' =a 
Adding (i) and (ii), we get 
SA + SA' = e(AK + A'K) 
— 2a = e(CK-—CA + A'C +Ck) 


— 2a =2eCK [.- CA =A'C =a] 
= GK = : afi) 


Subtracting (i) from (ii), we get 
SA'-SA = e(A'K-AK) 
— (SC + CA’) — (CA-CS) = e(AA’) 
=> 2CS = 2ae 
=> CS = ae ...(1V) 
Now let us choose C as the origin. CAX as x-axis and a line CY perpendicular to AA’ as y-axis. 


Therefore, coordinates of S are (ae, 0) and equation of the directrix ZK is x = 7 
e 
Let P (x, y) be any point on the ellipse. Join SP and draw PM ZK. Then, by definition of the 
ellipse 
SP =ePM 
=> SP* = e* PM? 


a 





Fig. 26.3 
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= SP? = e* (NK)* 
=> SP* =e* (CK-CN)" 


? wy) 9/a 2 
=> (x-ae)~ + (y-0)* = (4 -x] 
eC 





=> x? (1 —e*) -+ y" = a’ (1 —¢*) 
x2 y? 
=> — —_— —— 
a? a’ (1 - e*) 
2 2 
> S r e = 1, where b? = a*(1- e7) 
a b 


This is the standard equation of the ellipse. 


NOTE We have, e <1. Therefore, 1 ~e* <1 =a (1 —¢*) <at> => b* < ar. 


26.2.1 TRACING OF THE ELLIPSE 


2 , 2 
We have, = + pe =1, where a> b -+(1) 
a b* 
a, a 
y =” la? x2, oni) a anda ane : \b? -y? ...(iii) 
a 


In order to trace the ellipse (i), we observe the following points: 

(a) Symmetry: For every value of x there are equal and opposite values of y [see (ii)]. Similarly, 
for every value of y there are equal and opposite values of x [see (iii)]. Thus, the curve is 
symmetric about both the axes. 

(b) Origin: The curve does not pass through the origin. 

(c) Intersection with the axes: The curve meets x axis at y = 0. Putting y = Oin (ili), we get x =+ a. 
So the curve meets x-axis at A (a, 0) and A’ (—a, 0). Putting x = 0 in (ii), we get y = + b. So, the 
curve meets y-axis at B (0, b) and B’ (0, —0). 

(d) Region: If x >aor x <—a, from (ii) we get imaginary values of y. Therefore, there is no part 
of the curve to the right of A or to the left of A’. If y > b or y <—J, from (iii) we get imaginary 
values of x. Therefore, there is no part of the curve above B (0, b) or below B’ (0,—b). 

From (ii), we find that at x = 0, y = + band as x increases the values of y decrease and y = Oat 
x =a. Therefore, the curve is a closed curve. 
With the help of the above facts and by joining some convenient points on the ellipse, the 


general shape of the ellipse = + 2 =1 is as shown in Fig. 26.3. 


26.2.2 SECOND FOCUS AND SECOND DIRECTRIX OF THE ELLIPSE 
In Fig. 26.3 of an ellipse let P (x, y )b ea point on the curve. Then as discussed above, we have 


2 
6) 


x 


— + 
az 


a” (1 - e7) ca 
where CA =CA’ =a and eis the eccentricity of the ellipse and the point S and the line ZK are the 
focus and directrix respectively. 

Let S' and K’ be points on the x-axis on the side of C which is opposite to the side of S such that 
CS' =ae and CK’ =. 
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B (0, b) L 





B’ (0, -b) By 






x=a/e 


Fig. 26.4 


Let Z’K’ 1 CK’, PM' 1 Z'K' as shown in Fig. 26.4. Join P and S'. Clearly PM’ = NK’ =x+~. 
e 


Now, equation (i) can be written as 
x? (1 —e7) + y? = a’ (1 =e) 


=> x? + y* + are? = at + e* x? 
=> (x? +2 aex + a” e*) + y? =a +2 aex + e? x? 
=> (x+ ae)* + y* = (a+ ex)? 
2 

= (x4 ae)? + (y-0) = e?(x+4) 

e 
=> S' P? = e* pm? 
= Ss’ P = ePM' 
Distance of P from S' =e (Distance of P from Z’ K’) 


Hence, we would have obtained the same curve had we started with S’ as focus and Z'K’ as 
directrix. This shows that the ellipse has a second focus S' (—ae,0) and a second directrix 


x=--—. 


e 
26.2.3 VERTICES, MAJOR AND MINOR AXES, FOCI, DIRECTRICES AND CENTRE 
2 2 
For the ellipse a + 5 =1, a>b, we have the following definitions of some terms. 
a 


VERTICES The points A and A’ in Fig. 26.4 where the curve meets the line joining the foci S and S', are 
called the vertices of the ellipse. The coordinates of A and A’ are (a, 0) and (—a, 0) respectively. 
MAJOR AND MINOR AXES § In Fig. 26.4 the distances AA' = 2 aand, BB’ =2 bare called the major and 
minor axes of the ellipse. 
Since e <1 and b? =a" (1 =e): Therefore, a>b => 2a>2b => AA'>BB'. 


FOCI In Fig. 26.4, the points S (ae, 0) and S' (— ae, 0) are the foci of the ellipse. 
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: a a 
DIRECTRICES ZK and Z' K' are two directrices of the ellipse and their equations are x =— and x =—— 
e e 
respectively. 
CENTRE Since the centre of a conic section is a point which bisects every chord passing through it. In 
*) 


2 2 
case of the ellipse S + 2 =1 every chord, passing through C is bisected at C (0, 0). Therefore, C is the 
a ? 


centre of the ellipse in Fig. 26.4 and it is the mid-point of AA’. 


Ce 
ECCENTRICITY For the ellipse ~~ + “ =1, we have 
Gp 


2 2 >," 
b? = a*(1—e7) => e* spat = e* = jee -1-(2?) 
a 


7 
Minor axis 
= e = | —| ———— 
\ Major axis 
26.2.4 ORDINATE, DOUBLE ORDINATE AND LATUS-RECTUM 
2 ? 


We have the following terms associated to the ellipse =. + 2 =1,a>b: 
7 2 


ORDINATE AND DOUBLE ORDINATE Let Pbea pointon the ellipse and let PN be perpendicular to 
the major axis AA’ such that PN produced meets the ellipse at P’. Then, PN is called the ordinate 
of P and PNP’ the double ordinate of P. 


LATUS-RECTUM It is a double ordinate passing through the focus. 
In Fig. 26.4, LSL' is the latus-rectum and LS is called the semi-latus-rectum. MS'M' is also a 


2 2 
latus-rectum. The coordinates of L are (ae, SL ). As L lies on the ellipse y + 2 =], the 
a 


coordinates of L will satisfy the equation of the ellipse. 
(ae)" | (SL)* _ 


a J 
az b2 
= (SL)? = b? (1 —e?) 
2 2 
= (SL)? wip? x= E b* =a" (1-e*) => 1-228] 
az a 
2 
=> SL = ae 
a 
2 
Si a Ghee 
aa 


2 
Hence, Length of the latus-rectum LL’=2 (SL) = = =2a(1—e7) 
26.2.5 FOCAL DISTANCES OF A POINT ON THE ELLIPSE 
The distances of any point on the ellipse from its foci are known as its focal distances. 


THEOREM The sum of the focal distances of any point on an ellipse is constant and equal to the length of 
the major axis of the ellipse. 


2 2 
PROOF Let P (x, y) be any point on the ellipse S + a =1 (see Fig. 26.4). Then, 
a 
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MATHEMATICS-Xi 
SP =e PM = e(NK) = e(CK-CN) = e(* -x] =a —ex Ai) 
e 
and, S'P =e PM'=e(NK’') = e(CK’'+CN) =e (2 + x] =A + ex --s( I) 
e 


SP + S'P =a —ex + a+ ex =2 a =Major axis (= Constant) 


Hence, the sum of the focal distances of a point on the ellipse is constant and is equal to the 
length of the major axis of the ellipse. 


REMARK On account of this property, a second definition of the ellipse may be given as follows: 

An ellipse is the locus of a point which moves in such a way that the sum of its distances from two fixed 
points (foci) is always constant. 

26.3 EQUATION OF ELLIPSE IN OTHER FORMS 


2 2 
In the equation of the ellipse ny + 2 =1,ifa>bor a> >b2 (denominator of x7 is greater than that 
a 


of y), then the major and minor axes lie along x-axis and y-axis respectively as shown in Fig. 
26.4. But, if a <b ora’ < b* (denominator of x7 is less than that of y*), then the major axis of the 
ellipse lies along the y-axis and is of length 2 b and the minor axis along the x-axis and is of length 
2a. The coordinates of foci S and S’ are (0, be) and (0, — be) respectively. The equations of the 


directrices ZK and Z’ K’ are y=— and y =- Z respectively. The eccentricity e is given by the 
e e 


formula 


2 
a” = b?(1-e”) > e = \-33 


The shape of the ellipse is shown in Fig. 26.5. 


Y 
K y=b/e Z 
B(O, b) 

x’ X 
A'(— a, 0) A(a, 0) 

B'(0, — b) 
K’ 

y’ y =— b / é Z' 


Fig. 26.5 


ELLIPSE 


Various results related to the ellipses - 


in the following table for ready reference. 


Conrdinates of thi. centre 
Coordinates of the vertices 
Coordinates of foci 


Vie 


scsi 1 (a> b) and 
az be 
aS a Fos te Ses 
ee BAT a>b 
iy Bite oa w 
(0, 0) 


(a, 0) and (—a, 0) 
(ae, 0) and (— ae, 0) 


—_— --—-- -- — 
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+=— = 1,(a<b) are given 


2 y> 
Ga pce eae 
b- 


ee ae eee eee 


(0, 0) 
(0, b) and (0, — b) 
(0, be) and (0, — be) 














Length of the major axis | 2a | 2b 
Length of the minor axis | 2b 2a 
Equation of the major axis y=0 x=0 
Equation of the minor axis x =0 y=0 
| b b 
Equations of the directrices = and x =—— | ar and y =— = 
| ; | 5 
bs a 
Eccentrici | e=,/1 -— e=,j/1-— 
Z | Y @ | b? 
| 2b? 2 a* 
Length of the latusrectum 2 Be 
| 
Focal distances of a point (x, 1/) atex | b+ 
I SG ace a 
SPECIALFORM If the centre of the ellipse & at point (h, k) and the directions of the axes are parallel to the 
= _k)* 
coordinate axes, then its equation is & Li » oop = 1. 
Pp 2 


ILLUSTRATIVE EXAMPLES 


Type I ON FINDING THE EQUATION OF AN ELLIPSE WHEN ITS FOCUS, DIRECTRIX AND 
ECCENTRICITY ARE GIVEN 


| ria 
EXAMPLE1 Find the equation of the ellipse with focus at (1, 1) and eccentricity 5 and directrix 


x-y+3=0. Also, find the equation of its major axis. 
SOLUTION Let P(x, y) bea point on the ellipse. Then, by definition 


SP =e PM 
Here e = > coordinates of S are (1, 1) and the equation of the directrix is x -y+ 3=0. 
1 Z 
SP = — PM 
) M peeesnenanesy y) 
1) x-y+3 e 
= (es -1)? +(y-1)? = -| —=—— S(1, 1) 
2: 2 + (21)2 = 
oO 
=> — 8{(x-1)? +(y-1)"] = y+ 3) s 
=> 7x*47y%4+2xy—22x-l0y+7 =0 A 
This is the required equation of the ellipse. Fig. 26.6 
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The major axis is a line perpendicular to the directrix and passing through the focus. Therefore. 
the equation of the major axis is y —1 =-—1(x -1) 
or, x+y—-2=0. 


EXAMPLE2 Find the equation of the ellipse whose eccentricity is 1/2, the focus is (—1,1) and the 
directrix isx—y+3=0. 


SOLUTION Let P (x, y) be any point on the ellipse whose focus is S(-1, 1) and eccentricity 
e = 1/2. Let PM be perpendicular from P on the directrix. Then, 








SP =ePM 
= Spe = (PM) 
= 4(SP)* = PM? PA baie. Pay 
=> fern? +y-17} = ae “S(-1, 1) 
=> B(x? +y2 +2x-2y +2) =(x-y+ 3)" * SVS 
=> 7x7 4 7y" +10x-10y+2xy+7 = 0 J a8 
ig. 26. 


This is the required equation of the ellipse. 


Type II ON FINDING THE VARIOUS ELEMENTS OF AN ELLIPSE WHEN ITS EQUATIONS IS GIVEN 


EXAMPLE3 For the following ellipses find the lengths of major and minor axes, coordinates of foci, 
vertices and the eccentricity: 


(i) 16x? + 25y? = 400 (ii) 3x2 +2y? = 6 (iii) x2 + 4y? -2x = 0 
SOLUTION (i) We have, 


2 2 
16x? + 25y* =400 > ~-+2 =1 Ai) 
25 16 


2 2 
This is of the form s +: a =1, where a* =25 and b? =16 ie. a =5 and b = 4. Clearly, a > b, 
a 
therefore the major and minor axes of the ellipse (i) are along x and y axes respectively. 
Length of major axis = 2a = 10, Length of minor axis = 2b = 8. 


The coordinates of the vertices are (a, 0) and (-u, 0) i.e. (5, 0) and (—5, 0). 
Let e be the eccentricity of the ellipse. Then, 


b2 16 3 
es a ee 
e 1 a2 1 25 5 


The coordinates of the foci are (ae, 0) and (-#e, 0) i.e. (3, 0) and (-3, 0). 
(ii) We have, 


N 

No wf. 
tl 
=" 


x 


3x7 +2y* = 6 > + 


..(i) 


2 
This equation is of the form S + a = 1, where a” = 2 and b? =3 i.e. a = /2 andb = V3. Clearly, 
a 


a < b,so the major and minor axes of the given ellipse are along y and x-axes respectively. 
Length of the major axis = 2b = 2V3, Length of the minor axis = 2 =2V2 


The coordinates of the vertices are (0, b) and (0, -b) i.e. (0, ./3) and (0, — V3). 
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The eccentricity e of the ellipse is given by 


ie fe 1 
e=,1-— = ,j1l-— = —. 
b? 3. 3 
The coordinates of the foci are (0, be) and (0, —be) i.e. (0, 1) and (0, -1). 
(iii) We have, 
rok. 4y” = 2%. =D 
=> (x? -2x+1)+4y? =0+1 
=> (x-1)7 +4(y-0)? =1 





rave ae 
sere, yo €) 
be (1/2) 
Shifting the origin at (1, 0) without rotating the coordinate axes, we have 
x=X+1 and y=Y+0 »-(il) 
Using these relations in (i), it reduces to 
2 2 
ae (iii) 
Lie CL 7 2) 
‘ ee x2 y? 2 a) : 
Clearly, this equation is of the form — + ‘2 =1,wherea~ =landb* =1/4 ie. a=1land b=1/2. 
a 


We find that a > b. So, the major and minor axes of the ellipse (iii) are along X and Y axes 
respectively. 
Length of the major axis = 2a = 2; Length of the minor axis = 2b = 1. 
2 
The eccentricity e is given bye = ,/1 - Oe 1 aun S 


VO eae NE es 
The coordinates of the vertices with respect to the new axes are (X =1, Y =0) 


and (X =-1, Y =0). So, the coordinates of the vertices with respect to the old axes are (2, 0) and 
(0, 0) [Putting X= 1, Y=Oand X =-1, Y =0 separately in (ii)] 


The coordinates of the foci with respect to the new axes are 


5 
[x = a, ye = 0 and [x = 5 Ne = 0 [Coordinates of foci are (+ ae, 0)] 


So, the coordinates of the foci with respect to the old axes are 


(2 +1, o| and 1 - fe. 0} Putting -33, Y=Oin ao) 


EXAMPLE 4 Show that x* + 4y” + 2x+16y + 13 =O is the equation of an ellipse. Find its eccentricity, 
vertices, foci, directrices and, the length and the equation of the latus-rectum. 
SOLUTION We have, 
x7 + 4y? + 2x+16y+13=0 
= (x? + 2x41) +4(y? + 4y +4) = 4 
=> (x +1)? +4 (y+ 2)? = 4 


2 2 
(x +1) , Yt 2) ar 


2 2 ...(i) 


26.10 MATHEMATICS-XI 


Shifting the origin at (—1, -2) without rotating the coordinate axes and denoting the new 
coordinates with respect to the new axes by X and Y, we have 


x =X-1 and y=Y-2 sos) 
Using these relations, equation (i) reduces to 
2 2 
ae = Sala .»{iii) 
7) Ag 
PENG 
This is of the form — + ag = 1, where a =2 and b= 1. 
a 


Thus, the given equation represents an ellipse. Clearly, a > b. So, the given equation represents 
an ellipse whose major and minor axes are along X and Y axes respectively. 


Eccentricity: The eccentricity e is given by 


b2 | 1h teen 3} 
oo eS 
az 4 2 


Vertices: The vertices of the ellipse with respect to the new axes are (X=+a, Y =0) ie. 
(X =+2, Y =0). So, the vertices with respect to the old axes are given by 


(+ 2-1, —2) i.e. (— 3, — 2) and (1, —-2) [Putting x =+2, y =0in (ii)] 


Foci: The coordinates of the foci with respect to the new axes are given by (X =+ ae, Y =0)i.e. 
(X =+J/3, Y =0). So, the coordinates of foci with respect to the old axes are given by 


(44/3 —1,. —2) [Putting X =+ /3, Y =0in (ii)] 


7 Ld . =: . . a ® 
Directrices: The equations of the directrices with respect to the new axes are X=+-1¢€. 
e 


X=+ a. So, the equations of the directrices with respect to the old axes are 


V3 
4 4 4 ee | 
x = +——-1 ie. x = —=-1 and x = -—~-1 Putting X =+ —— in (ii) | 
3 1B W3 | oo aa 
hee 2 
Length of the latus-rectum: The length of the latusrectum =—— = our 1. 
a 


Equations of Latus-recta: The equations of the latusrecta with respect to the new axes are 
X = tae i.e. X = +3. So, the equations of the latus-recta with respect to the old axes are 


x = +J3-lie. x =J3-1 and x = -VJ3-1. [Putting X =+ V3 in (ii) 
EXAMPLES Find the eccentricity, centre, vertices, foci, minor axis, major axis, directrices and 
latus-rectum of the ellipse 25x7 + 9y* —150x — 90y + 225 =0. 

SOLUTION The equation of the ellipse is 

25x2 + 9y* —150x —90y + 225 = 0 


25x2 -150x + 9y7 —90y =—225 


— 
=> 25 (x2 — 6x) + 9 (y* —10y) =— 225 
=> =. 25 (x2 -6x + 9) + Hy* —10y + 25) =-225 + 225 + 225 
=> 25 (x-3)2 + 9(y—5)* = 225 
_3)2 (y-5)” 
eee Caso). yo ay Ai) 
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Shifting the origin at (3, 5) without rotating the coordinate axes and denoting the new 
coordinates with respect to the new axes by X and Y, we have 


x=X+3 and y=Y+9 aap 
Using these relations, equation (i) reduces to 
x2 fd aes 
— + = = ] ..-(ill) 
a iD 
2 72 
Pe 1 X y ? 2 5 9 ; ies 
This is of the form S +-—>- = 1, where a“ = 3° and b~ =5°. Clearly, a < b. So, equation (iii) 
a oF 


represents an ellipse whose major and minor axes along Y and X axes respectively. 


Eccentricity: The eccentricity e¢ is given by 


2 ee | 
e= 1 _2 es [1 os oa — 4 
Bes 8 Ob> = ab 


Centre: The coordinates of the centre with respect to new axes are (X=0, Y =0). So, the 
coordinates of the centre with respect to old axes are (3,5). 
Vertices: The vertices of the ellipse with respect to the new axes are (X=0,Y =+b) ie. 
(X =0, Y =+5). So, the vertices with respect to the old axes are 

(3,545) ie. (3,0) and (3, 10) [Putting X = 0, Y = +5 in (ii)] 
Foci: The coordinates of the foci with respect to the old axes are (X=0,Y =+be) Le. 
(X =0, Y =+ 4). So, the coordinates of the foci with respect to the old axes are 


(3,44+5) ie. (3,1) and (3, 9) [Putting X = 0, Y = + 4 in (ii)] 
Directrices: The equations of the directrices with respect to the new axes are Y =+ p i.e. Y =+ =. 
e 


So, the equations of the directrices with respect to the old axes are 
_ 45 

her" 

Axes: Lengths of the major and minor axes are: Major axis = 2b = 10, Minor axis = 2a = 6. 
Equation of the major axis with respect to the new axes is X = 0. So, the equation of the major axis 


y= $245 Be Ua -- and y | Putting Y = 2 in Gi | 


with respect to the old axes is x =3. [Putting X =0 in (ii)] 
The equation of the minor axis with respect to the new axes is Y = 0. So, the equation of the minor 
axis with respect to the old axes is y = 5. [Putting Y =0 in (ii)] 
sp ] 
7H, ea Be Ae a | 
Latus-rectum: The length of the latus-rectum = = ee ae = 


The equations of the latus-recta with respect to the new axes are Y = + ae i.e. Y = +4.So, the 
equations of the latus-recta with respect to the old axes are 


y =+4+5 ie. y =1 and y = 9% [Putting Y =+ 4 in (ii)] 
EXAMPLE6 Find the eccentricity, foci and the length of the latusrectum of the ellipse 
x7 +4y7+8y-2x+1 = 0. 


SOLUTION The given equation of the ellipse is 
x7 + 4y7 + 8y—-2x+1=0 
=< x2 -2x 4+ 4y? + 8y =-1 
= (x? —-2x+1) + 4(y? +2y+1) = -14+1+4 
> (x-1)? + 4(y+1)? = 4 
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; 2 2 
ae al _ 
ee + (y +: + 1)* = 1 wd) 
2 1 
Shifting the origin to (1, — 1) without rotating the axes and denoting the new coordinates with 
respect to these axes by X and Y, we obtain 


x=X+1,y=Y-1 velit) 
Using these relations equation (i) reduces to 

x2 y2 

— +—~=1 

J) ai 


2 2 

— cen y a 

This is of the form = + a 1, where a > b. On compairing, we get 
a> = 27 andb*? =1=> a = 2 andb = 1. 

Let e be the eccentricity of the ellipse. Then, 


b? = a? (1 —e”) = 1=4(1 -e7) — ie = 


N1o 


The coordinates of foci with respect to new axes are(X =+ ae, Y =0) i.e., (X=+ V3, Y =0). 
So, coordinates of foci with respect to old axes are(1 + J3,-1) [Putting X =+V3, Y =0 in (ii)] 


2 2 
Length of the latus-rectum = aa a =1. 
a 


2 2 
EXAMPLE 7 Find the distance between the directrices the ellipse oa + a =. 
[NCERT EXEMPLAR] 
2 2 
SOLUTION Comparing the given equation with ~; + 3 =1, we obtain a” = 36 and b? =20. 
a 


Let e be the eccentricity of the ellipse. Then, 
b* =a* (1-e*) > 20=36(1-e*) => 36e% =16>€e =5 


Distance between the directrices = 28 = 250 =18. 
e 


2/3 
Type III ON FINDING SOME ELEMENTS OF AN ELLIPSE FROM GIVEN ELEMENTS 


EXAMPLE8 [If the eccentricity of an ellipse is i and the distance between its foci is 10, then find the 


latusrectum of the ellipse. [NCERT EXEMPLAR] 
2 2 
SOLUTION Let the equation of the required ellipse be _ + 2 =1 and let e its eccentricity. 
a 
We have, e =2 and 2ae =10 
=> e =3 and ae=5 
= =2 and a=8 
7 Wye gee mee 25 | _ 
b* =a“ (1-e*) =>) =64(1-)=a9 


Ainiiarecini = 2 eee 
Hence, length of the latusrectum = rms ee 
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EXAMPLE9 If the latusrectum of an ellipse is equal to half of minor axis, find its eccentricity. 
[NCERT EXEMPLAR] 


- 


Pe 
SOLUTION Let the equation of the ellipse be S + 2m =1 and let ¢ be its eccentricity. 
a 


It is given that 


1 rie 
Latusrectum = 5 (Minor axis) 


27 4 
=> — =—(2b 
= 5 | ) 
= 2b =a 
=> 4b7 =a" 
=> 4a? (1c) =a? => 4-40? =1= de? =3- = 2? 


Hence, the eccentricity is 18 


Type IV ON FINDING THE EQUATION OF AN ELLIPSE WHEN SOME OF ITS ELEMENTS ARE GIVEN 


EXAMPLE 10 Find the equation of the ellipse whose axes are along the coordinate axes, vertices are 
(+5, 0) and foci at (+ 4, 0). 


SOLUTION Let the equation of the required ellipse be 
— + — = 1 ..(i) 


The coordinates of its vertices and foci are (+ a, 0) and (+ ae, 0) respectively. But, the coordinates 
of vertices and foci are given as (+ 5, 0) and (+ 4, 0). 
a@=5' and ae = 4 > e=5 


Now, b? = a? (1 a5) => p* = 25(1 -i) = 9. 


NM 


re 1, which is the equation of the 


mA. 


Substituting the values of a and b? in (i), we obtain — + ¥ 


required ellipse. 


EXAMPLE11 Find the equation of the ellipse whose axes are along the coordinate axes, vertices are 
(0, + 10) and eccentricity e = 4/5. 


SOLUTION Let the equation of the required ellipse be 
x + y =1 (i) 
az b2 


Since the vertices of the ellipse are on y-axis. So, the coordinates of the vertices are (0, + b). But, 
the coordinates of vertices are given to be (0, + 10). 


b = 10. 
Now, a* =b? (1 —e7) => a* =100 [a -3) = 36 


2 2 
Substituting the values of a? and bin (i), we obtain = + a =1as the equation of the required 
ellipse. 
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EXAMPLE 12 Find the equation of the ellipse whose axes are along the coordinate axes, foci at (0, + 4) 
and eccentricity 4/5. 

SOLUTION Let the equation of the ellipse be 


ei . 
eno eee .».(1) 
az bb 


The coordinates of the foci are (0, + 4). This means that the major and minor axes of the ellipse 
are along y and x axes respectively and the coordinates of foci are (0, + be). 


, be = 4 

os b (4/5) = 4 [.: e = 4/5] 
— b = 5. 

Now, a? = b (1 —e7) => ge = 25{1 -=) = 9 


2 2 
Substituting the values of a* and b? in (i), we obtain = + a = 1 as the equation of the required 


— 


ellipse. 


EXAMPLE 13 Tite foci of an ellipse are (+ 2, 0) and its eccentricity is1/2, find its equation if it is given 
that its centre is at the origin and axes are along the coordinates axes. 

rae 2 
SOLUTION Let the equation of the ellipse be + = 1.The, coordinates of its foci are (+ ae, 0). 
a) 0 


But, the coordinates of foci are given as (+ 2, 0). 


ae = 2 
=> ax— = 2 [‘ e=1/2] 
— Gee: 


Now, b* = at (i =e-) = $2 = 16(1-2)] =Nibs 


. x2? x2? : 

Substituting a = 4 and b© =12in—— + =~ =1 we obtain — + —— =1as the equation of the ellipse. 
eke 16 12 

EXAMPLE 14 Find the equation of the ellipse with foci at (+5, 0) and x = = as one of the directrices. 


[NCERT EXEMPALR] 
2 2 
SOLUTION Let the equation of the ellipse be S + 2 =1 and let e be its eccentricity. The 
a 
coordinates of its foci and the equations of the directrices are (+ ae, 0) and x = + a/e respectively. 


But, itis given that the coordinates of foci are(+ 5, 0) and the equations of one of the directrices is 
x = 36/5. 


ae=5 alee 
e..5 
a 36 
= aex—=5x — 
e 5 
=> a* = 36 
—> a=6 


Now, b? =a’ (1 =e") 
=> b? =a —(ae)* = 36-25 =11 
=> b=J11 


7 Oey? ay?) 
Substituting a = 6 and b =,/11 in S + 3 =1, we obtain ae + aa =1 as the required equation. 
a 
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EXAMPLE 15 Find the equation of the ellipse whose axes are parallel to the coordinate axes having its centre 
at the point (2, — 3) one focus at (3, — 3) and one vertex at (4, — 3). 


SOLUTION Let 2 aand 2b be the major and minor axes of the ellipse. Then, its equation is 
(e=2)* . Y+3* _ 





.-(i) 
a’ b? 
Fig. 26.8 

Clearly, 

CA =a (= Semi-Major axis) 
=> (4-2)? +(-3 +4 3) =a 
= a= 2. ..-(Ii) 
Since the distance between the focus and centre of an ellipse is equal to ae, where e is the 
eccentricity. 
i CS =ae 
= (2 — 3)? +(-3+ 3)? =ae 
— fae = 1 ..(1ii) 


From (ii) and (iii), we get :e =— 
Now, b? = a? (1 -e*) > pb? = a(1 -i)=s. 


Substituting the values of a and b in (i), we obtain 
(x-2)? | (y+3)? 
3 


a = 1,as the required equation of the ellipse. 





EXAMPLE 16 Find the equation of the set an all points the sum of whose distances from the points (3, 0) 
and (9, 0) is 12. 


SOLUTION Let P(x, y) bea point such that the sum of its distances from S (3, 0) and S’ (9, 0) is 
12. 
i.e. PS+ PS’ =12 


=> y(x- 3)? +(y—0)7 + (x-9) +(y—0)”7 =12 
= y(x- 3)7 +y 2 -12—,(x- 9)? +7 
=> (x—3)2 +y7 =144-24 V(x- 9)7 + y? +{(x— tay 
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P(x, y) 


S‘(9, 0) 





O S(3, 0) 





Fig. 26.9 


((x-3)? +7} -{(x-9)? + y?} =144-24 J[(x-9)2 + y? 
12x -72 =144-24 V(x ~9)* + 

12x-—216 =— 24 J(x-9)2 + y? 

x-18=-2 J (x-9)2 +y7 


(x-18)? =4 {(x-9)? + y7} 
x? — 36x + 324 = 4x7 —72x+ 3244 4y? 
3x7 —36x+ 4y* = 0, which is the required equation. 


YvuvY UY Y y 


ALITER We know that the sum of the focal distances of a point on the ellipse is constant equal 
to major axis. Therefore, the curve is an ellipse having its foci at S(3, 0) and S’ (9, 0) and major 
axis 2a =12. The distance between the foci Sand S’ is 6. 


2ae =6=> 12e=6=> e=— 
Now, b2 =a*(1-e7) => b2 = 36 (1-4) =27 


The centre of the ellipse is the mid-point of segment SS’ .So, the coordinates of centre are(6, 0). 
Hence, the equation of the ellipse is 


_¢)2 _ 2 
C1 or, 3x? + 4y? — 36x =0 


EXAMPLE17 Find the equation of the ellipse whose centre is at the origin, foci are (1, 0) and (—1, 0) and 
eccentricity is 1/2. 


SOLUTION Here coordinates of two foci S and S’ are (1, 0) and (— 1, 0) respectively. Therefore, 
SS'=2. Let 2a and 2b be the lengths of the major and minor axes of the required ellipse and e be 


the eccentricity. Then, SS’'=2ae = 2ae=2 => ae=1> a ; Hae ee) 


Let P (x, y) be any point on the ellipse. Then, 
SP + S’P = 2a [See section 26.2.5] 
=> SP +S'P =4 [- a=2] 


= (x -1)? +(y—0)? + (x +1)? +(y—0)* =4 
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Fig. 26.10 


> e-1?+y? =4-Y(xs? +? 

= {carry (erry 

=> (x-1)? +y? =16-8 (x41)? +? +(x41)2 +9? 

=> {0 +2 {+9 +2 =16-8 } (x +1)? +y 


=> -4x =16 - 8 { yx +1)? +y"} 
= r+ 4 = 24 ferr1?+y} 


=> (x + 4)? = foro? +l 


=> 3x* + 4 y* —12 = 0, which is the required equation of the ellipse. 


ALITER LetS(1, 0) and S' (—1, 0) be the foci of the ellipse and e be its eccentricity. The centre of 
the ellipse is the mid-point of segment SS’.So, the coordinates of the centre are (0, 0). Let 2a and 
2b be the lengths of major and minor axes of the ellipse. 


Now, SS'= (1 —1)7 +(0-0)7 =2 


=> 2ae =2 

= ae =1 

> ee fr e= 2 (given) | 
2 2 

— a=2. 


Now, b? =a? (1-e7) -4(1 -*) =3 


x? 42 
Hence, the equation of the ellipse is acts 1. 
EXAMPLE 18 Find the equation of the ellipse whose foci are (2,3), (—2,3) and whose semi-minor 
axis is V5. 
SOLUTION Let Sand S’ be two foci of the required ellipse. Then, the coordinates of S and S’ are 
(2, 3) and (— 2, 3) respectively. Therefore, SS’ = 4 
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Let 2a and 2b be the lengths of the axes of the ellipse and e be its eccentricity. Then, 
Doenaige, —> 2ne = 4 => ge = 2, 

Now, b? =a (1 —¢") => 5=a*-27 => a=3. 

Let P (x, y) be any point on the ellipse. Then, 
SP + S'P = 2a [See section 26.2.5] 


=> (x—2)? +(y-3)? + f(x+2?+(y-3)? = 6 
a {(«-2? +y-9)| {+92 +y-9"}- 36 -— 12 (x + 2)? +(y-3)| 
=> -8x = 36 - 12{ f(x+2)? +y-3"| 


=> (2x+9)? = 9{(x +2)? +(y—3)%} 
= 5x7 49 y? —54 y + 36 = 0, which is the required equation of the ellipse. 
EXAMPLE 19 A rod AB of length 15 cm rests in between two coordinate axes in such a way that the end 


point A lies on x-axis and end point B lies on y-axis. A point is taken on the rod in such a way that AP =6 
cm. Show that the locus of P is an ellipse. Also, find its eccentricity. [NCERT] 


SOLUTION Let the coordinates of A and B be (a, 0) and (0, b) respectively. Let the coordinates 
of P be (h, k). 


We have, AP =6cm and AB = 15cm. 








BP = 9cm. 
Since P (h, k) divides AB in the ratio 6 : 9. Therefore, 
yy le eg med 
15 15 
— 2s 15h and b = 15k 
9 6 
— a= oh and b = ok 
3 2 
In AOAB, We Sea : Fig. 26.11 
OA“ +OB* = AB 
2 2 
=> a* +b? 1 = = + DE = 15? = 4h? + 947 = 324 


Hence, the locus of P (h, k) is Ax? 4+ 9y = 324. Clearly, it represents an ellipse. 


2 2 
Now, 4x7+9y? = 3245 —+42 =1 
‘ 81 36 


2 2 
Comparing this equation with “5 + a = 1, we obtain 
a 


az = 81 and b* = 36 > a=9 and b =6 


Let e be the eccentricity of the ellipse. Then, 
b? 36 _ 5 


e=,1-— =,1-zT =z: 


ie gi 1 8 
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EXAMPLE 20 Anarc is in the form of a semi-ellipse. It is 8 m wide and 2m high at the centre. Find the 
height of the arch at a point 1.5 m from one end. 
SOLUTION Let ABA’ be the given arc such that AA’ = 8 mand OB =2 m. Let the arc be a part of 
2 2 
the ellipse 2B Ler 1. Then, 
es be 


AA’ =8m> 2a=8>an=4 
and, OB=2m => b = 2. 
So, the equation of the ellipse is 


ee eee FA 60) 


We have, to find the height of the arc at point P such that AP =15 m. In other words, we have to 
find the y-coordinate at P. 


OA = 4m and AP =15m 
OP =OA—AP =(4-1.5) m= 2.5m. 


Thus, the coordinates of M are ( F PM | : 


Since M lies on the ellipse (i). Therefore, 








25 PM? 
+—— = ] 
4x16 4 
PM2 25 
= — =]1-— 
4 64 
PM? _ 39 


> = 
AW. GA 
= BM = [22m = 289 
16 4 


Hence, the height of the arc at a point 1.5 m from one end is 





Fig. 26.12 





bak 


EXAMPLE 21 A man running a race-course notes that the sum of the distances from the two flag posts 
from him is always 10 metres and the distance between the flag posts is 8 metres. Find the equation of the 
path traced by the man. [NCERT] 
SOLUTION Clearly, the path traced by the man is an ellipse having its foci at two flag posts. Let 
the equation of the ellipse be 
2 
x 


2 
+45 = 1,whereb? = a’ (1-e7) 
a ib 


It is given that the sum of the distances of the man from the two flag posts is 10 metres. This 
means that the sum of the focal distnaces of a point on the ellipse is 10 m. 


2a=10>a=5 [. Sum of the focal distances of a point = 2a] 
It is also given that the distance between the flag posts is 8 metres. 
2ae = 8=> ae = 4 [ Distance between two foci = 2ae] 


Now, b2 = a*(1-e7) 


=> b2 = a? —a* e* = 25-16 = 9 


26.20 MATHEMATICS-xi 


ag 
Hence, the equation of the path is BE oc” 1. 


EXAMPLE22_ A bar of given length moves with its extremities on two fixed straight lines at right angles. 
Show that any point on the bar describes an ellipse. [NCERT EXEMPLAR] 


SOLUTION Let ABbe a bar of length / which slides between the coordinate axes and let P (ht, k) 
be a point on the bar such that PA =a and PB =b. 


Let ZOAB = 9. Then, ZMPB = 0. 





In A's ALP and PMB, we have 
sin 6 Suu and cos 8 _ PM 
AP P 
=> noe and paso 
a b 
2 2 
=> sin?0+cos?@ =“ +4 
a b 
h?  k? 
— ++ >=1 
b* at Fig. 26.13 
x2 y” 
Hence, the locus of P(h, k) is ) 5 1, which is an ellipse. 
a 


EXAMPLE 23 A straight rod of given length slides between two fixed bars which include an angle of 
90°. Show that the locus of a point on the rod which divides it in a given ratio is an ellipse. If this ratio te 
1/2, show that the eccentricity of the ellipse is J2/3. 


SOLUTION Let the two lines be along the coordinate axes. Let PQ be the rod of length a such 
that ZOPQ = 6. Then, the coordinates of P and Q are(a cos 8, 0) and (0, a sin 0) respectively. Let 
R (h, k) be the point dividing PQ in the ratio 1:1. Then, 


Q(0, a sin 8) 








Fig. 26.14 
4 = £5088 andick ce SoS 
A+1 A+1 
h , k 
= cos @ = —(A+1)andsin @ = —(A+1) 
a ar 
2 k2 
ss cos? 0+ sin? @=—7 (A+ 1) +p ap (A+ 1) 
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ae 
Oo rn Tas 
fo. fi. 
A+] A+1 
x7 y? Sree 
Hence, the locus of (It, k) is ———5 + —~— = 1 which is an ellipse. 
a a 
h+1 A. +1 


Let e be the eccentricity of this ellipse. Then, 








= e= 1-22 


WhenaA = 7 we obtain 


| T als 
e= ,j1--— = —. 
4 2 


EXAMPLE 24 A point moves so that the sum of the squares of its distances from two intersecting 
straight lines is constant. Prove that its locus is an ellipse. 


SOLUTION Let us assume that the two intersecting lines intersects at the origin and they are 
equally inclined with the positive direction of x-axis i.e. ZXOA =ZXOC = 8. 


The equations OA and OB are respectively 





y = x tan 0 and y = —x tan 0 
or, x sin 8-—ycos® = Oand xsin@+ycos®@ = 0 
yi 
A 
D L 
*. P(h, k) 
rat: ie 
x’ 0 “0 : x 
M 
B C 
y’ 
Fig. 26.15 


Let P (h, k) be a variable point such that the sum of the squares of its distances from OA and OB 
is constant. 


i.e. PI? + PM2 = 22 (constant) 


2 2 
ee | hsin 8—kcos® | hsin§8+kcos@ | = 72 


sta2alccos20 [ea ai seeea 
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= (h sin 0 —k cos 6)? +(h sin 0 +k cos 0)? = 222 
=> h* sin? 0 +k? cos? 0 = 22 
h2 k? 
=> 


22 cosec* 0 22 sec? 0 sg 
Hence, the locus of (i, k) is 
v2 ‘ y? 
(A. cosec 0)? (A sec 9)? 
point of the given lines. 


= 1, which is an ellipse having its centre at the intersection 


EXERCISE 26.1 


1. Find the equation of the ellipse whose focus is (1, — 2), the directrix 3 x —-2 y +5=0 and 
eccentricity equal to 1/2. 


2. Find the equation of the ellipse in the following cases: 


(i) focus is (0, 1), directrix is x + y=O and e = . 


(ii) focus is (— 1, 1), directrix is x -y + 3 =O and e = 


N]e 


(iii) focus is (— 2, 3), directrix is2x+ 3y+4=Oande= 


On} 


(iv) focus is (1, 2), directrix is 3x+4y-—5=Oande= . 


3. Find the eccentricity, coordinates of foci, length of the latus-rectum of the following ellipse: 
(i) 4x7 4+9y?=1 (ii) 5x7 44y? =1 (iii) 4x2 4+ 3y? =1 


(iv) 25 x? +16 y* =1600. (v) 9x2 4+25y?=225 § [NCERT EXEMPLAR] 
4. Find the equation to the ellipse (referred to its axes as the axes of x and y respectively) 


which passes through the point (— 3, 1) and has eccentricity fe 


5. Find the equation of the ellipse in the following cases: 
(i) eccentricity e = ; and foci (+ 2, 0) 


(ii) eccentricity e => and length of latus-rectum = 5 
(iii) eccentricity e = ; and semi-major axis = 4 
(iv) eccentricity e =5 and major axis = 12 


(v) The ellipse passes through (1, 4) and (—6, 1). 


(vi) Vertices(+ 5, 0), foci (+ 4, 0) [NCERT] 
(vii) Vertices(0, + 13), foci (0, + 5) [NCERT] 
(viii) Vertices(+ 6, 0), foci (+ 4, 0) [NCERT] 
(ix) Ends of major axis(+ 3, 0), ends of minor axis(0, + 2) [NCERT] 
(x) Ends of major axis (0, + /5), ends of minor axis (+1, 0) [NCERT] 
(xi) Length of major axis 26, foci(+ 5, 0) [NCERT] 


(xii) Length of minor axis 16 foci(O,+6) _ [NCERT] 
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8. 
9. 


10. 


11. 
12. 


13. 
14. 
15. 


16. 
17. 


18. 


(xiii) Foci(+ 3, 0),a=4 [NCERT] 
6. 
7. 


Find the equation of the ellipse whose foci are (4, 0) and (— 4, 0), eccentricity = 1/3. 

Find the equation of the ellipse in the standard form whose minor axis is equal to the 
distance between foci and whose latus-rectum is 10. 

Find the equation of the ellipse whose centre is (— 2, 3) and whose semi-axis are 3 and 2 
when major axis is (i) parallel to x-axis (ii) parallel to y-axis. 

Find the eccentricity of an ellipse whose latus-rectum is 

(i) half of its minor axis (ii) half of its major axis. 
Find the centre, the lengths of the axes, eccentricity, foci of the following ellipse: 

(i) x7 +2y7-2x+12y+10=0 (ii) x7 +4 y7 -4x4+24y+31=0 
(iii) 4x7 + y7 -8x+2y+1=0 (iv) 3x7 +4 y7 -12x-8y+4=0 

(v) 4x2 +16y? —24x-32y-12 =0 (wi) x7 +4y*-2x = 0 
Find the equation of an ellipse whose foci are at (+ 3, 0) and which passes through (4, 1). 
Find the equation of an ellipse whose eccentricity is 2/3, the latus-rectum is 5 and the centre 
is at the origin. 
Find the equation of an ellipse with its foci on y-axis, eccentricity 3/4, centre at the origin 
and passing through (6, 4). 
Find the equation of an ellipse whose axes lie along coordinate axes and which passes 
through (4, 3) and (-1, 4). 
Find the equation of an ellipse whose axes lie along the coordinate axes, which passes 
through the point (-3, 1) and has eccentricity equal to ,/2/5. 
Find the equation of an ellipse, the distance between the foci is 8 units and the distance 
between the directrices is 18 units. 


Find the equation of an ellipse whose vertices are (0, + 10) and eccentricity e = = 


A rod of length 12 cm moves with its ends always touching the coordinate axes. Determine 
the equation of the locus of a point P on the rod, which is 3 cm from the end in contact with 
X-axis. 





19. Find the equation of the set of all points whose distances from (0, 4) are : of their distances 
from the line y = 9. [NCERT EXEMPLAR] 
ANSWERS 

1. 43 x? + 48 y? +12 xy —134 x + 228 y + 235=0 


rh, 


3. 


(i) 7x27 +7 y2-2xy-16y+8=0 (ii) 7x27 +2xy+7 y* +10x-10y+7 =0 
(iii) 325 (x2 + y* +4x-6 y +13) =16(2x+3y+ 4)” 
(iv) 91 x7 + 84 y? —24 xy —170 x — 360 y + 475 =0 


; ENS: V5 a 1 aay 1 . 4 
(i) 0B ,(s 6 ,0) , 9 (ii) Fi [Oe5 ‘5 | s 5 
i be 1). V3 aan 8 64 


@) e= 3; (£4, 02 4.3x74+5y7 =32 
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5. (i) 3x7 44y? =48 (ii) 20 x2 + 36 y? =405 


(iv) 3x7 +4 y? =108 (v) 3x7 47 y? =115 


2 2 y 2 
(vii) 2— + 2—=1 (viii) aml 


144 169 20 
74 2 2 2 
(x) —+4-=1 (d) 
lee ob 169 144 
2 2 2 2 
(xiii) +2 =1 6 24 =16 
16 7 9° 8 


8. (i) 4x7 +9 y* +16 x-54y+61=0 
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(iii) 3x7 +4 y7 =48 


2 2 
faee y 
vi) —+*—=!1 
wv) 2 
2 2 
sm, y 
— sf —- = 
(ix) 5 rn 
2 2 


(xii) ~+# =1 


Z, 27 +2 y* =100 


(ii) 9x7 +4 y7 + 36x-24y+ 36=0 


V3 zy 1 
9. = —— = —— 
(i) e 5 (ii) e 5 
10. Centre Major axis Minor axis Eccentricity Foci 
ue eee 3| 
(i) (1,-3) 6 3 V2 2 alae 
J3 3/3 _ 
Gi) (2,-3) 6 3 ol at a ee 
V3 
(iii) (1,-1) 4 2 ou (1, <196 >1+ V3) 
1 
(iv) (2,1) 2/3 5 (2+1,1) 
(v) (3,1) 8 4 J3/2 (3+ 2V3,1) 
(vi) (1,0) 2 1 V3/2 (1 + 43/2), 0) 
2 2 2 2 2 
11. PRY oe 12. ax" AY 443, XW 7x" by" 4 
18 9 81 45 43 688 247 247 
2 2 x? y” 2 2 
15. 3x“+5y* = 32 16. Tae 1 17. 100x* + 36y“ = 3600 


18. x7+9y2 = 81 19. 9x7+5y? =180 


HINTS TO NCERT & SELECTED PROBLEMS 
5. (vi) Let the equation of the ellipse be 
ey | 2 


2 RE : 
a 3 p2 = 1 .».(i) 
It is given that vertices are at (+5, 0) and foci are at (+ 4, 0). Therefore, a =5 and ae = 4. 
Now, 
b? = a (1 =e) = b* = a —(ae)? = 25-16 =9 
2 2 
Substituting the values of a andb in (i), we obtain = + = = 1 as the equation of the 
ellipse. 
(vii) Let the equation of the ellipse be 
x? y” : 
2 Ee (i) 
a“ 6b 


Its vertices are at (0, + 13) and foci are at (0, +5). 


a 


. TT. 
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b = 13 and be =5 
Now, a? = b*(1—e*) => a* = b* —(be)* = 169-25 = 144 


2 2 
Substituting the values of a and b in (i), we obtain naa - aa as the equation of the ellipse. 
(viii) Proceed as in 5 (vi). 
(ix) Let the equation of the ellipse be 
x + y" =] (i) 
a= 


It is given that ends of major and minor axes are at (+ 3, 0) and (0, + 2). But, coordinates of 
end points of major and minor axes are (+ a, 0) and 0, +b). 
a= Sand) = 
2 


2 
Hence, the equation of the ellipse is =e ~ “S =1. 


(x) Let the equation of the ellipse be 
x y” 
—-+ —— = 1 .--(i) 
b 


where b > a. 
The eee of end points of its major and minor axes are (0, + b) and (+ a, 0). 
= J5 anda =1 


Hence, the equation of the ellipse is 2 + ve =1. 


x2 2 
(xi) Let the equation of the ellipse be= it oI =1.Itis given that 2a = 26andae = 5 


= a= 13 and a = 25 
= q=13 and a*—b? = 25 : b? =a" a-<)| 
= az=13 and b* = 169-25 = 144 
h f the elli ae i 1 
H at ti ee 
ence, the equation of the ellipse is 169 * 144 


x? 2 
(xii) Let the equation of the ellipse be= ik a =1,b>a.Itis given that 
a 


2a = 16andbe = 6. Therefore,a=8 and be =6. 
Now, 


be = 6 => b2e2 = 36 = b*-a* = 36 q* = Pa-)| 


=>  b* = 64+ 36 = 100 


2 y 

x 
Hence, th tion of the ellipse is — + — =1. 
ence, the equation of the ellipse is 77 +7 


x2 2 
(xiii) Let the equation of the ellipse be = Soh 7 =1. It is given that a =4 and ae = 3. 


2 4? (1-e7)> pianos: 
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2 2 
Hence, the equation of the ellipse is ; at ' -=1, 
2) 


x? y* 16 = 1 
11. Let the ellipse be“ + 52 =1. Then, ae = 3 and —+-— =1 


9 9 
‘1 (eat + bay 
=> 1 sy hae 1 
nea are ne ge a0 


=> a —26a7 +144=0 = (a? -18) (a2 —8)=0 => a? =18, a7 =8. 
b? = a? (1 —e7) and ae = 3=—> b* =a" -9. 

Now, a* =18 => b7=18-9 = 9 
a*=8 => b* =8-9 =-1, whichis not possible. 


# 9 


~~ 


Hence, the equation of the ellipse is 3 + S ='1. 


ce yt 2 2b? 
12. Let the ellipse be = was 2 =1. We have, e = 3 and --— =5. 
. a 
2 
Now, a =5 => 2b* =5a=> 2a? (1 —¢*) =5a—> 2a{ 1 -=]=5 =a ==.\f 
a 
2 
noe 5 => b= ol 
a 4 
fe 2 
Hence, the equation of the ellipse is ee + —f =1. 


x2 2 
13. Let the equation of the ellipse be = St = =1, where b >a. We have, e = 
a 


a* =b* (1 yes) => a oe 2: 





16 
x2 
So, the equation of the ellipse becomes ~ a + aa =1. It passes through (6, 4). 

36 112 

<> + 4 =1> a? =43. 

a* 16n 

2 
#2 16a 33 p2 — 16% 43 _ 688 
7 7 7 
x2 7Y 
Hence, the aan of the ellipse i pa ees 
43 688 
2 
14. Let the ellipse be = _ 7 2 =1. It passes through (4, 3) and (-1, 4). 

16. 9 1 , 16 

+z += =land—|+ >=! 

me Mike Qa. =b- 

1 
=> 1601 + 9B =1 and o. + 168 =1, where « = and B=-> 
a 
Solving these tw ti we get a = di and lS! 
ving these two equations, we get a =—7— DAT 


2 247 2 247 
=— and b* =—-. 
and b 15 


Hence, the equation of the ellipse is 7x + 15y” = 247. 


Therefore, a 
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2 2 
16. Let the equation of the ellipse be aati SS ap 
te eee 


We have, 


2ae = 8 and 2a/e= 18 => one 2A = 8x18 => 4a =8x18 >a=6. 
Ce 


Now, 2ae = 8 anda=6 => e =2/3. 
b? = a*(1-e7) = 36(1 -2) = 20. 


x2? 
Hence, the equation of the ellipse is ae + =] 


20 
VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 
1. If the lengths of semi-major and semi-minor axes of an ellipse are 2 and V3 and their 
corresponding equations are y—5 = 0 and x+3 = 0, then write the equation of the 
ellipse. 


2. Write the eccentricity of the ellipse 9x? + 5y" —18x -—2y—-16 = 0. 
3. Write the centre and eccentricity of the ellipse 3x7 + 4y” —6x+8y-5 = 0. 
4. PSQisa focal chord of the ellipse 4x7 +9 y* = 36such that SP =4. If S' is the another focus, 


write the value of S’Q. 

5. Write the eccentricity of an ellipse whose latus-rectum is one half of the minor axis. 

6. If the distance between the foci of an ellipse is equal to the length of the latus-rectum, write 
the eccentricity of the ellipse. 


2 2 
7. IfS and S’ are two foci of the ellipse oe + a = land Bisanend of the minor axis such that 
as, “bf 


ABSS' is equilateral, then write the eccentricity of the ellipse. 

8. If the minor axis of an ellipse subtends an equilateral triangle with vertex at one end of 
major axis, then write the eccentricity of the ellipse. 

9. If a latus-rectum of an ellipse subtends a right angle at the centre of the ellipse, then write 
the eccentricity of the ellipse. 











ANSWERS 
1, 3x7 + 4y* +18x-40y +115 = 0 2. = 3 (,-1),5 4. = 
goog Mk, lg ee 
2 2 2 3 2 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 
1. For the ellipse 12%7 4. 4y + 24x —1l6y + 25=0 


(a) centreis (—1, 2) (b) lengths of the axes are /3 and1 


(c) eccentricity = 2 (d) all of these 
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2. The equaten of the prea with focus (—1, 1), directrix x — y + 3 =O and eccentricity 1/2 is 


a 


10. 


11. 


12. 


13. 


14 


(a) 7x? + 2xy +7 y7 +10x+10y+7=0 (b) 7x" +2xy+7y" +10x-10y+7 =0 
(c) 7x + 2xy+7y" +10x-10y-7=0 (d) none of these 


2 2 
. The equation of the circle drawn with the two foci of ~~ + - =1 as the end-points of a 


2 
a 
diameter is 
(a) x7 +y7 = a*+b2 (b) x7 +7 = q2 
(c) x7 +y* = 2a? (a) x24 y? = a2 -b? 


. The eccentricity of the ellipse ~ 7 ate a = Lif its latus-rectum is equal to one half of its minor 
a’ 


axis, is 
(a) 5 (b) = (c) ; (d) none of these 
The eccentricity of the ellipse, if the distance between the foci is equal to the length of the 
latus-rectum, is 
a) a (b) all (c) ae (d) none of these 
The eccentricity of the ellipse, if the minor axis is Saal to the distance between the foci, is 
V3 2 1 V2 
a) — b) — = d) — 
Oe (>) 5 (c) + (ers 
The difference between the lengths of the major axis and the latus-rectum of an ellipse is 
(a) ae .(b) 2ae (c) ae (d) 2aec* 
The eccentricity of the conic 9x? + 25 y* =225 is 
(a) 2/5 (b) 4/5 (c) 1/3 (d) 1/5 = (e) 3/5 
The latus-rectum of the conic 3x2 + 4y* —6x+ 8y-5=Ois 
(a) 3 (b) = (c) a (d) none of these 


The equations of the tangents to the ellipse 9x + 16 y* =144 from the point (2, 3) are 
(ajy=3,x=5 (b+) x =2,y=3 (c)x =3,y=2 (ad) x+y =5,y =3 


The eccentricity of the ellipse 4x? + 9y? + 8x + 36y + 4=Ois 
5 3 V2 v5 
= < MS: apo 
(De Ore ONS CE 
The eccentricity of the ellipse 4x? + 9y* = 36 is 
1 1 V5 V5 
= — d) — 
aS Chas Vie eR 
The eccentricity of the ellipse 5x? + 9y* = lis 
(a) 2/3 (b) 3/4 (c) 4/5 (d) 1/2 
For the ellipse x? 4+ 4y* = 
(a) the eccentricity is 1/2 (b) the latus-rectum is 3/2 


(c) a focus is (3 V3 , 0) (d) a directrix is x =-2 J3 
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15. If the latus-rectum of an ellipse is one half of its minor axis, then its eccentricity is 
1 V3 V3 
(a) = (b) —— (qe (ayo 
2 v2 2 4 
16. An ellipse has its centre at (1, —1) and semi-major axis = § and it passes through the point 
(1, 3). The equation of the ellipse is 


(x+1)? (y+)? Ga eal 














+ =] b = 1] 
) 64 16 ”) 64 16 
iv Fy  1i2 Ey: 
(c) (x 1)" Me (y+ )* — | (d) (x 1)" + (y 1) = 
16 64 64 16 
17, The sum of the focal distances of any point on the ellipse 9x7 + 16y" = 144 is 
(a) 32 (b) 18 (c) 16 (d) 8 


18. If(2, 4) and (10, 10) are the ends of a latus-rectum of an ellipse with eccentricity 1/2, then 
the length of semi-major axis is 
(a) 20/3 (b) 15/3 (c) 40/3 (d) none of these 








19. The equation = ; + at 5 + 1=0 represents an ellipse, if 


& — le a= 


(a) A<5 (b) A<2 (c) 2<A<5 (d) A<2 orA>5 
20. The eccentricity of the ellipse 9x? + 25y" - 18x —100y — 116 =0, is 
(a) 25/16 (b) 4/5 (c) 16/ 25 (d) 5/4 
21. If the major axis of an ellipse is three times the minor axis, then its eccentricity is equal to 
1 1 1 2V2 2 
~ b) —= += d) —— e) —= 
Vie 0) 5 () 5 (d) : Osim 
22. The eccentricity of the ellipse 25x7 + 16y7 = 400 is 
(a) 3/5 (b) 1/3 (c) 2/5 (d) 1/5 
23. The eccentricity of the ellipse 5x7 +9 y* =lis 
(a) 2/3 (b) 3/4 (c) 4/5 (d) 1/2 
24. The eccentricity of the ellipse 4x7 +9 y" = 36 is 
1 1 v5 v5 
a) —= b) — c) — d) — 
les 3 (b) 5 Ol (a) — 
ANSWERS 
1. (d) 2. (b) 3. (d) 4. (b) 5. (a) 6. (c) 7. (d) 8. (b) 
9. (a) 10. (dad) 11.(d) 12 (ce) 13. (a) 14. (b) 15. (c) 16. (b) 


17. (ad) 18. (a) 19. (c) 20. (b) 21. (d) 22. (a) 23. (a) ~~ 24. (c) 
SUMMARY 


1. An ellipse is the locus of a point in a plane which moves in such a way that the ratio of its 
distance from a fixed point (called focus) in the same plane to its distance from a fixed 
straight line (called directrix) is always constant which is always less than unity. _ 

The constant ratio of generally denoted by e and is knownas the eccentricity of the ellipse. 

If Sis the focus, ZZ’ is the directrix and P is any point on the ellipse, such that M is the foot of 
perpendicular from P on ZZ’, then SP = e- PM. 

The equation ax? + 2hxy + by” + 2gx + 2fy +c =0 represents an ellipse, if 


A = abe + 2fgh —af 2 ~ bg —ch? # OQ and h?2 <ab. 
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2. The equation of the ellipse whose axes are parallel to the coordinate axes and whose centre 


y* 








is at the origin, is ma + 42 = 1 with the following properties: 
a MAI IO 
~ vs = Ll, a>b 
a b 
oe i 
Coordinates of the centre (0, 0) 


Coordinates of the vertices 
Coordinates of foci 
Length of the major axis 





Length of the minor axis 
Equation of the major axis 
Equation of the minor axis 


Equations of the directrices 


Eccentricity 


Length of the latus-rectum 


Focal distances of a point (x, y) 


(a, 0) and (—a, 0) 
(ae, 0) and (— ae, 0) 


—_ 
} 
' 





ite 2 
“+5 =1a<h 
ee 
(0, 0) 


(0, — b) and (0, -b) 
(0, be) and (0, — be) 


CHAPTER 2/ 





HYPERBOLA 


27.1 INTRODUCTION 

We have discussed in earlier chapters that a hyperbola is the particular case of the conic 
ax? + 2hxy + by? + 2gx + 2fy+c =Owhenabe + 2fgh —af 2 —bg? ~ch* # Qandh? > ab. The analy- 
tical definition of a hyperbola is as follows: 

HYPERBOLA A hyperbola is the locus of a point in a plane which moves in the plane in such a way that 
the ratio of its distance from a fixed point (called focus) in the same plane to its distance from a fixed line 
(called directrix) is always constant which is always greater than unity. 

The constant ratio is generally denoted by e and is known as the eccentricity of the hyperbola. 
If S is the focus, Z Z’ is the directrix and P is any point on the hyperbola, then by definition 


ee =¢€— SP = ¢.PM 
PM 
Z 
P 
Men “ 
S(Focus) 
ira 
i 
BS 
Z' 
Fig. 27.1 


ILLUSTRATION Find the equation of the hyperbola whose focus is (1, 2), directrix the line 
x+y+1=Oand eccentricity 3/2. 

SOLUTION Let S(1, 2) be the focus and let P (x, y) be a point on the hyperbola. Draw 
perpendicular PM from P on the directrix x + y + 1 =0. Then, 








SP = ePM [By definition] 
3)x+y+1 
= y(x-1)? +(y-2)? =5|7= 
2 Vices 
2 
= ea ay oP a3 eee) 





=> of 0? +(y-a} =9(x+y+1)? 


=> 8x? +8y?-16x—32y+40 =9x? + 9y? +9+418xy+18x+18y 
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=> hae y* + 18xy + 34x +50 — 31 =0, which is the required equation of the hyperbola. 


27.2 EQUATION OF THE HYPERBOLA IN STANDARD FORM 
Let S be the focus, ZK be the directrix and ¢ be the eccentricity of the hyperbola whose equation 
is required. Draw SK perpendicular from S on the directrix ZK and divide SK internally and 
externally at A and A’ (on SK produced) respectively in the ratio e : 1. Then, 
SA = e AK wi) 
and, SA' =cA'K (il) 
Since A and A’ are such points that their distances from the focus bear constant ratio e (> 1) to 
their respective distances from the directrix. Therefore, these points lie on the hyperbola. 


Y 
Z’ Z 
T vite eS F Mo. ee PCy) 
X' : Sea C rs : N »¢ 
S' (—ae, 0): 7 Fe x % : S (ae, 0) 
ay x=-a/e x=afe L’ 
‘v7 
Fig. 27.3 


Let AA’ = 2 aand C be the middle point of AA’. Then, CA = CA’ = a. 
Adding (i) and (ii), we get 


SA + SA' = e(AK+A’'K) 
— CS — CA + CS + CA’ = e(CA-—CK+CA'+CK) 
— 2CS = 2a 
— CS = ae 


Subtracting (i) from (ii), we get 
SA' — SA = e(A’'K-AK) 


= (CS' + SA’) -(CS+CA) = e(CA'+CK-CA+CK) 
= AA' = 2e(CK) 

= 2a = 2e(CK) 

= ema 


e 
Let C be the origin, CSX the axis of x and a straight line CY through C perpendicular to CX as the 
axis of Y. Let P (x, y) be any point on the hyperbola and PM, PN be the perpendiculars from P on 


KZ and KX. By definition of hyperbola 
SP =ePM 

=> SP? = e* PM? 

=> SP? = e* KN’ 
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=> SP? = e* (CN —CK)” 


2. 2 ay 
= (x—ae)” +y" = 2 (x-4) 
C 
= x? (e7 -1) - y? = a?(e? -1) 
2 2 
ae “5 =, ? =i 
a a~ (e~ —1) 
ie 2 
=> S = “S = 1, where b? =a? (e* ~1) 
a~ b 


This is the equation of the hyperbola in the standard form. 


27.2.1 TRACING OF HYPERBOLA 
The equation of hyperbola is 
? 


2 2 
x Ue. xt , 
ay — b2 = ] (i) 
y=t z x? —4r (Li) anid; Xe ck : y? +b? .».(iii) 
a 


In order to trace the graph of the hyperbola (i), we observe the following points: 

(a) Symmetry: For every value of x there are equal and opposite values of y [sec (ii)]. Similarly, 
for every value of y there are equal and opposite values of x [See (iii)]. So, the curve is 
symmetric about both the axes. 

(b) Origin: The curve does not pass through the origin. 

(c) Intersection with the axes: The curve meets x-axis at y = 0. Putting y = 0 in (iii), we getx =+a. 
So ,the curve meets x-axis at A (a, 0) and A’ (—a, 0). 

Putting x = 0 in (ii), we get imaginary values of y. So ,the curve does not meet y-axis. 

(d) Region: From (ii), we find that for —a <x <a, the values of y are imaginary. So, the curve 
does not exist between the lines x =—aand x =a. 

From (ii), we find that y = 0 at x = + aand if x increases and is greater than a, the values of y 
also increase. Similarly, if decreases and is less than — 4, y also increases. 
With the help of the above facts and by joining some convenient points on the hyperbola 


the general shape of the hyperbola = = a =1 is as shown in Fig. 27.3. 


27.2.2 SECOND FOCUS AND SECOND DIRECTRIX OF THE HYPERBOLA 


x2 2 

Similar to ellipse it can be shown that the hyperbola — — 2 =1,b* =a* (e*-1) has second focus 
a 

S' (—ae, 0) and second directrix Z' K’ having equation x =— oe 


27.2.3 VARIOUS ELEMENTS OF HYPERBOLA 
2 2 
For the hyperbola 3 _ 3 = 1, we have following points: 
VERTICES In Fig. 27.3, the points Aand A’, where the curve meets the line joining the foci S and S' , are 
called the vertices of the hyperbola. The coordinates of A and A’ are (a, 0) and (— a, 0) respectively. 


TRANSVERSE AND CONJUGATE AXES In Fig. 27.3, the straight line joining the vertices A and A’ is 
called the transverse axis of the hyperbola. Its length AA’ is generally taken to be 2a. 


27.4 MATHEMATICS-! 


The straight line through the centre which is perpendicular to the transverse axis does not meet 
the hyperbola in real points. But if B, B’ be the points on this line such that CB =CB’ =b, the line 
BB’ is called the conjugate axis such that BB’ = 2 b. 


FOCI In Fig. 27.3, the points S(ae, 0) and S' (—ae, 0) are the foci of the hyperbola. 
DIRECTRICES In Fig. 27.3, ZK and Z'K’ are two directrices of the hyperbola and their equations are 
=“andx=-4 respectively. 
e e 


CENTRE In Fig. 27.3, the middle point C of AA’ bisects every chord of the hyperbola passing through tt 
and is called the centre of the hyperbola. 


27.2.4 ECCENTRICITY 


For the h alee Ya 4 h 
or the hyper PS pe pe , We nave 
b* = a? (e” -1) 
2 2 2 
=> e” - oe ete 





a az 
2 2 ; RE 
= ines h =a es (2 22 se = | + {conjugate 2a 
a (2 a) (transverse axis) 


27.2.5 LENGTH OF THE LATUS-RECTUM 


In Fig. 27.3, LSL' is the latus-rectum and LS is called the semi latus-rectum. TS'T’ is also a 
latus-rectum. 


2 2 
The coordinates of L are (ae, SL). As L lies on the hyperbola ~~ - 2 = 1 the coordinates of L will 
a 


satisfy the equation of the hyperbola. 
(ae)* (SL)? 
eS oat: 


a b? 
= (SL)? = b? (e2 -1) 
2 2 
2 2 b h- 
= (SL)“ = b | F b* =q* (e* -1) > e-1=5 
2 
=> SE = be 
a 
2 
Sie Gi 
a 


2 
Hence, length of the latus-rectum = 2 (SL) = ae =2 4 (e? —1). 
a 


27.2.6 FOCAL DISTANCES OF A POINT 
ee 
: : F. | | 7 
The distances of any point on the hyperbola oe 3 =1 from its foci are known as the focal distances of 
a 
that point. 


THEOREM The difference of the focal distances of any point on a hyperbola is constant and equal to the 
length of the transverse axis of the hyperbola. 
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we 2 
PROOF Let P (x, y) be any point on the hyperbola _ a =1 (See Fig. 27.3). Then, by 
a 
definition, we have 
SP = ePM and S'’P = e PM’. 
Now, SP=ePM => SP=e(NK)=e(CN-CK) =e(x-4) =ex— A. 


and, S'P =e PM' => S'P =e(NK’) =e(CN +CK’) we(x+2)}aexsa 
2 


S'P — SP =(ex + a) —(ex —a) =2 a=Transverse axis. 
Hence, the difference of the focal distances of a point on the hyperbola is constant and is equal to 
the length of the transverse axis of the hyperbola. Q.E.D 
On account of this property, a second definition of the hyperbola may be given as follows: 
A hyperbola is the locus of a point which moves in such a way that the difference of its distances from two 
fixed points (foci) is always constant. 
27.2.7 CONJUGATE HYPERBOLA 


The hyperbola whose transverse and conjugate axes are respectively the conjugate and 
transverse axes of a given hyperbola is called the conjugate hyperbola of the given hyperbola. 
9 ? 


2 2 2 2 
The conjugate hyperbola of the hyperbola = - 2 =lis — “z + 2 =1. 


Its shape is as shown in Fig. 27.4. 


The eccentricity of the conjugate hyperbola is given by a” =b(e* -1) and the length of the 
2 
latus-rectum is — 


Y; 
B 
y=bfe 
Xx’ Cc Xx 
y=—D/e 
B' 
Mande ta ok a RON CRD Ser L 
S’ (0, — be) 
Y’ 


Fig. 27.4 
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Various results related to the hyperbola a - a =1 and its conjugate — a + i. = 1 are given in 
the following table for ready reference. 
Hy dypert rbola Conjugate hyperbola 
Oey 5 _ 
ke 
Coordinates of the centre i (0, 0) (0, 0) 
Coordiantes of the vertices | (a, 0) and (—a, 0) (0, b) and (0, - b) 
Coordinates of foci (+ ae, 0) (0, + be) 
Length of the transverse axis 2a | 2b 
Length of the conjugate axis 2b | 2a 
a b 
Equations of the directrices maar VHS 
2 2 
Eccentricity e= a se | e= ? as 
i | 
or, b* =a? (e~ —1) or, a~ =b? (e~ —1) 
2b? 2 a 
Length of the latusrectum aia He 
Equation of the transverse axis y=0 x=0 
Equation of the conjugate axis x=0 y=0 
Focal distances ex ey + b 
Difference of the focal ob 


distances of a point 





If the centre of the hyperbola is at the point (i, k) and the directions of the axes are parallel to the 


i\2 Lay? 
coordinate axes, then its equation is ee = Aue 1. 
a 


b2 
ILLUSTRATIVE EXAMPLES 
LEVEL-1 
Type I ON FINDING THE EQUATION OF A HYPERBOLA WHEN ITS FOCUS, DIRECTRIX AND 
ECCENTRICITY ARE GIVEN 
EXAMPLE1 Find the equation of the hyperbola whose directrix is 2x + y=1, focus (1, 2) and 
eccentricity J3. . 
SOLUTION Let S (1, 2) be the fous and P (x, y) be a point on the ee P 
hyperbola. Draw PM perpendicular from P on the directrix. Then, y 
SP =ePM [By definition] ° 
S(1, 2) 
=> — lx-1)? +(y-2)? = v3) i| 3 : 
pf 4 = 
3(2x+y—1)" Aid| 2 
=  (¢-1)?+y-2? -<— = 


= 5 (x -1)2 +(y—2)4} = 3(2x+y-1)* Fig. 27.5 
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= 5x +5y? —-10x-20 y+ 25 = 3(4 x? +y +1+4xy-4x-2y) 
ee Dy +12 xy —2.x +14 y —22 =0, which is the required equation of the hyperbola. 


Type II ONFINDING THE CENTRE, LENGTHS OF TRANSVERSE AND CONJUGATE AXES, ECCENTRI- 
CITY, FOCI, VERTICES, LATUS-RECTUM, DIRECTRICES etc. OF A GIVEN HYPERBOLA 


EXAMPLE2_ For the following hyperbolas find the lengths of transverse and conjugate axes, eccentricity 
and coordinates of foci and vertices; length of the latus-rectum, equations of the directrices: 


(i) 16x* —9y? = 144 (ii) 3x2 -6y? = -18 
a2 2 
SOLUTION (i) The equation 16x* — oy” = 144 can be written as = _ fa =1. 
2 Z 
This is of the form — - = =1, where a* =9 and b? =16. 
ae 


Length of the transverse axis: The length of the transverse axis = 2a = 6 
Length of the conjugate axis: The length of the conjugate axis = 2b = 8 


¥ So Siler b? 16 25 
Eccentricity: The eccentricity eis given by e = ,j1+-5 = ,/1+ > = 3 
is. 


Foci: The coordinates of the foci are (+ ae, 0) 1.e. (+ 5, 0) 

Vertices: The coordinates of the vertices are (+ a, 0) #.e.(+ 3, Q). 
2G a2 

Latus-rectum: The length of the latus-rectum = ae 


; er 2 
Equations of the directrices: The equations of the directrices are x =+— Le.x=+t > 
e 


me 2 
(ii) The equation 3x7 - 6y" =—18 can be written as = - es =—1. 
x? y? , 3 
This is of the form am 7) =—1, where a~ = 6 and b* = 3. 
al i] 


Length of the transverse axis: The length of the transverse axis = 2b = 2/3. 
Length of the conjitgate axis: The length of the conjugate axis = 2a = 26. 


2 
Eccentricity: The eccentricity e is given by e = i} + 2 = ,/1 +3 = A 


Foci: The coordinates of the foci are (0, + be) i.e. (0, + 3) 
Vertices: The coordinates of the vertices are (0, + b) t.e.(0, + V3) 


2 
Latusrectum: The length of the latusrectum = ree Sues 4/3. 


Equations of the directrices: The equations of the directrices arey = +b/e te. y = +1 


EXAMPLE3 Show that the equation Ox? 16y” —18x+ 32y —151 =O represents a hyperbola. Find the 


coordinates of the centre, lengths of the axes, eccentricity, latus-rectum, coordinates of foci and vertices, 
equations of the directrices of the hyperbola. 


SOLUTION We have, 
9x” —16y* -18x + 32y —151 =0 
= 9 (x? — 2x) -—16 (y? —2y) = 151 
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= 9 (x? —2x +1) —16 (y? —2y +1) =151+9-16 
=> 9 (x —1)? -16(y—1)? = 144 
Biri rhs aN 
ire (YE 1 wi) 
16 9 


Shifting the origin at (1, 1) without rotating the axes and denoting the new coordinates with 
respect to these axes by X and Y, we obtain 


x =X+1 and y=Y+1 --(ll) 
Using these relations, equations (i) reduces to 
2 2 
ee {ii 
165 59 


ee yon Y 2 2 
This is of the form a ea) =1, where a“ =16 and b* =9. 
Centre: The coordinates of the centre with respect to the new axes are (X = 0, Y = 0). 
So, the coordinates of the centre with respect to the old axes are 

(1,1) [Putting X = 0, Y = 0 in (ii)] 

Transverse axis: Length of the transverse axis = 2a = 8 
Conjugate axis: Length of the conjugate axis = 2b = 6 
Eccentricity: The eccentricity e is given by 


2 
a” 16 4 
2 
Latusrectum: Length of the latusrectum = aes : =< 
a 


Foci: The coordinates of foci with respect to the new axes are (X=+ae,Y =0) ie. 
(X =+5, Y =0).So, the coordinates of foci with respect to the old axes are 
(1 +5,1) ie. (6,1) and (—4,1) [Putting X =+5, Y =0 in (ii)] 
Vertices: The coordinates of the vertices with respect to the new axes are (X =+a, Y =0) i.e. 
(X =+4, Y =0). So, the coordinates of the vertices with respect to the old axes are 
(+4+1,1) ie, (5,1) and (-3,1) [Putting X =+4, Y =0 in (ii) 


potas : , ; 16 
Directrices: The equations of the directrices with respect to the new axes are X = + wite.X=+ = 
e 


So, the equations of the directrices with respect to the old axes are 


x =+241 | Putting x= 3 in (| 
of, x= at and oT il 
: 5 5 


EXAMPLE4 Show that the equation x? =2y" —2x + 8y—1=0 represents a hyperbola. Find the 


coordinates of the centre, lengths of the axes, eccentricity, latusrectum, coordinates of foci and vertices and 
equations of directrices of the hyperbola. 


SOLUTION We have, 

x? —2y* —-2x + 8y-1 =0 > (x —2x) —2 (y* —4y) =] 
=> (x? — 2x +1) -2(y? -—4y + 4) = -6 
> (x -1)? -2(y-2)? = —6 
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(x-1)? (y-2)7 _ | (i) 
(J6)2 (V3) 


Shifting the origin at (1, 2) without rotating the coordinate axes and denoting the new 
coordinates with respect to these axes by X and Y, we obtain 


x =X+1 and y = Y+2 .-(Ii) 
Using these relations, equation (i) reduces to 
Se 


sn ...(iii) 


(J6)2 (V3)? 
2 


? 
This equation is of the form 3 - a =—1, where a? = (6)? and b? = (J3)?. 
ae 

Centre: The coordinates of the centre with respect to the new axes are (X = 0, Y = 0). So, the 
coordinates of the centre with respect to the old axes are 

(1, 2) [Putting X = 0, Y = 0 in (ii)] 
Lengths of the axes: Since the transverse axis of the hyperbola is along new Y-axis. 

Transverse axis = 2b = 2/3 and, Conjugate axis = 2a = 2V6. 


Eccentricity: The eccentricity e is a given by 


2 
ele = 1p eee 
Nip NPS 
ite Ae 


Latusrectum: Length of the latusrectum = 7 = 4/3 


Foci: The coordinates of foci with respect to the new axes are (X = 0, Y = +be) i.e. (X =O, 
Y =+ 3). So, the coordinates of foci with respect to the old axes are 

(1,2+ 3) ie. (1,5) and (1,-1) [Putting X = 0, Y = + 3 in (ii)] 
Vertices: The coordinates of the vertices with respect to the new axes are X =0, Y =+5) i.e. 
(X =0, ¥Y =+ V3) 
So, the coordinates of the vertices with respect to the old axes are 

(1,2 + V3) ie. (1, 2+ V3) and (1, 2-3) [Putting X = 0, Y = + V3 in (ii)] 
Directrices: The equations of the directrices with respect to the new axes are Y=+b/e i.e. 
Y =+1. So, the equations of the directrices with respect to the old axes are 

y = 2ztlie.y=landy=3 [Putting Y = + 2 in (ii)] 
Type III ONFINDING THE EQUATION OF A HYPERBOLA WHEN SOME OF ITS PARTS ARE GIVEN 


EXAMPLE5 Find the equation of the hyperbola, referred to its principal axes as axes of coordinates, in the 
following cases: 


(i) Vertices at (+5, 0), Foci at (+ 7,0) (ii) Vertices at (0, +7), e => 


SOLUTION (i) Since the vertices lie on x-axis, so let the equation of the required hyperbola be 
2 2 
-5=1 ...(i) 
Ge 50 


The coordinates of its vertices and foci are(+ a, 0) and (+ ae, 0) respectively. But, the coordinates 
of vertices and foci are given as (+ 5, 0) and (+7, 0) respectively. 
7 


=5 and ae=7 => edt 


Now, b2 = a2(e2-1) => b2 = 25( 3-1) = 24, 
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2 2 
Substituting the values of a” and b? in (i), we obtain = ~/ =1as the equation of the required 


hyperbola. 

(ii) Since the vertices of the required hyperbola lie on y-axis. So, let its equation be 
x2 y> ' 
> _ “> = —] (I) 
rn 


The coordinates of vertices of this hyperbola are (0, + b) and the coordinates of vertices are given 
as (+7, 0). So, b=7. 


Now, a? = b*(e*-1) => a? = 49(72-1) = q* = AD inci? _ 3 
9 9 9 
. ° ? 2 r e : 9x2 y> 
Substituting the values of a~ and b* in (i), we obtain aed wore 1 as the equation of the 


desired hyperbola. 


EXAMPLE6 Referred to the principal axes as the axes of coordinates find the equation of the hyperbola 
whose foci are at (0, + J10) and which passes through the point (2, 3). 


SOLUTION Since the vertices are on y-axis, so let the equation of the required hyperbola be 


2 2 
5-4 me i) 
Gn =D 
It passes through (2, 3). 
aoa 
a= be 
4 9 2) =. un 
a | “- av =b* (e* -1)] 
be(e~ =), 57 
4 9 


eRe ‘i 
The coordinates of foci are given to be (0, + V10). 
be = J10 => b*e* = 10 .-{iii) 


From (ii) ane (iii), we get 





josee pe 
=> 4b” —9 (10 —b*) = —b? (10 —b?) 
=> 13b2 —90 = —10b2 +b* 
=> b* —23b7 +90 = 0 = (b2 -18)(b2 -5) = 0 > b2 =18 or, b2 =5. 
Now, a* = b*(e*-1) => a® = (be)*-b* = at = 10-b2 [-- be = 10] 


If b* = 18, then a” =10-b” => a*=10-18 =-8, which is not possible. 
, b* =5 and hencea” =10—b* => a* = 10-5 = 5. 

2 ee 
Substituting the values of a“ and b? in (i), we obtain Rakion: =—lie. x*- y- =—5 as the 
equation of the required hyperbola. 


EXAMPLE 7 Find the equation of the hyperbola, the length of whose latusrectum is 8 and eccentricity is 
3/5. 


SOLUTION Let the equation of the hyperbola be 
2 2 
*-4=1 my 
2 2 
a” b 
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2 
The length of its latusrectum is a It is given that the length of its latusrectum is 8. 
a 


2 
2b" _8 
a 
~, b* =4a => a? (e? —1) = 4a : b? =a (e? -»| 


= a(e?-1) = 4 > a(2-1)=4 0 =5 


Putting a =5 in b? = 4a, we get b? = 20. 


2 2 
Substituting the values of a and b in (i), we obtain oa - - = 1 as the required equation of the 


hyperbola 
ee 
EXAMPLE 8 The foci of a hyperbola coincide with the foci of the ellipse 35 + = =1. Find the equation of 


the hyperbola, if its eccentricity is 2. 


2 2 
SOLUTION The equation of the ellipse is of the form SS + 2 =1, where a*=25 and b*=9. 
Z 2 


Let e be the eccentricity of the ellipse. Then, 


| b? | 9 4 
= pe >= 1-— = — 
3 \ owes V2 5 


a 
So, the coordinates of foci are (+ ae, 0) i.e. (= 4, 0). 


It is given that the foci of the hyperbola coincide with the foci of the ellipse. So, the coordinates of 
foci of the hyperbola are (+ 4, 0). 
Let e’ be the eccentricity of the required hyperbola and its equation be 
vs 2 

_ - 2 TT ...(i) 

(ae et 
The coordinates of its foci are (+ a’ e’, 0). 
Me’ =4 5 2 =4> 0 =2 [ e=2] 
Also, b'? = a'?(e'2-1) = b'? = 4(4-1) = 12. 


2 2 
Substituting the values of a’ and D’ in (i), we obtain = - a =1 as the equation of the required 


hyperbola. 


EXAMPLE 9 Find the equation of the hyperbola whose conjugate axis is 5 and the distance between the 
foci is 13. 
SOLUTION Let2aand2 bbe the transverse and conjugate axes and e be the eccentricity. Let the 
centre be the origin and the transverse and the conjugate axes the coordinate axes. Then, the 
equation of the hyperbola is 

a b 
We have, 2b = 5 and 2ae = 13. 
Now, 0b? = a (e*—1) 


= bz = are — ar 
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= 25 _ 169 o- az => an = 144 =—nee 0, 
4 4 4 
Substituting the values of a and b in (i), the equation of the hyperbola is 
SY = 1 => 25 x? - 144 y? = 900. 
36 8 8=625/4 


MP 
EXAMPLE 10 Find the equation of the hyperbola whose foci are (8, 3) and (0, 3) and eccentricity = rf 


SOLUTION The centre of the hyperbola is the mid-point of the line joining the two foci. So, the 


coordinates of the centre are > L , S : >) i.e. (4, 3). 








Let 2 aand 2b be the length of transverse and conjugate axes and let e be the eccentricity. Then, 
the equation oe the Sy etna) is 


(x-4)? _ (y-3)? , 
=] wll) 
eae b? 
The coordinates of two foci are (8, 3) and (0, 3). 
Distance between two foci = 4/(8 0)? +(3- 3)? = 
But, the distance between the two foci is equal to 2 ae. 





* 
2ae=8 > ae=4 > a4 0=3 fs e=3 
Now, b* = a*(e7-1) => b? = 9(- 1438) =7 
Thus, the equation of the pypebola} is 
erie 
sed YS) = 1 [Putting the values of a and b in (i)] 


9 7 
or, 7x* —9y* — 56x + 54y - 32 =0. 


Type IV MISCELLANEOUS PROBLEMS ON HYPERBOLA 
Big 1 

EXAMPLE 11 Ife and e' be the eccentricities of a hyperbola and its conjugate, prove that = +—=l. 
é" He 





12 
x? y? ; 
SOLUTION Let the equation of the hyperbola be are) = --{i) 
2 
Then, the equation of the hyperbola conjugate to (i) is is“ -& =-] (ii) 
(28 ugate axis Cs 
Now, eé= Eccentricity of (i) =,/1 + SURE a 
7 axis 
2b 
1+ 
> (2) 
2 = 
=> e ga 38 => e* = a 5 .».(iti) 
a 


[ Contsste acs 4 
and, = Eccentricity of (ii) = [cenaeee xs | 
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* alam p+(2 } 











— e’ = 1+ a” — e’ = a +b* ...(iV) 
b? b? 
From (iii) and (iv), we have 
Bae tt a __0? .2) Saree ee eee, 
Oy) eae Ry a I Pe EE)? oui 


EXAMPLE12 Find the locus of the point of intersection of the lines V3x-—y—4V32=0 and 
V3 2x + hy — 4/3 =0 for different values of ?.. 
SOLUTION Let(h, k) be the point of intersection of the given lines. Then, 
V3h-k-4V32%=0 and V3Ah+ak—4V3 =0 
=> V3h—k =4V32and 2.(/3h+k) =4V3 
= (J3h—k) 2.(V3h+k) =(4V3”) (4V3) 
=> 3h —k* =48 
Hence, the locus of (li, k) is 3x -y" = 48. 


EXERCISE 27.1 





1. The equation of the directrix of a hyperbola is x-y+3=0. Its focus is (— 1, 1) and 
eccentricity 3. Find the equation of the hyperbola. 
2. Find the equation of the hyperbola whose 
(i) focus is (0, 3), directrix is x + y— 1 = 0 and eccentricity = 2 
(ii) focus is (1, 1), directrix is 3 x + 4 y + 8 =O and eccentricity = 2 
(iii) focus is (1, 1) directrix is 2 x + y =1 and eccentricity = V3 
(iv) focus is (2,—1), directrix is 2 x + 3 y=1 and eccentricity = 2 
(v) focus is (a, 0), directrix is 2 x — y + a=0 and eccentricity = 3 


(vi) focus is (2, 2), directrix is x + y =9 and eccentricity = 2. 
3. Find the eccentricity, coordinates of the foci, equations of directrices and length of the 
latus-rectum of the hyperbola 
(i) 9x2 -16 y7 =144  [NCERT EXEMPLAR] (ii) 16 x2 -9 y* =-144 
(iii) 4x7 — 3 y* = 36 (iv) 3x7-y* =4 
(v) 2x7 -3 y? =5. 
. Find the axes, eccentricity, latus-rectum and the coordinates of the foci of the hyperbola 
25 x* — 36 y? =225. 
5. Find the centre, eccentricity, foci and directrices of the hyperbola 
(i) 16 x? -9 y* + 32x+ 36y-164=0 (ii) x7 - y2 + 4x =0 
(iii) x? - 3y? -2x =8. 
6. Find the equation of the hyperbola, referred to its principal axes as axes of coordinates, in 
the following cases: 
(i) the distance between the foci = 16 and eccentricity =/2 


(ii) conjugate axis is 5 and the distance between foci = 13 
(iii) conjugate axis is 7 and passes through the point (3, — 2). 


ray 


7 ecto ae 2 Md 
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7. Find the equation of the hyperbola whose 
(i) foci are (6, 4) and (— 4, 4) and eccentricity is 2. 
(ii) vertices are (— 8, -—1) and (16, —1) and focus is (17, — 1) 
(iii) foci are (4, 2) and (8, 2) and eccentricity is 2. 


(iv) vertices are at (0 + 7) and foci at (0, + 2) 


(v) vertices are at(+ 6, 0) and one of the directrices is x = 4. [NCERT EXEMPLAR] 
(vi) fociat(+ 2, 0) and eccentricity is 3/2. [NCERT EXEMPLAR] 


8. Find the eccentricity of the hyperbola, the length of whose conjugate axis is : of the length 
of transverse axis. 
9. Find the equation of the hyperboala whose 
(i) focus is at (5, 2), vertex at (4, 2)and centre at (3, 2) 
(ii) focus is at (4, 2), centre at (6, 2) and e = 2. 
10. If P is any point on the hyperbola whose axis are equal, prove that SP . S’ P = CP?. 
11. Ineach of the following find the equations of the hyperbola satisfying the given conditions: 


(i) vertices (+ 2, 0), foci (+ 3, 0) [NCERT] 

(ii) vertices (0, +5), foci (0, + 8) [NCERT] 

(iii) vertices (0, + 3), foci (0, +5) [NCERT] 

(iv) foci (+5, 0), transverse axis = 8 : [NCERT] 

(v) foci (0, +13), conjugate axis = 24 [NCERT] 

(vi) foci (+ 3V5 , 0), the latus-rectum =8 [NCERT] 
(vii) foci (+ 4, 0), the latus-rectum = 12 [NCERT] 
(viii) vertices (0, + 6), e -3 [NCERT EXEMPLAR] 
(ix) foci (0, + /10), passing through (2, 3) [NCERT] 

(x) foci(0, + 12), latus-rectum = 36 [NCERT] 

12. If the distance between the foci of a hyperbola is 16 and its ecentricity is /2, then obtain its 
equation. [NCERT EXEMPLAR] 

13. Show that the set of all points such that the difference of their distances from (4, 0) and 
(— 4, 0) is always equal to 2 represents a hyperbola. [NCERT EXEMPLAR] 
ANSWERS 


1. 7 (x* + y*) -18 xy +50 x —50 y +77 =0. 

2. (i) x? +y*4+4xy-4x+2y-7=0 
(ii) 11 x* + 96 xy + 39 y* + 242 x + 306 y + 206 =0 
(iii) 7 x* +12 xy-2y* -2x+4y-7=0 
(iv) 3x7 +23 y* + 48 xy + 36x —-50 y-61=0 
(v) 19 x? -— 64 xy —29 y? +154 ax — 32 ay —29 a* =0 
(vi) x2 + 4 xy +y? —32x—-32y+154=0. 


3. Eccentricity Foci Directrices EBs 
5 =t 
(i) a (+5, 0) 5x+16=0 > 
5 = Z 
(ii) 4 (0, + 5) 5y+16=0 9 
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vi3 Sin 
(iii) ar (+ 413, 0) V13 x¥ 3 V3 =0 f 
4 
(iv) 2 [+ 0) ¥3x¥1=0 4/3 
5 5 10 /2 
me PG bag epee ebay fs 
(v) 3 Wa J2x+¥J3=0 3\5 
4. Transverse axis = 6, conjugate axis =5,e = a5 L.R. = 2 foci [+ uel o| 
5. Centre Eccentricity Foci Directrices 
5 z z 
ee (1,2) 3 (4, 2), (- 6, 2) 5 Tee LO 
(ii)  (-2,0) J2 (-2+2-2,0) x+2=+J/2 
7 2V3 oi — Nae ? 
(ii) (1, 0) =a. (1+2 3,0) 2/3 
6 (i) x*-y?=32 (ji) 25 x* -144 y? = 900 (iii) 65 x7 — 36 y* = 441. 
7. (i) 12x7-4y? -24x+ 32 y-127 =0 (ii) 25x? -144 y? —200 x — 288 y — 3344 =0 
(iii) 3x7 — y? — 36x + 4y +101 =) (iv ox" = -1 
gy. 343 49 
2? 2 9 24 
xX OY ei MES nee 
v) —-4 =1 is ae 
") 36 45 bree. 6 
8.5/4 9.(i) 3(x-3)2 -(y-2)* = 3 (ii) 3(x -— 6)? -(y—-2)? = 3 
f2 2 2 2 2 2 2 2 
hea AY Xx y wig. XL y er y 
lil. (i) —-==1 —-—-*—=-1 (Gn) —-+e=-1 (iv) —-+= 
O75 OY) 39 25 Cl) 6 9 WW) 6-9 
7) 2 Ww 2 2 2 2 2 
eens a1 (vi) 483 oy 8S eee 
144 25 25 20 ASTD 49 343 
2 2 
(ix) a a2 =-1 (x) 3y2-x?=108 12. x?-y? =32. 


HINTS TO NCERT & SELECTED PROBLEMS 
ll. (i) Let the equation of the hyperbola be 


ee ae ; 
Ay = b2 = ..-(i) 
It is given that its vertices are at (+ 2, 0) and foci are at (+ 3, 0). 
; a = 2andae = 3 
Now, 
b? =a (e* —1) => b? =(ae)? —a* =9 -4=5. 


Hence, the equation of the hyperbola is 


fae a 
= Ean 1 [Substituting a = 2, b2 =5 in (i)] 
(ii) Let the equation of the hyperbola be 
2 
y , 
_—— + — = 1 ese 
Tigere (i) 


Its vertices are at (0, + 5) and foci are at (0, + 8). 
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b =5andbe = 8. 
Now, 
a* =b* (e* —1) => a* =(be)? —b2 = 64 —- 25 = 39 


Substituting the values of a and b in (i), we get 
re. 2 

= = =1 as the equation of the hyperbola. 

(iii) Proceed as in (ii) 

(iv) Let the equation of the hyperbola be 

a 2 

--5=1 wali) 
a“ b 

Its foci are at (+5, 0) and transverse axis is 8. 

A ae = 5and2a = 8 

= a*e* =25 anda=4 


=> a? +b* =25 anda=4 F b* =a*(e? -1)> a? e* =a? +b? 


=> Ga=94Ds= 3 

Substituting the values of a and b in (i), we obtain that the equation of the hyperbola is 
2 2 

Sa ae 


16 9 
(v) The foci of the given hyperbola are on y-axis. So, let its equation be 
2 
Korey 
— —-+—_ = -] Abd 
eae 


Its foci are at (0, + 13) and conjugate axis is 24. 
: be = 13 and 2a = 24 


Now, a =b*(e* -1) => a? = (be)* —b* = 144 =169—b? => b? =25 


2 2 
Substituting a* =144 and b? =25 in (i), we obtain nr ae =—1 as the equation of the 


hyperbola. 
(vi) Let the equation of the hyperbola be 
x y” 
Zz Bey = .+(1) 
a~ b 
It is given that its foci are at (3/5, 0) and latus-rectum = 8. 
2 
ae = 3/5 and a2 =8 
2 
Now, le =8 
a 
= b? = 4a 
=> a? (e? —1) = 4a 
= 45—a = 4a => a2 +4a—-45 = 0=> (a+9)(a-5) =O>a=5 
2 
Again, BOs b2 = 4a > Bo = 20 [ a=5] 
a 


2 2 
Substituting the values of a andb in (i), we obtain fe = a = 1 as the equation of the 
hyperbola. 
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(vii) Proceed as in (vi) 


(viii) Let the equation of the hyperbola be 


x7 y* 
——-%— = —] ».-(i) 
az b2 


Its vertices are at (0, + 6) and e = >. 


b=6 ande = 


w/o 


Now, a*=b2 (ce? -1)=> q* = 36{ 2-1) =64 


2 2 
Substituting the values of aandb in (i), we obtain a seh Hs —1 as the equation of 
hyperbola. 
(ix) Let the equation of the hyperbola be 
ry? 
aoa = 25 ..-(i) 
a” b 
Its foci are at (0, + V10) and passes through (2, 3). 
. be = V0 and 5-5 =-1 
a3 D 
=> be? = 10and——> __- 4 = -1 -: az =b? (e2-1) 
b“(e~-1) b 
= 
10-b? b? 


= 4b* —9(10 —b2) = —b2 (10 —b?) 
=> b* —23b7 +90 = 
= (b2 —5) (b2 -18) = 0 => b? =5,18 

Now, a*=b? (e? ~—1) and be = 10 => a* = 10-b? 


For b2 =15), a* =5 and forb? = 18, a? =— 8, which is absurd as a* >0. 


© 


a* =5 andb? =5. 
S y> 2 2 . 
So, the equation of the hyperbola is cf a =-—1. Substituting a“ =5, b~ =5 in (i) 
(x) Let the equation of the hyperbola be 
aW Ob 


Its foci are at (0, + 2) and latusrectum = 36 
2 
be = 12 and = = 36 => be = 12anda’ = 18b 


Now, a* =18b 
=  b*(e*-1) = 18b : a* =b (e” -»| 
=> 144-b? = 18b [- be =12] 


=> b* +18b -144 = 0 
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=> (b + 24) (b -—6) = 
=> b=6 
= 18b => a* = 18x 6 = 108 
x2 
Substituting the values of a* and b? in (i), we obtain 1c = =—1 as the equation of the 
2 


hyperbola. 
VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. 
2. Write the eccentricity of the hyperbola whose latus-rectum is half of its transverse axis. 

3. 

4, Write the equation of the hyperbola of eccentricity /2, if it is known that the distance 


Write the eccentricity of the hyperbola 9x7 -161 y? = 144. 
Write the coordinates of the foci of the hyperbola 9x7 —16y* = 144. 


between its foci is 16. 





2 2 
If the foci of the ellipse - — o Uae = land the hyperbola a eae coincide, write the 
b? 144 81 25 


value of b2. 


. Write the length of the latus-rectum of the hyperbola 16x” —9y? = 144. 
. If the latus-rectum through one focus of a hyperbola subtends a right angle at the farther 


vertex, then write the eccentricity of the hyperbola. 


. Write the distance between the directrices of the hyperbola 


x = 8sec 0, y =8 tan 80. 


9. Write the equation of the hyperbola whose vertices are (+ 3, 0) and foci at (+5, 0). 
10. Ife, and e> are respectively the eccentricities of the ellipse 7 + S = land the hyperbola 
2 2 
5 Sr =1, then write the value of 2 as + Be 
ANSWERS 
5 1 7 2 4 
1. — 2. —= 3. (£5, 0 4. x°-y* =32 5. 7 _— 
4 V2 25,0) Se a 
7. 2 8. 8v2 9. 16x” —9y? = 144 10. 3 


MULTIPLE CHOICE QUESTIONS ( MCQs) 


Mark the correct alternative in each of the following: 


1. 


Bquason of me hyperbola whose vertices are ee 3, 0) and foci at (+5, 0), is 
(a) 16x? — oy = 144 (b) 9x? — 16y” = 144 
(c) 25x? —9y" = 225 (d) 9x —25y* = 81 
2 2 
2. If e; and e> are respectively the eccentricities of the ellipse ie + = =1 and the hyperbola 
7 
= - = =1, then the relation between e; and é, is 
(a) 3e,7+e,7 =2 (b) e,7 +2e,7 = 3 


(c) 2 e,” + e5” 3 (d) e, +3 e5” 


rn? ew rr 


. » =, 
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3. 


4. 


wy 


10. 


11. 


12. 


14, 


The distance between the directrices of the hyperbola x = 8 sec 9, y =8 tan 9, is 

(a) 8V2 (b) 16/2 (c) 4V2 (d) 6/2 

me equation of the conic with focus at (1, —1) directrix along x —y +1 = Oand eccentricity 
2 is 

(a) xy = 1 (b) 2xy+4x-4y-—-1 =0 

(c) x*-y? =1 (d) 2xy-4x+4y+1 = 0 


. The eccentricity of the conic 9x7 -16y” = 144is 


5 4 4 
OF 0) 5 () = (d) V7 


. Apoint moves in a plane so that its distances PA and PB from two fixed points A and B in 


the plane satisfy the relation PA — PB = k (k # 0), then the locus of P is 


(a) ahyperbola (b) a branch of the hyperbola 

(c) a parabola (d) an ellipse 
. The eccentricity of the hyperbola whose latus-rectum is half of its transverse axis, is 

(a) + (b) 2 (c) 2 (d) none of these 
. The eccentricity of the hyperbola — 4y? = lis 

V3 v5 2 2 
a) — —_— — d) — 

OFS. Ors () (d) 5 
. The difference of the focal distances of any point on the hyperbola is equal to 

(a) length of the conjugate axis (b) eccentricity 

(c) length of the transverse axis (d) Latus-rectum 

The foci of the hyperbola 9x7 — 16y” = 144 are 

(a) (4 4, 0) (b) (0, + 4) (c) (£5, 0) (d) (0, £5) 


The distance between the foci of a hyperbola is 16 and its eccentricity is /2, then equation of 
the hyperbola is 


(a) x2 +y2 = 32 (b) x*-y? =16 (c)x*7+y*% =16 (d) x*-y* = 32 
If e is the eccentricity of the conic 9x? + 4y = 36 and ep is the eccentricity of the conic 
9x? ~4y? = 36, then 





(a) e, 2_¢, 7 =2 (b) 2<e, 7-e 2<3 
(c) e9 *-e, 7=2 (d) ey? eps 
. If the eccentricity of the hyperbola x? —y* sec*a = 5 is V3 times the eccentricity of the 
ellipse x” sec? a + y* = 25, then a = 
T Tt T Tt 
ki a = d) — 
a) 2 5 ()S Os 
The equation of the hyperbola whose foci are (6, 4) and (— 4, 4) and eccentricity 2, is 
2 any 2 2 
pee A a) DE Gena 
25/4 75/4 25/4 75/4 
Bs if ND 
(c) (0 RA ee a (d) none of these 
75/4 25/4 


15. The length of the straight line x — 3y = 1 intercepted by the hyperbola x — 4y* = 1is 


(a) + (b) 3 fe (c) 6 fe (d) none of these 


oh: u 


Bie Sue, 
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16. The latus-rectum of the hyperbola 16x” —9y =144 is 


(a) 16/3 (b) 32/3 (c) 8/3 (d) 4/3 
17. The foci of the hyperbola 2x" 3 y* =5 are 
(a) (5/V6,0) = (b) (£5/6, 0) (c) (+ V5/6, 0) 


(d) none of these 
18. The eccentricity the hyperbola x = 5 ( + *) ,Y= . (1 - . is 


(a) J2 (b) J/3 (c) 2V3 (d) 3V2 

19. The equation of the hyperbola whose centre is (6, 2) one focus is (4, 2) and of eccentricity 2 is 
(a) 3(x-6)? -(y-2)? = 3 (b) (x -6)? -3(y-2)7 = 1 
(c) (x -6)* -2(y-2)? =1 (d) 2(x -6)* -(y-2)* =1 

20. 


The locus of the point of intersection of the lines V3 x-y—4V/34%=0 and 
J3 24x+2y—4V3 =0is a hyperbola of eccentricity 


(a) 1 (b) 2 (c) 3 (d) 4 





ANSWERS 
1. (a) 2. (c) 3. (a) 4. (d) 5. (a) 6. (a) 7. (c) 8. (b) 


9.(c) 10. (c) 11. (d) 12.(6) 13.(b) 14. (a) 15. (c)_ 16. (d) 
17. (a) 18. (a) 19. (a) 20. (b) 
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SUMMARY 


1. A hyperbola is the locus of a point in a plane which moves in such a way that the ratio of its 
distance from a fixed point (called focus) in the same plane to its distance from a fixed line 
(called directrix) is always constant which is always greater than unity. 

The fixed point is called the focus, the fixed line is called the directrix and the constant ratio, 
generally denoted by e, is known as the eccentricity of the hyperbola. 

The general equation of the hyperbola is of the form 

ax? + 2hxy + by” + 29x + 2fy + c =0, where abc + 2fgh —af 2 — bg —ch? * Oandh? >ab. 


2. The equation of the hyperbola having its centre at the origin and axes along the coordinate 


axes is 5 - 2 =1 with the following property: 













— eee Cg ee ee ee SS 








Pout | Conjugate 
x = 2 2 

Hyperbola mo) _ ry skeet hyperbola — S 5 
Coordinates of the centre | (0, 0) | (0, 0) 
| Coordiantes of the vertices (a, 0) and (—a, 0) | (0, b) and (0,-)) 
| Coordinates of foci | (+ ae, 0) | (0, + be) 
Length of the transverse axis | 2a | 2b 

Length of the conjugate axis | 2b | 2a 

I Y=+t & Y=t b 
Equations of the directrices ‘e532 | ae e 

| Ze | RES: 

| a“ +b | b“ +a 
Eccentrici e= | e= 

Eases zee z 

| or, b? =~ (e? —1) | or, a* =b? (e? —1) 
| 2b? | 2 a” 

_ Length of the latus-rectum ; | b 


| Equation of the transverse axis 
Equation of the conjugate axis 


y=0 
x=0 


owe ee 


3. A hyperbola whose transverse and conjugate axes are respectively the conjugate and 
transverse axes of a given hyperbola is called the conjugate hyperbola of the given 
hyperbola. 

4, If the centre of the hyperbola is at the point (i, k) and the directions of the axes are parallel 
to the coordinate axes, then its equation is 


(SC aa 
a b? 
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INTRODUCTION TO THREE 
DIMENSIONAL COORDINATE 
GEOMETRY 


28.1 INTRODUCTION 


upell now, we have learnt about two-dimensional coordinate system, which is also denoted by 
R“. Because we live in a three-dimensional coordinate system. We call this three-dimensional 
space and denote it by R°. We introduce a coordinate system in three-dimensional space by 
choosing three mutually perpendicular axes as a frame of reference. The orientation of the 
reference system will be right-handed in the sense that if you stand at the origin with your right 
arm along the positive x-axis and your left arm along the positive y-axis, as shown in Fig. 28.1, 
your head will then point in the direction of positive z-axis. 





Fig. 28.1 
In order to understand a three dimensional co-ordinate system, let us think of a room as shown 
in Fig. 28.2 and take x-axis and y-axis as lying in the plane of the floor and z-axis as a line 
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perpendicular to the floor. We observe that the floor has two boundaries as x-axis and y-axis, so 
we Say that it is situated in xy-plane. Similarly, front wall is in the yz-plane and left wall is in 
xz-plane. The xy, yz and zx-planes are called coordinate planes as shown in Fig. 28.3. 


Z 











yz-plane 


xy-plane 





Fig. 28.3 


28.2 COORDINATES OF A POINT IN SPACE 


As we have studied in two dimensional geometry that two mutually perpendicular lines divide 
the plane containing them into four parts which are known as quadrants and the lines are 
known as the coordinate axes. Analogous to it three mutually perpendicular lines in space 
define three mutually perpendicular planes which in turn divide the space into eight parts 
known as octants and the lines are known as the coordinate axes. 


Let X’OX, Y'OY and Z'OZ be three mutually perpendicular lines intersecting at O such that two 
of them viz. Y'OY and Z'OZ lie in the plane of the paper and the third X’OX is perpendicular to 
the plane of the paper and is projecting out from the plane of the paper (see Fig. 28.4). Let Obe 
the origin and the lines X’OX, Y’OY and Z’OZ be x-axis, y-axis and z-axis respectively. These 
three lines are also called the rectangular axes of coordinates. The planes containing the lines X’OX, 
Y'OY and Z’OZ in pairs, determine three mutually perpendicular planes XOY, YOZ and ZOX or 
simply XY, YZ and ZX which are called rectangular coordinate planes. 





Fig. 28.4 


Let P be a point in space (Fig. 28.5). Through P draw three planes parallel to the coordinate 
planes to meet the axes in A, B and C respectively. Let OA =x, OB =y and OC =z. These three real 
numbers taken in this order determined by the point P are called the coordinates of the point P, 
written as (x, y, Z), x, y, z are positive or negative according as they are measured along positive 
or negative directions of the coordinate axes. 
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Conversely, given an ordered triad (x, y, z) of real numbers we can always find the point whose 
coordinates are (x, y, z) in the following manner: 


(i) Measure OA, OB, OC along x-axis, y-axis and z-axis respectively. 


(ii) Through the points A, B, C draw planes parallel to the coordinate planes YOZ, ZOX and 
XOY respectively. The point of intersection of these planes is the required point P. 


To give another explanation about the coordinates of a point P we draw three planes through P 
parallel to the coordinate planes. These three planes determine a rectangular parallelopiped 
which has three pairs of rectangular faces, viz. PB’ AC’, OCA’B; PA'BC', OAB’C; PA'CB', OAC’B as 
shown in Fig. 28.5. Then, we have 

x =OA =CB' = PA' =Perpendicular distance from P on the YOZ plane 

y =OB =A' C = PB’ =Perpendicular distance from P on the ZOX plane 

z=OC =A’ B=PC' =Perpendicular distance from P on the XOY plane. 


Thus, the coordinates of the point P are the perpendicular distances from P on the three mutually 
rectangular coordinate planes YOZ, ZOX and XOY respectively. 


Further, since the line PA lies in the plane PB'AC’ which is perpendicular to the line OA, we have 
PA perpendicular to OA. Similarly, PB perpendicular to OB and PC perpendicular to OC. 


Thus, the coordinates of a point are the distances from the origin of the feet of the perpendiculars from the 
point on the respective coordinate axes. 


Alternatively, to find the coordinates of a point P in space, we first draw perpendicular PM on 
the xy-plane with M as the foot of this perpendicular as shown in Fig. 28.6. Now, from the point 
M, we draw perpendicular ML on x-axis with L as the foot 

of this perpendicular. If OL =a, LM =b and PM =c, then Z 

we say that a,bandc are x,y,andz coordinates, 
respectively, of the point P in space. In such a case, we say 
that the point P has coordinates (a, b, c). 


Conversely, if we are given the co-ordinates (a, b, c) of a 
point P and we have to locate the point, then first fix the 
point L on x-axis such that OL =a. Now, find a point M on 
the perpendicular to x-axis at point L such that LM =b. 
We can say that M_ has coordinates (a, b) in xy- plane. 
Having reached the point M, we draw the perpendicular 
on xy-plane at point M and locate a point P on this 
perpendicular such that PM =a. The point P so obtained Fig. 28.6 

has the coordinates (a, b, c). 

Thus, there is one-to-one correspondence between the points in space and the ordered triplets 
(x, y, 2) of real numbers. 


. P(a, b, c) 





a, 
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28.3 SIGNS OF COORDINATES OF A POINT 


To determine the signs of the coordinates of a point in three dimension we follow the sign 
convention analogous to the sign convention in two dimensional geometry that all distances 
measured along or parallel to OX, OY, OZ will be positive and distances moved along or parallel 
to OX’, OY', OZ’ will be negative. 


As discussed in previous section that three mutually perpendicular lines X'OX, Y'OY and Z'OZ 
determine three mutually perpendicular coordinate planes which in turn divide the space into 
eight compartments known as octants. The octant having OX, OY and OZ as its edges is denoted 
by OXYZ. Similarly, the other octants are denoted by OX'YZ, OXY'Z, OX'Y'Z, OXYZ', OXYZ’, 
OXY' Z', OX'Y' Z'. The signs of the coordinates of a point depend upon the octant in which it lies. 
Let Pbea point and let A, B, C be the feet of the perpendiculars drawn from P on X'OX, Y'OY and 
Z'OZ respectively. If P lies in octant OXYZ, then clearly A, B, C lie on OX, OY and OZ 
respectively. Therefore, by our sign convention OA, OB and OC are positive. Thus, all the three 
coordinates of P are positive. If P lies in octant OX’YZ, then A, B and C lie on OX’, OY and OZ 
respectively. Therefore, x-coordinate of P is negative and y and z-coordinates are positive. 


The following table shows the signs of coordinates of points in various octants: 


—_—_—_——- 
: Qetent | oxeyz,_ OX'YZ | OXY'Z | OX'YZ | OxyYz’ 
coordinate tse 


OX'YZ’ | OXY'Z' | OX'Y'Z' 


ac 


+ i — 
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REMARK1 Ifa point P lies in x y-plane, then by the definition of coordinates of a point, z-coordinate of 
P is zero. Therefore, the coordinates of a point on xy-plane are of the form (x, y, 0) and we may take the 
equation of xy-plane as z = 0. Similarly, the coordinates of any point in yz and zx-planes are of the forms 
(0, y, z) and (x, 0, z) respectively and their equations may be taken as x = 0 and y = 0 respectively. 


REMARK 2 If a point lies on the x-axis, then its y and z-coordinates are both zero. Therefore, the 
coordinates of a point on x-axis are of the form (x, 0,0) and we may take the equation of x-axis as y = 0, 
z = 0. Similarly, the coordinates of a point on y and z-axes are of the form (0, y, 0) and (0, 0, z) respectively 
and their equations may be taken as x = 0, z = 0 and x = 0, y = 0 respectively. 


> | + | _ | ~ 





ILLUSTRATIVE EXAMPLES 
EXAMPLE1 In Fig. 28.7, if the coordinates of point P are(a,b, c), then 
(i) write the coordinates of points A, B,C, D, Eand F. 
(it) write the coordinates of the feet of the perpendiculars from the point P to the coordinate axes. 





Fig. 28.7 
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(iii) write the coordinates of the feet of the perpendicular from the point P on the coordinate planes 
XY, YZ and ZX. 


(iv) find the perpendicular distances of point P from XY, YZ and ZX-planes. 

(v) find the perpendicular distances of the point P from the coordinate axes. 

(vi) find the coordinates of the reflection of P in XY, YZ and ZX-planes. 
SOLUTION (i) Since the coordinates of P are(a, b,c). Therefore,OA =a, OB =b and OC =c. 
Now, A lies on OX such that OA =a. So, the coordinates of A are (a, 0, 0). 
Similarly, coordinates of B and C are (0, b, 0) and (0, 0, c) respectively. 
Since D lies in XY-plane such thatOA =aand AD =OB =b. So, the coordinates of D are (a, b, 0). 
Point E lies in YZ-plane such that OB =b and BE =OC =c. So, the coordinates of E are (0, b, c). 
Similarly, coordinates of F are (a, 0, c) as it lies in XZ-plane. 


(ii) PA, PB and PC are perpendiculars from P on OX, OY and OZ respectively. So, A, B and C 
are the feet of perpendiculars from P on OX, OY and OZ respectively. Their coordinates are 
A(a, 0,0), B(0,b, 0) and C (0, 0, c) as discussed in (i). 


(iii) Clearly, PD, PE and PF are the perpendiculars from P on XY,YZ and ZX-planes 
respectively. So, D,E andF are the feet of the perpendiculars from P on XY, YZ and 
ZX-planes. The coordinates of D, E and F are D (a,b, 0), E(0,b, c) and F (a, 0, c) respectvely as 
discussed in (i). 


(iv) PD, PEand PF are the perpendicular distances of P from XY, YZ and ZX-planes 
respectively. 


PD = OC =c, PE = OA = aandPF = OB = Bb. 


Hence, the perpendicular distances of P (a,b,c) from XY, YZ and ZX planes are c,a andb 
respectively. 


(v) PA, PBand PC are the perpendicular distances of point P from OX, OY and OZ 
respectively. 


In right-angled triangle ADP, we have 
AP? = AD? + DP? 


= PA = {AD2 +DP* = o? +¢7 [.- AD =OB =b and PD =OC =c] 


In right-angled triangle PDB right angled at D, we have 
PB? = BD? + PD? 


~ PB = BD? + PD* = a2 +¢2 [- BD =OA =aand PD =OC =¢] 


In right-angled triangle PCF right angled at F, we have 
PC? = PF* +CF? 


= PC = |PF2+CF? 
=> PC = yb +02 [- PF = AD =OB =b and CF =OA =a] 


= PC = a7 +b" 


(vi) The reflection or image of P (a, b, c) in xy-plane will be as much below the xy-plane as point 
Pis above it, that is, if P’ is the reflection of P in xy-plane, then P’ D = PD =cand P’ Dis parallel 
to OZ'.So, the coordinates of P’ are (a, b, —c). 

The image of P (a, b, c) in yz-plane will be as much on the back side of yz-plane as the point P is 
onits front side. Thus, if P’’ is the image of P in yz-plane, then P"’ lies on PE such that PE =EP"’. 
But, PE=OA =a. So, the coordinates of P’’ are (— a, D, c). 
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The image of P (a,b, c) inzx-plane will be as muchas on the left side of xz-plane as the point P is 
on its right side. Thus, if P’’’ is the image of P inzx-plane, then P’"’ lies on PF produced such that 
PF =FP"’’. But, PF =OB =D. So, the coordinates of P’"’ are (a, —b, c). 


EXAMPLE2 Planes are drawn parallel to the coordinate planes through the points P (x1, 4,2) and 
Q (X95, Yo, 2). Find the length of the edges of the parallelopiped so formed. 

SOLUTION Clearly, PA, PB and PC are the lengths of the edges of the parallelopiped shown in 
Fig. 28.8. 





Fig. 28.8 


Clearly, PBEC, QDAF are planes parallel to yz-plane such that their distances from yz-plane are 
X; and x5 respectively. So, 
PA = (Distance between the planes PBEC and QDAF) = x5 —X}. 
PB is the distance between the planes PAFC and BDQE which are parallel to zx-plane and 
are at distances y, and >, respectively, fromzx-plane. 
PB = y2-¥1 
Similarly, PC is the distance between the parallel planes PBDA and CEQF which are at distances 
Z, and Z9, respectively, from xy-plane. 
PC =a-Z% | 
EXERCISE 28.1 
1. Name the octants in which the following points lie: 
(i) 6, 2, 3) (ii) (—5, 4, 3) (iii) (4, — 3,5) (iv) (7, 4, — 3) 
(v) (-5, —4,7) (vi) (-5,-3,-—2) (vii) (2,-5,-7)  (wiii) (-7,2-5) | [NCERT] 
2. Find the image of: 


(i) (—2, 3, 4) in the yz-plane. (ii) (-5, 4, — 3) in the xz-plane. 
(iii) (5, 2, —7) in the xy-plane. (iv) (—5, 0, 3) in the xz-plane. 


(v) (—4, 0, 0) in the xy-plane. 

3. A cube of side 5 has one vertex at the point (1, 0, —1), and the three edges from this vertex 
are, respectively, parallel to the negative x and y axes and positive z-axis. Find the 
coordinates of the other vertices of the cube. 

4, Planes are drawn parallel to the coordinate planes through the points (3, 0,—1) and 
(— 2, 5, 4). Find the lengths of the edges of the parallelopiped so formed. 
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5. Planes are drawn through the points (5, 0, 2) and (3, —2,5) parallel to the coordinate 
planes. Find the lengths of the edges of the rectangular parallelopiped so formed. 

6. Find the distances of the point P (— 4, 3,5) from the coordinate axes. 

7. The coordinates of a point are (3, — 2,5). Write down the coordinates of seven points such 
that the absolute values of their coordinates are the same as those of the coordinates of the 





given point. 
ANSWERS 
1 (i) XOYZ (ii) X'OYZ (iii) XOY'Z (iv) XOYZ’ 
(v) X'OY'Z (vi) X'OY'Z’ (vii) XOY' Z’ (viii) X’'OYZ’ 
2. (i) (2,3, 4) (ii) (-5, -4,-3) (iii) (, 2, 7) (iv) (—5, 0, 3) 


(v) (-4, 0, 0) 
3. (i) (1, 0, 4), (1, -5, —1), (1, —5, 4), (-— 4, 0, —1), (-4, —5, 4), (-—4, —5, —1), (4, 0, 4) 
4.5,5,5 5. Zep 6. x-axis : 434; y-axis : J41 ; z-axis: 5 
7. (-3, —2, —5), (— 3, —2, 5), (3, —2, —5), (— 3, 2-5), (3, 2,5), (3, 2, —5), (— 3, 2,5) 


28.4 DISTANCE FORMULA 
THEOREM The distance between the points P (x1, ¥,,24) and Q (X9, Y2, Zn) is given by 
PQ = V(x2 ~ x1)? + (Yp — ys)? + 2 21)" 


PROOF Let Obe the origin and let P (x1, y1, 21) and Q (x9, Yo, 22) be two given points in space. 
Let Land M be the feet of the perpendiculars from P and Q on the XOY plane. Then in the XOY 
plane the coordinates of L and M are (xj, y;) and (x3, y) respectively. Therefore, by using 
distance formula in two dimensional geometry, we get 


LM = y(x_ — 4)? + (y2 - 0) i) 
Draw PN perpendicular to QM. Then 

PN = LM and NQ = 2-2 
Clearly, A PNQ is a right triangle right angled at N. 







Q (X>, Y>, 2) 
| 






* 


L (tp Ya) : 


xX M (x2, Y2) 
Fig. 28.9 


So, by Pythagoras theorem, we obtain 
PQ? = PN2+NQ? 


=> PQ* = LM*+NQ? [.- PN = LM] 
=> PQ? = (xp — xy)? + (yp — ys)? + -%1)” [Using (i)] 


» Bice, § 0 
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Thus, the distance between points P (x1, y;, 21) and, Q (x9, Yo, 29) is given by 








PQ = (x2 = x4)" + (Vy — 3)" + (Z5 —z,)? 
REMARK _  [f O is the origin and P (x, y, 2) is a point in space, then 
(x —0)? +(y- 0)? + (z—- 0) = x2 + y? +27 


Q.E.D. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the distance between the points P (— 2, 4, 1) and = (1,2,-—5). 
SOLUTION Here, x, =—-2, y, =4,2, =1, Xp =1, yp =2 andz = 


” eae +(Y> —¥3)* +(% —z)* = VL — (—9))* (2 —4)* +(—5 1) 
=> Q = J9+4+ 36 = 7 units 


EXAMPLE2 Prove by using distance formula that the points P (1, 2,3), Q (—1,-—1,-1) and R (3, 5, 7) 
are collinear. 


SOLUTION ah distance formula, we obtain 
(—1 -1)? +(-1-2)2 +(-1-3)? = /4+9+16 = 


ot SOE eee = /116 = 2/29 


and, PR = (3 - 1)? +(5-2)7+(7-3)? = /44+9+16 
Clearly, QR = PQ + PR. Therefore, points Q, P, R are collinear and P lies between Q and R. 


EXAMPLE3 Determine the point in XY-plane which is equidistant from three points A (2, 0, 3), 
B (0, 3, 2) and C (0, 0, 1). 


SOLUTION We know that z-coordinate of every point on xy-plane is zero. So, let P (x, y,0) 
be a point on xy-plane such that PA = PB = PC. 
Now, PA=PB 


=> PA? = PB? 
=> (x —2)? +(y—0)? +(0-3)? = (x0)? +(y—3)2 + (0-2)? 


=> 4x—6y = 0 => 2x-3y = 0 ..(i) 
PB = PC 

= PB* = PC2 

— (x —0)? +(y—3)* +(0-2)? = (x-0) +(y—0)? + (0-1) 

= —-6y+12 =0> y=2 .»(ii) 


Putting y = 2 in (i), we obtain x = 3. Hence, the required point has the coordinates (3, 2, 0). 
EXAMPLE4 Find the coordinates of a point on Y-axis which is at a distance of 5J2 from the point 


P (3, —2,5). [NCERT] 
SOLUTION Let the point be A (0, y, 0). Then, 
AP = 5/2 


=> (0-3)? + (y+ 2)? + (0-5)? = 5V2 
= 9+(y+2)74+25=50 => (y+2)7=16 > y+2=44 => y=2,-6 


Hence, the coordinates of the required point are (0, 2, 0) and (0, — 6, 0). 


EXAMPLES Show that the points A (0, 1, 2), B (2,—1, 3) and C (1, —3, 1) are vertices of an isosceles 
right-angled triangle. 
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SOLUTION Using distance formula, we obtain 
(2-0)? + (-1-1)? +(3-2)? = 44441 = 3 
BC = (1-2)? +(-34+1)? +13)? = j1+404 = 3 
and, CA = y(1-0)2+(-3-1)2+(1-2)2 = jl+1641 = 342 


Clearly, AB = BC and AB? + BC? = AC?. Hence, triangle ABC is an isosceles right-angled 
triangle which is right angled at B. 
EXAMPLE6 Find the locus of the point which is equidistant from the points A (0, 2, 3) and (2, —2, 1). 


SOLUTION Let P (x,y,z) be any point which is equidistant from A (0, 2,3) and B (2, —2, 1). 
Then, 


PA = PB 
=> PA2 = PB? 


=> V(x -0)2 +(y—2)? + (2-3) = (x —2)? +(y +2)? + (2-1)? 
= 4x—-8y-4z2+4 = 0> x-2y-z+1 =0 


Hence, the required locus is x —-2y —-z+1=0. 

EXAMPLE7 Find the coordinates of a point equidistant from the four points O (0, 0, 0), A (a, 0, 0), 
B (0, b, 0) and C (0, 0, c). 

SOLUTION Let P (x, y, z) be the required point. Then ,OP = PA = PB = PC. 

Now, OP = PA 

=  OP* = PA? 

> x? + y? +27 = (x —a)* +(y—0)" +(z-0) 

2 





=> 0 = -2ax+a~> => x = a/2 
similarly, OP = PB => y = b/2 and OP = PC => z = c/2. 
i= DoaG 


Hence, the coordinates of the required point are (s ai <| 


EXERCISE 28.2 


1. Find the distance between the following pairs of points: 
(i) P(1,-1,0) and Q (2,1, 2) (ii) A (3,2,-—1) and B(—1,-1,-—1). 
2. Find the distance between the points P and Q having coordinates (— 2, 3, 1) and (2,1, 2). 
3. Using distance formula prove that the following points are collinear: 
(i) A (4,-3,-1), B (5, — 7, 6) and C (3, 1, — 8) 
_ (ii) P (0, 7,-7), Q (1, 4, —5) and R (— 1, 10, —9). 
- (iii) A (G,-5, 1), B -1, 0, 8) and C (7, - 10, -6) 
4. Determine the points in (i) xy-plane (ii) yz-plane and (iii) zx-plane which are equidistant 
from the points A (1, — 1, 0), B (2, 1, 2) and C (8, 2, — 1). 
5. Determine the point onz-axis which is equidistant from the points (1,5, 7) and (5, 1, — 4). 
6. Find the point on y-axis which is equidistant from the points (3, 1, 2) and (5, 5, 2). 
7. Find the points on z-axis which are at a distance /21 from the point (1, 2, 3). 
8. Prove that the triangle formed by joining the three points whose coordinates are (1, 2, 3), 
(2,3, 1) and (3, 1, 2) is an equilateral triangle. 





28.10 


) 


10. 


11. 


12. 


13. 
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Show that the points (0, 7, 10), (— 1, 6, 6) and (— 4, 9, 6) are the vertices of an isosceles 
right-angled triangle. 

Show that the points A (3, 3, 3), B (0,6, 3), C (1,7, 7) and D (4, 4, 7) are the vertices of a square. 
Prove that the point A (1, 3, 0), B (—5, 5, 2), C (-9, —1, 2) and D (— 3, —3, 0) taken in order are 
the vertices of a parallelogram. Also, show that ABCD is not a rectangle. 

Show that the points A (1,3, 4), B (—1, 6, 10), C (—7, 4, 7) and D (—5, 1, 1) are the vertices of a 
rhombus. 

Prove that the tetrahedron with vertices at the points O (0,0, 0), A (0,1, 1), B (1, 0, 1)andC 
(1, 1, 0) is a regular one. 

Show that the points (3, 2, 2), (-1, 4, 2), (0, 5, 6), (2, 1, 2) lie on a sphere whose centre 
is (1, 3, 4). Find also its radius. 

Find the coordinates of the point which is equidistant from the four points O (0, 0, 0), 
A (2,0, 0), B (0, 3, 0) and C (0, 0, 8). 

If A (—2, 2,3) and B (13, —3, 13) are two points. Find the locus of a point P which moves in 
such a way that 3PA = 2PB. 

Find the locus of P if PA? + PB? =2 k2, where A and B are the points (3, 4, 5) and 


(-1,3,-7). [NCERT] 
Show that the points (a, b, c), (b, c, a) and(c, a, b) are the vertices of an equilateral triangle. 


Are the points A (3, 6, 9), B(10, 20, 30) and C (25, — 41,5), the vertices of a right-angled 
triangle? [NCERT] 
Verify the following: 
(i) (0, 7,—10), (1,6,—6) and (4, 9,—6) are vertices of an isosceles triangle. [NCERT] 
(ii) (0,7, 10), (—1,6, 6) and (—4, 9, 6) are vertices of a right-angled triangle [NCERT] 
(iii) (—1, 2,1), (1,—2, 5), (4,—7, 8) and (2, -3, 4) are vertices of a parallelogram. [NCERT] 


(iv) (5, -1, 1), (7, —4, 7), (1, —6, 10) and (—1, —3, 4) are the vertices of a rhombus. 


21. Find the locus of the points which are equidistant from the points (1,2,3) and (3,2,-1). 
[NCERT] 
22. Find the locus of the point, the sum of whose distances from the points A (4, 0, 0) and 
B (—4, 0, 0) is equal to 10. [NCERT] 
23. Show that the points A (1, 2, 3), B(—1, —2, —1), C (2, 3, 2)andD (4, 7, 6) are the vertices of 
a parallelogram ABCD, butnota rectangle. [NCERT] 
24. Find the equation of the set of the points P such that its distances from the points 
A (3, 4, —5) and B (—2, 1, 4) are equal. [NCERT] 
ANSWERS 
1. (i) 3 (ii) 5 2. /21 
- 31 31 02 3 
4. (i)|—,1,0 0, —,- —,0,- 5. | 0,0, — 
a(5 ci ( 16 2) 0 10’ oF | ( _ 
6. (0,5, 0) 7. (0, 0,7), (0, 0,—1) 15. (1. >, 4) 
16. 5 (x? + y* +z) +140x — 60y +50z—-1235 = 0 
17. 2 (x? + y* +z”) —4x -14y + 4z+109-2k* = 0 19. No 
21. x-2z=0 22. 9x2 + 25y” + 252” — 225 =0 23. 10x + 6y —18z —29 =0 





HINTS TO NCERT & SELECTED PROBLEMS 


10. Show that AB = BC=CD =DA, AC2 =AB? + BC? and, BD? = AB? + AD?. 


"RET TET cw =| 
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11, Show that AB=CD, BC =DA and AC + BD. 
12, Show that AB = BC = CD = DA. 

13, Show that OA = OB = OC = AB=BC=CA 
17. Let the coordinates of P be (a, B, y). Then, 


19, 


20. 


21. 


PA2 + PB? = 2k? 


= (a — 3)? +(B—4)? +(y —5)? + (a +1)? +(B—3)2 +(y+7)2 = 2k? 
=. a +f +y?—-2a-7B+2y+=— = k 


Hence, the locus of (a, B, y) is 


Pay? +2? —2x-7y + 24 =k? 


or 2(x* + y* +27) —4x -14y + 4z +109 — 2k? =0. 


AB =,/(10 — 3)? + (20 —6)* +(30 —9)* = 686 
BC = (25 ~10)* + (—41 — 20)” + (5 — 30)? =/4571 
and, CA= (25 — 3)? +(-41 —6)7 + (5 —9)” =/2709 


Clearly, BC? + AB* + CA”, AB? # BC? + CA” and AC? # AB? + BC?. 
Hence, A ABC is not a right triangle. 
(i) Let A(0,7,-10), B(1, 6, -6) andC (4, 9, — 6) be the given points. Then, 
AB = f1+1+16 = V18 = 3V/2,BC = /9+9+0 = V18 = 32 
and, AC = /16+4+16 = 6 
We observe that AB + BC > AC, AB + AC > BC and BC +CA > AB.So, points, A, B, C form 
a triangle. 
Also, AB = BC. So, triangle ABC is isosceles. 
(ii) Let P (0,7, 10),Q (—1, 6, 6) and R (—4, 9, 6) be the given points. Then, 
PQ = 3J2,QR = 3V2 and PR = 6. 
Clearly, PQ+QR = 6/2 >PR,QR + PR>PQ and PQ + PR >QR. 
So, given points form a triangle. 
Also, PR? = PQ? + QR?. 
So, A POR is a right triangle right angled at Q. 
(iii) Let A (—1, 2,1) B(1, —2, 5), C (4, —7, 8) and D (2, — 3, 4) be the given points. Then, 
AB = 6,BC = V43,CD = 6and AD = V43 
AB = CD = 6andBC = AD = V43 
Hence, ABCD is a parallelogram. 
Let P (a, B, y) be a point equidistant from the points A (1, 2, 3) and B(3, 2, —1). Then, 
PA = PB 
PA” = PB? 
(a -1)? + (8-2)? +(y—- 3) = (a— 3)? +(B—2)* +(y +17 
4a-8y =0 
a-2y =0 
Hence, the locus of P (a, B, y) is x —2z =0. 


VU dy Y 


- « <emme es see ote ee =~ 


Se) ee al: it Seay 2 eee 
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22. Let P (a, fi, y) be the point such that the sum of its distances from the points A (4, 0, 0) and 
B (— 4, 0, 0) is equal to 10. 


ie. § PA+PB = 10 

Been? fay + aso 2sp ey = 10 

(a + 4)? +p? +77 = 10 — (a — 4)? +B? + y? 

(a +4)7+B7 +77 = 100 — 20,|( — 4)? +p? + 7? +(a —4)* +87 +? 
16. = 100-20,(a — 4)? +p? + y? 

(40-25) = 5y(a — 4)? + B2 + y2 


(4a—25)* = 25 (a4 +B +7} 


Y UY Y 


y 


=> 9 o* + 2587 + 25y7 —225 = 0 
Hence, the locus of (a, B, y) is 9x2 + 25y7 + 25z* —225 =0. 


23. Given points are A (1, 2, 3), B(—1, —2, —1), C (2, 3, 2) and D (4, 7, 6). 
AB = 6,BC = J43,CD = 6and AD = V43 
=> AB = CE = 6 and BC = AD = V43 
So, ABCD is a parallelogram. 
Also, 
AB? + BC? = 36+43 = 79 and AC = V3 
AB? + BC? # AC? ie. ZBis not a right angle. 
Hence, ABCD is not a rectangle. 
24. Let P (a, B, y) be one of the points equidistant from A (3, 4, —5) and B (—2, 1, 4). Then, 
PA = PB 
=> PA? = PB? 


=> (a —3)? + (B—4)* +(y +5)* = (a + 2)* + (B—1)* + (y-4)” 
=> 10a+6B-18y-—29 = 0 
Hence, the locus of P is 10x + 6y —18z — 29 =0. 


28.5 SECTION FORMULAE 


THEOREM (FOR INTERNAL DIVISION) Let P (x1, y1,21) and Q (X92, y2, 2p) be two points in space 
and let R bea point on the line segment joining P and Q such that it divides the join of P and Q internally 
in the ratio m, : mp. Then, the coordinates of R are: 


my, Xp +m) zat ell Yo +My Yy M42 +My 2 
4 
mM, + Mp Mm, + Mp5 Mm, +My 


PROOF Let the coordinates of R be (x, y, z). Let PL , QM and RN be perpendiculars from P, Q 
and R respectively on XOY plane. Clearly, PL, QM and RN lie ina plane which contains the line 
PQ and is perpendicular to XOY plane. Therefore, points L, M, N are in a straight line which is 
the intersection of this plane with XOY-plane. Through R draw a line parallel to LM and meeting 
LP produced in L’ and MQ in M’. Clearly, triangles RPL’ and RM’Q are equiangular and hence 
similar; 


"TTT 
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Q (X95, Yo, 29) 





M 


Fig. 28.10 
PL _PR 
M'Q PQ 
LL' -LP my 
> $s 
MQ —MM' My 
NR -—LP M4 
> ———————————— —* 
MQ -NR M5 
= cDeica & 2 “1 = Uda 
27 -2Z M> 
* see mm Z2 + Ny Z4 


My + My 
similarly, by drawing planes containing PQ and perpendicular to YOZ and ZOX planes 
respectively, we get 
a Ny Xo +My Xy ete mM, Yo + M2 Yj 
my + My ; my, + M5 


; My X5 +My X hy Yo +™M My Zo + My Z 
Hence, the coordinates of R are| @1*2~ 2 "1 Mh ¥2 "M241 M122 5271 
my, + My mM, + Mp5 my, +My 


REMARK 1 If R is the mid-point of the segment joining P (x1, 1,2) and Q (x5, ¥2,2Zp), then 
mM, =p =1 and so the coordinates of R are given by 
( +X. Wty2 A ~2) 

2 ea aa 
REMARK 2. If P (x1, ¥1, 21) and Q (x9, Y2,2Z) be two points, and let R be a point on PQ produced 
dividing it externally in the ratiom, : mp (m, # mz). Then, the coordinates of R are 

Meee Mp Sy) 1h Yo: Ma. Wy Ma 21 | 

Hh Silla) ity itp hy 
REMARK3 Thexy, yz and zx planes divide the segment joining points A(X}, 1, 21) and B(x9,Y>, Zp) 
in the ratio -21 :2, -—X1 Xp and —y} : Yp respectively. 
REMARK 4 The line segment joining points A (a, Yi, 21) and B(Xz, Y2, 22) is divided by the plane 

. E ax +by; + CZ, + 
ax+by+cz+d=0 in the ratio—-—1_=+_*—__.. 
AXy +byy + CZ +d 


eb Sab Ee 


URS OUP 4) 8 vas 


28.14 MATHEMATICS-XI 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the coordinates of the point which divides the join of P (2,—1,4) and Q(4,3,2)in 
the ratio 2 : 3 (i) internally (ii) externally. 


SOLUTION Let R (x, y, z) be the required point. 
(i) If R divides PQ internally in the ratio 2 : 3, then 





_ 2x 44+3%x2 EPexcot ox —1 So eee 3x4 
24:37 71 Cs nny 2 ar 
Bea: 5: 5 
So, the coordinates of point R are{ Se } 
(ii) If R divides PQ externally in the ratio 2 : 3, then 
_2x4-3x2 _ 2x 8=3x—-l ake 4S 
eign of Y Ee 3 


=> x=-2,y = -9,z = 8. 

So, the coordinates of R are (—2,—9, 8). 

EXAMPLE2 Find the ratio in which the line joining the points (1, 2, 3) and (—3, 4, — 5) is divided by the 

xy-plane. Also, find the coordinates of the point of division. 

SOLUTION Suppose the line joining the points P (1, 2, 3) and Q (— 3, 4 —5) is divided be the 

xy-plane at a point R in the ratio 1:1. Then, the coordinates of R are 
en 42X42 steed 


meer Aen ae «TAL san ..-(i) 
A+1 A+1 A+1 


since R lies on xy-plane i.e. z = 0. Therefore, 


1 eae aed 
A+1 5 


50, the required ratio is - :lor, 3:5. Putting A= 2 in (i), we obtain the coordinates of R as 
(-1/2, 11/4, 0). 


ALITER We know that the xy-plane divides the line segment joining points P(x, y1,24) and 
Q(X5, ¥2, Zp) in the ratio —z, :Z). Hence, the required ratio is —3:—5 i.e. 3 : 5 internally and the 
coordinates of the point of division are 
(> —-3+5x1 : 3x4+45x 2 3x—5+5x >)-(-5 Le 0) 
3+5 3+5 3+5 

EXAMPLE3 Find the ratio in which the join the A(2,1,5) and B(3, 4, 3) is divided by the plane 
2x + 2y —2z =1. Also, find the coordinates of the point of division. 
SOLUTION Suppose the plane 2x + 2y —2z =1 divides the line joining the points A (2, 1,5) and 
B(3, 4, 3) at a point C in the ratio 1:1. Then, the coordinates of C are 

3A+2 4041 28 

At+1 “ A+1 ° A+1 


...(i) 


Since point C lies on the plane 2x + 2y —2z =1. Therefore, coordinates of C must satisfy the 
equation of the plane 
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i of 2222). 2(SAxt) of Sh48) a eee 2 











A+1 A+1 +1 


So, the required ratio is 2 :lor5:7. Putting A= ; in (i), the coordinates of the pointC of division 
(= 9 =| 
are} — ,—,— |. 
12 4 6 
ALITER We know that the line segment joining points A (x1, ¥1,2Z,) and B(x5, ¥2,2) is divided 
Ax4 +by; + CZ; + d 
AX +byy + CZ +d 


joining points A(2, 1,5) and B(3, 4, 3) is divided by the plane 2x + 2y —-2z—1 =0 in the ratio 
2x2+2x1-2x5-1 5, 
——$—__—___————_ = — ie. 5:7. 
2x3+2x4-2x3-1 7 
The coordinates of the point of division are 
ae 5x4+7x1 ox 317x3) (3 o 2) 
pe SZ SE 12° 4° 6 


EXAMPLE4 Using section formula, prove that the three points A(—2,3,5), B(1,2, 3) and 
C(7,0,-1) are collinear. 


SOLUTION Suppose the given points are collinear and C divides AB in the ratio 4:1. Then, 
coordinates of C are 


= 224+ 3 3 | 





by the plane ax +by+cz+d=0 in the ratio — . Therefore, the line segment 


ach 07 VES le EST 


But, coordinates of C are given as (7, 0,—1). Therefore, 
1-2 24+3 324+5 
—_=/, =0 and, 
A+1 A+1 A+1 














From each of these equations, we obtain A =— a 


Since each of these equations give the same value of 4. Therefore, the given points are collinear 
and C divides AB externally in the ratio 3 : 2. 
EXAMPLE5 The mid-points of the sides of a triangle are (1, 5, — 1), (0, 4, — 2) and (2, 3, 4). Find tts 
vertices. 
SOLUTION Let A (x1, 1,21), B(Xo, Yo,2) and C (x3, ¥3,23) be the vertices of the given 
triangle, and let D (1,5, —1), E(0, 4, —2) and F (2, 3, 4) be the mid-points of the sides BC, CA 
and AB respectively. 
Dis the mid-point of BC 

BoGuASe og UOTE YS. pe A283 Fe 

ae a ee 


> X9+XxX3 = 2, Yo +y3 = 10, ~%+23 = -2 : .-.(i) 
Eis the mid-point of CA 
ARES > 9),: YEE Y3. | ZAZS wie iy 
2 2 2 
= xX,+x3 = 0, yy +y3 = 8, 4+23 = —4 «»-(ii) 
Fis the mid-point of AB 
Bink? ge 5, Yt Ya 3 aE 7 
2 2 2 


=> XytX = 4, yy tn = 6, %+2% = 8 ... (iii) 





1 2 ER ih 
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Adding first three equations in (i), (ii) and (iii), we obtain 
2(Xy +X +X3) = 24+04+4 > xX, +4 +43 = Bz 

Solving first equations in (i), (ii) and (iii) with x] + x» +x3 = 3, we obtain: 
xy — i Le x2 = 3,X3 =—1. 

Adding second equations in (i), (ii) and (iii), we obtain 
2(¥i +¥2 +3) = 10+8+6 > yy +y2+y¥3 = 12 

Solving second equations in (i), (ii) and (iii) with y; + yz + y3 =12, we obtain 
¥, = 2, Yo = 4, y3 = 6. 

Adding last equations in (i), (ii) and (iii), we obtain 
2(Zj +29 +23) = -2-4+8 > 44+2%4+23 =1. 

Solving last equations in (i), (ii) and (iii) with z + 2) + 2z3 =1, we obtain 
Zj = 3, % =5, 23 = —7. 

Thus, the vertices of the triangle are A (1, 2, 3), B(3, 4,5) andC (—1, 6, —7). 


EXAMPLE6 Given that P (3, 2, — 4), Q (5, 4, — 6) and R (9, 8, —10) are collinear. Find the ratio in 
which Q divides PR. [NCERT] 


SOLUTION Suppose Q divides PR in the ratio (1:1. Then, coordinates of Q are 
9A4+3 8A+2 -10A-4 
A+1° AF1° A+1 








But, coordinates of Q are (5, 4, — 6). Therefore, 
92A+3 8A+2 _4 -10A-4 _ 


A+1 ees A 








These three equations give A = > So, Q divides PR in the ratio 5 :slor1:2. 


EXAMPLE7 Find the coordinates of the points which trisect the line segment AB, given that 
A (2,1, —3) and B (5, —8, 3). 


SOLUTION Let P andQ be the points which trisect AB. Then, AP = PQ =QB. Therefore, P 
divides AB in the ratio 1 : 2 and Q divides it in the ratio 2 : 1. 


A (2, it oP 3) B(5, z= 8, 3) 


0 """ 


P Q 
Fig. 28.11 
As P divides AB in the ratio 1 : 2, so coordinates of P are 
LO RR oA Bh 281 ix 3+2x-3 =5(6) 2-1) 
1+2 1+2 1+2 


Since Q divides AB in the ratio 2 : 1, so coordinates of Q are 

gel eee 2x-8+1x1 2x3+1x-3 = (4,5), 

2+) 2+1 1+2 

EXAMPLES Three vertices of a parallelogram ABCD are A (3, —1, 2), B(1, 2, — 4) and C (—1,1, 2). 
Find the coordinates of the fourth vertex. [NCERT] 
SOLUTION Let the coordinates of the fourth vertex D be (x,y,z). Since diagonals of a 
parallelogram bisect each other. Therefore, mid-point of AC and BD coincide. 

3-1 -1+1 2+2) _ (+ +x 2+y a 

Din mie 2 2 Des 2 





Ss ew Se eS See 
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> (0,2) = (254, Ye? 2") 
2 2 2 
= pee Pte) Zt 
2 2 2 


=> x=1,y=-2, and z=8 
Hence, the coordinates of the fourth vertex are (1, — 2, 8). 


EXAMPLE9 Find the lengths of the medians of the triangle with vertices A (0, 0, 6), B(0, 4, 0) and 
C (6, 0, 0). [NCERT] 


SOLUTION LetD,E and F be the mid-points of sides BC, CA and AB respectively. 


A(0, 0, 6) 
F(O, 2, 3) E(3, 0, 3) 
B(0, 4, 0) D(3, 2, 0) C(6, 0, 0) 
Fig. 28.12 


The coordiantes of D, E and F are 
(P$z8 a0 2) (3, 2, 0), E(S5°,°5 =, S=8)=(0, 2, 3) 

















2 2 2 ?. 
and F(? ; j 2 ; : ; es 2, 3) respectively. 


AD =(0 - 3)? +(0 —2)? +(6-0)7 =./9 +4 + 36 =7 
eon = /9+16+9 =/34 
and, Grea (6= 0)? + (0 —2)2 + (0 — 3)” =,/36+44+9 =7 


EXAMPLE10 Let A (3, 2, 0), B(5, 3, 2), C (—9, 6, — 3) be three points forming a triangle. The bisector 


AD of ZBAC meets side BC in D. Find the coordinates of D. [NCERT] 
SOLUTION The bisector AD of ZBAC divides BC in the ratio AB: AC. 
A(3,2, 0) 
B(5,3, 2) D C(-9,6,-3) 
Fig. 28.13 


Now, AB =,|(3-5)? +(2-3) +(0—2)* =3 and, AC = (3 +9)? +(2-6)2+(0+ 3)? =13 
Thus, D divides BC in the ratio AB: AC 1.e. 3:13. Hence, the coordinates of D are 
[Sevres 3x6+3x13 Sun 34x?) (2 57 2) 


ST a By Le ee fore (: 8.16 16 
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EXAMPLE 11 If the origin is the centroid of the triangle with vertices P (2a, 2, 6), Q (—4, 3b, - 10) and 
R (8, 14, 2c), find the values of a, band c. [NCERT] 
SOLUTION The coordinates of the centroid of APOR are 

as 2+ 3b+14 Oni 2c) {Bees 3b + 16 “ccs 








2 SS 2p aes ean 
It is given that the origin is the centroid of APQR. 








Stree OLS! 26-4 9 
3 3 3 
=> 2a+4=0,16+ 3b =0, 2c -4=0 


=> a=-2,b=-— and c=2 


EXAMPLE12 A point R with x-coordinate 4 lies on the line segment joining the points P (2, — 3, 4) and 
Q (8, 0, 10). Find the coordinates of the point R. [NCERT] 


SOLUTION Suppose R divides PQ in the ratio 1:1. Then, the coordinates of R are 
(Se 2 -3 10A+ *) 











erie end r 1 
Since x-coordinate of R is 4. P (2, -3, 4) R Q (8, 0, 10) 
8A +2 Fig. 28.14 





ea = Ad 2D > LHe 
A+1 2 


Hence, the coordinates of R are (4, — 2, 6). 


EXAMPLE13 Show that the coordinates of the centroid of the triangle with vertices A (x1, 1,2), 
B (Xp, Yo, 2p) andC (x3, ¥3,Z3) me 8 ae ABS) [NCERT] 
SOLUTION Let D be the mid-point of AC. Then, coordinates of D are 

[22a Yotys % +23) 








2 2 2 
A(X1, Y3, 23) 
B (X3, Yo,22) D C (%3, Ya, Z3) 
Fig. 28.15 
Let G be the centroid of A ABC. Then, G divides AD in the ratio 2 : 1. 
So, coordinates of D are 
1+x%,;+2 #25023; ey +2( 4242s) 1m +2( 2528) 
a AT eas a 
1+2 ‘ T+2 : 1+2 


. (A+ ¥i + ¥2 t+ Y3 4 t2*%s) 
1.é., Spe: ege S Pe e 3 
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EXAMPLE14 Let P and Q be any two points. Find the coordinates of the point R which divides PQ 
externally in the ratio 2 : 1 and verify that Q is the mid point of PR. 
SOLUTION Let the coordinates of points P and Q be(x1, yj, 24) and(x, Yo, Zz) respectively. 
Then, the coordinates of the point R which divides PQ externally in the ratio 2: 1 are 
2X9 —-Xy 2Y2-Yi 222-2 
—<$—— , A | = (2X5 — X41, 2Y2 — 1, 22m -Z 
( 724 at eee (2x2 — x4, 2Y2 — Y1, 222 —2) 
The coordinates of the mid-point of PR are 
Xy+2Xo —-Xy Yt2Yo—Yy 2, +22 -Zz 
[ao = , eam omar = eat , “12 _ .) > (Xp, Y2, Z9) 


Clearly, these are the coordinates of point Q. Hence, Q is the mid-point of PR. 

EXAMPLE15 Prove that the lines joining the vertices of a tetrahedron to the centroids of the opposite 
faces are concurrent. 

SOLUTION Let ABCD be a tetrahedron such that the coordinates of its vertices are 


A (x1, 94,24), B(X9, Y¥2,22),C (X3, ¥3,23) and D (x4, y4,2Z4). The coordinates of the centroids of 
faces ABC, DAB, DBC and DCA are respectively 


A(X, Wy, 24) 

C — +%3 Wt¥ot+¥3 U+% vas 

Sie. a. ut Lie 
G Pets YytYotY4 2+2 7 

g 3 : ee 

) 

G (= *As +Xg YotY3t+Ys 22 +23 “4 

3 2 ee 3 3 

and, Gy [Asse Ya ¥34V1 T3211 | B(x>, Yo, 22) C(x3, ¥3, Z3) 
3 3 3 Fig. 28.16 


Now, coordinates of point G dividing DG; in the ratio 3: 1 are 
1.x4+ (12 2 *23 | 1 gt 3( fae" *¥s) 1.24 + (722223 i? “73 | 
eee 8 NS eee 
1+3 é 1+3 : 1+3 


, 


4 4 A 
Similarly, the points dividing CGj, AG3 and BGy in the ratio 3 : 1 have the same coordinates. 
Thus, the point G1 + X2 “Xs £% Yah Ye t¥3 Piva, Zits “33 + 24 
DG;,CG,, AG3 and BG,. Hence, they are concurrent. 


e Sets YytYotY3zt+Yg 2+22 +23 “1 
}is common to 
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1. The vertices of the triangle are A (5, 4, 6),B (1, —1, 3)and C(4, 3, 2). The internal bisector of 
angle A meets BC at D. Find the coordinates of D and the length AD. 


2, A point C with z-coordinate 8 lies on the line segment joining the points A (2, — 3, 4) and 
B(8, 0, 10). Find its coordinates. 


euler 


28.20 


3. 
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Show that the three points A (2, 3, 4), B(—1, 2 — 3) and C (—4, 1, —10) are collinear and 
find the ratio in which C divides AB. 


4. Find the ratio in which the line joining (2, 4, 5) and (3, 5, 4) is divided by the yz-plane. 


- Find the ratio in which the line segment joining the points (2,-—1,3) and (-—1, 2, 1)is 


10. 


11. 





divided by the plane x + y +z=5. 


. If the points A (3, 2, — 4), B(9, 8, —10) andC (5, 4, — 6) are collinear, find the ratio in which 


C divides AB. 


. The mid-points of the sides of a triangle ABC are given by (— 2, 3, 5), (4,—1, 7) and (6, 5, 3). 


Find the coordinates of A, B and C. 


. A(1, 2, 3), B(0, 4, 1), C (-1, —1, — 3) are the vertices of a triangle ABC. Find the point in 


which the bisector of the angle ZBAC meets BC. 


. Find the ratio in which the sphere none y* +2 =504 divides the line joining the points 


(12, —4, 8) and (27, —9, 18). 


Show that the plane ax + by + cz + d =0 divides the line joining the points (x1, y1, 2) and 
(xp, Yo, 2») in the ratio — 221+ Py + 1 +d 
AXy + byo + cZy +d 


Find the centroid of a triangle, mid-points of whose sides are (1, 2, — 3), (3, 0, 1) and 
(— 1, 1, — 4). 





12. The centroid of a triangle ABC is at the point (1, 1, 1). If the coordinates of A and B are 
(3, —5, 7) and(—1, 7, — 6) respectively, find the coordinates of the point C. [NCERT] 
13. Find the coordinates of the points which tisect the line segment joining the points 
P (4, 2, —6)andQ (10, —16, 6). [NCERT] 
14. Using section formula, show that the points A (2, — 3, 4), B(—1, 2, 1) and CC (0, 1/3, 2) are 
collinear. [NCERT] 
15. Given that P (3, 2, — 4), Q (5, 4, — 6) and R (9, 8, —10) are collinear. Find the ratio in which 
Q divides PR. [NCERT] 
16. Find the ratio in which the line segment joining the points (4, 8, 10) and (6, 10,—8) is divided 
by the yz-plane. [NCERT] 
ANSWERS 
1. (=. SS =} eet 2. (6,—1, 8) 3. 2:lexternally 4, 2:3 externally 
8 2 8 8 
5. 1:3 externally 6. 1:2 7. A(12,1,5), B(0, 9,1), C (—4, — 3, 9) 
BP ok~ 
8 | -—,—,-— 9. 2:3,-2:3 11. (1,1,-2 thd, (Hh 
(-3.3.-3) i =) (1, 1, 2) 
13. (6, —4, —2), (8, —10, 2) 15. 1:2 16. 2:3 externally 
HINTS TO NCERT & SELECTED PROBLEMS 
1. Use the fact that D divides BC in the ratio AB : AC. 
2. Suppose C divides AB in the ratio 1:1. Then, the coordinates of C are 


8A+2 -3 10A+4 
Wen fee) Wen eae sa 


_— - 


- ee 
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It is given that the z-coordinate of C is 8. 


1 
UT ea A= 2. 
A+1 





Hence, the coordinates of C are (6, —1, 8). 


12. Let the coordinates of C be (a, f, y). Then centroid of triangle ABC has the coordinates 


a+2 2 
eo ing =} But, cdordinates of the centroid are given as (1, 1, 1). 





*) se ae: 
Beg Br? Yh yp ea eee 
3 3 3 


Hence, the coordinates of C are (1, 1, 2). 


13. Let A and Bbe the points of trisection of PQ. Then, A divides PQ internally in the ratio 1 : 2. 
So, coordinates of A are 
eer 1x-16+2x2 1x6+2x-6 


oT, = (6, —4, —2). 
1+2 1+2 1+2 


Clearly, Bis the mid-point of AQ. So, its coordinates are 


a aaei6) -2+6) (6,10, 5) 








2 2 2 


14. Suppose C (o, = 2) divides the segment joining A (2, — 3, 4) and B(—1, 2, 1) in the ratio 











4:1. Then, the coordinates of C are EY Za S +I 


<i ele era 


But, the coordinates of C are (0, * 2) , 





—-A+2 2A-3 1 A+4 
= 0, —— = — and —— = 
A+1 A+1 3 A+1 


All these equations give the same value of A. Hence, A, B, C are collinear points. 
15. Suppose Q divides PR in the ratio 4:1. Then, the coordinates of Q are 


9A+3 8A+2 -10A-4 
ete Ne te eee 








But, the coordinates of Q are (5, 4, — 6). 
NTO ION | a —-10A-4 = 


r) , -6 
A+1 A+1 A+1 








All these equations give 2 = > Hence, Q divides PR in the ratio E :lie.1:2. 


16. Let the required ratio be 4:1. Then, the coordinates of point of division are 
6A+4 10A+8 -—8A+10 
M41" A+1 ° A+] 


6A+4 Se hik nee 
A+1 3 








. This point lies of yz-plane. So, its x-coordinate must be zero. 





Hence, yz-plane divides the segment joining given points externally in the ratio 2: 3. 
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VERY SHORT ANSWER QUESTIONS (VSAQs) 
Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 
1. Write the distance of the point P (2, 3,5) from the xy-plane. 
2. Write the distance of the point P(3, 4, 5) from z-axis. 
3. If the distance between the points P(a, 2, 1) and Q (1, —-1, 1) is 5 units, find the value of a. 
4. The coordinates of the mid-points of sides AB, BC and CA of AABC are D(1, 2, —3), 
E(3, 0,1) and F(-1, 1, —4) respectively. Write the coordinates of its centroid. 
5. Write the coordinates of the foot of the perpendicular from the point (1, 2, 3) on y-axis. 
6. Write the length of the perpendicular drawn from the point P(3, 5, 12) on x-axis. 
7. Write the coordinates of third vertex of a triangle having centroid at the origin and two 
vertices at (3, —5, 7) and (3, 0,1). 
8. What is the locus of a point (x, y, z) for which y =0,z =0? 
9, Find the ratio in which the line segment joining the points (2, 4, 5) and (3, —5, 4) is divided 
by the yz-plane. 

10. Find the point on y-axis which is at a distance of V10 units from the point (1, 2, 3). 

11. Find the point on x-axis which is equidistant from the points A (3, 2, 2) and B (5, 5, 4). 

12. Find the coordinates of a point equidistant from the origin and points A(a, 0, 0), B(0,b, 0) 
and C(0, 0, c). 

13. Write the coordinates of the point P which is five-sixth of the way from A(-2, 0, 6) to 
B(10, —6, —12). 

14. If a parallelopiped is formed by the planes drawn through the points (2, 3, 5) and (5, 9, 7) 
parallel to the coordinate planes, then write the lengths of edges of the parallelopiped and 
length of the diagonal. 

15. Determine the point on yz-plane which is equidistant from points A(2, 0, 3), B(0, 3, 2) and 
C(O, 0, 1). 

16. If the origin is the centroid of a triangle ABC having vertices A(a,1, 3), B(—2,b—5) and 
C(4,7, c), find the values of a, b, c. 

ANSWERS 


ik, |S 250 3.5,-3 4. (1,1, —2) 5. (0, 2, 0) 
6. 13 7.(-—6,5,-8) 8. x-axis 9. 4:5 internally 
10. (0, 2, 0) 11. (49/4,0,0) 12.(a/2,b/2,c/2) 13. (8,-—5,-9) 
14:-3;.6)257 — 152(0).1), 3) 16. a=-2,b =-8,c =2 
oc MULTIPLE CHOICE QUESTIONS (MCQs) 
Mark the correct alternatives in each of the following: 


1. The ratio in which the line joining (2, 4,5) and (3, 5, —9) is divided by the yz-plane is 


(a) 2:3 (b) 3:2 (c) -2:3 (d) 4:-3 
2. The ratio in which the line joining the points (a, b, c) and (— a, —c, —b) is divided by 
the xy-plane is 
(a) a:b (b) b:c (c) c:a (d) c:b 
3. If P (0,1, 2),Q(4,—2,1) and O (0, 0, 0) are three points, then —POQ = 
(a) 2 b) 7 (5 (d) > 


4. If the extremities of the diagonal of a square are(1, — 2, 3) and (2, — 3, 5), then the length of 
the side is 


| i) 


ak. ee 
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(a) V6 (b) V3 (c) v5 (d) V7 
5. The points (5, — 4, 2), (4, — 3,1), (7, 6, 4) and (8, —7, 5) are the vertices of 
(a) a rectangle (b) a square (c) a parallelogram (d) none of these 


6. Ina three dimensional space the equation x* -5x+6=0 represents 
(a) points (b) planes (c) curves (d) pair of straight lines 


7. Let(3, 4, -1) and(—1, 2, 3) be the end points of a diameter of a sphere. Then, the radius of 
the sphere is equal to 


(a) 2 (b) 3 (c) 6 (d) 7 
8. XOZ-plane divides the join of (2, 3, 1) and (6,7, 1) in the ratio 
(a) 3:7 (Dez E7 (c) -—3:7 (d) -—2:7 
9. What is the locus of a point for which y = 0, z=0? 
(a) x-axis (b) y-axis (c) z-axis (d) yz-plane 


10. The coordinates of the foot of the perpendicular drawn from the point P(3, 4,5) on 
the yz-plane are 


(a) (3, 4, 0) (b) (0, 4, 5) (c) (3, 0, 5) (d) (3, 0, 0) 
11. The coordinates of the foot of the perpendicular from a point P(6,7, 8) on x-axis are 
(a) (6, 0, 0) (b) (0, 7, 0) (c) (0, 0, 8) (d) (0, 7, 8) 
12. The perpendicular distance of the point P(6,7, 8) from xy-plane is 
(a) 8 (b) 7 (c) 6 (d) 10 
13. The length of the perpendicular drawn from the point P(3, 4,5) on y-axis is 
(a) 10 (b) /34 (c) 4113 (d) 5V2 
14. The perpendicular distance of the point P(3, 3, 4) from the x-axis is 
(a) 3¥2 (b) 5 (c) 3 (d) 4 


—_ 


5. The length of the perpendicular drawn from the point P(a, b, c) from z-axis is 
(a) Va? +b? (b) Vb? +c (c) Va* +c? (d) Vaz +b? +c? 


ANSWERS 


1. (c) 2. (d) 3.(d) 4 (b) _ 5. (a) 6.(b) 7. (c) 8. (c) 
9. (a) 10. (b) 11. (a) 12. (a) 13. (b) 14. (b) 15. (a) 


SUMMARY 


1. In three dimensions, the coordinate axes of a rectangular Cartesian coordinate system are 
three mutually perpendicular lines. The axes are called the x, y andz axes. 


2. The three planes determined by the pair of axes are the coordinate planes. These planes are 
called xy, yz and zx planes and they divide the space into eight regions known as octants. 


3. The coordinates of a point P in the space are the perpendicular distances from P on three 
mutaually perpendicular coordinates planes YZ, ZX and XY respectively. The coordinates 
of a point P are written in the form of triplet like (x, y, 2). 


4. The coordinates of a point are also the distances from the origin of the feet of the 
perpendiculars from the point on the respective coordinate axes. 


5. The coordinates of any point on: 
(i) x-axis are of the form (x, 0, 0) (ii) y-axis are of the form (0, y, 0) 
(iii) z-axis are of the form (0, 0, z) (iv) xy-plane are of the form (x, y, 0) 
(v) yz-plane are of the form (0, y, Z) (vi) zx — plane are of the form (x, 0, z) 
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6. The distance between two points P (x1, y;,Z,) and Q (x9, 2,29) is given by 


PQ = V(x — X1)* + (Ya — yy)? + (2) - 24)? 


7. The distance of a point P (x, y, z) from the originO (0, 0, 0) is given by 3 OP = J x? + y? £27, 


8. The coordinates of the point R which divides the line segment joining two points 
P (X4, Yi, 21) and Q (x9, y2, Zp) internally and externally in the ratio m:n are given by 
(" Xp +N Xy my thy, _mz 7 and, (™ Apne mMyp—nyy mz ail 
m+n m+n m+n m—n m—n mn 
respectively. 
9. The coordinates of the mid-point of the line segment joining two points (x1, y1, 2) and 
Gayaeyes) are( #1 a mi ei a7 + 
10. The coordinates of the centroid of the triangle whose vertices are (x1, 1, Z1),(X9, 2,2) and 
Gays +23) are( 4 +%2 #%3° MI ti +¥3 41 + +23), 


CHAPTER 29 


LIMITS 


29.1 INFORMAL APPROACH TO LIMIT 


: x7 -4 
Consider the function f(x) =- a 
x _— 





Clearly, this function is defined for all x except at x = 2 as it assumes the form Fs (known as an 


indeterminate form) atx = 2. However, if x # 2, then 


f(x) = (x — 2) (x +2) = x+2 
x= 2 


The following table exhibits the values of f(x) at points which are close to 2 on its two sides viz. 
left and right on the real line. 


eee ie 


fmmelersio: 16 1.7 18: 19 79948 | 2.01. 21». 22. 23) Ws S25) 826 


' 
; 
' 
; 





| f(x) bas Bo 10.0. O:7 3:5 3.9° 399 





x? -4 


Fig. 29.1 Graph of f(x) = 





x-2 


The graph of this function is shown in Fig. 29.1. 

It is evident from the above table and the graph of f(x) that as x increases and comes closer to 2 
from left hand side of 2, the values of f(x) increase and come closer to 4. This is interpreted as: 
When x approaches to 2 from its left hand side, the function f(x) tends to the limit 4. 

It we use the notation'x —> 27’ to denote ‘x tends to 2 from left hand side’, the above statement 
can be restated as: ue 
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asx—2°, f(x)—>4 
Or, lim f(x) =4 
x27 


Or, Left hand limit of f(x) at x = 2 is 4. 


Thus, lim f(x) = 4 means that as x tends to 2 from left hand side, the values of f(x) are 
x27 


tending to 4. 


From the above table as well as the graph of f(x), shown in Fig. 29.1, we observe that as x 


decreases and comes closer to 2 from right hand side, the values of f(x) decrease and come closer 
to 4. This is interpreted as: 


When x approaches to 2 from its right hand side, the function f(x) tends to the limit 4. 


Using the notation ‘x — 2*’ to denote ‘x tends to 2 from right hand side’, the above statement 
can be re-stated as: 


as x2", f(x) 74 
or, lim f(x) =4 
x—27 


Or, Right hand limit of f(x) at x = 2 is 4. 
Thus, lim f(x) =4means that as x tends to 2 from right hand side, the values of f(x) are tending 


to 4. x i Ghs 
r/o 
It follows from the above discussion that for the function f(x) given by f(x) = te : 
x _— 
(i) lim f(x) =4 (ii) lim f(x) = 
x—>27 x2" 
(iii) lim f(x) = lim f (x) (iv) f(2) does not exist i.e. f(x) is not defined at x =2. 
x27 x2 
Now, consider the function f(x) = acl 
x _ 
This function is defined for all x except x = 3, as itassumes the form . (an indeterminate form) at 


x = 3. The graph of f(x) is shown in Fig. 29.2. 





_ = 


Fig. 29.2 Graph of f(x) = ——— 


The following table shows the values of f(x) at points which are close to 3 and are on its two 
sides. 


“ees ares ES ee 


& = 24 25 26 27 28 29 2.99 
Eo] 
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-_—-—-— nw we we eee ee --t—t 


1 32 33 34 35 3.6 
ls 4 siete si ae a 


Itis evident from the table and the graph of f(x) that as x > 3 from its left hand side the values 
of f(x) are everywhere — 1. 


Le. lim f(x) =-—1 or, Left hand limit (LHL) of f(x) at x =3 is —1. 
x~>3- 









fa) | =1 geet) 215) 1 ee 0 





We also observe that at every point on the right hand side of 3, the function assumes value 1. 
lim f(x) =1 
x37 1 
Let us now consider the function f(x) = 

x _ 





x? x + 4. Here also the function is undefined at x =4 


as f(4) assumes the form ~ In this case it is evident from the graph shown in Fig. 29.3 that as x 


approaches to 4 from the left hand side, f(x) decreases to — ©. 





Fig. 29.3 Graph of f(x) = 





1 
x-4 
i.e, lim hi (x) = —o 
x47 
Also, we observe that f (x) increases to + 00 as x approaches to 4 from the right 


i.e. lim f(x) = +0 
—4t 
So,wesay that lim f(x) and lim f(x) both do not exist. 
x3 47 x—>4t 


It follows from the above discussion that as we can approach to a given number ‘a’ (say) on the 
real line either from its left hand side by increasing numbers which are less than ‘a’ or from right 
hand side by decreasing numbers which are greater than ‘a’. So, there are two types of limits viz. 
(i) left hand limit and, (ii) right hand limit. We also observe that for some functions at a given 
point ‘a’ (say) left hand and right hand limits are equal whereas for some functions these two 
limits are not equal and even sometimes either left hand limit or right hand limit or both do not 
exist. 

If lim f(x)= lim f(x)ie. (LHLatx=a) =(RHLatx=a), then we say that lim f(x) exists. 

xa x—at x—a 


Otherwise, lim f(x) does not exist. -- 
x-—>a ! 
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29.2 EVALUATION OF LEFT HAND AND RIGHT HAND LIMITS 


In the previous sections, we have learnt that a real number /; is the left hand limit of function 

f (x) atx = aif the values of f (x) can be made as close as desired to the number |; at points 

closed to a and on the left of a. Insucha case, we write lim_ f (x) = |. Also,a real number |) is 
x—a 


the right hand limit of f (x) atx = a ie. lim f (x) = h, if the values of f (x) can be made as 
x—a 
close as desired to the number [> at points close to ‘a’ on the right of ‘a’. 


In this section, we shall discuss methods of evaluation of left hand and right hand limits of a 
function at a given point. 


As discussed earlier that statement x > a” means that x is tending toa from the left hand side i.e. 
x is a number less than a but very very close to a. Therefore, x —> a” is equivalent to x =a—h 
where h > 0 such that h — 0. 

Similarly, x > a* is equivalent to x = a + h where h — 0.Thus, we have the following algorithms 
for finding left hand and right hand limits at x = a. 

ALGORITHM 

STEPI Write lim f(x) 


x—a_ 


STEPIT Putx=a-—handreplacex—>a by h-—>Otoobtain lim =f(x)= lim f(a—h). 
x—a~ h—>0 


STEP Simplify ee f(a —h) by using the formula for the given function. 
ae 


STEPIV The value obtain in step III is the LHL of f(x) at x =a. 
ILLUSTRATION 1 Evaluate the left hand limit of the function 


|x—-4 
jeo-| a4 7 AeS at x =4. 
0 , x=4 


SOLUTION We have, 
(LHL of f(x) at x = 4) 


= lim f(x) (Step 1) 
x—>4- 

= in f(4—h) (Step II) 

Sify ELS lal ee a (Step Ill) 


heo 4-h-4 hoo -—hk hoo -h = n50 


To evaluate RHL of f(x) at x =a i.e. lim f(x) we use the following algorithm. 
ALGORITHM =e 
STEP I Write lim | f(x) 


x >a 


STEPH 4 Putx=a+handreplacex +a* byh -> Otoobtain CAs Mia f(a+ h). 


implify lim f(a+h) by using the ula for the given function. 
STEPI Simplify lim f(a + h) by using the formula for the given fu 
STEPIV The value obtained in step III is the RHL of f(x) at x =a. 
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ILLUSTRATION 2 Evaluate the right hand limit of the function 
|x-4| #4 
f(x)=4 x-4 pe at x = 4. 
0 , x=4 
SOLUTION We have, 
(RHL of f(x) at x = 4) 


= come f(x) (Step I) 
—» 4t 
= ‘im, f(4+h) (Step II) 
1—0 


hoo 4+h-4 h—ooih hoodh ho>O0 


ILLUSTRATIVE EXAMPLES 


EXAMPLEY Evaluate the left hand and right hand limits of the function defined by 
f(x) = fate (i Osxvsl 





2-x, if x>1 atx =. 


Also, show that wt Fe) does not exist. 


SOLUTION (LHL of f(x) at x = 1) 
= lim f(x) = lim. f(1—h)= lim. 1+(1-h)? = lim 2-2h+h* = 2 
x1 h 0 
and, (RHL of f(x) at x =1) 
= lim = lim 1+h) = li 2-(1+h)= lim 1-h=1. 
Cae bs F) pit sks ha8O ( eo 


Clearly, lim f(x) = lim f(x). 
x >T x >17 


Hence, lim (x) does not exist. 
x 





x —|x| 
EXAMPLE 2 If f(x) -| mie x # 0 show that ae f(x) does not exist. 
2; = 0 
SOLUTION We have, 
(LHL of f(x) at x = 0) 
= lim_ f(x) 
x -0 
: —h-—-|-h| _ -h-h .  —2h ; 
= li hh = lim ——— = lim ——= lim —= lim 2=2 
certs fh) h>o (-A) h>0 —-hA h->0oO - h—>0 
aienitsre 0) 
= lm f() 
x > 0t 
h —|h| : h—-h 0 : 
=- jj = aI lim — = lim —= lm 0=0 
pi (0 +H) hk 30) ft h>o hk h>O0h h->O 


Clearly, lim f(x) # lim f(*). 
Fa x + oF 


x0 


Hence, lim f(x) does not exist. 
x70 
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ae 5x —- 4, O<x<1 . : 
EXAMPLE 3/ If f(x) = 4x° —3x, 1<x<2’ show that sy f(x) exists. 
SOLUTION We have, 
(LHL of f (x) at x = 1) 


= f(x) = lim f(l-h)= lim 5(1-h)-4 = lim 1-5h =1. 
1 h—0 h—>0 —+0 


xT h 
(RHL of f (x) at x = 1) 
= lim f(x) 
x—1 


= lm f(1+h)= lim 4(1+h)?-3(1+h) = 4(1)?-3(1) =1 
h->0 h—0 


im_ f(x) = lim f(a). 
x—1 x—1 


Hence, a f(x) exists and is equal to 1. 
x —> 


Clearly, 


EXAMPLE 4 Discuss the existence of each of the following limits: 
@) Im + (i) lim 
x>0 Xx x20 |x| 
SOLUTION (i) The graphof f(x) = Lu is as shown in Fig. 29.4. We observe that as x approaches to 
x 


0 from the LHS i.e. x is negative and very close to zero, then the values of 1/x are negative and 
very large in magnitude. 
lim. L — — ©, 


x-~0 * 





Fig. 29.4 Graph of f(x) == 


Similarly, when x approaches to 0 from the right i.e. x is positive and very close to 0, then the 
values of Gare very large and positive. 
lim S — ©, 


x—-0t <x 


. 1 4 
Thus we have, lim 1 + lim 1 Hence, lim — doesnot exist. 
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(ii) The graph of f (x) = = is shown in Fig. 29.5. We observe that as x approaches to 0 from 
> . 


LHS i.e. x is negative and close to 0, then| x| is close to zero and is positive. Consequently, Ei 1S 
large and positive. 
' 1 
lim —~>o 
x>07 |*| 





Fig. 29.5 Graph of f(x) = a 


| =| 


Also, if x approaches to 0 from RHS i.e. x is positive and close to 0, then| x| is close to zero and is 
positive. 


Consequently, ai is large and positive. 
x 


apes 
x-> ot [| 
Thus, we have 
lim adi! lim ee 
e507 xl x >0F (|X! 
Hence, lim ue exists and it tends to infinity. 
x>0[x| 


cos x, if x>0 ,. : : : 
piste 5 Let f(x) = 13 Lk, if x20 Find the value of constant k, given that whe. f (x) exists. 


SOLUTION It is given that 
lim f(x)’ exists 
x0 

=> lim f(x) = lim f(x) 
x-> 07 x 0* 


> lm x+k=lim cosx [Using definition of f(x)] 


x—0 x—0 


=> 0+k =cosO >k=1 
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EXAMPLE 6/ Let f (x) be a function defined by f (x) = (4 re , 7 : S 5 


Find 2X, if lim_ f(x) exists. 
x—>2 


SOLUTION We have, 


4x-5 ,ifx<2 
CH { x-2 ,ifx>2 


lim _ f(*) = un f(2-h) = lim 4(2-h)-5 = lim 3-4h = 3 
nae x2 0 h>0 h>0 
lim | f(x) = ee f(2+h) = lim 2+h-’A =2-2 

h—0 h-0 


x—> 2 
If lim _f (x) exists, then 
x—2 


Toren f(a) => = 2-1 > 2 = -1. 
ro 20 


x22 
mx2 +n,x<0 
EXSMELEy, If f (x) = <nx+m,0<x<1 [NCERT] 
3 


nx~ +m,x>1 


For what values of integers m and n does the limits ‘Be f (x) and Bee f (x) exist. 
SOLUTION It is given that 
lim f (x) and lim ff (x) both exist 
x—0 x—1 


=> lim f(x) = lim f (x) and, lim f(x) = lim f(x) 
x—0 x—>1- <=> 1" 


x—0 


= ate ENO a foo POS iand, fons fed). aa porate. 


=> lim m(—h)* +n= lim n(h)+mand, lim n(1—h)+m= lim n(1+h)? +m 
h—>0O h— 0 h—>0 h—- 0 

=> n=m, andn+m =n+m 

— m=n 


Hence, lim_f (x)and lim f (x) bothsidesforn = m. 
x—0 x—1 


[+1 ,x<0 
EXAMPLES If f (x) = i , x = 0. For what value (s) of ‘a’ does lim _ f(x) exist? 
| igs -1,x>0 xa 
SOLUTION Wehave, [NCERT] 


Pele x <0 
f (x) = , x=0 
eee x>0 
—-x+1, x<0 


eee Hex) = 30, x = 0 [= balm {3 220] 
x-1 ,x>0O 


Clearly, lim ff (x) exists for alla # 0. So, let us see whether lim f(x) exist or not. 
x—a x—0 


We observe that 
aa f(z) = lim f(0- -h) = lim -(-A)+1 =1 


x—0 
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and, lim x) = lim 0+h) = lim h-1=-1 
+ f(x) h— 0 f( ) h—0O 


x— 0 
lim f(x) + lim f(x) 
x— 0° ey 0" 
So, lim ; f (x) does not exist. Hence, lim f (x) exists for all a # 0. 
*~- x— a 


a+bx,x<1 
EXAMPLE ¥ Suppose f (x) = 44 7 =) 
b-ax,x>1 


and, if tt f (x) = f (1). What are possible values of a and b? [NCERT] 
x— 


SOLUTION We have, 
lim f(x) = f (1) 
x-1 

© lim f(x) = lim f(x) = f@ 
x31 x17 


° lim f(x) = f(1) and, lim f(x) = f Q) 
x1 t= 1 


° lim f(1—-h) = 4 and, lim fQd+h) =4 
h—-0 h—0 


° lim {+a -m| = 4 and, lim {p-ac+n| =4 
h—0 


h—-0 
© a+b =4and,b-a=4 
o a=0,b=4 


EXAMPLE 10 Find the left hand and right hand limits of the greatest integer function f(x) = [x] = 
greatest integer less than or equal to x, at x = k, where k is an integer. Also, show that wat f(x) does not 
exist. aa 

SOLUTION We have, 


(LHLatx=k) = hi f(x) = ae f(k-h) = ie [k —h] 
x —>k~ ‘> =e 
= lim k-1 = k-1 [- k-1<k-h<k +. [k-h]=k-1] 


(RHLatx=k)= lim f(x) = lim f(k+h) = lim [k+h] 
x > kt h—0 h—->0 
= lim k=k [oe k<k+h<k+1 «. [k + h] =k] 


h—0O 
Clearly, lim (f(x) # lim f(x). 
x > k7 Se SY 
Hence, lim (x) does not exist. 
x —>k 
EXAMPLE11 Prove that lim a [x] = [a] for allaeR, where [.] denotes the greatest integer 


function. x >a 
SOLUTION Since a eR. Therefore, there exists an integer k such that k <a <k +1. 


Now, lim [x] = lim [a+h] =k [te ksa<k+1 2 kSat+h<k+1 = [a+h]=k] 
x—>at h—0 


= [a] [- k<a<k+1 => [a] = k] 
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Vi» <e 
EXAMPLE 12 Show that lim E : does not exist. 
x0 e/* 44 








e —1 
SOLUTION Let f(x) = . Then, 
f e/X 44 
(LHL of f(x) at x = 0) 
1 
x—0 +] 
= 
1/] 
= lim ree Ord 24 oe ae ae 
h—0 1 +1 0 h : 
7h 
and, (RHLoff (x) atx =0) 
ih 
= lim (x) = i 0+h) = ————_ 
om f f ( a ae 
1 
z cS a7k 1-0 | j 
h-0 “a 1+0 
1+e1/h 


eye: ae f(x) # ea f(x). Hence, Be f(x) does not exist. 
07 x—> 

EXAMPLE 13 If fis an odd function and fo ae f(x) exists. Prove that this limit must be zero. 
SOLUTION It is given that 

lim f(x) exists 

x—0 
ae lim f(*)= Poe f(x) 

x—> 0 
re Jim, 0) =i [OS® 
s noo Gn nO Hh) 
=> — lim, fe) = Bim fh) [-- f(x) isodd ». f(-h) =-f(h)] 
=> ne f(h) =0 => pte f(lh =0> Jim f(x) = 


EXAMPLE 14 If fis an even function, then prove that lim f (x)= lim_ f(x). 
SOLUTION Clearly, paar, © x—>0" 


es Les ey gO = din fol) 
= im, f(h) [- fiseven .. f(—h) =f(h)] 


py OOS x en 1): 


aalle 29.11 














EXERCISE 29.1 
LEVEL-1 
1, Show that lim ~ does not exist. ([NCERT] 
: x0 |x| 
7 Find k so that ‘hee, f(x) may exist, where f(x) = eek s net : 
3. Show that lim i does not exist. 
x—0 X 
sone x#0 
4. Let f(x) be a function defined by f(x) = | x| 2x ; x=0° 
Show that po f(x) does not exist. 
x— 
5x Let fx) = 13 +h) 220. Prove that Jim f(x) does not exist. 
6. Let f(x) = 1% a ss _ E, _ Prove that ase f (x) does not exist. 
: 4, if x>3 
7. Find pane f (x), where f (x) = ts 1) of veg 
20433). 5 X50. : ‘ 
8. If f(x) = 13 (+1) /x>0° Find lim f(x)and lim f (x) [NCERT] 
2 
; ‘ -1,x<l 
9,Find lim f (x), if ae id's i eae [NCERT] 
a x—1 F(x), iff (2) aes ie 
[al x + 0 
10. Evaluate lim_f (x), where f(x) ={ x ’ [NCERT] 
gE x-—0 0 426 = 0 
11. Let a), a>,..., a, be fixed real numbers such that f (x) = (x -—a@)) (x -ap)... (x —a,) 
Whatis lim f(x)? Fora # aj, a,...,4, compute lim f (x). [NCERT] 
x*— a x—a 
: 1 
12. Find lim ——. 
ri eal 
13. Evaluate the following one sided limits: 
ee -3 Pr F x-—3 siiy, Fae 1 
(i) lim -; Gi) lim => (iii) lim — 
x32t x°*-4 x27 x--4 x>0+ 3x 
: 2 a he 
x->-gt x+8 x-0T X Tt 
x= > 
2 2 
x“ —-3x+2 : x* —] 
vii lim sec x viii) lim — = (ix) lim —— 
ae ( x-0- x? —2x2 x—>-2* 2x+4 


(x) lim (2-cot x) (xi) lim 1+ cosecx 
x07 x—>07 
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14. Show that mat e~ /* does not exist. 
x— 


15. Find: 
(i) lim [x] (ii) lim_ [x] (iii) lim [x] 
x—2 5 x—1 


x—>=— 
2 


16. Prove that lim | [x] =[a] for alla eR. Also, prove that lim [x] =0. 


<-> a" x-—>1" 


17. Showthat lm —- # lim —. 
peso [x] payiot [x] 


18. Find lim -Isitequalto lim —. 
x— 37 ta ] x37 [x] 


19. Find lim _ [x]. 
x—-—5/2 


yo Ke es 


x-[x] , x<2 
20. Evaluate lim f(x) (if it exists), where f(x) = 4 
x—>2 Ox=5 , x>2 


21. Show that lim sin © does not exist. 
x—-0 x 





k cosx 
, where x Fue 


22. Let f(x) =, ™—2x 2 and oe pny a) -f(z ), find the value of k. 
3 ,Wwherex# 5 


ANSWERS 
Qk=5 7, 4 8. 3, Does not exist 9. Does not exist 10. Does not exist 
11. 0,(a—4a,) (a—a)...(a—a,) 12. © 13. (i) —© (ii) 0 (iii) © 


(iv) —oo 
(v) co (vi) oo (vii) —o (viii) -—«% (ix) (x) 00 (xi) — oo 
15. (i) Does not exist (ii) 2 (iii) Does not exist 
18. 1, No 19. -3 20. 1 22. k=6 
HINTS TO NCERT & SELECTED PROBLEMS 
ielimbe a= lim oe se—1and) ~ lim. === eal 
x>0-|*| x 50- -x x-0t |X| xs0t x 
lim =a ~ 
x>071%] x sot | 
Hence, lim sik does not exist. 
x—>0|x| 
3. We have, 
1 
_lim_f(2) = Jim f(0—W) = im are and, lim, f2)= lim, f(0+ 1) = lim, 2 =e 


ate lim f(x) # lim f(x).Hence, lim, f (x) does not exist. 
x—07 x or x—> 
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8. We have, 
2x+3, x<0 
FO =4 5041) x20 


lim f(x)= lim (2x+3)= =2x0+3=3 
—>0- 


x0 x—= 


and, lim, f(s) =_ lim, 3(x+1)=3(0+1)=3 


Bee) x07 
So, Nie f(x) exists and is equal to 3. 
x— 


lim f(x)= lim 2x+3=2x1+3=5 


x—>1 x1 


lim f(x) = lim. 3(x+1) =3(1+1) =6. 
x—>1* x—1* 


lim_ hae oat f(x) 


x-—1 


Hence, lim f(x) does not exist. 
x1 


9. We have, 
2 
x--1, xsl 
lim f(x)= lim, x2 -1=17-1=0 and, ale f(x) = lim -x?-1=-1-1=-2 
x71 x—1 x— 17 


lim f(x) # lim, f(®). 


x31 x- Jor 


Hence, lim f(x) does not exist. 
x1 


10. We have, 
| x] x #0 
f(x)=5 x 
0, x*x=0 
lim f(x)= lim tien eS ie =* ~-1and, lim Higa es tim /2l= im Aoi. 
x07 x30 * saan x x— ot aan x x0 % 


lim f(x) # lim f(x). 
x—0 x—0 


Hence, lim (x) does not exist. 
x—0 


11. We have, 
f(x) =(x — a) (x — Aap) ...(x — My) 





| 
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lim f(x) = lim f(a,;—) = lim) —h (a, —h—ay) (a, —h -a3) ...(a, —h—4ay) 
x aT x—0 x—0 


= 0) (a, —fy) (a, —f3) cose (ay — fy) =0 
lim f(x) = lim (a, +ht—a)) (a, +h —ap) (a, + hh —ag) ...(a, +h — a) 
x—> ay x0 ; 


= lim h(a, +h—apg) (a, +h—-az) ...(a, +h—-a,) 
x—0 


= 0 (a; —ap) (a, —43) ...(a, —4,) =0 
lim f(x)= lim f(x) =0. 
Xa] x —> ay 


Hence, lim f(x) =0. 
Xx Ay 


For any @ # 44, Ap, ...My- 
eel) = ne (x —@) (X —Ap) (X—A3) ...(X —@,) =(A—Ay) (A—Ag) (A— 3) ...( — A) 
1 1 1 
— = lim ——— = lim _ —= 
12. xoit X-1 A>O1+h-1 hoo h 
14. We have, 
lim f(x)= lim f(0-h)= lim e!/" =0 
x07 h—-0 h-—0 


oO, 


© . at 1 
and, lim f(x) = lim f(0+h) = lim e~ /" = lim ——=0 
x—0t I) ar h—0 h>0 eh 


21. We have, 


lim f(x) = lim f(0 —h) = lim sin( =) =— lim ain 
x0 h—0 1— 


h-0 —h h—>0 h 


= lim f(x) =—(An oscillating number which oscillates between —1 and 1). 
x—->07 


So, lim f(x) does not exist. Similarly, lim (x) does not exist. 
x—> 07 x—0* 


29.3 DIFFERENCE BETWEEN THE VALUE OF A FUNCTION AT A POINT AND THE 
LIMIT AT THAT POINT 
Let f (x) be a function ahd let a be a point. Then, we have the following possibilities: 
(i) lim f(x) exists but f(a) (the value of f(x) at x =a) does not exist: 
xa 


2 — 
Consider the function f(z) defined by f(x) =~ =. 


Clearly, this function is not defined at x = 3 i.e. f(3) does not exist, because it attains the 
form”. But, itcanbeeasilyseenthat lim (x)= lim, f(x)=6.So, lim_ f(x) exists. 
0 x 337 x— 3t x33 





Thus, the lim, f(x) exists but f (3) does not exist. 
x 
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(ii) The value f(a) exists but ts f(x) does not exist: 
In example 4 on page 29.6, we have seen that fasts f(x) does not exist but f(k) = k exists. 
(iii) J f(x) and f(a) both exist but are unequal: 
Consider the function f (x) defined by 


x74, x#2 


F(x) > x—-2 
3 





7 oe 


It can be easily seen that lim f(x)=4= lim f(x). 
x +2 x =>2" 


So, Hey. f(x) exists and is equal to 4. Also, the value f (2) exists and is equal to 3. 
x¥— 
Thus, ey f(x) and f(2) both exist but are unequal. 
x— 
(iv) lim f(x) and f(a) both exist and are equal 
x—a 


Consider the function f(x) defined by 
4  , xe? 


f(x) = x—2 
+ 


Pie ei — 9 
For this function, it can be easily seen that a f(x) and f(2) both exist and are equal to 4. 
x— 


29.4 THE ALGEBRA OF LIMITS 


Let fand g be two real functions with common domain D. In the chapter on functions, we have 
defined four new function f + g, fe, f/g on domain D by setting 


(f = 3)(x) = fx) +g (>), 
(fg) (x) = F(x) g(x) 
(f/g) (x) = f(x)/g (x), if g(x) #0 for any x €D. 
Following are some results concerning the limits of these functions. 


Let lim f(x)=land lim g(x) =m. 
x— a x— a 

If / and m exist, then 

(i) lim (f +g)(x)= lim f(x)+ lim g(x)=lim 
x—-a x—-a x-a 

(ii) lim (fg)(x)= lim f(x): lim g(x)=lm 
x—a x—-a x—-a 


lim f(x) 


x—-a 


7 oe If x adh : 
(iii) im (£) (x) “im 3) pn provided m # 0 
x 
(iv) lim k f(x)=k lim f(x), where kis constant 
x—-a xa 


(v) lim | f(x)|=| lim f(x)| =I 41 
xa x—a 
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g (x) 
(vi) oe [rook = |™ 


(vii) If f(x) < g(x) for every x in the deleted neighbourhood of a, then lim f(x) < lim 9(x) 
v-a x—-a 


(viii) If f(x) <9 (x) s/h (x) for every x in the deleted neighbourhood of a and 
lim f(x)=/ = lim h(x), then lim g(x) =. 
x—a *—-a x¥—- a 


This result is often stated as Sandwich Theorem. 
(ix) If lim f(x) = +eor—o, then lim —_<=0. 
xa x—>a f(x) 
29.5 INDETERMINATE FORMS AND EVALUATION OF LIMITS 
Uptill now we have been discussing left hand and right hand limits and the existence of limits. 


In what follows, we will be assuming that the limit of a function at a given point exists. In the 
previous section, we have stated that 


lim f(x) 
fr 2 = _* | provided that lim g(x) ¥ 0. 
xa Q(x) lim 2 (x) x—-a 
a2 a 





An interesting situation now arises. If lim f(x) = lim g(x) = 0,then lim f(x) takes 
xa x—a x—>a Q(x) 


the form rt which is undefined or meaningless. But, this does not imply that lim co is 
x2 a g(x 

meaningless or it does not exist. In fact, in many cases this limit exists and has a finite value. The 

determination of limit in such a case is traditionally referred to as the evaluation of the 


indeterminate form F , though literally speaking nothing is indeterminate involved here. 

Sometimes - is referred to as undetermined form or illusory form. In addition to , there are six 

other indeterminate forms, namely, = 0x 0, 0-00, 09, «0? and 1°. Among all these seven 
co 


indeterminate forms F is the fundamental one because all the remaining six forms can easily be 


reduced to this form. In this chaptet, we shall study how to evaluate a limit which belongs to one 
of following in determinate forms: 


—, 0x wand o-oo, 


To facilitate the job of evaluation of limits we categorize problems on limits in the following 
categories: 
(i) Algebraic Limits. (ii) Non-algebraic Limits. 

If a problem on limits does not involve trigonometric, inverse trigonometric, exponential and 
logarithmic function, then it is a problem on algebraic limits, otherwise, it is a problem on 
non-algebraic limits. 
For example, 

= gy tin, SEEERAE ay tin, 2-2 


@) lim x- x32 x-2 
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2 
ty) Jt eile 


5 etc. are problems on algebraic limits. 
cee OO 2 ES 


Following are some examples of non-algebraic limits: 
Re a, get aan | 4 3 sin™ | 2x * sin x — cos x 
(i) lim ——— (ii) lim —— iii) lim = ————— 
x > 0 x x > 0 sin x x—n/4 4x-Tk 
9* Ese 3* 





(iv) lim 
x — 0 
29.6 EVALUATION OF ALGEBRAIC LIMITS 


In order to evaluate algebraic limits we have the following methods. 
(i) Direct substitution method. 
(ii) Factorisation method. 
(iii) Rationalisation method. 
(iv) By using some standard limits. 
(v) Method of evaluation of algebraic limits at infinity. 


We shall now discuss these methods with suitable illustrations in the following sub- sections. 
29.6.1 DIRECT SUBSTITUTION METHOD 
Consider the following limits: 


ee ee. ee @ (x) 
lim f (: lim —— 
) x= oi (2) (it) x—a W(X) 


If f (a) and a exist and are fixed real numbers, then we say that 
w(a 


3 < (x) _ (a) 
cae PACD) fal) ine ay w (a) 7 w (a) 


In other words, if the direct substitution of the point, to which the variable tends to, we obtain a 
fixed real number, then the number obtained is the limit of the function. In fact, if the point to 
which the variable tends to is a point in the domain of the function, then the value of the function 
at that point is its limit. 


Following examples will illustrate the above method. 


ILLUSTRATIVE EXAMPLES 
LEVEL-1 


EXAMPLEX Evaluate : ant 3x7 +4x +5. 
x=—> 


SOLUTION lim 3x2 + 4x+5=3(1)7 + 4(1) +5 =12. 
x= 


x? —4 
EXAMPLE 2” Evaluate: lim 
x32 x+3 





SOLUTION Using direct substitution method, we obtain 





x92 X+3 2+3 =5 
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1+x + 1 —Xx 
ER MELE? Evaluate lim vi+x+yl-x 
x—0 1+Xx 


SOLUTION Using direct substitution method, we obtain 


yl+x+Jl-x _yl+0+ 1-0 A 























pin 1+x 1+0 Bij 
EXERCISE 29.2 
LEVEL-1 
Evaluate the following limits: 
2 2 f2x+3 
1 set ees get YH? 
\ ea x+1 x—0 x2 +4 3x +2 “x93 X+3 
lim J +8 ; +(x —=1)7 
4 lim s 5. lim 22 +44 6 lin See 
x—1 ix € x 5a X+A x-—1 1 + x 
x2/3 _9 
7 lim —— 8. lim 9 9. lim (3-2) 
x—-0 x-—27 x—0 x—2 
3a, . 
10. lim (ax? +2) iit, ivy 2a eb 
x—>-1 x—1 x-1 x390 x+3 
13. ie oe ise ee a 
x33 xX+2 x30 cx+d 
ANSWERS 
11 2. 2 ghsuak iovaies SREEMNG: <7 Bs > B19 
D Va 2 3 
9.1 10. 6 nu.—2 wi 13. 0 wu 2 
2 3 d 
29.6.2 FACTORIZATION METHOD 
Consider the limit: lim f (x) (x) 
xa g(x) 
re pel: (x) 0 
If by substituting x = g(x) , reduces to the form — 07 , then (x —a) is a factor of f (x) and g (x) 


both. So, we first factorize f (x) and g (x) and then cancel out the common factor to evaluate the 
limit. 

Following algorithm may be used to evaluate the limit by factorization method. 

ALGORITHM 


Steal Sok, os fal) = 0 and Ij = 0 
STEPI Obtain the problem, Bay ae Fi) Ga)’ where nk f (x) an Jim g (x) } 
STEPIIT Factorize f (x) and g (x). 


STEP Cancel out the common factor(s) of f(x) and g(x). 
STEPIV Use direct substitution method to obtain the limit. 
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Some useful results to remember: 
(i) a#-b2 = (a—b) (a + Db) 
(iii) a3 + b3 = (a + b) (a2 —ab + b?) 
(v) If f(a) =0, then x —a@ is a factor of f(x). 
Following examples illustrate the above algorithm. 


ILLUSTRATIVE EXAMPLES 


2 
—5x + 
EXAMPLE1_ Evaluate: lim Br 
i x—2 x? —4 


(ii) a3 — b3 = (a—b) (a2 + ab + b?) 
(iv) a1—b' = (a2—b?) (a2 + b?) = (a +b) (a—b) (a2 + b?) 





x* —5x +6 


SOLUTION When x = 2 the expression 5 assumes the indeterminate form 7 
x 


Therefore, (x — 2) is a common factor in numerator and denominator. Factorising the numerator 


x7 —5x +6 
x2 x2 —4 
eee )28) tke es 


and denominator, we obtain 
{form 4 


= km —_— = 
x-32(x+2)(x-2) x-32xX4+2 242 4 


Bix 
EXAMPLE 2. Evaluate: lim Z a 
Pe x31 x-1 











3 





SOLUTION When x = 1 the expression 


7 assumes the indeterminate form 7+: Therefore, 


(x-1) is a common factor in numerator and denominator. Factorising the numerator and 


x? —1 
x31 x-1 


F. a. 
= fim SIVEHAFD _ tim x2 ex ed = 124141 = 93. 


denominator, we obtain 
{form 4 





x1 (x -1) x1 
vee 
EXAMPLE3 Evaluate: lim 2 ea 
x32 x* —8x~ +16 
Slitias?2 
x Sirastee assumes the indeterminate form = 


SOLUTION When x = 2, the expression —7—3—_ 
x~ —8x° +16 


Therefore, (x — 2) is a factor common to numerator and denominator. Factorising the numerator 
and denominator, we obtain : 
x? — 3x7 +4 
x32 x4 8x7 +16 
E: (x — 2) (x2 —x —2) 
x—>2 (x? — 4) 
(x — 2) (x —2) (x +1) : Met ee >. 
= lim 7) = a =— 
x2 9 (x—2)2 (x42) = X72 (x42) (242) 10 











Wee 
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1S ae ey ee 
EXAMPLE4 Evaluate: lim eo 
x—>2 x* —6x +8 
x? ~ 6x2 +11x-6 


aero 0 
SOLUTION When: + = 2, the expression assumes the form a Therefore, 


x7 -6x +8 


(x —2) is a factor common to numerator and denominator. Factorising the numerator and 
denominator, we get 


x? — 6x? +11x-—6 


x—>2 x7 —6x+8 
ere 2) (8), HDG -3) _ 2-)C-9 1 
x2 (x — 2) (x -—4) Lind 2 (x —4) (2 —4) 2 


8x2 —1 
EXAMPLES Evaluate: lim ee 
x—1/2 16x* -1 
x3 - 


SOLUTION When x =1/2, the expression iain 


1 
assumes the form v. Therefore, (x - 5] or, 
16x* 0 2 


2x —1 is a factor common to numerator and denominator. Factorising the numerator and 
denominator, we obtain 


8x? -1 (3 
BS eae — rorm 
x—1/2  16x*-1 0 
x (2x)? -13 
x—>1/2 (4x)? -12 
x 2 
zt (2x —1) (4x* + 2x +1) ( form 
x1/2 (4x* +1) (4x? -1) Y 


(2x -1) (4x7 +2x4+1) _ es 4x7 +2x+1 


— 
— ———— a SS SS 


3 
x31/2 (4x2 41)(2x—-1)(2x41) x91/2 (4x241)(2x4+1) 4 


EXAMPLE6 Evaluate: lim 25+} 
x-1({1-x x-1 


SOLUTION We have, : 
ih (25+-4]- “— | ae 
x-1\(1-x x-1 x-1(1-x 1-x 


2 
When x = 1, the expression 
af 1—x* di-x 











assumes the form o-oo. So, we need some 


simplification to express it in the form 7 Taking LCM, we get 


lim Diicacatik (co —co form) 
x>1{1—-x2 1-x 
. 2—-(1+%) (3 
= lim ——— — form 
x31 1- x7 0 
1-x 


— co =— 





Nir 


X911-x2 x3114+% 


Tits S sw 


. ion 


. rw’ w Te ee Ts Corer 


— 
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EXAMPLE7 Evaluate: lim ais e } 
x 





x—1 +x-2 x? -1 





SOLUTION When x = 1, the expression —————— — assumes the indeterminate form 
x7 4x-2 x? -1 


2 — 0.50, we need simplification to reduce the expression in the indeterminate form ~ 


tig || a (co — oo form) 
X>1\x°+x-2 x°-1 
Elim 1 = — (co — co form) 
x—1](x+2)(x-1) (x-1)(x +x+1) 
2 — 
Pn 4 ma) (5 form | 
x—>1 | (x + 2) (x —1) (x* +x+1) 0 
u —(x—-T) peta —1 geod 
x—>1(x+2)(x—1)(x7+x41) x91(x+2)(x7+x4+1) 9 
4 —_— 
EXAMPLE8 Evaluate: lim — [NCERT EXEMPLAR] 
x>V2 x*+3x/2-8 
4 — 
SOLUTION When x =~/2, the expression ee assumes the indeterminate form ws SO, 
x“ + 3x/2-8 0 
(x -/2) is a factor of numerator and denominator. Factorising the numerator and denominator, 
we get 
+ 
lim qa eete {form 4 
x>V2 x~+3x/2-8 0 
2 .2 
= pics) (Komi {form 4 
x J2 (x +42) (x -V2) 0 
2 
Ae (x —-/2) (x + 2) (x7 + 2) (form 2) 
x J2  (x+4J2)(x—-~2) 0 


Pessoa) 5/2 S 
2) wpyls 
EXAMPLE9 Evaluate: lim ese 
4 (x~ —8x* + 16x) 
(x? —x —12)18 


SOLUTION When x = 4, the expression —3 > assumes the form 0 So, (x-4)isa 
(x? — 8x“ + 16x) 0 
common factor in numerator and denominator. Factorising the numerator and denominator, we 
get 
(x? —x -12)38 
x—>4 (x3 — 8x? + 16x)? 


(x-4) (z+ 3F% _ 5 [@-4 (e+ 9" 


x4 [x(x2-8x+16)]? x4 x? (x —4)38 
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eee ee) aae)e 78 


eh x? (x-4 4)18 x—4 x? 4? 


3 7.2 cS 
EXAMPLE10 Evaluate: lim fats 
X33 x* —5x° + 27x -—27 


3 _7 42 + 15x -—9 
= ~5x°9 + 27x -27 


factor of numerator and denominator. Factorising the numerator and denominator, we get 
x? —7x? +15x —9 
Sn form 
x3 x4 —5x9 +27x-27 
(x — 3) (x? -— 4x + 3) 
x3 (x—3)(x? —2x7 —6x +9) 


( 
x? —4x +3 ( 
( 


SOLUTION When x =3, the expression assumes the form ~ So, (x —3)isa 


= ——— form 
x33 x9 —2x7 6x49 

E (x — 3) (x -1) farm 
x3 (x-3)(x7+x-3) 


oii. x-1 = 3-1 _2 
x33 x74x-3 94+3-3 9 
EXAMPLE 11 Evaluate: 
x? — 3x8 + x6 9x4 — 4x? ~16x + 84 


x— J2 © — 3x4 ~4x%4+12 


9 8 6 4 2 
- —9x* —4x* -—16x + 
SOLUTION When x = 2, the expression pus 2K 5 ieee estan a LOX ELSE assume the 


x” — 3x4 —4x +12 
form=. Therefore, (x — 2) is a factor of numerator and denominator. But, irrational roots occur 


in spans: So, (x + 2) will also be a factor of both numerator and denominator, consequently, 
(x? —2) will be a common factor of numerator and denominator, Dividing numerator and 
denominator by (x? — 2), we get 


: x? — 3x84 x6 9x4 _ 4,2 —16x + 84 
lim SS oor 
x > 42 x — 3x4 —4x4+12 
= tim _ =?) = 3x8 + 2° ~5x4 + x9 ~ 19x? + 8x - 42) 
x > V2 (x? — 2) (x3 — 3x2 + 2x -6) 
x’ —3x® + 22° —5x4 4 4x3 ~ 1972 4. gy 49 
eae te ameter etude, LOX: +18 X'—~ 42 
x2 x? — 3x2 + 2x-6 


_ 842 - 24 + 8/2 —-20 + 8/2 —- 38+ 8/2 — 42 _ 8/2 —31 
2/2 -6+ 2/2 -6 Se FT ae 


- ee ee ll a ee ee 


oes | | 


UMITS 
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= EXERCISE 29.3 
LEVEL-1 
Evaluate the following limits: 
2 x? 2 
Mine — 2 im Se 
x35 x+5 x33 x7-2x-3 
4 4 
3. lim bee 8) 4. lim : 
x33 72-9 x—>2 aa 
At, 8x2 +1 x? -7x+12 
5. lim 6 lim ——— 
x->-1/2 2x+1 x—4 x? —-3x-4 
A Mics 
vane ae 8. lim ———— eee 
ry? x=—2 x25 x7-6x4+5 
3 a) ae 
Oe ei 10. ee 
r3>=-1 X+1 x75 x” —-7x+10 
x7 -2 x7 —3 
11. lim =r 12. =>: ER 
xo V2 x74/2x-4 Bara x? + 3/3 x-12 
x* -~9 


3. oe 
Bee x? 4 4/3x-15 

15. lim = = 
x>1\(x*+x-2 x--l 

iit | 
x92|x-2 x2 —2x 


2 
x“ -—16 
19. lim 
xo4 vx -—2 

















x4 ~ 3x3 +2 
x91 x2 —5x7 4 3x41 


1-4 V3 
hin 
eae 


3 2 
99. lim x ae +4x+12 
x9-2 x° —3x+2 





ia en [5° 4 
x3>2|(x-2 x“-2x 
16. im( + - 2] 
XORAX-3 x*-4x+3 


4x-1 
" yo 1/4 2x1 





2.2 
20. lim tone 


x—0 x 
22. lim 5- x 
x33 |(x-3 - x“ —3x 


24. in (x 2-9 (= es 











x? + 3x2 —9x-2 


26. lim 5 
x—>2 x~ —x-6 


x? —x-6 
28. 9. (Rao teen 
x23 x° —3x°+x-3 


x3 + 3x7 —6x+2 


30. — 
x—1 x? + 3x2 —3x—-1 
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MATHEMATICS-xI 
Sieelin! 4 =a ~ i awe [NCERT EXEMPLAR] 
X22 |X-2 x%-—3x~+2x 
2 
4 -1+J/x—1 
a), hy ea ee 
x1 [2 | 
33. lim —— ——— [NCERT] 
x>1 1x°-x x” —3x*+2x 
7 — 
34. lim ee. [NCERT EXEMPLAR] 
x1 x° —3x~ +2 
ANSWERS 
1-11 22 3. 18 4. 3 5.3 6, + 7. 32 at 
2 5 4 
9. 3 02 ut w2 13. 2 14. 2 15. -—- 46,2 
3 5 9 2 
1 1 1 
17,=- 18.2 19.32 20.22 2101 pose = 9g) & 24. 6 
2 3 2 
5 15 1 1 4 1 1 J2 +1 
25. EL. ip. = 98.2. 99, = S0e= *. 161.. Sb 92: 
4 11 2 2 3 2 2 2 
33. 2 34, 1 





HINTS TO NCERT & SELECTED PROBLEM 





: —2 1 
33. lim ( x =a) 
x1 x7 —x x? ~ 3x? +2x 


i i a 
x—1|x(x-1) x(x-1)(x-2) 


x Gre a @aaea) . x-3 tes, 
x—>1 x(x-1)(x-—2) x—31x(x-1)(x-2) x—31x(x-2) -1 





34. lim x7 -23° +1 Een (x -1) (x° +2° — x4 —x3 — x2 —x-1) 


x1 x 3x2 4.9 x—>1 (x-1) (x? —2x—2) 


— (x9 +2 —x* —x3 —x7 -x-1) =o 


2 =1 
x—1 x“ -—2x-2 —3 


29.6.3 RATIONALISATION METHOD 


This is particularly used when either the numerator or denominator or both involve expression 


consisting of square roots and substituting the value of x the rational expression takes the form 
0 © 

TIE etc. 
0 © 


Following examples illustrate the procedure. 


UMITS 29.25 


ILLUSTRATIVE EXAMPLES 


2+x-—-wv2 
EXAMPLE1/ Evaluate: lim 2 +x ~V2, 
x-0 x € 





; J2 x —- V2 
SOLUTION When x = 0, the expression — tty takes the form ~ 
x 


Rationalising the numerator, we get 


_ s2+x—-V2 (,/2 + x —V2) (,/2 + x + ¥2) °) 
] Vise ee lin ON eee ue 
50 x et x (,/2 + x + V2) [form 5 
s, ye aC ee) (form =) 
a ge Sees 0 


] 
x0 Fr” D5h98 


eres = 


x 0 
SOLUTION When x = 0, the expression ___* ___ takes the form —. 
P ja+x—fa-x 0 


= lim 





EXAMPLE 2, Evaluate: east 


Rationalising the denominator, we ea, 


in x x (a+ x + ya—X) x + Ja- —x) ( 4 
x50 ja+x—Jja—-x ne (Ja+x —.fa—x) x) “(Ja+x +Ja—x) x) 
= x (Ja +x+ a - x) {form 4 


eee (a+x—-—a+txX) 


sage (Va+x+Ja-x) _ 2VJa isl 


x0 2 2 


2 zd 2S eee: 
Va +x —.Ja* —x 
EXAMPLE Evaluate: noe V 
x—= x 


: az + x? anlar xt 
SOLUTION When x = 0, the expression 5 
x 








takes the form =. 


Rationalising the numerator, we get 


lim Vaz +x2 —Var Arey, fin VE HX Vat" =x") +X pate meine 2) (va? +x” 2 vat —X > (form rm © 
x0 x2 x ar x? (v a2 +X IN a 0 
a? +x? —a* +x? ( J 


lim. 
x0 x2 (fa? +x? + a? — x?) 

lim 2 = z ae 
x0 (a2 + x7 + a? —x?) Va? + Ee a 


2 
x- —16 
EXAMPLE 4” Evaluate: im ———=— 
‘i ee \x2 +9 -5 
2 


x~ —16 
SOLUTION When x = 4, the expression ——> 
x° +9-5 


assumes the form 0. 
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Rationalising the denominator, we get 


2 
; x“ —16 lim mes = 16) (yx x? asd ( | 
lim ————— = form — 
x4 Iy2 49-5 rd (x? +9—-5) (x? +9 +5) 
= lim Eve +)+5) [form ;] 
x —>4 (x* + 9 — 25) 0 
- lim ( x” +9 +5) -(vi6+9 +5)=54+5 =10 
x— 
peetesrbuliate, lim Leet —Vo*, [NCERT EXEMPLAR] 
xa {3a + x —2Vx 
a+ 2x -V3x + 2x —V3x 
SOLUTION When x = 4, the expression ~————__= = assumes the form Ma 
J3a+x- i 0 


Rationalising the numerator, we get 


2 Jat 2x —V3x _ ae (fa + 2x —V/3x) (fa + 2x + V3x) ( {3a + x + 2Vx) (form m2) 

x—a 3a +x —2Vx x—a (3a + x —2Vx) (,[3a + x + 2Vx) (fa + 2x (Ja + 2x +J3x) 
(a+2x—3x) (f3a+x+2Vx 

x>-a (3a+x-4x) (fa + 2x + /3x) 








Be J3a+x+2Vx [form 5] 
‘asea 2 Jara + V3} 
a (3a+a+2 a ee Ane poe 2 
z 3 (,/a + 2a + J3a) 713. 2V32 ° 373 
3-—/j5+%Xx 
EXAMPL Evaluate: lim ————. 
(0) SIE ie Ee ae 
SOLUTION When x =4, the expression VES assumes the form w : 
1-./5-x 
; Rationalising the numerator and denominator, we get 
| TES 3-—/5+x x fae Co —5+x)(3+/5 +x) (+ 5-*) — x) (orm *) 
| x341-5—x Sa (1 —- —,/5 - x) (1+ /5- x) (3+ /5+x) 0 
2 _ (9-5—x) 5-x ( | 
= lim ———_} —*—— form — 
x—>4 nase m0 
eee 4) (1+ 5 - — x) (form =) 
a (x - —4) (3+ 5+ x) 0 
rr —(1 + /5 —x) _ —(1 +1) os 
x4 (3 +./5 + x) (3 + 3) 3 
a 
EXAMPLE7 Evaluate: lim os id [NCERT EXEMPLAR] 
x—>2 Jax—-2—Jx+2 


x7 —4 0 
Wh = 2, th io = 
SOLUTION en x e expression ape Tea assumes the form 0 


Rationalising the denominator, we get 





LIMITS 29.27 





x? -—4 sedi (x — 2) (x + 2) (,{3x —2 + x + 2) (form 2) 
3x-2 iax—2 —|x42 - eee ( [3x —2 — fx + 2) (3x -2 + yx +2) 0 
a (x- 2) (x + 2) (,{3x - —2+Jx+ 2) (form ©) 
x—>2 (3x -2-—x-2) 0 
3, ‘lien (x — 2) (x + 2) {3x - 2+.Jx+ 2) (form £) 
x—>2 2 (x —2) 0 
co eee ¥3x-2+jx+2) _ (2+2)(2+2) _ 
x2 2 ee 
EXAMPLE 8, Evaluate: lim (2x = 3) (Vx =) 
G x1 2x77 +x-3 
SOLUTION When x = 1, the expression 8) AN takes the form w 
2x +x-3 
aa (/x —1) in the numerator, we get 
4, (2x - 3) (Vx -1) ? (2x — 3) (Wx -1) (Vx +1) (s o) 
a = lim el) orm 
ay 2x2 +4x-3 x31 (Wx +1) (2x + 3) (x-1) 0 
= _. 2x-3) =r (form ©) 
x—>1(Vx +1) (2x + 3) (x-1) 0 
2x —3 mae il 
= ant Ge +) Oat Sy) eo 
J7 —2x -(v5 - V2) 





EXAMPLE9 Evaluate: li 
x 5/10 x? —10 


SOLUTION We have, 


J7 —2x -(W5 - V2) 


x10 x2 -10 


fv 2x — (v5 — V2) 0 
srg 3 -10 (form 


i a, 7 =28 = -2 10 (sorm 2) 
~ ia x? —10 


af) B= 2 2 _ y7 2x +7 - 2 10 
x10 x? -10 "froze +7 - = 
(7 —2x) —(7 — 2410) 


ee Sl 

230 (x - = 10) (x + V0) | 72% + y7 - —2 v0 } 
—2x + 2V10 

(x —Vi0) (x + V0) { 7 =2e + y7 -2 J10 
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airy —2(x —10) 

i (2 — VIO) (2+ V0) | 7 = + 47-20 | 
= li oe eee 
=H10 (r+ ID | =e + {7-2 | 


Si e500 


—1 


10 x 2x 7 -2 J10 


=| 
~ 210 (v5 - V2) 


=9 
20 | = 2.10 + 7-20 | 
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E (v5 —/2)? =7 - 210 


_ 71, W5+V2) _ _ (v5 + V2) 
2/10 3 6/10 
EXERCISE 29.4 
LEVEL-1 
Evaluate the following limits: 
\l+x4x2 —1 : 2x 
Wy lim ————————_ Zin 
x-—0 x x—0 jat+x-—fa—x 
= lin a? + x? —a aes Jl+x—-j1—x 
x—0 x? Je x—0 2x 
3-x-1 x-3 
5. lim ———— 62 int  ————_——_—__—______- 
X32 2-x x—>3 Jx-2-J4-x 
7. lim x 8. lim yox—4 vx 
x—0 ji+x—.fl—-x x1 x-1 
9. lim = 10. lim yx+3-V6 
x—1 [x2 43-2 x33 x2 ~9 
Ag —4- a} = 
11. lim fey Sas 19: Tin See [NCERT] 
x—>1 x —] x—0 x 
2 
ql +1—- - 
13. lim yeti v5 nasi 
x—2 x-2 r3>2 V+¥x—-J/2 
ces ee ae Read 16. lim W2t*=v@ 
x—>7 1-./8-x x20 x .Ja2 + ax 
17. lim a9 18. lim para 2 
x35 J6x-5—/4x+5 x71 x°-1 
Sa ite Jl + 4x —/5 + 2x 20. lim y3+x—-j5-x 
x2 x-2 x1 x? -J 


LIMITS 29.29 


OL lim {1+ x2 —— oo in ia Lo 
x0 2x 




















x-0 
7 SAR x-a 
23. lim 24. lim ——> 
x34 4-x x>a V¥x—-Va 
25, lim ea 36. lim: Noe 
x0 x-0 a6 
27. | on BEB 68. tien, A= Na) 
mot 7 x31 3x*+3x-6 
an \itx? - i+ 2 _ A | 2 _ 
29, she bike sos [NCERT EXEMPLAR] 
eo ee? flax _ flex x>1 V¥x-1 
Jx+h —Vx 
31, lim eth=VX |g [NCERT EXEMPLAR] 
h->0 h 
LEVEL-2 
peseea WE +42) (J5 + J/2) eas {5 + 2x —(V3 + V2) 
OG x2 —10 x36 x2 —6 
a pe pee? 2) —(/2 +1) 
aun x2 -2 
ANSWERS 
(eemeovo<G igs. a= 5,2 6.1 7.1 8. 2 
2 2a 2 2 
1 1 2 1 
9, 2 10s ees ee 13: 44eo-/o> Ihe a 
12/6 2 V5 2QaVa 
17.5 18, 2 19.4 2,4 21. 0 22. 1 23, 1 24. 2Va 
3 3 4 4 4 
1 1 1 1 (V5 —V/2) 
Pregee 96022 97. oS * ORs ==. p94 30. 3 31. 32. 
/2 4 18 2 Nx 6/10 
33, V3 -42 34. v2 -1 
2V6 9219, 
HINTS TO NCERT & SELECTED PROBLEM 
» lim -vi+%-1 _ lim vite) shi V1+x+1 = ee te ee me 
" x0 x aan *Viexel 2500xGHaseel exes0 ees ie 2 
Rees _ V5 + 2x sisi — V5 + 2x —\(V3 +02)? _ /5+2x V5+2x —\5+2V6 
x6 x? —6 ecse/6 x? —6 = ee x? —6 
(V5 + 2x) -(v5+2V6) “s 2 (x-V6) 


lim 
SS S46 ( Be NB) (e+ 16) Go 5 +26) oi (x— He Ge 8) GIS he 2x +./5+ 26) 
= i Sr ET “Te ee EST 
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29.6.4 EVALUATION OF ALGEBRAIC LIMITS BY USING SOME STANDARD LIMITS 


Following theorem will be used to evaluate some algebraic limits. 











THEOREM IfneQ, then lim Seeing 1, 
x—a me 
PROOF We have, 
Pan aan 
Wats = lim : i * lim f(x) exists .. lim f(x) = lim_ f(x) 
x-a X-A ‘san «a x—a x->a x—at 


(a +h)" —a" 
h>O0 at+h-a 


eles 


h—+0 h 


—1) 2 
yg ne 1) h* 





h-+0 h 


i=? @ 


jn — 1 zt] 
a ! rae 
= @' lim La ae a 2 E (1 +x)" =1 +nx+ BOO .. 





<P tray 3 TE ne LS 
a 2! g a 


Following examples will illustrate the use of the above result in evaluating algebraic limits. 
ILLUSTRATIVE EXAMPLES 


10 _ 
EXAMPLE1 Evaluate: lim (es 
x32 x-2 


10 _ 
SOLUTION When x = 2, the expression 2s assumes the form - 
x —_ 
10 _ 10 _ 510 
Now, lim Ronco Us = li ameies.. = 10(22° > 1) = 5120 
x32 x-2 x32 x-2 
10 _ 
EXAMPLE2 Evaluate: lim a OS 
x>2 x° —32 
x10 _ 1024 0 
SOLUTION When x = 2, the expression es assume s the indeterminate form 0: 
10 _ 
Now, lim pire en Oe {form 
x>2 x° —32 
10 __ 510 
= “lim x2 (form 
x32 7-2 


o 
0 
9 
0 


ee eee ee ae 


LIMITS 





x10 _ 910 
oS . 10 _ 10 _2 
ihn ee z a 10-210-1 
r>2 »y-2? x—2 x—-2 x32 x-2 
x-2 
3/2 _ 
EXAMPLE3 Evaluate: lim ae 2g 
x—9 x-9 
3/2 


0 
SOLUTION When x = 9, the expression assumes the form 0 
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1 2 Oh man 


=3 (22/ 3) 


f- x30 > yo 


Now, ee tie 2 ee Be 
x-9 x-9 beste x-9 a | ) 2 | ) 2: 
EXAMPLE4 Evaluate: lim x Vx -ava 
x-a xXx-—-Aa 
SOLUTION We have, 
3/2. =c72 
lim x Vx - xvx-ava_ 5 x a _ 3 23/241 2 Sig 
xa x-a x—a x-a 2 2 
nm 
EXAMPLES Evaluate: lim alles 
x>a x'—a' 
SOLUTION We have, 
n n nom S. xm a" a vt — i! 
im 2 8 tim ila S| ry - 
you v'-q' = x-a x-a_ x!" xa x- xa x-a 
m_ p,m pr 
= a + lim xi n@ = m@™-) + na’ 
x*—a X—A x=>a X-—a 
x—2 
EXAMPLE6 Evaluate: i aa 
2 Wx 92 
SOLUTION We have, 
lim x—-2 E- 1 s 1 ic 1 
x->2 x3 _9V/3 x3 _9V/5 t(ave-t) Ly (27 2/3) 
x~—>2 x—2 3 3 
EXAMPLE7 Evaluate: lim Whereas 
x—0 x 
SOLUTION We have, 
a 7h = ao | 
x30 x x30 (1-x)-1 
=— lim a where y = 1—<. 
y>1 y-l 
= —n(1)"~* = —n. 
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Dey Ace 5/3 
EXAMPLE8 Evaluate: lim (2 ised ui na 
x-—a x-a 


SOLUTION We have, 
Sake 5/3 
lim (x + 2) (a + 2) 
r-a x*¥-a 
Beene (a4 2)" 
x—a  (x+2)-—(a+ 2) 


‘fe y/3 _pp/3 
yb y—b 


, Wherex+2 = y and a+2 = b. 


= 2 P/3-1 _ 2 42/3 _ 5 94 22/3 
3 3 3 





























4 3 13 
EXAMPLES Find the valueofk,if lim <1 = lim *—*_. [NCERT EXEMPLAR] 
x71 x-1 x —k x2 —k? 
SOLUTION We have, 
At = 4054 
ee ime (hot aa 
x71 x-1 x71 X- 
33 8! pS “i Bi 8 = 30 2 
and, ea en OK a Rie : 
x—>k x2 — 2 xk x-k x2 — 2 xk x-—k x—-k 
3.2023 iD ite 
= ee fag ec 
x>k <x-k xk x-k 2 
ne eal eee x =k? 
x—71x-l1 x—>k x2 — 2 
2 3 
x" —2" 
EXAMPLE10 [/f lim = 80 andneéN, find n. [NCERT EXEMPLAR] 


x32 x-2 
SOLUTION We have, 
on 
lim xt 


=§80 => n-2"-1 = 80 => n-2"7125.29-1 & n=s. 
x32 x-2 











x? +a? 
EXAMPLE11 [f lim = 9, find the real values of a. 
x—>-a x+a 
SOLUTION We have, 
ee 9 
x—>-a x+Aa 
x? —(-4)’ 9-1 3 ; 
> lim —— =9=> 9(-a)*"" =9 => 9° =9 => a =1>a=#1 


x>3-a x-—(-a@ 


LIMITS 29.33 


2 3 1 
- -+ ee a —_ ee + eee sone: 
EXAMPLE12 Evaluate: lim (x+x0 4x5 +... 42) -0 
x—1 x-1 


SOLUTION We have, 


2 1 
Fee e +X" +... +x) a form 4 
X= 1 ed | 0 














x—1 x-l1 

te <~1 eoae AP ST | peat 
= lim + lim + lim +...+ lim 

x91X-1 x51 x-!1 x-1<x-l1 x—-1x-l1 
=1420)7-14 303-14... em (yt 114243 4... 


EXERCISE 29.5 





Evaluate the following limits: 
lim (x+ 2)3/2 —(a+ 2)3/2 


(x + 2)°/? —(a+ 2)°/? 
































1. lim 2 
xa x-a xa x-a 
Gus Yee OY 7, 
amelie A ie 
x 0(1+ x)? -1 x-—a x-a 
/7 /7 3 
5 al Gott, ee 
xo ax2/7 _ 2/7 x7-1/2 2x+1 
7. lim (x7 * + 3) (x14 = 3) 8. lim x” - 64 
x—> 27 x —27 x4 x7-16 
15 _ 3 
I z : 10. lim xh 
x1 x19 4 x>-1x+1 
x2/3 _ 22/3 vi 3" 
lin ———~-; 12. If ee = 108, find the value of n. 
xa a x73 x-3 
9 
13. If lim ——“ =9, find all possible values of a. 
x-a X¥-€f 
14. If lim vue = 405, find all possible values of a. 
x3a X-A 
x? =a? 
15. If lim = lim (4+ 4%), find all possible values of a. 
x>a X-A x—5 
rae x* 1 
16. If lim = lim , find all possible values of a. 
x>a X-A x>-1 x-1 
: ANSWERS 
9 3/2 3 1/2 -5/7 2 3/7 
1. —(a+2 2. —(a+2 3. 3 4.—a 5.—a 
mL ) 5k ) 7 5 
Goes. 86 9, Siok - 0K 11, a 12. 4 
9 2 9 


2 
13. 1,-1 14. a=3,-3 15. 1,-1 16. Saar 





ee 
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HINTS TO SELECTED PROBLEM 








x15 115 
ey a 15-1 
9. lim *——* = tim ae 
x31 7'%-]1 x—> 1x° -1* TO) ae 2 
x-1 


29.6.5 METHOD OF EVALUATION OF ALGEBRAIC LIMITS AT INFINITY 
Consider the functions f (x) = = and g(x) = at Graphs of these functions are shown in Figures 
x x 


29.6 and 29.7. 





Fig. 29.6 Graph of f(x) == Fig. 29.7 Graph of f(x) = 


x 
We observe from the graphs that as x increases, the values of f(x) = + and Q(x) = = decrease 
x x 


rapidly and when x is indefinitely large Hi and 2 are indefinitely small i.e. very close to zero. In 
x X 


such cases, we write 
lim a = 0 and lim a = (0 
x—>+0 X x => +0 x2 


We also observe from the graphs of these two functions that as x decreases and is very small 
negative real number, then also the values of - and —> approach to zero. So, we write 
x x 


lim ee Omand lim gh Sg) 


x—-3-0o X x > -o@ x2 


It follows from the above discussion that: 


(i) lim_ cece Gi) lim c=c 
x—>@ x—> -@ 
, - c ‘ Cc 
(ii lim — = 0,n>0 lim —_ 1 = 7 
(ne Gv): tim — i = OneN 
From the graphs of real functions, we obtain the following useful results: 
(i) lm x > +0 (ii) lim pee a 
x7>+o x-—-> —©0 
(iii) lim x* > +0 (iv) lim x7 -» +40 andsoon. 


x 2+ x > -@ 
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(v) lim e* > © or, lm e* > © 
x— @© x- -@® 
(vi) lim e*-+0O or, lim e* +0 
x—> © x-— -@® 
(vii) lim a* > 0, if|a|<1 (viii) lim aX —> 0,ifa>1 
x—> ® x—_—> 


(ix) lim loggx ~ -—® and lim log, x — «,wherea> 1 
x > 0* oR 


(x) lim | loggx—>o0 and lim  loggx > —»,if 0<a<1. 
x07 mr 


We use these results to evaluate limits at infinity. Following algorithm may be used to evaluate 
algebraic limits at infinity. 


ALGORITHM 


STEPI Write down the given expression in the form of a rational function. t.e. —— fC) PGi if it is not so. 


N 


Pil Ifk is the highest power of x in numerator and denominator both, RS divide each term in 
numerator and denominator by x". 


Cc 
STEP Use the results lim —z=Oand lim c = c, wheren>0O. 
x 3m x x3 @ 





Following examples will illustrate the above algorithm. 


ILLUSTRATIVE EXAMPLES 


2 
_ ax>+bx+e 
EXAMPLE1 Evaluate: lim —--————. 
x 0 dx“ +ex+ f 
cO oo . . 
SOLUTION Here the expression assumes the form —. We notice that the highest power of x in 
co 


both the numerator and denominator is 2. So we divide each term in both the numerator and 
denominator by xc 


| Pores 
ax? +bx +c ae sae a0 One ia 
ON. 7 ae lim =- CC 
x->0 dx + ex + f x— 0 peacee d+0+0 d 
2, Se Bs? 


5x -—6 
EXAMPLE2 Evaluate: lim ————. 
I Sd 4x? +9 
SOLUTION We have, 

Ox On sas: 5 —6/x 


oe 4x2 +9 . ee ee 
5- 


Ae + 7 
in 43 _ : —1 
EXAMPLE3 Evaluate: axt 1+ 2x 


ee —> co 4x+3 


[Dividing each term in N’ and D’ by x] 
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SOLUTION Dividing each term in the numerator and denominator by x, we get 


= oe. Pe. 
fim MOT y2x2-1 3 -a/x?@ + J2-1/x? 54 2 


x > 00 4x +3 xo 4+ 3/x i =g 
EXAMPLE4 Evaluate: lim VJx (./x +c —Jx). 
x—>@® 


SOLUTION The given expression is of the Ager «© — 00, So we first write it in the rational form 


ad 


.So that it reduces to either form or — ~ form. 
CO 


af ne 


re + | 
Vx (x +c—x) 





lim 1 Jere — « lim 


x7 © x—> © 


= lim 

x —> © X+C + Vx 
= in eee [form =| 

x30 Jx+c+VJXx 20 
~ Uh ee [Diving N’ and D’ by Vx] 

x—> Cc 

1+—+1 
1 x 
c c 


j1+0+1 =) 
EXAMPLES5 Evaluate: lim lim ( x” +x41 —yx? +] } 


x—-> oo 


SOLUTION Here the expression assumes the form o — 0 as x > 0. So, we first reduce it to the 


(x) 


rational form —— f 
g(x) 


ae | 2S ee roe “fp +x+1 4 {ys x41 + yi? +4} 


x2 +x+1- — x? —] 


Bae yxt4x414jx241 Beh tie +1 
2 a +x? +1 





= lim : [Dividing N’ and D’ by x] 
Roe eee te 
x x a6 
lead 
Tent = 2 


+... +N 
EXAMPLE6 Evaluate: lim Page 
n —> © n 
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SOLUTION We have, 





1 
1424+ 3+.5+0 1 n@+)) E par des, eaee , 
n— 0 n2 n—>o 2 2 2 
= Aim t(1+2) = 5 
noo 2 n 2 
EXAMPLE7 Evaluate: lim ee eee 
n+ o (n+1)!—-n! 
SOLUTION We have, 
nt es n! E ae. ae L aaen 


lim ———— = lm ——— = lim 
n> o (n+1)!—n! n os o (n+1)ni-n! n>ontl-l noon 





EXAMPLE8 Let f(x) = aL , lim f(x)=2and lim f(x) =1 prove that f(-2) = 0. 
x+1 x70 x—> 2 


SOLUTION We have, 

















ax +b b 
li yy =2 => lim — =2 > -=2>50=2 
250 fe) x>-0 x+1 1 
It is also given that hb 
a+ — 
+0 
lim f(x)=1 => lim Core — hs etn Lal => = =1=— a=1. 
x — 00 x30 X+ x 30 445 1+0 
are ax +b : 
Substituting the values of a and b in f(x) = aA we obtain 
x+2 —-2+2 
— — 1. = = 0. 
fe) x+1 Le) —-2+1 


LEVEL-2 
EXAMPLE9 Evaluate: lim (|? —-x+1+ x) p 
x 


—>-0 
SOLUTION We have, 


lim {x2 -x+1 +x] 
x- -® y— co 


II 
ees. 
<= 
+ 
<= 
+ 
— 
| 
< 
TF 
= 
> 
re) 
yn | 
@ 
< 
Il 
| 
a4 





= jm ———— 
y, 2 2 {fF +y+i+y 
ge ee ee 
Ys eae \yetytit+y 
=~ brea 
y= 
ALITER We have, 
lim |x? - 1+ )- 
x -o (vz sae - x—> 
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= lim 
r-—-> -® 


= lim 
x-—-> —-@® 


lim 
x-—- —-® 


Diving N’ and D’ by H 


= lim 
x-> -@® 


f: Vx? =|x|=-—x forx< 0 





} 


=> = 00 





- 10 , 10 : \10 
EXAMPLE10 Evaluate: lim (e+ V+ (+2) +. + (4 +100)” 
> © x10 +1019 


SOLUTION We have, 
(x + 1)10 +(x+ 210 +... +(x +100)? 





lim 
x > © x10 4.4910 
10 10 10 
(1+) +(1+2) +... +(1+ 22) 
= x 
+2) 
x 
1+1+... —ti 
2 +...+1(100 times) _ 100 _ 499 
1+0 1 


EXERCISE 29.6 








Evaluate the following limits: 


ae = 3 _4y2 = 
| 1 ii (3x —1) (4x — 2) im, ee ae + 6x -1 
| x—>o (x + 8) (x -1) x —> 0 Qx3 4 x? —5x+7 
| 5x? —6 
3. lim 4. lim x*+cx—x 
<r 9+ 4x6 i 
5. lim .fx+1—-—vx 6. lim x7 +7x—x 
jim yx+1 x—> oc 


x n? 


e i 8. lim —————_————___ 
f Bato fax? 41-1 n>o 1+2+3+...4n 
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ee 3x7) + 4x72 40. TEA x? +a7- x? +b? 
x30 5x14 6x72 "x0 | y2 + ¢7 — [2 + dz 








i +1)! 
11. lim dase pa at 12. lim x4 yx? +1 - x? —1} 
no (n+2)!—(n+1)! xo 
13. lim {fx+1-Vx} /x+2 14. tim 12 tt 
xo , ; n— ox n> 
_ 3 ao 3 
15. lim (SS tse *) 16: tna ae 
nO \N n n ee n> @ n* 
{2 29°? 4 1%? 
ili, Eyre =e a 18. lim Vx} /x+1-—Vx 
n> c (n — 1)4 a | 
19. lim Sipe A ae Spee 
no \3 32 33 gf 
4, 3 
20. lim eee ee where a is a non-zero real number. 
x—> w x" +6 
ax? +b 
21. f(x) =— , lim f(x) =1 and lim f(x) =1, then prove that f(— 2) =f (2) =1. 
x~ +1 x-0 x—> 2 


22. Show that lim ( x7 +x+1-x) + lim ( x7 +1 -x) 
72D 


x—-@ 
23. lim ( 4x" —-7xX + 2x) 





x—=—-@® 
24. lim Ca —8x + x] 
x > -0 
4 4 4 4 3 3 3 
peuiRvalvate: ‘lim Vet 2 tS tet ina UN +204.” 
n> > n— oo ir 
> ae LB 2B Sed teak ED 
n— co i 
ANSWERS 
3 5 Cc wf 1 3 
1. 12 2.— 3. — 4. — 5. 0 6. — 7 8&2 9 — 
2 P2 2 2 Je 5 
2 2 
a“ —b 1 1 1 1 1 
10. 11. 1 12- I 13. — 14. — 15. — 16.— 17. — 
; c* — d* 2 3 2 4 4 
1 1 7 1 1 
18. — 19. — 20. 1 23. — 24. 4 25. — 26. — 
2 ; 2 4 5 3 


29.7 EVALUATION OF TRIGONOMETRIC LIMITS 


In this section, we will be studying various methods of evaluating trigonometric limits. In order 
to evaluate trigonometric limits we will be using the following results which are stated and 
proved in the following theorem. 
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THEOREM | [/f angle 0 is measured in radians, then 


(i) lim sin@=0 and lim cos0=1 
8-0 0-0 





(ii) lim Su =1, where 0 is measured in radians (iii) lim a, 1 
80 98 > 
(iv) tim 220-9) _, @) tim BU Ca en 
@>a O-a aa 0-—a 
PROOF (i) Let ABC bea right angled triangle such that ZC = 5 and ZABC = 8. Then, 
A 
sin o= and, cos 0 -— 
Now, if we keep BC fixed and go on decreasing angle 0, then we find 
that A goes on coming nearer and nearer to C. 
A—>Cas68—>0 
This means thatCA — Oand BA > BC as0->0. 
=> 0 and = 1 as 8 > 0 
B C 


=> sin 8-0 and cos 8->1a5s6-—>0 Fig. 29.8 


(ii) Consider a circle of radius r. Let O be the centre of the circle such that 7 AOB = 0 where 0is 
measured in radians and it is very small. Suppose the tangent at A meets OB produced at P. 





P 
B 
a A 
Fig. 29.9 
From the figure 29.9, we have 
Area of A OAB < Area of sector OAB < Area of AOAP 
25 = OA-OB sin 0 < = (0A)? @< = OA: AP 
= 1,2sno<+ro<1/7 tno [In AOAP, AP =OA tan 6] 
2 2 2 ; 
=> sin 86 <8 <tan 0 
6 1 | : ; 
<—— *- 8 is small sin 8>0 
or. PTO cos 8 I ] 
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= 1> >cos 0 
=> 1 = lim e > lim cos9 or, lim cos@< lim sin 8 -4 
650 0 0—>0 0—+0 —> 
= 1 < lim aut 2] 
0>0 9 
= tha ee 
00 90 
(iii) We have, 
ty ae pe, SO De nee 
6>0 O 60 O cos 8 @>0 8 §—0 cos 80 


(iv) We have, 





‘in sin (0 — a) lim 22 (a+h-—a) Waineeatie sin (6 — a) aie sin (6 —a) 
0>a O8-a ho>0 (a+h-—a) 8@>a O8-a G6>at 98-a 
sin h 
= lim — = 
hoo h 
(v) We have, 
lim tan (0 —a) ee tan (a +h —a) Using lin tan (0 —a) _ lim tan (6 — a) 
0>a O-a h>0 at+h-a | 0a O-a O-xqt ~~ O-a 
tanh 
= Thin = 
hoo h 


29.7.1 EVALUATION OF TRIGONOMETRIC LIMITS WHEN THE VARIABLE TENDS TO ZERO 


Following examples will illustrate the procedure. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Evaluate the following limits: 











Wein Gy ime Gi) lim <= [NCERT] 
rey () 6 x30 2x x—>0 sin bx 
Te oe ay: = 
faye lint ae ax (v) lim sin fe 
x-0 sin* bx x—0 x 


SOLUTION (i) We have, 
sin 3x _ (s 
x>0 Xx x0 3x 
(ii) We have, 
sin 5x : (? ae 5 2... ‘Sinou. 15 
lim = x ——_|=- =— 
x70 2x x30 \2 5x 2x -0 Ox 2 














S2 
ass 





a a as ae 
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(iii) We have, 





sin ax ( =) 
: ——— |X lim | —— 
Se rst Ten ax _@x->0\ ax Sia h)> a 
x70 sinbxy x >50/sinbx), 4D .,, sin bx b(1) b 
———. |bx lim | —— 
bx x—0 bx 


(iv) We have, 








- 2 
: sin” ax : 
lim = lim 
x—0 





x0 sin? bx 














(v) We have, 


sin? 3x sin 3x. sin 3x 
5 = hy ee eee 
x-0 x x—0 x x 


lim (= =) (= =) 
x—0 ox 3x 


3 lim sin 3x |, lim Sin 3x 
x30 3x x-0 3x 











= (3)(3) = 9 


EXAMPLE2 Evaluate the following limits: 
1 —cos 2x 1 —cos 2x 


i), lim [NCERT EXEMPLAR] (ii), lim 
y, x30 x4 Yy x0 x 
Prana ee n 
(ii) lim —[** (iv) lim ——S°S 2” INCERT EXEMPLAR] 
x70 <x x—0 1—cos 2nx 


(v) lim £—S°S™* INCERT EXEMPLAR] 
x—0 1-cosnx 
SOLUTION (i) Wehave, 
2 





— cos 2x gu ye, Sin x 
im =< = lim = 
x—0 x x0 x 











2 lim = x =) = 2 lim em x tim SEZ Lama = 2. 
x 


x—0 x x x>0 Xx x—0 
(ii) We have, 
+2 
it ... £2smn~'x 
1 —cos 2x = Nim 
x—0 x x—0 x 


=2 tim, (#2 x sin x) =2f fim if Jim sin x }-200@-0 








x—-0 Xx 
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(iii) We have, 
. 1l-cosx _ 2sin2 x/2 
lim —o = lim ——_—_—_ 
x0 x x—0 x2 
. sin x/2 sin x/2 
= 2 ‘lim | ———_—_.& 
x—0 x x 
: sinx/2 1 1 sinx/2 
= 2 lim x I 
x0 x/2 2 2; U/22. 
; sin x/2 _ sin x/2_ 
= 2) tim SRA bal jie SE ee 
4\ x>0 x/2 eawO- ee, 4 2 
(iv) We have, 
1 —cos 2mx 
x—0 1-—cos 2nx 
: 2 sin? mx : sin* mx 
= lim 5 = ] 5 
x0 2sin~ nx x—0 sin“ nx 
sin mx sin mx sin 1x sin mx 
——— Xx MX —————> x mmx ”) — — 
= lim mx mx ie Frege nlite mx 
x0 | sinnx hae SIN NX n= | x30 sin "x x—-0 sSinnx 
nx nx nx nx 
sin mx t Sin MIX 
8 HM ee lim 2 2 
A x0 mx x0 mx _m (F)() _ m 
n? Hci sin nx lim Sin n> \1/)\1 n? 
x-—-0 nx x—-O nx 
(v) We have, 
’ 1 — cos mx 
im —<——_——— 
x-~0 1-—cosnx 
2 
2 sin? (=) sin 
x—0 2 sin?( 3) x0 nx 
2 
2 
wemnx 
sin "3 mx 
mx | 2 
= lim 2 = ibs = [m= | = m 
x0 .. NX n nx1 n 
sin 2 | nx 
nx 2 
2 
EXAMPLE3 Evaluate the following limits: 
eae Xx —sin x _. a  tanx-sinx 
@) lim eee ee (ii) lim ———,—— __ [NCERT EXEMPLAR] 
x-0 x x—0 sin~ x 


SOLUTION (i) We have, 
i tan x —sin x 
3 
x—0 x 





29.44 
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: sin xX —sin x cos x 
= lim a — 
tim, | x” cos x | 
; {sages} . je 1—cos x 1 
= lim =. | = lim ee 
x-0 x~ cos x x—0 x x cos x 
ey Bes 
sin 2sin 9 1 
= im. x< lim — —<} x lim 
x0 X ae x—0 cosx 
—| x4 
2 
<\2 
: sin — 
1 
= lim. seca ale lim 2 x lim 1 5 Toe (hee = — 
x>0 Xx 2 x0 x x—-0 cosx 2 1 2 
2 
(ii) We have, 
: tan x —sin x 
lim pai onl k — 
x—0 sin” x 
sinx ., 
—sin x : i 
. x _ = x 
= cos : aS sin x ( ae 
x0 sin™ x x—-0 cosx sin’ x 
: 1- : - 
= Boe ese 1 aoe 
x0 cosxsin© x x0 cosx(1—-—cos* x) 
x 1 —cos x erie 1 ae 
x0 cosx(1+cosx)(1—cosx) x+0 cosx(1+cosx) 2 
EXAMPLE4 Evaluate: lim peti 2no = Sin, 2 
x—0 x? 
SOLUTION We have, 
: tan 2x —sin 2x 
lim SS ee ( form 
x—0 x 0 
sin 2 : 
— sin 2x ; 2 
. COS 2x . Sin 2x (1 —cos 2x) ! sin 2x x 2 sin* x 
= lim <a. = eee, ae feet a a 
x—>0 a x0 x? cos 2x x—>0 x? cos 2x 





‘ tan 2x sin” x ; tan 2x \(sin x\" 
= 2. im ——— = Aim | = 2-4 
x—>0 x? dim ( 2x I 50)0) : 


EXAMPLES Evaluate the following limits: 
cos Ax —cos Bx 


G) lim ——{—— (i) lim 90 2*+8in 3X ceRT EXEMPLAR] 
x—0 x x0 2x+sin 3x 
sin 2x + sin 6x 
Gi) im ———__—_—— 


x-0 sin 5x—sin 3x 
SOLUTION (i) We have, 
cos Ax — cos Bx 
pe =o [form 4 
x->> x 0 


LIMITS as 






































= lim E cos C ~c08 D =2 sin 52 sin OE 
x— 0 x2 2 2 
sin( 477) 5 sin(2=4), | 
a= a ake oe me aay. 0 
eae Tey 2 J-[e=ay.—* 2 (form 5) 
7k Say | 
sin( 4) sin( 25“). 
B+tA B-A 2 2 
= 9 eee Sg 
( 2 JI 2 )y im, (“5 ) 6 sae (#54). 
2 2 
B2 — A2 B* — A? 
| Joo = 
2 
(ii) We have, 
lim Si 2x ust 3x {form 4 
x-0 2x+sin 3x 0 
sin 2x | sin 3x 
= lim Sa [Dividing N’ and D' by x] 
x—0 9 4 
x . 
of sin 2x) 4(sin3x) 5 yin [ 82) +3 fis (sn 5) 
ae 2x 3x _ x 0 2x x—0 3x 
ok Magy Bee 3( 23) 2+3 lim Gra 
3x x-0 3x 
2x1+3x1 Seley 1 
2+3x1 5 
(iii) We have, 
an ete 6x aa es 4x cos 2x | (form 2} 
x-0 sin 5x-—sin 3x x—-0 2sin x cos 4x 0 
. .  sin4x : 
SURE de ico Oe lim ars lim cos 2x. 
— joel a ee ae aot x—0 4x x—0 -4(22) - 4 
x0 Bee ase cos 198 fi: Ses lim cos 4x 1x1 
« x-0 X x-—0 


EXAMPLE6 Evaluate the following limits: 
() lim HY sec(® +¥) —* secX cERT EXEMPLAR] (ii) lim 5&¢4*=see2* 


bee y x0 sec 3x -—secx 
SOLUTION (i) We have, 

i (x + y) sec (x + y) —x secx (form 2) 

y—0 y 0 


= lim ~(sec (x+y) —sec x) + y sec (x+y) (fren) 
y>0 y 0 
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y sec (x + y) 


+ lim 


neha! sec (x + y) — sec ‘| 





y—>0 y y—0 y 
= lim x {sez aseee + lim sec(x + y) 
y—0 y cos X cos (x + y) y—0 : 
Sree | tim seclx+7) 
y>0 y cosxcos(x+y)} y—>0 
2sin(x+ 2) sin (¥) = 
= lim ee + lim sec (x+ y) 
y—0 2( 4) cosxcos(*+¥)| y—>0 
2 
sin (¥) : 
= lim sin (+2) lim 2) lim ee im sec (x+ y) 
y>0 2) y>0 (4) y—0O cosxcos(x+y) y—>0 
2 





= sinxx1x a + secx = x tan xX secx +secx 
cos” x 
(ii) We have, 
cos 2x — cos 4x 
sec 4x — sec 2x can cos 2x cos 4x ( an 0 
x—0O sec 3x-secx x0 | COS X—cos 3x 
cos x cos 3x 


; cos 2x—cos4x cosxcos 3x . 2sin 3x sinx cosxcos 3x 
= lim MEMS oe al lim i aS a 6 
cosx-—cos 3x cos2xcos 4x 2sin2xsinx cos2x cos 4x 


sin 3x . sin 3x 
Sap. 3x Ee cosxcos3x | _ 3x30 3x x lim £08295 3x -3(ixt)=5 
x0 sin 2% 5. cos 2x cos 4x 2 lim 52% x0 cos2xcos4x 2\1 1) 2 


2x x—-0 2x 


EXAMPLE7 Evaluate: lim SOt2* —cosec 2x 
x—0 x 


o x—0 








SOLUTION We have, 
lim cot 2x — cosec 2x 
x—-0 x 
cos 2x it 


lim sin 2x sin 2x _ lim Sea) 

x—0 x x0 Xsin 2x 
— —_— i 2 

(1 OAT) lim 2 sin* x tee tan x 

x0 <xsin 2x x0 X(2sin x cos x) x30 Xx 


: sin x —2 sin 3x + sin 5x 
EXAMPLES Evaluate: im = ——@———__->_ > 
* x—0 x 
SOLUTION We have, 
lim sin x —2 sin 3x+sin5x _ lim (sin x —sin 3x) + (sin 5x —sin 3x) 
i ers tn cael ee a Na eae 
x—0 x x—0 











[NCERT EXEMPLAR] 


a 
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_ —2sin x cos 2x +2 sin x cos 4x ; 2 sin x (cos 4x — cos 2x) 
in eee 
x-0 x x—0 x 





2 lim (= = lim (cos 4x —cos 2x) = 2x1x0 = 0 
x x—0 


x-—0 


sin x—2 sin 3X+Ssin 5x 
































ALITER lim 

x—0 
ic :. 2(== **) [= ==) 

= lim + 

x—0 2 6 x 

= ae x > lim sin 3X din sin 5x 

x90 X x—0 x x—0 x 

— tim 8% _9%3( im 2 3™ l45 im MO |21-2x 3% 14+5x1=0 
x30 <x ~-30 of Syn S5x 


, tan x + 4 tan 2x —3 tan 3x 
EXAMPLES Evaluate: lim ee 


x—0 x tan x 


SOLUTION We have, 
tan x +4 tan 2x —3 tan 3x 





lim 2 
x0 x“ tan x 
2 tan x 3 tan x — tan? x 
tania 8 | ae =eD | eee 
A 1 —tan~ x 1-3 tan” x 
= jim —————— 
x—0 x? tan x 
a 2 
ieee Soe 
: 1 -—tan~ x 1-3 tan~ x 
= lim SS 
x—0 x2 
ee 2 2 2 rey) 
See (1 —tan* x) (1—3 tan“ x) +8(1—3 tan” x) -—3(3—tan x) (1 —tan~ x) 
x—0 x2 (1 — tan? x) (1 — 3 tan? x) 
= ie 1—4tan2 x4 3 tant x+8—24 tan? x-9 +12 tan? x—3 tan® x 
x0 x2 (1 —tan x) (1 —3 tan? x) 
ne 2 
ny : seu x : 
x30 x~(1—tan* x) (1-3 tan~ x) 
2. 
=-16 lim (==) <x 
x0 x 1—tan°x 1-—S3tan' x 


1 —cos x. cos 2x 
EXAMPLE10 Evaluate: im ——>3— 
x—0 x2 


SOLUTION We have, 


1- a6 2 1—cosx./cos2x 1+cosx./cos 2x 
lim cos aoe x lim 3 s {cos 
x0 x x0 x 1 + cos x ./cos 2x 
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1- cos x cos 2x 


im ————______—__ 
x0 x7 (14+ cos x {cos 2x) 
1 — cos” x (2 cos? x —1) 


lim 
x30 x2 (1+ cos x {cos 2x) 


1-2cos* x + cos” x 


im ——_—_—__—_—_—— 
x0 x? (1 + cos x {cos 2x) 
mee (1 - cos” x) (1+2 cos” x) 
x0 x? (1 + cos x {cos 2x) 


sant) 2 
; sin*~ x . 1 +2 cos x 
= lim ——~»~x lim 


-1.{1#2).3 
5 evo eae eit | Pe 
Sa as Saro {1 + cos x [c08 2} +l} 2 


: 8 x2 x2 x? x? 
EXAMPLE11 Evaluate: lim = 1 — cos ——- — cos — + cos — cos — 
x-0 x 2 4 2 4 


SOLUTION We have, 


x-0O x 


2 2 2 
lim aS) 12 cos 2 cos 1 —cos — 
x30 x8 2 4 2 


2 2 

=" lim a6 1 —cos t— cos 
x—>0 x8 2 4 
2 


2 2 2 7A) 
lim ak cos == Icos = +hicos cos a 
8 2 4 2 4 


Il 
E 
oo 
—_ 
l 
2) 
Oo 
Ww 
—_ 
| 
QO 
je) 
~ 





2 2 


- X cos 2X cos 3x 
EXAMPLE 12. Evaluate: apt Ae GOR SFOS 27 COS Sx 
x—> 


sin” 2x 
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SOLUTION Clearly, 


cos X cos 2x cos 3x = — {2 cos x cos 2x cos 3x} = — {(2 cos x cos 2x) cos 3x} 


N/R 


{os 3x + cos x) cos | - 5 {soe 3x + cos 3x cos | 


Ble Nile Nie 


{2 cos 3x + 2 cos 3x cos | = ‘ + cos 6x + cos 4x + cos 2 


1 —cos x cos 2x cos 3x 





























lim - 
x0 sin~ 2x 
ie -(1 + cos 6x + cos 4x + cos 2x) 
= lim 5 
x-0 sin*~ 2x 
. 4-1- cos 6x —cos 4x —cos 2x 
= lim 9a 
x0 4sin~ 2x 
(1 — cos 6x) + (1 — cos 4x) + (1 —cos 2x) 
x0 4 sin~ 2x 
Slim 2S Sx4+2sin* 2xteo sine a 
x-—0 4 sin 2x 
sin? 3x | sin® 2x | sin® x 
2 2 2 
ees x x x 
x0 sin? 2x 
2\- 2 
x 
= 2 ey (eae 
+ | ————_| + 
2 i x x x 
x-0 (= = 
2 
x 
sin 3x \* sin 2x \* sin x 7 
9x +4~x 5 + 
2 lim, 3x x , x 
x—= i 
ox ( 2) 
2x 
_ 9x1+4x14+1 _ 14 a 7 
8 8 4 


EXERCISE 29.7 





Evaluate the following limits: 








: aac () 
. sinx 
sin 3x 2. lim 
wee Or OX x-0 Xx 
x2 sin x cos x 





3. 
x0 sin x” x0 3x 











: 3 si “a a Yr 
5. lim sin x-—4sin ~ x 
x-—0 x 
: tan. 11: 
7. lim x 
x—0O tan 1x 
; sin x° 
9. lim 
TOP 
: cos ax — cos bx 
11. im —— 
x—>0 cos cx —cos dx 
. 1—cosmx 
13. lim =a 
x-0 x 
. cos 3x-—cos7x 
15. lim =e 
x—0 x 
. 2 2 
. sin x*(1-—cosx 
We, ita Sot) 
x—0 x° 
xcosx+2sinx 
TONE re ON 


x30 x%+tanx 

; x x i 
71. lim > Seal + 3sinx 
x70 3x° +tanx 


sin 5x —sin 3x 


x—0 sin x 
25. lim tan 3x —2x 


x30 3x-—sin? x 


27. lim 
h—>0 h 


29. lim sec 5x —sec 3x 
x—0 sec 3x —secx 


2 2 
31. lim 1 cosiaecitan x 
x—0 x sin x 


7A 
fey Nin Soe 
x—0 tan x 


ane Wi ge 
x—0 1-—cosx 


37. lim °= 2x (cos 3x — cos x) 
x—0 x 


3 


aps ee 
x—-0 1-—cosx 


41. lim 32 +x) —sin (3 —x) 
x0 x. 


(a +h)? sin (a +h) -a2 sin a 
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Poli: ee 
x20 sin 2x 
eerie sin 5x 


10. lim 


12. 


14. | 


16. lim 


18. 


20. 


22. lim 


24. 





x—0 tan 3x 
7xcosx-—3sinXx 
x—0 4x+ tan x 


tan 3x 


lim 5 


x—0 x 
3 sin 2x + 2x 
lm. —_—_————EE aS 
x>-0 3x+2 tan 3x 
sin 30 
650 tan 26 





_ sin? 4x? 
lim 
x-—0 x4 
: 2x —sin x 
lm ——— 
x-0 tanx+x 
sin 3x —sin x 
x—0 sin x 


: cos 3x —cos 5x 
hr ——<—$—$__——_—_ 


x-0 x2 

26. lim sin (2 + x) —sin (2 — x) 
x-—0 xX 

28. lim tan x —sin x 


x—-0 sin 3x-S3sinx 


1 —cos 2x 


30. lim 


32. 


34, 


36. lim 


38. 


x—0 cos 2x —cos 8x 


ro sin (a+ x) + sin (a-—x)-—2sina 
x—0 x sin x 


2—.j/1 + 
tien, 2 St cos x Ee [NCERT EXEMPLAR] 
x—0 sin~ x 
x? +1-cos x 
x—0 x sin x 
. 2sin x°—sin 2x° 


lim 5 
x—0 x 


x tan x 
x—0 1-—cos 2x 


cos2x—1 
x—-0 cosx-—1 





E 


ib AE 














LIMITS 29.51 
Wn er aD : =, aa 
ene eas 44, tint SO 
x—0 3x2 x—0 x 
45. lim 1 —cos 4x ee tis xcosx+sin x 
x30 8 2 x>0 x*4+tanx 
47. lim 1 —cos 2x as: ti 1-—cos 40 
x—0 3tan2 x 6—0 1-—cos 60 
49, lim “**S05* INCERT] 50) lim, ones 
x-0 # £=bsinx 6—>0 tan 30 
51. lim 2sin x —sin 2x 50. lim 1 —cos 5x 
x0 x? x— 0 1-—cos 6x 
53, lim cosec x —cot x 54. sin 3x +7Xx 
x-0 ne x —-0 4x+sin 2x 
55. lim 5x+4sin 3x 56. lim 3sin x —sin 3x 
x-0 4sin 2x+7x x0 x? 
Rain Ae oe Le 56 ;.slime Re [NCERT] 
x 0 x? x 0 ax+sin bx 
LEVEL-2 
59. lim (cosec x —cot x) 60. lim isin (0. Plizchstni (a SP eee 
x0 x—0 cos~ Bx —cos~ ax 
; 5a% oe: 
61. lim S08 4% =095 bx 62. lim (a+h)“ sin (a+h)—a“ sina 
x->0 coscx—l h—>0 h 
63. If lim kx cosecx= lim x cosec kx, find k. 
x—0 r— 0 
ANSWERS 
eee ES ay ioe 5.3 6. 4 Fie a2 
5 180 3 n 3 
2). 3:2 2 
Oh ji te eae es 12. 9 wp. a 845, 20 
5 c2 ~ 42 9 
3 1 1 
16. 5 17. 5 18. 16 19. 3 20. — 21. 8 222. 23. 2 
24. 8 25. ; 26. 2 cos 2 27. 2asin a+a* cosa 28. “3 
1 ; 1 
29. 2 30. — 31. 3 32. —sina 33.-2 £34. 35. 2 
15 4/2 
3 
36.2 37.-8 38. =| 39. 2 40. 2 41.2cos3 42.4 43,4 
2 180 2 3 
44,1 45.8 46.2 47. - 48. ; a9. 2+ 50, 5 51. 1 
sess tg) 3 eee a Gee 57.4 581 59.0 
36 2 3 15 
2 2 
60. 2a 61.ae —b 62. a*cosa+2asina 63. k=+1 
a2 —p2 @ 
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HINTS TO NCERT & SELECTED PROBLEMS 
oe 2 y_1)— 2 
cos 2x —-1 - jj (2 cos“ x —1) -1 i 2 (cos* x —1) 


42. lim 
x—-0 cosx-1 x ->0 cos x —1 x-0 cosx-l 
2 x —1 x +1 
= lim 2 (cos x -1) (cos x +1) _ lim 2 (cos x +1) =4 
x—0 cos x -1 x—0 
AX+XCOSX ,. A+COSX aA+1 atl 


BOM ne tim ee 
DENG mrhiein x Beer Se) a 
x 


sin ax 


; : j —_— +b 
58. lim pacers = lim —*——_— [Dividing N’ andD’ by] 
x0 ax+sinbx x ->0 an sin bx 
re 
sin ax 
a| ——— |+b 
Ber 3 ( ax Gee, TRO 
x0 (sn?) a+bx1 ath 
a+b| ——— 
bx 
29.7.2 EVALUATION OF TRIGONOMETRIC LIMITS WHEN VARIABLE TENDS TO A NON-ZERO 
QUANTITY 


So far we have been discussing trigonometric limits when x 0. Now we will discuss 
evaluation of trigonometric limits when x tends to a non-zero real number. As we have already 
assumed that lim f(x) always exists. 

x—a 


lim fx) = lim f(x) [v lim_ f(x) = lim, f(x) @ lim fol 
xa x—a x—a~ x —>at 
= ae f(a+h) 


Thus, we have the following algorithm to evaluate the said type of limits. 


ALGORITHM 

STEPI Obtain the problem. Suppose x — a, where a is a non-zero real number. 
STEPII Replacex —+abyh — Oand x by(a+h). 

STEP Solve the problem by using formulae discussed in the previous section. 
Following examples will illustrate the above procedure. 


REMARK In order to evaluate ise  f (x), where a is a non-zero real number, we may use the following 
results: 











Gime 4 (Ga) Niven ca 
x—a x-a x—a xXx—@ 
ILLUSTRATIVE EXAMPLES 
EXAMPLE1_ Evaluate: 
lim sin x = lim sin 3x—3 sin x 
ene Ae oe oo xT (x—x)3 


cos x : : cos 3x+3cosx 
* lim 


ee. m—2X Gy) xt & 


—-Xx 
2 
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SOLUTION (i) lim ot * = jj sin(x+h) _ |, -sinh |. sinh 
xn (m™-x) h—>0 (n-(x+h)) hoo -h h>0 h 











ATITERY ling =. lim sin (tx) _ 
Xx3n 1M-X xon (n-x) 
. 1  Sin3x-3sinx ,, 3sinx—4sin°x—3sin x 
(ii) lim a lim 5 
xT (1 —x) x—>T (x—x) 
23 
=—4 lim enh 


x—>n (n—x)? 
- 3 
=A fn, 22 ae) 
h—+0O {x-(x+h)} 
i ze 3 : 3 
54, eve Sinn in =") 
h—>0O (-h)? h>o\ h 
3 





=~4x(1)3 =-4 


sin 3x-—3 sin x , 3 sin x—4 sin’ x-3sin x 


ALITER 








X—>T (x-x)? pee (x—x)? 
© hs = ay 
T—X 


x—T (x—x)? xn 


T 
cos | — 
COSIX a5. € — Sin 


(ii) lim Sim Se 
x-n/2 m—-2x n> n-2(2 ho>0 -—2h 











lim cos 3x+3 cos x _ ; 4 cos? x-—3 cos x+3cosx 


x n/2 (= i  x—>n/2 (= y 
——x — — XX 
2 2 


3 cos*{ E+ i) 
. 2 


=4 lim =a lm 
x5 (Z-x] mole (zenll 
2 Zae2 


ae 3 : 3 
salina ay =4 tim (2%) =4x(1)3 =4 
h-0 (-h) h>0\ h 


(iv) 





cos3x+3cosx_ ,, 4cos*x-3cosx+3 cos x Lye 5 cos? x 


lim —— 
G-) ee) 
—-x ——x 
2 2 


3 
=). [as 
=4 lim ——\2 / =4 lim =4x(1)3 =4 








: 
« 
¢ 
i. 
« 
s 
- 
¥. 
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EXAMPLE2 Evaluate: 
(i) lim SO (ii) Give 
ye ee Tt Tt 
Xx—>-- —-Xx x>— X-— 
2 2 2 2 
(iii) lim (Z-x] tan x [NCERT] 
xr \2 
x>— 
2 
cot (+i) 
SOLUTION (i) lim eke elie _ ph en ~ ae = h -1 
rm (-z] nO R(E 4H] h->o —-i h>O A 
2\2 Dy \2 
cot x en (z-z) 
ALITER lim = li =1 
aE 
tan 2x tan 2( E41] tan (+ 2h) tan 2h 
(i) lim = lim —_44 4 = dim = im 
yee on | |6hh-0 (Z+n)-2 h—0 h hoo h 
2 2 2 2 
oe tan 2h _ ox1=-2 
h-+0 2h 
ALITER lim Bue = lim Een 2) 
Res ee a x-— 
2 2 2 2 
tan 2 zz] tan 2( 2—x] 
= lim =—2 lim 2 =—2x1=-2 
x= -($-z) x= 2| zz] 
2 2 2 
(iii) lim (S-x)tan x (0x co form) 
x—> 2 


= lim % (En) tan(E+n)= hin pay —hx—coth= lim has oe) 
ho>0 (2 \2 2 h>0 tanh 


ALITER tim (Z—x) tan x (0x co form) 
cary 
G-*) 
ws (form) 
x52 cotx 0 
2 
——X 
= lim =1 
x= tan| 2-x 
2 ie: 


LIMITS 29.55 


EXAMPLE3 Evaluate ie following limits: 


(i) lim 2” sin — (ii) lim x tan : 
n—> on x— 0 

(ii) lim 2*-2 tan (-) 
x—>o 9* 


SOLUTION (i) lim 2” sin 
n—>« 2 


oy (0: 
sin( 4) 
= lim —A2/ (S form | 
0 


(co x 0 form) 





= lim —~+}xa=1xa=a 
N—> co a 
& 
(ii) lim x tan + (co x 0 form) 
x—> co x 





tan. (=) 
(iii) lim 2°71 tan( 4) = lim. ee 
x3 @ 9x 2x—-0 a 2 2 
aaa 
EXAMPLE4 Evaluate the following elements: 


(Oetine [NCERT EXEMPLAR] 


een ete Ose [NCERT EXEMPLAR] 


xa vx—Va 


SOLUTION (i) We have, 
sin Xx —cos x 


win ee [NCERT EXEMPLAR] 


T 
n—>n/2 ms 


sin( = +h) —cos( ¥+h) 

im (form 5) 

h—>0 Cap 0 
4 4 


sin ~ cos h + cos — ® sin h —cos — ® cosh +sin = sinh 0 
= lim —_4_—_ 4 ee (form 5) 


h—0 
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2( 7 sin h) 5 


sin ht 
YS = Nim —— = V2 (1) = V2 
h—0 h J2h30 h (1) 
1 1 
in x VE } je sin x - J cos x} 
NER GMM = lim Ihe Odes 
n—n/4 haan x—n/4 pant 
4 
: TT - aE 
sin x cos — —cos x sin — 
24 OS a ee 
x—n/4 reeds a 
4 


sin x-*) 
=J2 lim SN 87 1 wD 
Se 21 A ae 
4 


(ii) We have, 


° 15 IU qt 
oe) (sin x cos -— COs x sin 4 sin (x-7) 
lim ee Come 5 ea MWien6 sb) 5 

















= ae) 
x32 x-— x— 7/6 ee x—> 1/6 (x-2) 
6 6 6 oo: 
(iii) We have, — ; 
lim Si x—sina (xn) 
x—a x-Aa 
sin (a +h) —sin a 
h—0 at+h-—a 
Se ere SOs cos Bish fi sina (form 2) 
h—0 h 
Ba rnCoatg ne  Sainva| 2 coe 
h—0 h h 
rere ee sirvat limes 
h—>0 h h—>0 h 
h 2 sin? ! 
= cosa| lim ——|-sin a} lim 2 
h>0 h h>0 h 
sin h/2 
: Si ; h 
= cosa lim —2 lim h ec Moya: DiI) an 
h->0 eee bene | go) sina) 0 = cosa 








F ; 2 sin( ==") cos(=**) 
ALITER lim Sie SIRI lim 2 2 








<a x—-a x—>a 9(*=2 
| 2 
x-Aa 
sin( 2 } x+a 
wh ets x-&A as { 2 } = cose 


LIMITS 29.57 


(iv) We have, 
lim sin x —sin a 
xa Vx—-VJa 
; sin x —sin a 
lim. ————_———._ (J/x +a) 
x-a x—A 
X+ 


. (x—A# 
2 sin (* )c0s{ *) 
ies Oe ee 


x-a Pl / | 





2 sin (* =| 
lim 2 x cos ( =F" x (Wi + Va)= 1% cos ax (Wa + Va) = 2 Va cos 
xa 2(25*) 
2 


EXAMPLES Evaluate the following limits: 


() lim aes (ii) lim ao 
es (1 — 2x) ra (* 
2 9. |S =x 
2 
SOLUTION (i) We have, 
it 
Hee cos Dae . 1+ cos 2( = + h| 0 
—_—_— = lim ~———“——= form 0 


ant 9x)? h—o>0 2 
x— 2 —_ > 
. 4) : {x-2(F +n) 


: 1 + cos (x + 2h) 
lim —————— 
h—0 4h? 


. 1-cos2h oe. sin” h Dae sin h \f sinh 
lim ————— = lim <i paces bts 
h>0 4h2 h>0O Ah? 4no0\ hk h 


i lim sin ht lim Sul seas 
2\ hoo Nh ho-0 &h 2 











| 
| 
’ 
| 
| 
| 


2 sin? (: _ x] 
Nie 1 + cos ae < : 1 —cos (x see) x 2 : 
x—>n/2  (m—2x) x—n/2 (m-—2x) x—>n/2 (+ x) 


(ii) We have, 








‘ 1-sin( +) 
1 —sin x = hee (form £) 
Sey Eel , 
2 Nez 
ene 2 sin sin — 
h—+0 h2 h—>0 h2 4h>0| & h 2 2 
2 2 
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. 1 ~cos{ 7 —x] 2 sin? (= -=) 
ALITER lim eeu = lim ————_* = lim ——4 4 
™ Tt 
- Sia 
2 2 4 2 
Tw X : 
sin (= -=) 
==) jim OO ei) 
4 2 


EXAMPLE6 Evaluate the following limits: 
cos X — cos a 


(i) lim ———— (ii) lim (secx—tan x) [NCERT EXEMPLAR] 
x—-a cotx-—cota x—7n/2 


(iii) lem cot xX —cos x 


x2 (n—2x)° 
2 
SOLUTION (i) We have, 
cos x —cos a i cos Xx —cos a form | 


= lim ———————_ Sin x sina 
x—a cotx-—cota x-acosSxsina-—sin x cosa 


Seiya a \n sel xa 
-2sin| ) sin ( 
uw J) 2 
=) tim x—a2 *—a 
ee 2.sin( } cos 
D, 2 


. (xt+a 

= 2 sin a 
= lim ———=sinxsina = x sin asin a=sin° a 
x—a cos ( ==") 1 








sin x sin a 

















(ii) We have, 
ey oe — tan x) (form oo — 0) 
x—>n/ 
= lim (2st) (orm) 
x—>n/2 cos x 0 
2 1 —sin (x/2 + h) 
h-+0 cos (2 +-1) 
2 
h 
2 sin? — 
a l1—cosh : 
= lm ——= lim ————_2~___-- lim tanh/2=-tan0=0 


h>0 -sinh h-+0 —-2sinh/2cosh/2. h-—>0 


: 1—cos( =-x)] 
1 —_— 
sin x r 2 





ALITER a (secx—tanx)= lim 


x1 x—>n/2  COSX X>n/2 gin (=-x) 
2. 
2sin®{ £2) 
= lim 4 2 (=- =I. 0 
x 0/2 565 xn x cos (ane x n/2 4 2 
4 2 4 2 


LIMITS 29.59 


(iii) We have, 
cot x —cos Xx 
ee NS 
x-—>n/2 (m—2x) 


18 T 
cot ( +h) ~cos( +) 0 
Sie 4 ” (form 5) 
h—0 < 3 
x-2(2 +n) 
2 


—tanh+sinh 
at 3 
h—0 — 8h 





—sin 1 (1 —cos h) 
h>0 cosh (-8h?) 








2 si oh 
1, tanh 1-cosh 1 tan ht are 
=—- hm 5 ee l —— a TST SE 
8hoo ih h- 8 hoo hk h—>0 h 
ain Zit 
ese tim 7 ees 
8 4 h30 ea 16 
2 
LEVEL-2 


; 2-V3 cosx-sinx 
EXAMPLE7 Evaluate: lim 28 cose isin 
x= 2 (6x — 7) 


SOLUTION We have, 


2-3 cos(¥+h)-sin( F +h] 











an 2 ral cos ce sins = lim, : (form £ 
T f— > 
ager Ore {o(E+n)-x| 
6 
2-13 (cos cos h-sin © sin h) (sin Ecos h+ ens sin ht) 
Slim 6 6 6 6 
5-3 cosh Sein Oe ea rcs k 
h—>0 36 h? h>0 36h2 
h 2 
2 sin?( 4) sin( 
eS ia 2 fo Let ig ee 
18 h>0 h2 9 4 9 4 36 


2 —J/3 cosx—sin x 
x>n/6  (6x—n)7 
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2-249 cos +} sin xf 
; 2, 2) 
= lim 22 2 


x 0/6 (6x — 1x)? 


T ; = E, - 

2-21 cos x cos + sin x sin = 

lim 6 5 6 
x—> 7/6 (6x — 7) 


2 ~2.c0s{ x -3) 
tn: ——aee, 


x-—>n/6 (6x-n)? 


; 2 
2x 2sin?( = ) : sin (=~) ; 
= hy al) Rl 0M 
x—>n/6 x ny 144 x—>n/6 (= -=) 36 36 
144( 3 - 2 12 
3 


tan~ x-—tan Xx 


EXAMPLES Provethat: lim =—4 [NCERT EXEMPLAR] 
x—>n/4 ( Z =) 
cos| x + 
4 
SOLUTION We have, 
tan? x—tan x_ : tan x (tan x —1) (tan x +1) 
x—n/4 cos(x+7/4) xon/4 cos (x + 1/4) 


tan x (sin x —cos x) (tan x +1) 
x—>n/4 cos x cos (x + 1/4) 


lim tan x (cos x —sin x) (tan x +1) 
x—n/4 cos x cos (x + 1/4) 


1 1 
tan x} —=cosx ——=sin x |(tanx+1l 
x—>1/4 cos x cos (x + 1/4) 


Spain tan x cos (x + 7/4) (tan x +1) 
x—>n/4 cos x cos (x + 1/4) 


fanx(tanx+1)_ 5 


=-—J2x lim 2x2 /2=—4. 


x—>n7/4 cos Xx 


*-—e.g@s- 


EXAMPLE9 Evaluate: lim (cos = cos COS a facos =) 


n-—->©co 


2 pe 98 qn 
SOLUTION Wehave, 


sin 2" A 
2" sin A 


he eee 


E cos A cos 2A...cos2"-1A4 = 





— LL 


LIMITS 


= iy ee ee ee “' aN, 
n—> 2 A x x n—> co x 
= sin(5) en 


= -+ sin x) 
EXAMPLE10 Evaluate: lim 4 V2 ~ (cos x + sin x)” 
x—n/4 1 —sin 2x 


SOLUTION Wehave, 


5/2 
5/2 . 2 
2 — 4 (cos x + sin x) 
4./2 -(cos x + sin x) J 


= lim - 
x-7/4 1-—sin 2x x—71/4 2 —(1 + sin 2x) 

7 2/2 (1 +sin 2xp/? 
x—n/4 2 —(1 + sin 2x) 

eT (1 + sin 2x)/2 — 2/2 
x>n/4 (1+sin 2x)-2 

/2 _ 55/2 

= ee ee = 1+sin 2x 
u—>2 u—2 

= > x (2)/2-1 = > x 23/2 — 5/2 


2 
ae ax“ +bx+c 
EXAMPLE11 Ifa, Bare the roots of ax* + bx +c, then evaluate lim 1 = cas (ax tO, 
x>B (xB)? 


SOLUTION It is given that a and Bare the roots of the given equation ax* +bx+c=0. 


ax? +bx+c = a(x — a) (x —f) 






Now, 
lim 1 cos (ax* + bx +0) _ lim 1 —cos {a (x — a) (x —B)} 
7 houoeG—B)* xB (x —p)? 
rin? (Soo) eH 
= 2 
x8 (xB)? 
. | a(x—a) (x—-B) Z 
=? lim sin | . & (x=2)? 
= x—B 4 





° 
: 
. 
® 
; 
f 
; 
¢ 








Evaluate the following limits: 
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EXERCISE 29.8 





1. (z-x) tan x 2. lim = ne 
x—>n/22 ey 8 \cOS.x 
2 
2 
3. Gog x a. cit {1 — cos ake 
x9 1 -—sin x xt /2 (x/3—x) 
5. lim cos Xx -—cos a a 1 —tan x 
x—>a x-a 2 a 
4 
ate Beat ret /3 —tanx 
aN ( 5 ee. m—-3X 
2 > 3 
i —X Si 2—./1+sin x 
D, tn Se 10. lim ~2=vitsinx — 
x—a ax~ —xa x—>n/2 cos” x 
2—sin x -1 ~ —sin x 
Tene = 12. lim V2=S08*—sin x — 
7 Tt 
G2 “aS 
2 4 
13. oe es 14. lim cos X —cos a 
v3 (7-8 x) x—a vx —Va 
8 
5+ x-2 — 
oan 16. lim [0S ¥* — cos Va 
xt (x — x) x—a x-a 
é = rs 2 
7. lim vx —sin Va ein 
x—>a x-a x—-1 sin2nx 
Tt 
fa) -5(2) 
19. eee a where f(x) =sin 2x 20. lim pice ee 
Paar uaa ee oe il =) 
4 4 
ae hor 
91. x 29. 1-sin 2x 
x—1 sin mx x>* 1+cos4x 
4 
1+cos x 
23. lim 5 24. lim nsin| —~|cos| 
xn tan~x 1 —> 00 4n 4n 
; a 
sin( 4) 
25. lim 2"-1 sin =) 26. lim é 
n— © n—->o . 4 
sin | — 
gn 
1 ae 2_y_ 
a x“ -x-2 28. lim x“ -—-x-2 


iM aS 
x—-1 (x* +x) +sin (x +1) 





x2 x*-2x4sin (x — 2) 


ieee - 














LIMITS 29.63 
29. lim (1—-— x) tan (=) 30. lim ake 
x— 1 2 meget 1-2 sin x 
4 
2 x- x —./sin 3 
31. lim J +cos x —1l ig eR {cos x /sin x 
xT (x —x)” xon/4 x—7/4 
1 
a cot? x —3 
atin, ———*— 4. lin [NCERT EXEMPLAR] 
x1 sin n(x -1) v5 cosecx—-2 
- eG 
LEVEL-2 
> -x} sin x-2cosx 
Bee lim SA cae 6 tn. Se 
eee (4 x —7) xe (Z—x]+ cot 
4 2 y) 
cos x —sin x 1 —sin 5 
37. lim oe 38. lim [NCERT EXEMPLAR] 
am {| 7 . x—> 7 x 4 
x — (= _ x) (cos x + sin x) : cos (cos 4 —sin 4 
4\4 4 4 
ANSWERS 
Lo 2. 2 is oe 4. 3 5. -sina 6. -2 7. > 8. = 
acosa—sin a 1 1 1 1 
Qe 0: — TT 2 = Ge 145—2\7sng 
a 4/2 4 abo) 16 
1 1 1 my x 
15ee 16; = sinva 17. cos Va 18.— 19.0 20 
8 2Ja 2VJa TC 2 
ree oo tog Lg oe 26.2 =o. wo ~~ 28. 1 
Tt 4 2 4 2 b 
2 1 1 ul 1 
29. — 30. 2 31. — 32. 33. — 34. 4 3. —= 
t 4 4 a 16 J/2 
36.-- 37.1 38. J/2 


2 


29.7.3 EVALUATION OF TRIGONOMETRIC LIMITS BY FACTORISATION 


Sometimes trigonometric limits can also be evaluated by factorisation method as illustrated in 
the following examples. 





ILLUSTRATIVE EXAMPLES 





EXAMPLE1 Evaluate the following limits: 


. sec* x -—2 oe ee 1+sec? x 
(i) ——__—_ (ii) lim 5 
x37/4 tanx-1 xx tan“x 
—sin® ; . 1+cos? x 
(iii) isin" * s # (iv) lim = 
x—>T/, cos~ x x—>nr sin’ xX 
/2 —./1+sin x (gi) lima V2 —.f1 + cos x 
x>n/2 J2 cos” x x—0 sin? x 





29.64 MATHEMATICS-XI 


SOLUTION (i) We have, 





Dia. 1) al 
i ESS 2 = lim i+ tant? = lim (tanx+1) = 2. 
x>7n/4 tanx-1 xon/4 tanx-1 x— 1/4 
(ii) We have, 
3 3 
+ sec” x sec” x 0 
lim a = lim peo [form ) 
xn tan” x xn (sec* x —1) 
Boi (sec x + 1) (sec? x —secx +1) 
xT (sec x + 1) (sec x —1) 
: sect x—-secx+1 1+1+1 3 
x—>T sec x-1 —2 2 
(iii) We have, 
1-sin? x 


lim 5 
x-n/2 cos~ x 
~ (1 —sin x) (1+ sin x+ sin? x) _ lim 1+sin x+ sin? x pee 
x— 1/2 (1 —sin x) (1 + sin x) x—n/2 1+ sin x 1+1 


Nm |e 


(iv) We have, 
3 


lim aE x 
xT sin X 
(1 + cos x) (1 —cos x + cos” x) en 1—cosx+cos?x 1+1+1 _3 
x—>T (1 —cos x) (1 + cos x) xT 1-—cos x 1+1 2 


(v) We have, 


lim Po ae im ee OEE ae ae. 
x3 <V2cos*x wh i/Dicos~ x J2 +./1+sin x 


2: 2 
= lim 2-(i+sinx) ot 
xt V2(i-sin2 x) V¥2+/1+sinx 
(1 —sin x) 1 


Sy ee > = ee 
pot 2 0-sin G+ sins) W2+ i+ sin x 
xo /2 (1 + sin x) J/2 + ./1+sin x 

2/2 J2+/2 8 
(vi) We have, 


JZ -fi+cosx 


x—-0 sin? x 





7] 


LIMITS 29.65 


J/2 - V2 cos 5 
2 ii ee 2 
x—0 (1 —cos x) (1 + cos x) 
J2(1 -cos =) {cos 2 
~ar 2 ee. li 2 
Poy le he et PDL ont: za eS 
x—>0 2 sin® > (1 + cos 2) ae a (1- cos *}(1+ cos £ \(a + cos x) 
Se im ———) =e 
“apn (1 + cos * |(@ + cos x) NO ee CS aoa 
2 sin? x+sin x-1 


EXAMPLE2 Evaluate: lim 5: een 
x — 1/6 2 sin? x-—3sinx+1 


SOLUTION We have, 


2sin*x+sinx-1 |, (2 sin x-1) (sin x+1) Sea Siri tee ee 


r>n/62sin2x-3sinx+1 x—2x/6(2sinx—-1)(sinx-1) x—ox/6sinx-1 1_, 


EXERCISE 29.9 


Evaluate the following limits: 





2 2 
= t = 
Nenlizn 1+ cos x >. lim cosec” x —2 3. lim cot“ x-—3 
xn tan? x uy voor x» cosecx—2 
4 6 
Bi 2 2+cosx-—1 1 +cosec” x 
fy 2 = im SO ee 
wat. Col x xT (1 — x) x9 * cot“ x 
ANSWERS 
1 3 1 
1. — 2. 2 3. 4 4.2 5. -— 6. — 
2 2 4 


29.8 EVALUATION OF EXPONENTIAL AND LOGARITHMIC LIMITS 

Sometimes, following expansions are useful in evaluating limits. Students are advised to learn 
these expansions. 

nin“ 1) gue n(n —1) (n—2) poke 


>. = 
lL (l+x)° =1+nx+ 31 


2. log. (1+x) = a 
3. log,(1-—x) = ig ee 
Ae jer ame 

piste: ape ee 
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Xe ‘g 2 
6. a 1+ x (log, a) + I (log, a)“ +... 


x? Pe x 

Tf sin x = x-—+—-—.. 
Sheol f 7’! 
2 A 6 

8. icosae= Leg 
21 (4! 61 
3 

9. Gninseape ee 2 55 
3 15 


a : 
THEGHEMMERretianiinelim <—— =log. a. .(ii) lim —2eC*™ — 4. 
x-0 Xx x-0 x 


PROOF (i) Using expansion of a*, we obtain 





~ 
1+x log, a+ 57 lOBe Be 








x _ 
. ail - jj 
x-0 X x-0 x 
‘ a* -1 ‘ x 2 
=> lim = lim <¢ log, a+—(log, a)~ +...$} = log, a. 
x—0 x x—-0 Se Th Se ) Se 


(ii) Using expansion of log (1 + x), we obtain 




















x2 x? 
x-—+-——-... 2 | 
lim poe Ali) Eee ri eee Jin, 1 + —,., mal: : 
x—0 2 x—0 ve x—0 2 3 | 
COROLLARY Putting a=e in (i) we get 
e* -1 : 
lim =log, e=1. 
x—0 x be 
ILLUSTRATIVE EXAMPLES 
EXAMPLE1 Evaluate the following limits: 
. a* —b* a* —b* 
(i) lim Gi) li : 
x—0 x x-0O sinx 
2* -1 Sri oF 
Git) x—0 Jl+x-1 Gv) x—>0O tanx 
sin x =a x-1 “i 
(v) lim —{—— (vi) lim “_——+ 
x—-0O sinmnx x—1 sntmtx 
SOLUTION (i) We have, 
X_b* |. (a*-1)-(b* -1 eige — x _ 
lim “——= lim eR lim 4 —1_ lim vet = log a — log b =1og( 2} 
ESO). 1x x—0 x x20 X x30 b 


S 


x 
oo Hk (ct | 
a* —b* ‘ (3) : 
lim 


1 ——<——— —p9 <) = () 
ALTER = lim —— cra x x log (F 85, 


x—0 


LIMITS 29.67 


(ii) We have, 


ng" =b* a* -1 b* -1 
lim — = lim -| — 
x—-0O sinx x-—0 sin x sin x 
































a* —1 x _ {b*-1 x 
= lim x =] x 
x-—0 x sin xX x—0 x sin x 
x x 
: a ‘ ; a 
= lim x lim ——- lim x a 
x—0 x x—0O sinx x0 x x-0 sinx 


(log a)x 1 — (log b)x1 = log (=) 
(ili) We have, 
2* —1 
x-0 ,/1+x-1 


foe (ji+x +1) 1 recs 
= lim pee : zs pale deal lim bib ae Jl+x+1 
men. he ea. ” Gilroy x-O Xx 

















2* —1 
= lim x lim J1+x +1) =(lo 2) 2:=2: loo 2: 
x—0 x earn ) ( 6 ) 6 
(iv) We have, 
Poe x > Fat me > le 
DE ae oe Se 1) -—(2 Hj. x 
x-0 tanx x—0 x tan x 
3* J , age | (=) 
= lim — lim x lim —— = (log 3-log 2)x1 = log | — 
| i, x x—0 x | x—-0 tanx (log & 2) 6 2 
(v) Let y=sin x. Then, y > 0asx > 0. 
sinx _ Y ov 
Bi = lim * Le log a 
x>0 sinx y>oO Yy 
(vi) We have, 
qe-1-1 quth-1_y AS 





x91 sinnx h-O sinzx(1+h) hoo —-sin th 


= at?-1)\( xh 1 qt 1 nh 1 
= — lim | —— =——| lim ——]| lim ——]= -——loga 
TT 3 [ h lz ‘) (tm, h Jes, =| ris He 





x-1 x—-1_ = 
eatin ty oe 
x31 sinnmx x71 x-1 sin (1 — 10x) 
qe) n(x —1) ees 
= lim —— x —————- = log, ax —=-— ] a 
jim. yaa ™ Dein (Ge 
EXAMPLE2 Evaluate the following limits: 
10* —2* -—5* +1 3*+3°*-2 
ij) im —— Gi) lim ————— 
0) x0 x tan x x—>0 x2 
3x _ 9x 32x _ 93x 
(iii) lim 2 : oO (iv) > im =————— 
x30 sin 3x x—0 x 


wows = sé 


pawn tld rs epee Fee 


ALL 
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(v) lim mie Gin, 2 
x0 29% 4 0 3*—1 
SOLUTION (i) We have, 
10* —2* —5* +1 
x—0 x tan x 
ee 5*.2* —2* -5* +1 
x — 0 x tan xX 
X (5x a x! oe . Mx ‘ 
Bien 2 (2° —1) -—(2° -1) lim & 1) (2 RD. lim 5 1,2 ly x 
x—0 — ct SES x tan x x—-0 x x tan x 
x _ + See 
= lim 2a x lim z a lim ane (log 5) (log 2) (1) = (log 5) (log 2) 
an x 


x—-0O Xx x—-0 Xx x-—0 
(ii) We have, 





tim 3% +3°%* -2 
x — 0 x2 
2 
32% _9% 3% 41 3° 1 1 0 2 
= lim ———————— = lim «A = (log 3)?x(5} = (og 3 
x0 3* x x? tim, ( x | gx Mog 2) 3 (log 3) 
(iii) We have, 
93x _ 3x 


x—0 sin 3x 


3X _ > aa 
= {2 1) (3 4 
x—0 sin 3x sin 3x 


Ox _ Cis 
lim 2 1. 3x = ers 3 Le 3x 
x—0 3x sin 3 x x30 3x sin 3x 


(log 2) x 1 == (log 3) = log 2-— log 3. 


(iv) We have, 
32x A 93x 











x—0 2 


2X4) 3x _ 
“e (2 oa 3} 
x—0 x x 
g2x _4 93x _4 9 
= lim 2. — lim — _ = -— = _ 
im | = x in| 3x <2) 2 log 3 —3 log 2 = log 9 —log 8 log{ 2] 


(v) We have, 





























2X 2x 
3 ta um 2 _ 
es eee eet) 2 log3)_ log 3" _ log 9 
3\ log 2 ~ log 23 ~ log 8 
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(vi) We have, 
. sin 3x . sin 3x Bx : sin 3x ; x 3 

= lim ——x—— =3 lim x lim ——= 

x30 3*-1 x70 3x Be 4 x>0 3x x203*-1 logs 











EXAMPLE3 Evaluate the following limits: 
—xX et —e* 
(ii) lim 
x—0 





(i) lim 














x-—0 x x 
are x-1 ' .. re *—-2 
(iii) lim (iv) lim ——>— 
x1 log, x x0 x2 
SOLUTION (i) Putting —x = y, we obtain 
=X 1 
eee es — 1 _ evil — ef -i1 
lim = lim =— lim =—1 
x-0 Xx yO —-yY y>O YY 


(ii) We have, 


Kir = Oe oo —xX _ na —x _ 
lim ——“—= lim (: t)-{8 a -( lim < {i : t\are1=2 
x0 x x—0 x x x—0 x x—0 St, 6 


(iii) We have, 


























x-1 1+h-1 : h 1 1 
—<—\—{—_- = CO lim ——— -—=1 
x>ilog,x h-+0 loge(1+h) hoo logeA+h) jin log(1+h) 1 
h—>0 h 
ALITER lim Bae Bis. lim = She ==2 cherie Cae 
x21 log,x x1 loge {1+(x-l}} x71 loge fl+(x-1}} 1 
x-1 
(iv) We have, 
e~+e*-2 
x0 x2 
2 2 
2x x Road » se 
= lim — lim (<=) xe* = lim : _ x lim e* = (12)x e® =1. 
x0 x~ e* x0 x x—0 x x—0 
EXAMPLE4 Evaluate the following limits: 
(i) lim log (5 + x) — log (5 — x) (ii) lim log x —log5 
x—0 x x—5 x-5 


SOLUTION (i) We have, 
log (5 + x) — log (6 — x) 
x— 0 x 
log {5 (1 + = —log {3 (2 = =) 
= in ————__  } © 
x—0 x 


{logs + log (1 + =} - {0g + log (2 + =} 
Se ee 


x—0 x 


x 
log (2 + <) —1og (a -2) 
= lim Se 2 


x—0 x 
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log (1 + 4 log (1 - 4 
= lim > Se lim ) 1 


1 
v=s0) 5 x/5 soe 24/5 +. 5) =o 


log (2 ") log (1 + t) 
(ii) lim log x — log 5 = lim log (5 + h) — log 5 = lim od 2 lim 3 
x—5 x-5 h—0 h 


1G 

% log * 

ALITER lim BOS Ee NOE Oe it D7 
x—5 x-5 x—5 x-5 x—5 





ee 
| 
oy 
a9 
= 
—_ 
oa 
O1/ 01) $e 
| 
—_— 
a > 
ul 


i 
ms 
o 
02 
ae ae 
—_ 
+ 
+ 
1 
iol 
eee, 


x B—xX _. 
EXAMPLES Prove that: lim bat? me 4 


x32 39-*_3%/2 aeais: 
SOLUTION We have, 
Bg” o> 10 
x—>2 33-—x _ 3x/2 
Nee x 
ee ota 1262) 27 
x—2 33 —(3%/2)3 
= (3* — 3) (3% -9) 
x2 (3—3%/2) (943x 3*/2 + 3%) 
So Sra G Hse" 2 +5) 
x2 (3*/2 _ 3)(3* + 3x 3*/2 4.9) 
ey er AG ne) (98) (34+.3)* 4 
x—>2 (3% + 3x 37/2 +9) (9+9+9) 3 


EXAMPLE6 Evaluate: lim Hacer E 
x—>e x—-eé 


SOLUTION We have, 


lim logx—1_ lim log(e+h)-1_ 5. log (e + h) —log e [> loves] 
x3e x-e ho>0O eth-e h—0 h 


los | 1+4) log (1 +4) 
= lim ff = lim —~_**x 


h—-0 h h—0 h 

e 

pe : lim e+] 
e € : 


x—0 x 


a | 


LIMITS 





ALTER lim 108%-1 _ jin 
x—-e x-e x-eé 

= lim 

x-=e 





Evaluate the following limits: 


x 
1. lim Bas Sad 
x90 ./4+x-2 
a ae 
i ctl ile 
x-0 5 me 
aby —2 
x—0 x 


Seq a O™ I 


7. lim 5 


x—0 x 


x x x 
: a+b" +c" -3 
0 ————— 
x—0 x 


x x Bi 
11. lim > +3° +2 3 
x-0 x 


IX _.NXx 
ino 
x0 sin kx 
jenn e* -1+sin x 

“x30 x 
sinx _ 
17. lim © s 


x0 x 
19. lim log x —log a 
x—-a ~~ a 


21. lim log (2 + x) + log 05 
x0 x 


23. lim 
x-0 x 


x 
25. lim x (2° -1) 
x-0 1-—cosx 
3 
ran oe | 
x30 sin? x 


x 
29. lim gees = 38 
x-0 —cos x 


log (3 + x) —log (3 — x) 


logx-—loge _ 
x-e 


log (1 +- -1) 


Min ik 





pas 


10. 


12. 


14. 


16. 


18. 


20. 


24. 


26. 


28. 


log (1 + x) 
3* -1 


mx 


lim 
x—0 


im ———, n+0 
x—0 p* 1 


j 9* -2.6* + 4* 
lim —————_ 
x—0 x2 


a aa p"* 
lim _ ————— 


x0 x 


x-2 

x2 log, (x -1) 
lim (a’/* -1)x 
x co 
ee a®* +b* —c* —d* 
x—0 x 

sin 2 x 
x0 eX -1 

e2* — eX 
x-0 sin2x 
lim log (a + x) — log (a — x) 
x—0 x 
lim log (a+ x) —loga 
x—0 x 


X 95x 
lim 52 
x—0 x 

1+x-1 
x0 log(1+x) 


got * _a 


x—x/2 cotx—cosx 


x 
lim et? 
x35 x-5 





cos x 





EXERCISE 29.10 





lh lial 
ee ee - 
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ool = ee 2 ,COSX _ 
31. lim : 32. lim < : 
x—-0 x x—-n/2 cOoSx 
3S+X_G: SS: a 
Soe = yp aia al 
x—0 x 34. x0 2 
ox 2 52x tanx _ 
Bee iim Bee. linet 
x—0 x x—-0 tanx 
bx _ ax tan x _ 
37. lim Ase where 0 <a <b 38. lim E : 
x—0 x x—0 x 
Song lela an a 2 —? 
ary, x—sin x es) x 
Xe ie a 
Ae lim — co ie aa 
x0 x x—0 1-—cosx 
—cosx __ 
ene 
x>n/2 4 x= 
2 
ANSWERS 
1 ' mloga 
1. 4log5 2. 3. (log, a)” pi 
: log, 3 (Be 4) n log b 
2 n 
5. log (ab) 6. (tog 2) 7. (log 4) (log 2) 8. log e 
9. log (abc) 10. loga 11. log 30 12. loga 
| 
13. = log (= 14. log (=) 15. 2 16. 2 
17; 1 18. £ 19. - 20. 2 
2 a a 
1 
21. ry 22. ~ 23. 5 24. log 4 
25. log 4 26. : 27. 1 28. log a 
29. Doesnotexist 30. & 31. e 32. 1 
B35 6° = 34. 0 35. 1 36. 1 
37. (b —a) 38. 1 39. 1 40. 9.log, 3 
41. 2 log, 2 42. 2 43. 2 log, 2 
TT 
HINTS TO SELECTED PROBLEMS 
i: —2 
Tpit “fen G2) 


x2 log,(x-1) x—2 loge (x—1)x logge 


= lim a x log, a= -x log a=log a 
x2 Be 1 +(%=2)} ieee e 
—2 
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29. We have, 












































x x 
lim ee lim Bice 
x—-0 1 —cos x x—0 J2 sin = 
e* —] 1 e* —1 2 e* —1 
Now, lim > aS C= dims —— = - =} lim | — |x 2 =-/2 
t-30 Jo lsin = J2 x30 sin J/2 x30 x sine 
2 2 2 
x 
x ¥ J 
and, lim : : eee lim oes 2 = /2. 
x>0* /9/ sin 2 x >0+ x sin — 
px 
lim : lim : ! 
x>07 2 Isin =| x07 V2 (sin 4 
ofy 3 . Mi . 
33. lim ees = lim fl ed =e°x1—-1 =e¢°-1 
x—0 a € x x-0 x pe 
x ,sin x ; > SUL XS 
39. lim ——~—- = _ lim _ esin* | £ E a0 sates 
x-0 XxX-sinx x—0 x—sin x 
ery x y : 
na | ————_— x4 I 
42. lim x oe lim x2/——*— |=2 lim 2 =2x1x17 =2. 
x0 l-cosx} x->0 9 sin ae x0 x es 
Q- COSX _4 gsin(x— 7/2) _4 1 
4S lim ————___ ‘= i $$ <<  — 
x 1/2 x(x) x—n/2 pee x 
2 2 


1 
sin ( x2] sin (x—*) 
2} 2. 
= lin 2 tS lpg Oi ee Se lo 
x—n/2 sin(x-F Pye: x ™ 
*) 2 


29.9 EVALUATION OF LIMITS OF THE FORM 1” 
To evaluate exponential limits of the form 1, we use the following result which is stated and 
proved as a theorem. 


THEOREM [/f lim f (x)= lim g(x) =Osuch that lim EO) ciate, then 
x—a x—a ( 


x—>a Q(x) 
ab ft): 
xa 


1 
; g(x) 

PROOF LetA = lim <4 1+/f(x) . Then, 

x-a 
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loge A = lim “8+ f() 
F x—a g (x) 
itive aC aL) 
=> log. A = ol F(x) x aC 
2. te LD) ee log f+ fQ) _, 
om Be A = ro g (x) 4 =i f (x) | 
tim £02) 
= A =e *748(%) 0.ED 


REMARK The above result can also be restated in the following form: 
If lim f(x) =1land lim g(x) =c0 such that lim {f (x) - 1} g (x) exists, then 
x—a x—a x—>a 


lim {f (x) - 1} 9 (x) 
lim fF (x)}8™ —e%*>a 


x—a 
PARTICULAR CASES 
x 
(i) lim (1+2x)!/* =e (i) lim [1+2) 3 
x—-0 x-0 x 
x 
(iii) lim (1+Ax)!/* =e4 (iv) lim (1+4) =e 
x—0 x— 00 x 


Following examples will illustrate the applications of the above results. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Evaluate the following limits: 





x 
(i) lim e + =) (ii) lim (1 + sin x)? cot x 
ii) lim (logs 3x) Sx 3 (iv) lim (cos x) * 
x—1 ay | 


SOLUTION (i) We have, 


o\* lim oe 
lim (1+2) Sige = e 
x —> 00 x 
(ii) We have, 
lim sin x x2 cot x lim 2cosx 
lim (1+ sin x)? cot x _ e x70 =e *-0 = e@ 
x—> 


(iii) We have, 
lim (log 3 3x)losx 3 
x—1 


lim (log3 3+ logs x) Bx 3 
x1 





laaiate lim log 3 X x = 
lim (1 + logs x) Be? = egthl oP 3S 
x-—> 


LIMITS 29.75 


(iv) We have, 
lim (cos x)°' * 
x—0 


lim {1 + COs eo 
x-0 


lim {1 —(1—cos x)} Soe 
x—0 


¥ cot x 
lim {1-2sin? (=) 
x—0 Zz 


lim -—2 sin?(x/2) x cot x 
x—0 


=e 





2 
= 4 ah G2 ) ee lim -—tan(x/2)xcosx 
=e *>0 2sin(x/2)cosx/2 _ , x0 — ee 
EXAMPLE2 Evaluate the following limits: 
: .\ 1/x 
noe x tan nx/2a 
(i) lim Pahse a (ii) lim (2-4) 
x—0 ve 


3 x—a 


SOLUTION (i) We have, 


, 1/x 
lim oes) a 
x—-0 3 


; 1/x 1/x 
x x Xi x _ ae oS ae 
; jr! +b* +e | aii {r+ 1) +(b* -1) +(c | 

















x-0 3 x—0 3 
x x x = x_ x _ 
nS UE ge red bo eer aX Tigges b ace AEC: 1 
=e 0 3% 3x ax 3ix>0 *¥ x30 * x>0 * 


= {log a+ log b + log c} 
= @é@ = 


(ii) We have, 


elog (abe) V° _ (aycy/3 








x—a x 
a tan 1x/2a 
= {1+(2-4)| 
x—Aa a 
lim (1-4) tan = lim (==*) tan 5 
e x—>a x 2a _ 9x-a x 2a - e! wherel = lim (=*) on = 
x—a X 2a 





Now = ii 2-4) Oe i aS ((=-=] 
ow, T= tim (2—*) tan Ea x J \2° 2a 


==") cot = (a-2 
2a 





x 


— l= lim (==*)}x —+— 
x tan — (a — x) 
2a 


=> | = lim 








29.76 
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= a (aX) 
ay i te CS) a ae 2a __2 
x—a tan 5, (ax) x x—a tan -(a—x) wx TT 
a 2 2/ 
Hence, lim (2-2) oh A ed 
x—>a x 
LEVEL-2 
EXAMPLE 3 Evaluate the following limits: 
x 2 ; = 
G) lim [2+ Gi), lim Gad 
x > © x-1 X—->0 | x“ 4+2x-—5 
SOLUTION (i) We have, 
x+5) Gey; lim 
lim Slim |)1+ Seg ee ea eh” LG 
x—>o(|x-1 x © x-1 
(ii) We have 
: z : tim | 2e + Bx 
lim are o = ifr J) emcee e X70 x7427-5 = 
XO | X°4+2x-5 x —> 00 x7 42x —5 
EXAMPLE 4 Evaluate the following limits: 
1/x 
2 
(i) lim {tan (F+s)| (ii) lim (cos 2x)!/* 
x—0 4 x—0 
SOLUTION (i) We have, 
, 1/x 
lim {tn (+2) 
x—0 4 
) 1/x 
lin es} 
x—0 |1-—tanx 
2tanx 1 2 tan x 
1/x Hint) ee i foi ad 
Saiea atee 2 tan x 5% x—0 l-tanx x =e Sa x Tae 
x—0 1—tan x 
(ii) We have, 





1/x2 —_:—_ A 

2 

lim (cos 2x)/* = in, [2 +(cos2x-] eee? 0) =e x30 x2 =e72 
x—0 x—0 





Evaluate the following limits: 
1/2x 
1. lim (1+2) 2. lim {2+ tn? 
n—- co 11 x- 07 


3. lim (cos x)1/ sin x 4. lim (cos x + sin x)1/* 
x—0 x—0 


LIMITS 29.77 








3x-2 
: bade 
x° +2x+ 3 | 3x+2 
5. lim (cosx+asin bx) / : 6. lim epee th 
x0 x0 | 2x°4+x+5 
1-cos(x-— 1) 1/x2 
x2 42x7 4x41] (x-1)2 e+e =—2| 
a SE Ve Eee a 
x1 x~ +2x+3 x0 x 
1 x3 
sin x) x—-a 2 l+x 
9. lim = =} ‘ 10. lim {25 4 
x—-a | SING xO w 47> 1 
ANSWERS 
fee Dale 3.3 4. ¢ 5a 6. ; 7. fe 2 gae¥ 2 


9, ec" 40. 0 
VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 














question: 
afd - 2x 
1. Write the value of lim baie cl : 2. Write the value of lim [x]. 
x0 x x—0- 
3. Write the value of lim [x1]. 4. Writethe valueof lim x-—[x]. 
x—0* x21 
5. Write the value of lim = tal 6. Write the value of lim ide x 
x-307-~=«C&] xn %X-Tt 
- x . oo 2. 
7. Write the value of lim a. 8. Write the value of lim [eee 
x30 X x32 x-2 
: ; «0 : : ‘ x 
9. Write the value of lim dl 10. Write the value of lim alata 
x0 xX x— 07 Vx 
11. Write the value of lim 5 Ses 12. Writethevalueof lim (3x+ 9x? — x). 
x>-0,/1+x-1 x—3-c© 
n!+(1+1)!  2x-t 





14. Write the value of lim 


13. Write the value of lim : 
x—r/ 2 cos x 


no (n+1)!+(n+ 2)! 


15. Write the value of lim Lepore 8 teats 





n—> oO n= 
ANSWERS 
1. Does not exit 2. —1 3. 1 4.1 5. sinl 6. —1 70 
8. Does not exist 9. ae 10. Does not exist 11. 2 12. Z 13. 0 
Ico 15, > 
2 


MULTIPLE CHOICE QUESTIONS (MCQs) 





Mark the correct alternative in each of the following: 


2 2 2 2 
1 lim 1“ +2 ee +...¢Nn is equal to 
n> co n 


(a) 1 (b) 1/2 (c) 1/3 (d) 0 





29.78 


is equal to 
2. x—0 ‘ 
(a) 0 (b) 1 (c) 1/2 
3. If f (x) =x sin (1/x),x #0, then lim f(x) = 
(a) 1 (b) 0 aoe = (6) = 
: 1l-cos2x., 
4. lim ———is 
x—0 x 
(a) 0 (b) 1 (c) 2 
5 lim (1 —cos 2 x) sin5 x _ 
" x30 x? sin 3.x 
(a) 10/3 (b) 3/10 (c) 6/5 
6. is 
x—>0O tan<x 
(a) 0 (b) 1 (c) 4 
1 2 nN 
7. lim —~ + ——~ +... i 
OH : =e + eae +...+ ; | is equal to 
(a) 0 (b) -1/2 (c) 1/2 
8. lim sail equals 
x—>o 
(a) 0 (b) © (c) 1 
0 
9. lim > * is equal to 
x—0 
(a) 1 (b) x (c) x 
10. lim cea , 1S equal to 
x>3|x-3] 
(a) 1 (b) -1 (c) 0 
11. lim ——— is equal to 
x—-a X-@A 
(a) na” (b) na™~} (c) na 
/2 cosx—-1. 
———— is equal to 
12. x2n/4 cotx-l 
1 1 1 
(a) Tr (b) 5 (c) ot 


14. 


: sin 2x 
lim 




















yz = is equal to 
xo 2x+1 
(a) 1 (b) 0 (c) -1 
. 5 J3 sin (1/6 + h) —cos(x/6 + h) 
I 3 h (V3 cos h —sin h) 


h—0O 
(a) 2/3 (b) 4/3 





is equal to 
(c) -2V3 
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(d) 2 


(d) does not exist 


(d) 4 


(d) 5/6 


(d) not defined 


(d) none of these 


(d) does not exist 


(d) x/180 


(d) does not exist 


(d) 1 


(d) 1 


(d) 1/2 


(d) -4/3 
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iF fin aera : 
ho0 |A3/gsh 2h 
| (a) -1/12 (b) —4/3 (c) - 16/3 (d) —1/48 
16. lim FcReceeonee enna is equal to 
no01/1.3 35 57 (2n+1)(2n+ 3) 
(a) 0 (b) 1/2 (c) 1/9 (d) 2 





ES ie oe 
17, lim is equal to 
x>1 x-1 


(a) -x (b) x (©) -- (a) = 


i aie 
is, 1; Thy 2a a 5050, then n equals 
x->1 x-1 
(a) 10 (b) 100 (c) 150 (d) none of these 
4 2 
x 1+2X 
19. The value of lim fet ea 
x—->@ D6 
(a) -1 (b) 1 (c) 2 (d) none of these 
Jl —1 
ime is equal to 
) 20. x0 2 
1 
| (a) 5) (b) 2 (c) 0 (d) 1 


a(-*) 
sin| —-x 
Tl Vimy SE 


: is equal to 
x>n/3 2cosx-1 


@) V3 (b) = (©) (4) V3 

22. nie = ; = = is equal to : 
x-> — : 
(a) (2n-1) x 3" (2n-1)x 3h +1 (c) (2n-1) 3% +1 (d) (2n -1) x 3" -1 : 


4 a 4 4 ] 


lim 1-2+3-4+5-6+....+(2n-—1) —2n ieequaltie 


“n> rn +1+ yr? —1 


(@) 5 ) -= (1 (a) -1 


-. | 
24. If (xy=i*SN—, **0, then lim f (x) equals 
0°, x=0 x—0 


(a) 1 (b) 0 (c) -1 (d) none of these. 





eee eee 4 


n! 
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25. lim ————— j alt 
n ze (7 + 1)!+n! Mga 
(a) = (b) 0 (©) 2 (4) 1 
cet ao 
26. lim 4 v2 — (cos x + sin x)” is equal to 
x— 1/4 1 —sin 2x 
(a) 5 V2 (b) 3/2 (c) /2 (d) none of these 
1+ /2 +x-VJ3 
27. lim —————————— is equal to 
x—2 x-2 
1 1 
= 8V3 d) v3 
@) 5 (0b) += (c) 8V3 (d) V3 
28. lim a” sin (+) , a,b >1is equal to 
x —> 0 a 
(a) b (b) a (c) a log, b (d) b log, a 
8 x2 2 2 x2 
29. lim —41-cos — —cos — + cos — cos —>} is equal to 
x0 x5 2 4 2 4 
(a) 1/16 (b) —1/16 (c) 1/32 (d) -—1/32 
2 ; 
30. If a is a repeated root of ax? + bx +c=0,then lim eb ores 2g) is 
x—-a (x —a) 
(a) a (b) b (c) c (d) 0 


J 2 7 ec eee 

a” —ax+x~ —,Ja~ +ax+x 

Senne valieror clin) is 
x—0 Ja+x— la—x 


(a) a (b) Va (c) -a 
os -. 
soeThewalue cf lim — See os X—-X" + 3x". 
x—>0 tan’ x-—6sin* x+x-—5x°? 
(a) 1 (b) 2 (c) -1 
1 -—sin 8 


33. lim —————<<<—_____j al t 
@—>n/2 (n/2-—86) cos@ ihe am 


(a) 1 (b) -1 (c) 1/2 
34. Thevalueof lim  (secx-—tan x) is 
x—n/2 


(a) 2 (b) -1 (c) 1 


i n! 
35. The value of Siow ESI is 
(a) 0 ) is a () -1 
: n+2)!+(n+1)!. 
36. The value of elim GaDi=Gani 
(a) 0 (b) -1 (c) 1 
(x + 11° +(x + Dyas +... +(x +100) 1° 


lim 
37. The value of JE “10 , 4910 re 


1S 


(d) —Va 
(d) -2 
(d) -1/2 
(d) 0 


(d) none of these 


(d) none of these 





LIMITS 29.81 
(a) 10 (b) 100 (c) 101° (d) none of these 
38. The value of lim jit2xoe th 2) is 
n> oa n+2 2 
(a) 1/2 (b) 1 (c) -1 (d) -1/2 
39. lim [x-—1] where [-] is the greatest integer function, is equal to 
x— 
(a) 1 (b) 2 (c) 0 (d) does not exist 
34 Be 
40. lim —is equal to 
xno X 
(a) 1 (b) -1 (c) 0 (d) does not exist 
uN. | |sin x| 
. lim is 
x0 x 
(a) 1 (b) -1 (c) 0 (d) does not exist 
sin [x] __ 0 
42. If f(x)=4 [x] ’ als , where [-] denotes the greatest integer function, then lim_ f(x) is 
0 , [xJ=0 x0 
equal to 
(a) 1 (b) 0 (c) -1 (d) none of these 
ANSWERS 
1. (c) 2. (d) 3. (b) 4, (a) 5. (a) 6. (b) 7. (b) 8. (a) 
On(d)) 10: (da) %11.(b) 12. (6) 183 @) 14. (b) 15. (d) 16. (b) 
17. (a) 18. (b) 19. (b) 20. (a) 21. (0) 22. (b) 23. (b) 24. (b) 
25. (a) 26. (a) 27. (a) 28. (a) 29. (c) 30. (a) 31. (d) 32. (b) 
33. (c) 34. (d) 35. (a) 36. (c) 37. (b) 38. (d) 39. (d) 40. (d) 
41. (d) 42. (d) 
SUMMARY 
1. lim f(x) exists<> lim f(x)= lim f(x) 
x—>a x—>a~ x—a™ 


For a function f (x) and a real number a, lim _/f (x) and f (a) may not be same. 
In fact: gece 
(i) lim f (x) exists but f (a) (the value of f (x) at x =a) may not exists 
x—a 
(ii) The value f (a) exists but lim f (x) does not exist 
x-a 
(iii) lim f (x) and f (a) both exist but are unequal 
x—a 
(iv) lim f (x) and f (a) both exist and are equal. 
x—a 
3. Let lim f(x) = land lim g(x) = m. If! andmboth exist, then 
x—a x—a 
(i) lim k f(x) =k lim f (x) 
x—a x-a 
(ii) lim (f+9)(x) = lim f(x)+ lim g(x) =/+m 
x—>a x-a x—a 


(ii) lim (fg) (x) = lim f(x) lim g(x) = Im 
x—-a x-a x—a 




















eeret ( lim f(x) 
oe @w) tim [é 2 aepe 
lim g(x) m 
x—a 
4. Following : are some standard limits: 
OS a get e 
Mi) im SH" = ng! 
@ xo-a X- a ( 
(ii) tim “2* = 1 
x30 Xx 
(v) lim tan (x-@) _ 
x-a xX-Aa 
a —1 
| wii) 0 = = log,a,a # 0,a>1 
af 
res 





(viii) 
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(v) lim {fF (a8 (x) _ jm 
x—>a 


(ii) lim oe 
x-0 X 


(iv) lim sin(x-4@) _4 
x-a x-Aa 
lim log (1 + x) = 1 
x-—0 aC 

e* —1 
x-0 x 





(vi) 


=1 
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CHAPTER 30 


DERIVATIVES 


30.1 DERIVATIVE AT A POINT 


DEFINITION Let f (x) bea real valued function defined on an open interval (a, b) and let c €(a, b). Then, 
f (x) is said to be differentiable or derivable at x =c, iff 
lim F(x) =F (2) AC, 
x=—>C Yt eed 


exists finitely. 


This limit is called the derivative or differentiation of f (x) at x =c and is denoted by f ' (c) or 
d 
Df (c) or « — f (x 
yioe{ sea} 


That is, 
ee (x) =f (e) 


Les a —C 


f'(d = 


, provided that the limit exists. 


Throughout this chapter it will be assumed that a given function f (x) is differentiable at every 


point in its domain i.e. lim f ) =f (©) 
x—c x-C 


f-fO _ yp £H-fO 


exists for all c in its domain. 


fi(c) = lim ; 
x—>c™ iG x>c 8=—l FE 
1 h) — f (c)  f (Cs Ete) 
(¢ = tim LEAD LO gy pry = tim LEO 
Lo h =O h on £10) h—0 —h | 
ILLUSTRATIVE EXAMPLES 
LEVEL-1 
EXAMPLE? Find the derivative of f (x) =k atx =Oandx =5. [NCERT] 


SOLUTION By definition 
f'(0) = fi OS lim Bax on 


h—0 h h>0 A 0 
k-—k 
=a aes 0h ho>oh 
EXAMPLE 2. Find the derivative of sin x at x =0. [NCERT] 


SOLUTION Let f (x) = sin x. Then, 


. Pact f (0+h) —f (0) Pees sin h — sin 0 = his sin h 
fe SO) = rae h h—-0 h h>0 h 





=1 


EXAMPLE3 Let f be a real valued function defined by f (x) = x? +1. Find f' (2). 





30.2 MATHEMATICS-&I! 


SOLUTION We have, f (x) = ve 


; Reve J \arr st) — 7.2) 
es po 0 h 
; eer (2 + h)* +1} —{2 + 1} 
y le Soee et 0 h 
(m7 +4h+5)-5 |, hh? +4h 


=> '(2) = lim lim = lim +4 = 4 
f' 2) h 0 h h—0 h h —0 


EXAMPLE4 [If fis areal valued function defined by f (x) = x? + 4x + 3, then find f' (1) and f' (3). 





SOLUTION Wehave, f (x) = x7 +4x+3 


HAN Set DF 
a 
= f°) = lim (1 +h)? +4(1+h) + 3)-(17+4x14+3} 
~ h>0 h 


2 i 2 
(h* + 6h + 8) op; lim h* + 6h 





'(1) = lim = lim h+6 = 6 
ey iD) h—0 h h—->0 h ery 
and, (3) = lim 8+” -S0) 
h—0 h 
B a2 
a FS) = lim {((3 +h)“ +4(3+h) + 3}-(3°+4x3+3 
h—>0 h 
2 a 2 
ate f'(3) = lim (h“ + 10h + 24) 24 _ lim h +10h _ lim h+10= 10 
h-0 h h->0 h h—->0 


EXAMPLES Find the derivative of f (x) = 2x* + 3x —5atx =—1. Also, prove that 


f' (0) + 3f'(-1) = 0. [NCERT] 
SOLUTION Let us first find the derivatives of f (x) atx =O and x =—1. 
By definition HO SRO 

; a 0+h)-f (0 

a ah h 

’ Sh f (h) =i (0) 
ae a 

been as... (2h? + 3h -5) —(2x (0)? + 3x (0) —5} 
as LON h 

con .. tz, (2h? + 3h—-5) -(-5) 
= FAO) h 


2 
e Ff’) = jim SP = lim (2h+3) = 2x0+3 = 3 
eA bn Cece DEL CD 
and, = f*(-1) ae h 
_ {2(-1+h)* +3(-14+h) —8 -(2(-1)? + 3(-1)- 
=> A (—1) zs im eo EAymweS 
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et) = Yim 2” an Gh 
hoo h h—0 
f'(O)+3f'(-1) = 3+3x-1 = 3-3 =0 
EXERCISE 30.1 
_ 1. Find the derivative of f (x) = 3xatx = 2 
2-Find the derivative of f (x) = x* —2atx = 10 [NCERT] 
3; Find the derivative of f (x) = 99xatx = 100 [NCERT] 
4- Find the derivative of f (x) = xatx = 1 [NCERT] 
5. Find the derivative of f (x) = cosxatx = 0 
6. Find the derivative of f (x) = tan xatx = 0 
7. Find the derivatives of the following functions at the indicated points: 
(i) sin xatx = (ii) xat x =1 (iii) 2 cos x atx => (iv) sin 2x atx = 5 
ANSWERS 


1. 3 2. 20 3. 99 4. 1 5. 0 6. 1 
7. (i) 0 (ii) 1 (iii) -2 (iv) -—2 
HINTS TO NCERT & SELECTED PROBLEMS 
2. We have, f(x) = x7 -2. 
fr10) = tim £A0+9-FA0) _ 5, (00+ h)? — 2) - {107 - 2} 


h—>0 h h—>0 h 
2 feng 
= dim, COT 10 im oe eS ere OO 
h—0O h h—0 h h—>0 
3. We have, f(x) =99 x ! 
"£"(100) = lim f(100 + h) — f (100) | 
h—-0 h 
. 99(100 + h) —99 x 100 
= lim —— 
h—+0 h 
GO. i ee eS ogiea ina tenGe 
h->0 h h->0 


4. We have, f(x) =x 


aye tm £OtH-f@_ yn GtM-1_ i Boy 
DD Se h h30 OA Ty one 
30.1.1 PHYSICAL INTEGPRETATION OF DERIVATIVE AT A POINT 


Leta particle be moving in a straight line OX starting from point O towards point X as shown in 
Fig. 30.1. 


O P Q X 
Fig. 30.1 





30.4 MATHEMATICS-xI 


Clearly, the position of the particle at any time t depends upon the time elapsed. In other words, 


the distance of the particle from O depends upon the time i.e. it is a function f of time t taken by 
the particle. 


Let at any time /p:i.e. at time f =p , the particle be at P and after a further time /1 i.e. at time 
t=ty +h, itis atQ. 


OP = f (to) and OQ = f (tg +h) 
Distance travelled in time = PQ =OQ-OP = f (tg +h) —f (to) 
FQ _ f (to +h) -f (to) 
Clearly, Average speed of the particle during the journey from P to Q = ————$— 


h 
Ash — 0, we observe that Q —> P. 


(Instantaneous speed at timet =fp) = rash oa MO) f' (to) 


Thus, if f (t) gives the distance of a moving particle at time t, then f ' (to) i.e. the derivative of f at t =to 
represents the instantaneous speed of the particle at time t = tp or, at the point P. 

ILLUSTRATION The distance f (t) in metres moved by a particle travelling in a straight line int seconds 
is given by f (t) = t* + 3t + 4. Find the speed of the particle at the end of 2 seconds. 


SOLUTION We have, f(t) =? + 3t+4. 


The speed of the particle at the end of 2 seconds is given by f ' (2)i.e. the derivative of f (t) att = 2. 
Now, 


PA ae Qn) C2) 
Ae ae h 


2 UA 2 ; 
er Oy Sain wee ht a 2O4+ 3% 2+4) 
h—-0 h 

: _ 2 
POE (oii ee ee nae ee 


= lim ——= lim h+7 =7 
h h>0 h h->0 


Hence, the speed of the particle at the end of 2 seconds is 7 m/sec. 


30.1.2 GEOMETRICAL INTERPETATION OF DERIVATIVE AT A POINT 


Let f (x) bea differentiable function. Consider the curve y = f (x). Let P (c, f (c)) bea point on the 
curve y =f (x) as shown in Fig. 30.2 and let Q (c +h, f (c + h)) be a neighbouring point on the 
curve y = f (x). Then, 

Slope of chord PQ =tan Z QPN = < Z Fern =fto 






Q(c + h, fic + h)) 


Sle ae 
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Taking limit asQ — Pie. h — 06, we obtain 


ane (Slope of chord PQ) = tim LEAD ALO .--(i) 


AsQ > P, chord PQ tends to the tangent to y =f (x) at point P. Therefore, from (i), we get 


Slope of the tangent at P = jim, BGO NO) 0 =I9 
{—> 1 


=> Slope of the tangent at P = f'(c) i.e, tan y =f ' (c), 
where y is the inclination of the tangent to the curve y =f (x) at point (c, f (c)) with the x-axis. 


Thus, the derivative of a function f (x) at a point x =c is the slope of the tangent to the curve y = f (x) at 
the point (c, f (c)). 


ILLUSTRATION — Find the slope of the tangent to the curve y = x* at (-1/2,1/4). 


SOLUTION Let f(x) = x*. Then, y = f (x) is the given curve. Clearly, slope of the tangent to the 
curve at (- 1/2', 1/4) is equal to f ' (— 1/2) i.e. the derivative of f (x) atx =-—1/2. 


ies 


Now, f'(-3) = lim 
2. hoo h 
heat 14% 
1 matey tee — an 
ram Gl 
2 “h=>0 h 





| (5 - n+ 1?) -4 2 
=> f'(-5)] = jim 4 —_4 4 = im é tt lim h-1 = -1 
2 h—0 h h—0 h h +0 
Hence, slope of the tangent to the curve y = x? at point (—1/2 , 1/4) is equal to -1. This means 
that the tangent to the curve at point (—1/2, 1/4) makes 135° angle with the positive direction of 
X-axis. 
30.2 DERIVATIVE OF A FUNCTION 


In the previous section, we have learnt about the derivative of a function at a point in its domain. 
Let f (x) be a function differentiable at every point in its domain. Then corresponding to every 
point c in the domain, we obtain a unique real number equal to the derivative f ' (c) of f (x) at 
x=c. Thus, there is one-to-one correspondence between points in the domain of the function 
and the derivatives at these points. This correspondence induces a function such that the image 


of any point x in the domain is the value of the derivative of f at x i.e. f’ (x) or = (f (x)). This 
function is called the derivative or differentiation of f (x) and is given by 


ee Poe ee ie), ee _ py £&+h-f@ 
f (3) eae mmEEmTT: Gree (f (x) ae eS 


The process of finding the derivative of a function by using the above formula is known as the 
differentiation or derivative from the first principles. 


30.2.1 DERIVATIVE AS A RATE MEASURER 


Let f (x) be a function of x and let y =f (x). Clearly, the value of y depends upon the value of x 
and it changes with a change in the value of x. So, x is called the independent variable and y the 
dependent variable. Let Ax be a small change (positive or negative) in x and let Ay be the 
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corresponding change in y = f (x). Then, the value of x changes from x to x + Ax and the value of 
the f (x) changes from f (x) to f (x + Ax). So, change in the value of f is 


f (x + Ax) -—f (x) or, Ay = f (x + Ax) —f (x) ..(i) 

Thus, we observe that due to change Ax in x, there is change Ay in y. Therefore, due to one unit 

change in x, change in y is equal to mo This is known as the average rate of charge of y with 
z 


respect to x. 


As Ax — 0, we observe that Ay also tends to zero. 
Instantaneous rate of change of y with respect tox = lim Ay 
Ax —0 Ax 
If we use the phrase rate of change instead of instantaneous rate of change, we have 
Rate of change in y with respect tox = lim Ay 
Ax—>0 Ax 


Te f (x + Ax) —f (x) 
Ax > 0 Ax 


[Using (i)] 


< ( it (x)) [Using def. of derivative] 
x 
dy 


dx 
Thus, “ Or, = (f (x)) measures the rate of change of y = f (x) with respect to x. 
x x 


i.e., ay lim aM 
dx Ax—>0 Ax 


REMARK1 The meaning of the term “‘rate of change of y with respect to x”’ is that if x is increased by an 


additional unit the change in y is given by at For example, the rate of change of displacement of a particle 
x 


is defined as its velocity, so if we say that a particle is moving with the velocity v km/hr then it means that 
when time is increased by one hour the displacement changes by v km. 


REMARK 2 Some authors also define aime ae, or, lim ROSITA aria exactly 
dx Ax>0 Ax Ar 50 Ax 
identical to the definition given in this book. 


REMARK3 We have seen that “ or, ~ (f (x)) is the derivative or differentiation of y = f (x). Also, = 
x be 
or, = (f (x)) measures the rate of change of y with respect to x. So, we can say that the derivative of a 
function y = f (x) is same as the rate of change of f (x) with respect to x. Consequently, phrases such as 
“differentiation of a function f (x) and “differentiation of a function f (x) with respect to x” convey the same 
meaning and are used invariably. 
30.3 DIFFERENTIATION FROM FIRST PRINCIPLES 
In the previous sections, we have learnt that the derivative of a function f (x) is given by 
_ f(x+h)-f 
(x) = lim ——— 
fe) h—0 h 
The process of finding the derivative of a function by using the above definition is called the 
differentiation from first principles or by ab-initio method or, by delta method. 
In this section, we will find the derivatives of some standard functions viz. x", e*, a", 
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log x, sin x, cos x, tan x, cot x,cosec x and sec x by first principles. Following results will be very 
helpful in finding the same. 

(i) sin (A + B) = sin Acos B+ cosA sin B 

(il) cos(A + B) = cos Acos B¥ sin A sin B 























+ te i 
fijtan (AB) = 242 fan Be Gy) tan Acer Bee ee 
1+ tan A tan B cos A cos B 
(v) tan A—tan B = tan(A-—B) {1+ tan A tan B} 
(vi) sinC +sinD = OF sini teers “= 
(vii) sin C —sin D = 2sin “5 cos 52 
(viii) cosC +cosD = Pye pies cos => 
(ix) cosC —cosD = -2 sin <=> sin <=? = 2 sin <=" sin “= 


(x) 2sin A cos B = sin (A + B) + sin (A —B) 
(xi) 2 cosA sin B= sin (A + B) —sin (A —B) 
(xii) 2 cos A cos B = cos(A + B) + cos(A —B) 
(xiii) 2 sin A sin B = cos(A — B) —cos(A —B) 
1 


n 

men | 6X a s 

(xiv) lim = nq'~} 
x>a X-AaA 














eli ay ti SM 
x-0 Xx x—a x-a 
(xvi) lim fan ay lim tan (x-4@) _, 
x-—0 é x—a x-Aa 
a 
(xvii) lim Baie = log, a,a>0,a¥1 
x-0 XX 
, 
Sanelin e—— = 
x-0 X 
(xix) lim bese Git 2) =1 
x-—0 x 


THEOREM 1 If f (x) =x” , where n € R, then, the differentiation of x" with respect to x isnx"— }. 
ive. * (x7) = nx"! [NCERT] 
x 


PROOF Let f (x) =x". Then, f(x +h) =(x +h)" 


deg» — we fxth-f@) 

a) = ba h 

d a Gerba 7 Genie! 
=z EO) 3 ae h h>0 (x+h)-x 





= (f(e)) = lim ie ies wherez =x +handz—>xash—0 


Z—>X Z—-X 





faa 
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! 
= Soe £ (f(3)) = = nx} Using: lim is ms =nd'! | 


x—->a X-Aa 


Hence, = (2) = nx? Q.E.D. 


ILLUSTRATIONS Using the above formula, we obtain 
(i) 4 8) =5°-) =5x4 
ax 





adda (A 78 34-9) 0 
aa | ae fe (XY ~*~) SS — 3 € =-_ 
(ii) 4 (=) Aes ) x x? 
rey GL ede, eh 1/21. 1 
(iii) =, =) ee ) a ara 


| Go 


Pera eleed y/o, 1 -1/2-1__L yo 
iv) i( dx ee) 2> ye 


(v) =) == (x) =1xx 1 =1x x9 =1 








a i! 4 qed 
a =—-1 == 
(vi) #(2\-4 — (x) xXx 3 
THEOREM2 The differentiation of e* with respect to xis e. Q.E.D. 
ax 
PROOF Let f(x) =e. Then, f(x +h) = exth 
d f(x +h) — f(x) 
— (f(x)) = lim ————— 
dx ee h—0 h 
pear ce ie ex . elt _ eX Uh hia 
7 dx —__—_— = lim —————- = lim e* 
eve BLS ait h h—>0 h h->0 : h 
h h 
é-—1 ot 4 
= ax IO] ae ffi el =1 
eras (252) 
ad 
Sh er ata .E.D. 
oe AO lg 5 


THEOREM3 The differentiation of a* (a > 0, a #1) with respect to x isa” log, a 
d 

i.e. a) = a logea 

PROOF ve f(x) =a*. Then, f(x + h) =a**" 
= (ft x)) = tim FO — f(x) 


ae até at —a* 
ae = lim —— = lim ——— 
= =F) eo oh ay 


h x 
a ee aa a —1 |_4* log, a lim = a =log, a 
= FE: (f(x)) =a ee | i Se ony ae Se 


Hence, = (a") = a™ loge a 








———— os. 41) tenn ee. 11 en 06 eee 
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ILLUSTRATIONS Lising the above formula, we get 
d 
ee? OS ¢ 


(ii) a (10*) =10* log, 10. 


(ii) — = (e%) = fle | (e2)* log e? =e2* -2 log e = 2e** 
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THEOREM4 The differentiation of loge x , x > 0 is * Q.E.D. 
x 


Le. — * (loge x) = 


PROOF “ f(x) = log. x. Then, f(x + h) = loge (x + h) 
4 (f(x) = tim f(x + h) — f(x) 
ray — 0 h 
lim 1°8¢ (x + h) —loge x 




















ss “(f(a (x)) = 
I h 
a = (f(a) on im 8s (1 + h/x) _ lim loge (1 +h/x) 1 
pau h h—0 h/x x 
+ < (fle ee E iy He OD) | 
x —0 x 
1 
Hence, — = -E.D. 
ence, —— @ (log, x) = Q 
THEOREMS The differentiation of log, x (a> 0,a # 1) with respect to x is 
x log, a 
d 
1.e. — (l x) = 
si dx 080) x log, a 
PROOF Let f(x) =log, x. Then, f(x + h) =log, (x + h) 
aa x))= lim f(x +h) -f@) 
dx h—0 h 
bg x+h 
lim 1084 (x+h)-loggx _ ,. . x 
=cia P06 a \4 a = jim ~—_————~+ 
= i gy) my h h—0 h 
lim 1°82 (i+h/ x) _ . log, (1+h/x) loge > 
she = 2a lim ————— : log, A= 
. evo) my h ~ h-0 (log, a)-h RBs loge a 
h 
log} 1+— 
d 1 log, (1 + h/x) 1 ‘ ig x 
— lim —————— = — . lim ———~=1l 
3 i) = log,a h>0 8x (h/x) x loge a h->0 h 
x 
Hence, ia (log, x) = setberss Q.E.D. 
dx x loge a 
ILLUSTRATIONS We have, 
d 1 ee! 1 d 
mest; eae tant 
G) — logs *) Zises FEM eee Fx 1085 *) wines 
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THEOREME6 § Thi differentiation of sin x with respect to x is cos x. 








ie. ay (sin x) = cos x [NCERT] 
PROOF a f(x) =sin x. Then, f(x + h) =sin (x + h) 
im Ze + h) — f(x) 
£ (f(2)) = " 
. sin(x+h)-sin x 
— x) = | Ie TSS aT SOR re RES 
ig dx ei ) h 0 h 
2 sin{ h )<0s{ 2x+h 
2 Ot _ D 
| fs ain C-sin D =2sin Pee *? 
1 J 
(2 sin h/2) cos (x + h/2) 
aa an Tie 
= mie ia eas 2 (h/2) 
: h . sin (h/2) 
ast = oes iim = 
as We mi h—>0 cos "9 ). h->0 (h/2) 
in (hh / 2 
=> = (f(x)) = (cos x) x 1 =cos x “- in =1 | 
Hence, - (sin x) =cos x Q.E.D. 
THEOREM 7 The differentiation of cos x with respect to x is — sin x. [NCERT] 
i.e. = (cos x) =—sin x 


PROOF Py f(x) =cos x. Then, Ie + h) =cos (x + h) 
; a £ (fe) a dim Ze + h) —f(x) 








h 
: this cos Xx 
= — = jm —_—_——_. 
d 5 £@)) h—-0 h 
( 25 Js ( | 
—2 sin 5 sin °) 
a dx 5 Vee es a 0 h 
E cos C —cos D =-2 gmc = x sine | 
d ; : h : sin (h/2) : _ sin (h/2) 
— =— lim —_ - lim = ( 1 Bed fo lim ————=1 
pe gal Jim, sin te 123)" 0a ho (h/2) 
# (f(a)) = ~sin x 
Hence, ae (cos x) =—sin x 
dx 
THEOREMS The differentiation of tan x with respect to x 1s sec” x. Q.E.D. 
i.e. = (tan x) = sec? x [NCERT] 


PROOF Let f(x) =tan x. Then, f(x + h) =tan (x + h) 
a _ yy Leth) -f@) 
ey a gaa as 


Se Pe 


DERIVATIVES 30.11 


d . tan (x+h)—-—tan x 
= — x = ] 2) 
B= ln h 


sin(x+h) sinx 
cos(x+h) cosx 
h 
sin (x + 1) cos x —cos(x +h) sin x 


d 
> —(f(x))= li 
Fp) tin 


> £9) = tim 


h cos x cos (x + h) 











= = (f(2)) = aes Ig dt De ses [.- sin A cos B—cos A sin B=sin (A —B)] 
= 50 h cos x cos (x + h) 
in h 1 
=> — (f(x)) = lim lim ————————— 
dx i ) ] 3 : h 50 cos x cos (x +h) 
d 1 2 . sinh 
> — (f(x)) =1 x ——————_ = sec” x .* lim =] 
dx YG) cos X cos x h>o0 hk | 
Hence, - (tan x) = sec” x Q.E.D. 
x 
THEOREM The differentiation of cot x with respect to xis — cosec’ x. 
i.e. a (cot x) =— cosec” x 
ax 


PROOF Let f(x) =cot x. Then, f(x + h) =cot (x + h) 
d _ f(x+h) —f(x) 
dat = lim 
dx UO) h->0 h 
d cot (x + h) —cot x 
> — = lim ——_ 
dx YO) h—0 h 
cos(x+h) cosx 





d sin (x +h) sin x 
=> Meira) \ linn 2 
dx Ui ”) h—0 h 
: sin x cos (x +h) —cosx sin (x+h 
—>0 h sin x sin (x + h) 
sin (x —(x + h)) 
pt oer ain Ge 


= = (F) = [- sin A cos B—-cos A sin B=sin (A —B)] 





sin h 1 
= ae =— lim ——x lim ———— -: sin (—h) =—sinh 
dx UG) h—>0 h - h—>0O sin x sin (x+h) Cc) 
d 1 2 tf: ,, sinh 
=> — (f(x)) = (—1) ——————- = --cosec” x he lim =] 
ra Drei Uno | h>0 h | 
Hence, Le (cot x) =— cosec* x 
dx 
THEOREM10 The differentiation of sec x with respect to xis sec x tan x. Q.E.D. 
‘ d 
1.e. —_ = tan xX 
oe (sec x) = secx 


PROOF Let f(x) =sec x. Then, f(x + 4) =sec (x + h) 
a a f(x+h) -f 
7g EO) = Be h 





ee eee - 
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a # F(x) ee sec (x +h) —secx 
— 0 h 
ee 
d cos (x +h) cosx 
ie 2) Scand ba eR A 
ey dx Uf @) h 0 h 


d . cos x — cos (x + h) 
ra ax >) h—0h cos x cos (x + ht) 


( 2252" )s ( =+A=* | 
d 2 sin So sin 5 
ease x) = kim ——— OO 
= ax F ( ) h—-0O 


h cos x cos (x + h) 








2) 


cE cos C —cos D =2sin( act 


( 2221 | ( # ) 
2 sin sin| — 
p, 2 








zi = ray h cos x cos (x + It) 
= 2x+h 
= = (fe ey lim 2 gai sin (h/2) 
h>Ocosxcos(x+h) hoo (h/2) 

d sin x _ gin (h/2) 
=> rn x)) =—————__ x 1 = tan - lim ——e=l 

ax YC) cos x cos x oe h->0 (h/2) | 
Hence, + (sec x) =sec x tan x. Q.E.D. 


THEOREM11 The differentiation of cosec x with respect to x is— cosec x cot x. 


d 
i.e. = (cosec x) = — cosec x cot x 


PROOF Let f(x) =cosec x. Then, f(x + h) =cosec (x + h) 
a Poa) (x) 
Ol oa an 


a i cosec (x + h) — cosec x 

= (ODS a a 
peg gives 
a 2h: sin (x+h) sinx 
> ay i) A ae 
zs = (fx Aye lim x= sin (x + h) 


oa nianie aa ah) 


5 ( ===" | ( 222 ** | 
2 sin| ————— |cos| ————— 
2 2. 





S eve i ey 0 hsin x sin (x +h) 
p> Aggy ng, 2a he 


—>0 hsin x sin (x +h) 


 . = Serres Ff 
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d sin (11/2) cos (x + 1/2) ( h ee |: 
=, =a(f(x))= = lim ————+ li mcorat A co akbar AS ." sin| —— |=-—sin — 
dx YO) h—0 h/2 h SO sin x sin (x +h) 2 2 
= oA (f(x)) =(-1) x else =—cot x cosec xX. 
ix sin x sin x 
Hence, * (cosec x) =—cosec x cot x. Q.E.D. 
The ie results can be summarized as under: 
(i) (x ') =nx"—} (ii) < (e*) =e* (iii) = (a*) = a” log, a. 
(iv) (log, x) =- (v) - (log, x) = ae (vi) De (sin x) =cos x 
ra, 1a size th 2 eee 9 
(vii) — (cos x) =—sin x (viii) — (tan x) =sec” x (ix) — (cot x) =—cosec” x 
dx dx dx 


d ete. 
(x) oe (secx)=secxtanx (xi) of (cosec x) =—cosec x cot x 
x x 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the derivatives of the following functions from first principles: 
(i) x3 -27 (ii) (x -1) (x -2) (iii) [NCERT] 
x 


SOLUTION 5 Let f (x) = x? -27. Then, f (x +h) = (x+h)?- 
ee (x +h) —f (x) 


= = (f (x x)) = ae 7 
afi h)> -27) {+ -27) 
ads = ee 


(x3 + 3x2 h+ 3xh? +h? — 27) ~(x — 27) 


d : 
7 fa he? = i h 


3x7h + 3xh? +h? 


d 

= fos ‘) = lim 
a h—>0 h 

=> ee (f (x)) = lim (3x2 + 3xh +h?) = 3x24+3xx0+0 = 3x? 
dx h—>0 


(ii) ee = (x —1) (x —2). Then, f (x+h) = (x+h-1)(x+h-—2) 
im Le —f (%) 


= (f(a) = lim a 1 
> = (FQ) = jim - 
3A: ey = tm, DAMM Ree eee 


ai h 





RRR A Ss as Ne chee ce ens we te ee 2 + 


re OO, 
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(x —1) (x —2) +h (x -1) +h (x —2) +h? —(x -1) (x —2) 
h 
h(x —1) +h(x-2) +h? 
h 
(iii) Let f (x) = —.Then, f(x +I) = 
x 


d ; 
_— x)) = li = | x-1)+(x-—2))+h=2x-3 
a dx (fF @) h 2a, h 0 Kx ) ( ) 





(x +h)? 


De | fat hy — fe) 
pl en) ar 


1 1 
PeN2. 2 
= <(f x)=, jen (CO _ 2 
x 2_(x +h)? 
— — x — 
=p FO) = pao h x? (x + h)? 
—2hx —h? ; —2x -h —-2x-0O -2 
— = (F(%) = Evy pea = lim mEaOia nl... 3 


130 hx (x+h)2 h—>Ox2(x+h* x*xx* x 


EXAMPLE2 Differentiate the following functions with respect to x from first principles: 


(i) Vx (ii) Jax +b (iii) - (ia) 


SOLUTION (i) Let f(x) = Vx. Then, f (x+h) = .[x+h 
d 4 f(x +h) -f (x) 
i UO a 


> (Ff) fap Eos 


h-0 h 


az +i || fe + | 
lim 
eee h| Jx+h +] 





ax +b 


>= = ¢) 


1 
= = (F (9) = nee See 
rae 7 erro) h—0 Ta Fak 21x 
= (Wz) = xk 
(ii) = (x) = fax +b. Then, f (x+h) = Ja(x+h)+b = (ax +b) + ah 
: < lim 2+) — f (x) 
=e > FE @) AL eer oa 
a 2 Fw) 2 ee eee — Jax + 
= ae 
EIT — Jax + . ax +b) + ah + fax +b 
= = Fa) = Pau (ax +b) + ah + Jax +b 


i 


“THE le Une aE 


lll ee he 
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= + (f (x)) = jim. (ax + b) + ah —(ax +b) 
=. My (ITA + fae) 

at “ (f (x)) = Jim ————— -____ 
: ai My (avy wah + fae 

Be yt) = im 
dx h—0 ,/(ax +b) + ah + ax +b lax +b ea) Parag 5 


Hence, “ (fax +b) = 
x 


(iii) Let f (x) = =. Then, f (x +h) = 


ax a 


eit 
+h 


Gin a FOHDAA@ 
dx (fF) = pine h 
—lisga! 
d AN ok x+h x 
> ae (f (x)) = ee 
} He 
= “ (f (x )) = ia c= ee oe S(T) en 1 


Hence, ae (=) a oo 
x 





dx x? 
(iv) Let f (x) = + Then f(x+h) = _ Se ee eee 
ax +b At a(x+h)+b (ax +b)+ah 
a Cr he JoyHIAe9, 
dx Y@) = oa h 
1 1 
(ax +b) + ah ax +b 
a (f (x)) = i Negpecenareer ees 


lim & + b} — {(ax + b) + ah} 





a 
dx 
> “¢y = 
dx many — 0 h (ax +b) {((ax + b) + ah} 
d —ah 
aecgy,  )) — IN | aaa 
d —a a 
ns dx Uf @) = fn aE) (ax +b) + ah} ~ (ax +b)? 
ad 1 SERS 
Hence, re ea = Gx +b? 


EXAMPLE3 Differentiate the following functions with respect to x from first principles: 





(i) 2x+3 (ii) 4-x (iii) ax? + “ Gv) 243 


3x+2 





ho, * | far] h—>0 hx(x+h) ~ hoox(x+h) x 
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1 
22 


Gi 4 





; ee ee 


=> — (f(x)) = lim 
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SOLUTION (i) Let f(x) = 2x - + 3. Then, f(x+h)= /2 (x+h)+3 
oa. = (f(2)) 2 aim Je a a f(x) 


s 4 (fo = ac + 5 + 3 aa +3 


/2 (x+h)+3 — [2x + 5] {EG +h)+3+ 2x - 5] 
=> =f) = lim 


h—0O 
a h} Baa + JB 5) 
2x+2h+3-—2x-3 1 
= =e 2 i lim * h = 
[a 2h+e3+ {2x + 5) 
lim 22 : 1 
am <(fee 2) = sae h <u 0 
2x + 2h + 3+ ./2x+ 5) 
d 1 
alae = 9s — eee 
= (Ff) 


J2x+3+.J2x+3 +3+ WE +3 A + 3) 2x +3 


(ii) Let a =,/4- —x. Then, f (x+h) = 4 —(x +h) 


4%) = im a - f(x) 


tos 4 (f() = thy eS eS ) -,/4- x 


{4 —(x + h) —/4-x 4 —(x +h) + /4—x 








d — 
7x gee) = fe 
= = (f(x) = aim, 4-(x+h)-(4-x) 
iV (x +h) +./4- | 
d = -h cd 
=> a EO) = lim = 


Pelee fia 


si m2) 0. 7 et 
(iii) Let f(x) =ax ee Then, f(x fh) = a(x+h) Hiei 


yee ee OE DEK 
ge FO) = fim, ET 


2 ae 
£ a(x+h)* + —. ~| 2st 


ax h>0 h 


«ae BRB EE i 
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a{(x +h)? —x7} +b ee = 
= 2 (f(3)) = him oth 
fee sh h 
vane) +b) AEoN| 
( x(x+h 
= —_— x — li ————$— ———. ————$ 
pp) = dice h 
d ; a(2hx + h?) b (—h) 
— —- » = ] ———— ED 
dx Y () h a0 h u hx (x + h) 


d | b 
=> —(f (x li 2x +h) -——_——_ 
ax ¥ ) im, | 4 ” Tea 
d La b 
= ay) = SET, 
a =. Then, f (x +h) ie 2(x+h)+3_2x+3+2h 
3(x+h)+2 3x+2+3h 
im F2*0 — f(x) 
h 
"tea: ame 
d 3x+2+3h 3x+2 
> ay EO) = inn se 
—>0 h 
im {2% + 3+ 2h) (3x + 2) —(2x + 3) (3x+2+ 3h) 





(iv) Let f(x) = 


x = (f x)) = 





i = FO) x feats h (3x + 2) (3x +2+ 3h) 
cS = (f(x) sim — + 3) (3x + 2) + 2h (3x + 2) —(2x + 3) (3x + 2) — 3h (2x + 3) 
= h (3x + 2) (3x +2+ 3h) 
da h (6x + 4—-6x —9) 
SI ie y= RC RER Ge a: 3h) 
= 2 (fe) = = 2 


nit) (8x42)(8x4243h) " (3x42)2 
(v) Let f(x)=x7 9/2. Then, f(x+h) =(x+ hy 9/? 
£ (f(a) = tim 2 =L 





h 
lim & + h)~3/ 2 _ 3/2 
= £(f() = tim 7 ——* 
tea + hy 3/2 — x-3/2 
d ei 3/2 
= = = lin: -=—aenamae wherez =x +handz—>xash—0 
=> # (f(x) = (=3/2)x2/2>4 | Using lim fae and | 
dx xa X-Aa 
a o . 3-5/2 
> = (f@)=-5% 





ee eee 
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EXAMPLE4 Differentiate the following functions with respect to x from first principles: 
(i) sin 2x (ii) sin 2x (iii) sin x? (iv) sin (x? +1) 
SOLUTION (i) Let f(x) =sin 2x. Then, f (x +h) =sin 2 (x +h) 
d _ f(x +h) — f(x) 
— (f(x)) = lim —————-— 
dx YO) h—»0 h 





d . sin 2(x+/h) —-sin 2x 

= Lo (rey = Vekagy Ss aaa 
pay) = lo h 

= ey 2 in eo ie SVE gin D si ein (¢ =P.) cos 
ax h->0 hh 





=> eG) = 2 Mim x jim cos (2x4) = 2 (cos 2x) (1) =2 cos 2x 
dx h—>0 h— 

te (sin 2x) =2 cos 2x 

dx 


(ii) Let f(x) =sin? x. Then, f (x +h) =sin? (x +h) 
=f) = lim f(x 1% h) — f(x) 





cx?) 


h->0 h 

mn 2 (f(x) a sin? (x +h) —sin2 x 

dx h->0 h 

d . sin(x+h+x) sin(x+h-—-x) 
— —_ x = lim SS 

a im. h 

[- sin? A —sin? B=sin (A + B) sin (A —B)] 
=~ = (f(r ER eet inary (2e dah) = d (ain 22) = sin 2x 
rade h h>0 


ae (sin? x) = sin 2x 
dx 


(iii) Let f(x) =sin x?. Then, f (x + h) =sin (x + h)? 
pe fet h) =f) 
ee 


h 
a 4 fa) = tim 52 eel ain ae 
' 2hx +h? 2x? + 2hx+h? 
2 sin | ————— | cos | ———_______ 
Ligiayy 2 tm : 2 
ai dx h->0 h 
_ (2hx+h2 
wee 2 Qx+h 2x7 + 2hx+h? 
d ‘ xX + x“ +2hx+ 
— = lim ———_—. ——— 
= 7 EO ae aaah 5 ) ox 3 | 





2hx +h? oh 
sin 
2x7 4+ 2hx+ e 


os = x lim 
oo gee eae fin + i, co 2 


SEP Cerne cea ee ee See ee _—_ = 
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6 h->0 2 


‘ 2 2 
2} a } 
=> = (f(a) = tac, om 2% ie (2x+h)x lim con[ 2B tH) 
—_ 


2hx+h? 
2 


where @ = 


=> (F(a) = (1) x (2x) cos x? = 2x cos x? 


‘in 
tk (sin x7) = 2x cos x” 


(iv) Let f(x) =sin (x? +1). Then, f (x +h) =sin 4 (x + h)? + 7 


a _ a f(x +h)) - f(x) 
dx YO) hs pk h 


sin = h)? : —sin (x? +1) 


lim 


d 
=f dx i 2) h—0 








og | Xt? +1427 41 
Uh. oe 2 
=> at &) = aot a 


a mash), (comes a4 
x x COS ~ 2 





d 
= — Uf (x)) = lim 
dx h—0 i 





: 2 +h? 
sin | - 


> = (f (a)) = lim ane zt Li 


2hx +h? 


eee | 
2 


2 





d sin 
=> —(f(x)) = li 
sp De 


2 2 
a lim nea eaten co totes sa} 
6 h->0 h—0 


2 


2 
where 8 = ae . Clearly 6-0, ash — 0. 


= = (F (2) = 1x (2x) x cos (x? +1) = 2x cos (x? +1) 


EXAMPLE5 Differentiate xe* from first principles. 
SOLUTION Let f (x) =xe*. Then, f (x +h) = (x +h) e(**h) 


d _ a Sixth) -f (x) 
av (x)) = at ee 


d : (x +h) ext * _ xx 
=> one = iQ ———— sess 
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d = (xe** ho xe*) + he** h 
=> — (x) = lin ———————__ 
dx YO) h—>0 h 
eye im tze*| 2-1), + 
dx h>o | h 
=> 4 OF (@) = xe* lim et =1 + lim e*t! 
dx h>o\| h h—0 
=> “ Ath (x)) = xe*+e*= (x+1)e* 
EXAMPLE 6 i erentiate the following functions with respect to x from first principles: 
(i) tan (ii) cot Vx (iii) /sin x (iv) sin Vx : 


SOLUTION Pe Let f(x) =tan x. Then, f(x +h) =tan x +h 
oy fet -f@) 
ax Y(™) = ate 


h 
t r+h —t ; 
EN 4 609) = lim an /x +h —tan Vx 
ax h>0 h 

3; sin| JH —] (A-B 
: sin (A — B) 
=> — (f(x) = in ——~————_ tan A —tan.b =——————— 
dn )) h>0Ohcos./x +h cos Vx ty a cos A cos B 


sin( JH] 


=, ac a= ey —x) cos Vx cos ./x +h 
sin ae i 
> a) = im 
°| leah a J + | cos A cos Y= 
sin ec +h 4) 
= 2 (f() = : 


ba 


OS) a ee 
j 0 
yx+h —Jx am [JEFF + Joos Je cos /x 


F sin fi +h -4] 
= a = 2Vx a cos /x si eet | | 
\xt+h —Jx 


=1 


= = (fx )) = sae sec? Vz 


(ii) Let a5 = cot Vx. Then, f(x + h) =cot Jx+h 
d _ ae. SEH —fR) 
dx U) = ae h 
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d cot ./x +h —cot Vx 
—> _ 2 = li ——_—_—-—— 
dx (>) h ong) h 
2 — sin [er —¥5 in (A—B) 
— sin -- 
= —— a) VEE ey Bem ee cot A — cot B= ——____—=+ 
dx UG) h>0 hsin Vx+h sin /x sin A sin | 
— sin [ee -¥] 
~ RS) = lim 
7 al h—0 {(x +h)- x} sin \xt+h sin Vx 
in e +h — i) 
> = (fla)) = 





aa ae ee 
ee sin| Jer 


1 
= (F(a) =— im Sx lim 2 
BHO keh Aes sa [eri ve sin x+h sinJx 
d Rug ee 1 re ~cosec* Vx 
ee ga) = “Dien ain ase 
(iii) a =/sin x. Then, f (x +h) =/sin (x +h) 
4 (f(9) = im L2+ =f) 


: sin . + ht) ) —./sin x 
=> = (F(a) = jl <3 7 
x 1— 1 


{in (x +h) + /sin j | (x +h) + /sin x 
/sin (x +h) + /sin a 








d 
> —(f(x)) = li 
ax EO) piper, } 
1 





= (ft ay = sin (x + h) —sin x 











=> 
mo 7 Lam aR fa] 
> = (fe) = E sin C —sin D =2 sin <P cos = 
s =f Ey eaulin (sin h/2) lim cos (x + h/2) 
h->0 (h/2) hs ‘ : , | 
sin (x+h + ,/sin x 
d cos x cos x 
=> aoe = es 
ax SO) Jsin x + ./sin x 2 ./sin x 
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(iv) Let f(x) =sin Jx. Then, f (x +h) = sin /x +h. 
id _— ae f(x +h) - f(x) 
Pe) 


h-+0O h 
sin ./x +h —sin Vx 


d Sur 
mone h 
=< | ws) 
d es 
= a VO 3 pat 


h 
d ; 2 yx+h+vx 
= — (f(x)) = lim x —— Ss —_§|_—§_ cos] ———— 
i ee — | aa 2 
2 


vn EH =a 
: x+h-—- ; es 


d 2 

a = lim 
= ag V™) h->0 (ee) eh ht ee ae 2 
2. 


‘ al } 
= = (F(@) = Jim * Sue ——— x lim cxf EERE ae) 





— x lim x 
0 8 h-+0 — h—+0O 2 


yx+h—Vx 


where 8 = 











2 
=> = (F(a) = 1x a * (cos Va) = SOE 

Cig _ cos Vx 

gE ae 


EXAMPLE7 Differentiate x* cos x from first principles. 
SOLUTION Let f (x) =x? cos x. Then, f (x +h) = (x +h)? cos (x +h) 
d _ f (x +h) -f (x) 
— +) =achrn 
ie (f (x)) pu 7 
= 4 ¢ (a) = lim (x +h)? gale h) — x* cos x 
2 =F (2) = tim ae Cm eee eens I) - x? cos x 


2 ei cos x} + 2h cos 2-4 H) +H? cos + 
= ay F @)) = lim 
h—0 


h 
cos (x + h) —cos x 


— 2 F(@))= im, | 2 {SEEPS} 4 2rco0 24+ 1) +h cos (z+) 


sin(x +) sin 2 
2 2 2: 
h 


d Leh ae lim 2 ' 
=> al (2) = lim, 2x save x cos (x +h) + lim, hh cos (x + h) 
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( ) on 
sin | x + — |sin — 
— ; 1 es lines fie asriaet hcos(x+h 
dx h—oO h/2 h—0O ( ) ( 


d , 
> ay (2) =— x? sin x + 2x cos x +0xcosx =—x7 sinx+2x COs X. 
dx 





EXAMPLE8 = LIsing first principles, prove that rate : = f'@) 





f(x) F(x)? 
1 

SOLUTION Let h(x) = = ey Then, b (x + his Ff (x+h) 

dry ye O(x +h) - (x) 

dx oC} 7 Huse h 

de Se 
= ~ {oC} = jim, PA saat) a AC) a f(x) 
4 f(x) — f(x +h) 

“i =; 5 ¥ a, hf (x) f(x +h) 

a on LO-FI) 
Er ig OO} > 0 h ct f(x) f(x +h) 

da 2 m Lo +h) - ~fO) 1 
: 5 0} h AGE 

d b(x) F(x) 1 ‘’ f(x) is differentiable ‘ 
> — 10(x)} = —f '(x) x ——— : ‘\ j ; : = 

ae } J \% Fo F® .. f(x) is continuous => Bik f(x + h) = f(x) 

rte J 2) 
ea £f(x)}? 


EXAMPLE9 Find the derivative of 3/sin x from first principles. 


SOLUTION Let f(x) = 3/sin x. Then, f(x + h) = 3/sin (x +h) 
. £0) = aim ee — f (x) 


h 


= 4 cy) ent un (x +h) - 3/sin x 
eden Ye 59 


h 


ee orf 


=< (x)) = lim 
gu h-> 0 h[sin2/9 (x +h) +sin” > (x+h)sint 3 x4 sin?/3 x] 
eK 
v aba > 
a“ +ab+b 
lim SEE sin x 1 
gf @) = jim OO 3 or or or 
ae h sin”? (x +h)+sin/5 (x +h) sin¥3 x + sin2/? x 
lt ( t) 
2 sin — cos} X + — 
2 2 1 


d : 
mee) = lim 


X SS ees 
h sin?/3 (x +h) +sin/3 (x +h) sin’3 x4 sin2/3 x 
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q sin (1 Jcos{ ++ i) 1 
=> —(f(x)) = lim ————-—*x lim —— EE 
dee h—0 h h->0 sin2/3(x +h) + sin /3(x + h) sin 1/ 3x4 sin2/3x 
2 
(a) cosine : 
ax | sin2/3 x +4sin2/3 x4 sin!/3 x sin!/3 x 
d cos x 
=> — ff (x) = ———_ 
eae) 3 sin2/> x 


EXAMPLE10 Differentiate log sin x from first principles. 

SOLUTION Let f (x) = log sin x. Then, f (x +h) = log sin (x + h) 
d _ f (x +h) -f (x) 

. —(f (x) = lim ——_~—= 
dx Y @) h—>0 h 


d . log sin (x + h) — log sin x 
—— — lim ee 
ey h 
sin ad 


3 log : 
sin x 

— = lim 

= ax  () h—>0O 


h 







F log 41+ ea | 
Fe alae ms i 
. log 41+ Sess am ‘} 
= FO) = im 
log 41+ sin (x daly —sin *} 
sin x 


d tt 
Pigg = Pau 





«Meats ‘} 


sin x 






, sin (x + h) —sin x 
sin x 


sin (x + h) —sin x 1 
x -——————— XK 
h sin x 


_h ( t) 
2 sin — cos| x + — 1 
Sali eee DY Base 
h->0 h sin x 





h 2 


= cot x. 





= = (f (x)) = 1 x cos xx —— 
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EXAMPLE 11 Differentiate e ve n* from first principles. 


SOLUTION Let f (x) = 


a x Then, f Goa hyne ovtan (x+h) 


d ay, — wo SIX + Df 
zi dx U@) = Eon 


h 








vin (z+ h) tan x 
= (Ff () = Jim, ides 
1—> h 

q a ovian(x+ hy tan x 4 
=> —(f (x)) = lim e’ 

dx 10 h 

d VJtanx .. Pease Soe vtan a) yian (x +h) —Jtanx x 
mae (f(x) =e lim 

dx $0 Tener aa (x +h) - 

d aa ovian (x+ h) jee Oo eet ICE Rane 
> —(f (x)) = eY x lim x lim ~—————__*_—__ 

dx h—0 Jftan (x +h) —./tan x (x +h) —./tan an x h—>0 

d pvianx .  tan(x+h)-—tanx 1 
= —(f (x)) = lim —— A x — 

dx Y @) h—0 h tan ; +h) + {tan x 
2x a (FQ) = ovian te lies sin h 

dx ENO h cos (x +h) cos x ota ET ee — + ,/tan 

d ovian 1 1 aes 
> —(f (x)) = —————— = ——_— sec? x 

dx spe ee tan x ~ 2 Jtan 





EXERCISE 30.2 


Differentiate each of the following from first principles: 


1. (i) - 


(iv) = 1 iN CERT] 





ae 
3x+5 


(x) x7 +x43 


(vii) 





(xiii) (x? +1) (x —5) 


2.. (i)e"* 
(iv) x e* 


(vii) sin (x +1) [NCERT] 


(x) x cos x 








Gi) (i) 
2 
(v) x =] (vi) > — 
(viii) k x" 


(ix) — = 


(xi) (x + 2)3 (xii) x? + 4x? + 3x42 





(xiv) \ 2x2 +1 (xv) = +2 

(ii) eox (iii) et b 

(v) —x [NCERT] (vi) (-x)7} [NCERT] 
(viii) cos (x2) [NCERT] (ix) x sin x 


(xi) sin (2x — 3) 
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3. (i) sin 2x (iyf oes (iii) SP * 
(iv) x? sin x (v) fan Gerd (vi) in xX + cos x 
(vii) x2 e* (viii) eX +1 (ix) ev2* 
(x) evarrb (xi) a¥* (xii) 3°° 
4. (i) tan? x (ii) tan(2x+1) (iii) tan 2x (iv) ,/tan x 
5. (i) sin J2x (ii) cos Vx (iii) tan Vx (iv) tan x” 
ANSWERS 
1. (i) -2x72 (ii) -5 go 2/2 ii) — sx-4 (iv) 1- 2 
(v) 14 a (vi) ae (vii) a (vil) es 
(ix) ec ae (x) 2x +1 (xi) 3(x + 2) (xii) 3x7 + 8x +3 
(xiii) 3x2 —-10x+1 (xiv) ——2* os) ee 
2x? +1 (x - 2)? 
2. (i) =e"* (ii) 3e°* (iii) ae™ + ¥ (iv) (x +1) e* 
(v) -1 (vi) = (vii) cos (x +1) (viii) — sin ( x- =) 
(ix) sin x+xcosx (x) cosx—xsin x (xi) 2 cos (2x —3) 
3. 0 gy eo i a (iv) x7 cos x + 2x sin x 
(v) eee (vi) cosx—sin x (vii) (x? + 2x) e* (viii) 2x oe ew 
_, ev2e aever*b 
(x) = «) —— (i) == =e" VE toga (xii) 2x 3° log 3 
2 
4. (i) 2tanxsec*x (ii) 2sec” (2x +1) (iii) 2 sec? 2x (iv) oo 
5. (i) ou Gene ae (iii) oe (iv) 2x sec x? 


HINTS TO NCERT & SELECTED PROBLEMS 


1. (iv) Let f (x) = aE 





=x +=, Then, flx+h) =(x+h) +—_ 
x+h 


lim # (x + i =f (x) 
h 


1 1 1 1 
(x+h)+— -jx+4| bs {+1 -x 4-4 


ee a hovo h : 


f'(~) = 


h—0 h 
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x-x-h h 





= f(x) = lim (eth) _ lim x (e+) im 1 
—0 h h—+0 h h—-0 x (x +h) x? 
2. (v) Let f(x) = —x. Then, f (x +h) =—(x +h) 
iT A) = lim f(x +h) —f OO _ lim ~etMtx_ lim oe! 
h—0 h h—-0 ht hoo h 
(vi) Let fa)=-=, Then, f (x + h) =- 
x x+h 
h) — f (x) 
= tim Le 
f'(x) ; 
ae aes 
=> f'(x)= lim REE Ee i lt CRS ieee = lim ee gd 
heed h hoo x(x+h)h hoohx(x+h) hoox(x+h) x? 


(vii) Let f (x) =sin (x +1). Then, f (x +h) =sin (x+h+1) = sin {(x+1) +h} 
f'(@) = lim Jee) f@) 


Re EY (: ; h 
sin (x +1) +h)-sin(x+1) _ | 2 sin( *) cos Seats 


h h-0 h 
sin (#) cos {x +1) + 4 
= f' (x) = lim SY ie ss: ty 


h—->0 @ 
2 


(viii) We have, f (x) =cos c - 4 


f (x + h) ease i( -2) +n} 


> fi (~)=l 


So, EON im, tim L2*" — f (x) 
cos {(=-Z)+ n} -cos{x-] 
= J wT = nl 
—2 sin ra +B} sin( *) 
meng 2nd! 
ps h 


mt) hh as (+) T 
' =— lim si See farce —— a7 
= Baa a ae {(: 2 | 4 sn( : 
2 
30.4 FUNDAMENTAL RULES FOR DIFFERENTIATION 
In the previous section, we have used the definition of derivative to find derivatives. This 


section is mainly devoted to develop several rules that allow us to find derivatives without 
using definition directly. 





yD em ad 


te SS @ tes oe 
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THEOREM 1 Differentiation of a constant function is zero i.e., f (c) =0. 
x 


PROOF Let f (x) =c bea constant function. Then, 


Ay mene ti) f(%) 4. C=C _ 
a (f (x)) at ——_—__—_—-—-= lim = 0. 


h hoo h 
d 
Hence, as (c) =0, where c is a constant. 
x 


REMARK Geometrically the graph of a constant function is a straight line parallel is x-axis. So, tangent 


dt 
at every point is parallel to x-axis. Consequently, the slope of the tangent at every point is zero, i.e. ie = 0. 


THEOREM 2 Let f (x) be a differentiable function and let c be a constant. Then, c f (x) is also 
differentiable such that = zt f(x} =c < = Ur (x)). 


i.e. the derivative of a constant times a Ei is the constant times the derivative of the function. 


PROOF Since f (x) is differentiable. Therefore, 


lim. ft) SPC) exists finitely and is equal to * (f (x)). 
FE 


h—+0 h 
de De hee hf (x) 
i.e. a (f(x)) = pee mu) 


Let g (x) =c f (x). Then, 


ue =~ lim £&t)-s® 
= dx (g (x) = aah h 


ae =~ tm Lf th-cf 
a qe) = im 0 h 

a en JUGS OTC ee ee Le 
= dx use mae h ar Y @) [Using (i)] 


Hence, g (x) =c f (x) is differentiable such that = — a f (x)) = ee — “(fF (x)). 


ILLUSTRATIVE EXAMPLES 


LEVEL-1 
EXAMPLE1 Differentiate the following functions with respect to x: 
(i) log, x (ii) e °8* (ii) 21°82* (vy 5(23!982%) (vy 5e* (vi) 9 (3*) 


SOLUTION (i) We know that log, x =1. 
d d 
— (1 = —(l) = 0. 
7x 08x x) 7 ) 
(ii) We know that e!°8 * =k. 
a _j3logx, _ 4 log x? a: Aye 
AG pag ae eae) 
(iii) We know that a!°8a” =n 
d d 
= gloga x = —( (XxX) = 1. 
reg ) Fail ) 
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(iv) Clearly, 
[-- alBa" <p] 


a 
|= 
“~~ 
= 
Le) 
—— 


; 3 


= 5(3x*) = 15x 
(v) ean 
et) = 5 = (e%) = 5e" 
(vi) aA 


d , d : 
— (9,3*) = 9 —(3*) = 9(3* log, 3). 
7a ) az ) (3” log, 3) 


THEOREM 3 [If f(x) and 9x) are differentiable functions, then show that f(x) + 9(x) are also 
differentiable such that 


d d d 
ae (x) t+ g(x)} = - {f (x)} + 78 fz (x)} 


ie. the derivative of the sum or difference of two functions is the sum or difference of their derivatives. 
PROOF Since f (x) and g(x) both are oe functions. Therefore, 


= (F(x) ptr EE ,an “(g (x)) = im £2 == 8% both exist. .».(i) 
dx h>0 h 30 
Now, 
ate .. a _ tm Ft Me g(e+M-F tS) 
x h>0 h 
Sia Peer“ fo eke iqseh 
h—0 l 
= ima f (x +h) -f () se {ee+h-s0)| 
h—>0 h h—0 h 
d d Sst Ze 
= ie {f (x)} a {g (x)} [Using (i)] 


Hence, f (x) + g(x) is differentiable and = {ff (x)= g(x)} = “- {f (x)}+ - {g (x)}. 
REMARK Saab above result can be extended toa fi inite number of differentiable functions. Thus, we have 


= = fh (x) £ fo (x) +... fy, (x)} = — fh (yh 2 {fo (x) }+.. $7 é vn (x)} 
ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Differentiate the following functions with respect to x. 


2 2 
rey) : 1 wy AX” +bx+C wae (ve =) 
i) x +sin x+— 1) — ili X+— 
» 2 Dee (itt i 
SOLUTION (i) Clearly, 
P+sinx+ | 
x 


= 4 (2 +sin x+x7) 
dx 


f(x?) + (sin x) + (8) = 2x + cos x+(-2) x = 2x + cos x—— 





30.30 MATHEMATICS-AI 


(ii) Clearly, 

a ax? + bx +c 

dx Vx 

Bee eee ee 

dx| Vx Vx- Vx 
ae payee ge 1/2 
dx 
a ax2/2 + a bxi/2 ae 1a: cx /2 
dx dx dx 
1) LESS) CAE SS | Ve 
dx dx dx 


a2 V2) 44(4 vi), e(-5 9/2) = 3a 1/2 ay b x 1/2 ng x 3/2 
2 2 2 2 2 2 


(iii) We have, 


Caen 


d 1 on d,-1 d 2 1 
= — +—-+27- = — — —(2)=1+(-1 +0 =1-— 
mate x ap ha eae) Sri Mag x? 
EXAMPLE2 Ify=1+— + — A show that a 
ify = Tah fan ., show tha = y. 
SOLUTION We have, 
2 3 
x 
y=1+—+—+— +... 
Di 20° 3! 
dy d d| x d{ x? d{ x? 
—- = —(1)+—|] — /+—/] — —| — | + 
dx ax” AG £{ = )+2(4 
dy _ iva Oe es >. 9 
or, as = £0+5 Sti Se) +2 46 )+... 


dy 6 2 
Or, 041 += (2x) +2 (32) +. 


dy x 
, —= =1+x+— +... 
eee ie 21 


or, ae =y. 
ALITER We have, 
ya ot =e \=e = 7 


ae 3 x d 2" 
x x x y a . 
auc Ify= ia bay fey ce eye aie tat y+— =0. 


| URL ED RR 
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SOLUTION We have, 
x x2 x3 Bee ee ae 
Yee Le hc SY 2 hon 
1 Bh aes 2 1 ave —<— n! 
x? 1 
rea x | Peas x* + wk x" 
dx ax dx (2 vx 2! dx\ n! 
dy d 1d 1 d 1 3 
= —~ = —/(] — — — — — — +. — 
dx ee aie ate +e ) 
=> ay = 0+ + 2x45, 1 (3x2) +...4 (nx pelo 1) 
dx 1! 3! 
; w 1-1 
— Dit vig Ea yO ae 
dx 1f 2 (1-1)! 
dy x x2 y-1 x! x? 
> evi 4 | pp Hes HF ee 
dx LE 2 (1-1)! n! n! 
—-, dy = 1 fe 
dx y n! 
dy = 
=> Se 
dx a 


ae. 
~ 


— cos 2x 
EXAMPLE 4! ,xE 
or SiS Dag _ [ae 1+ cos 2x 


SOLUTION We ae 
1—cos 2x 2x 


Pe sin? x _ 9 
tan” x 
+ COS 1+ cos 2x V2 cos” x 


tan x , 
=> y = re 
—tanx , -(2 . 
2 
sec? x ; fx (0,2) 
dy 2 


dx —sec*x , fxe(Z,x] 
EXAMPLES Differentiate the following functions with respect to x: 
(i) (x? — 3x + 2) (x + 2) (ij) (2 + 
SOLUTION (i) Clearly, 


acs —3x+2)(x+ a| 


= 4 (x3 —x*-4x+4) 
dx 
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eT G8) eat) et (ay a 
Foe ds. ae 


2 (x3) = (x2) —4 4 (x) + i. (4) = 3x7 -2x-4+0 = 3x7-2x-4 
dx dx dx dx 


(ii) Clearly, 


&{ (+3) | 


GN 36 oe 1 
= — 9x +3x°+—574+— 
a x2 * 


Gotan, 2 77-2 d > 6 
ie aakecy gv) poe (a (3 ey ( 
ee ae) ae : es 


dae d,92 (1 EN ey di 22t6 
= —(; , eee 6 Bi (xe 4+—(x 
TA es ei pt me dx Sed) 
= Praetena (29) x2? (—6).x7 =62> + 6x ——0- — 
x? x” 


EXAMPLE6 If f(x) =a x", prove that a = ro 

SOLUTION Wehave, f(x) =a x” 

aes both — with respect to x, we obtain 
ag UA) = Ao x) 

= f(x) 

= f'(x) = anx™! 

Putting x = 1 on both sides, we get 


f'Q=an =“ a= a 


EXAMPLE7 If f(x) =x" and if f '(1) =10, find the value of n. 
SOLUTION We have, f(x) =x’. 


d iin 
a. = (x") 


Differentiating both sides with respect to x, we get f '(x) =nx""1. 
Putting x =1, we get 
f'M=n => 10=n [. f’(1) =10] 
EXAMPLE 8 If f(x) =mx + cand f(0) = f '(0)= 1. What is f(2)? 
SOLUTION Wehave, 


Ni Sake (i) 
Differentiating with respect to we get 
f'(*) =m-1+0 => f'(x) =m ...(ii) 


Putting x =0 in (i) and (ii), we get 

f(0) =c and f '(0) =m 
— 1 =c and 1 =m [. f(0) =f '(0) =1] 
Putting the values of m and c in f(x) =mx +c, we get f(x) =x +1. 

f(2)=2+1=3. [Putting x =2in f(x) =x+1] 
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di “apa | 
EXAMPLE9 Find when y=3 tanx+5loggx+vx-3 ev +—. 
x x 


SOLUTION We have, 





y = 3tanx+5 log, x+~Vx — 3e* += 
= y = Ne ail ee Se" aa 
=> i = = (3 tan x) +26 log, x) Ary. £ (3e*) +2 ate: ~ ly 

Tote ry 1/2 x eal 
> 2 a = (tan 1) +54 (loga x) +48 )- =(e vas (x5) 
=> i g nee 

dx xlogea 2 
EXAMPLE 10 Differentiate the following functions with respect to x: 

(isin (x + a) [NCERT] (ii) ae [NCERT] 
os x 


SOLUTION (i) Clearly, 


Oo eee ae 
Ae {sin (x + a)} 


a : . 
rae {sin x cos a+ cos x sin 4} 
x 


d a d a 
= — (sin x cos a) + — (cos X sin a) 
dx dx 


Heo: d 
= cos a —(sin x) + sin a — (cos x) 
dx dx 


= cosacos x + sin a(—sin x)= cos x cosa—sin x sin a= cos (x + 4) 
(ii) Clearly, 
d }sin(x+a) 
dx cos x 
d |sinxcosa+cosxsina 
dx cos x 


= = {tan x cos x + sin ay 
x 


Ss (tan pecsiay (sin @) 
dx dx 


= pos mee (en x) + (sin a)= cos ax sec 
‘ x 


2 2 


x+Q= sec’ x cosa 


EXERCISE 30.3 





Differentiate the following functions with respect to x: (1-18) 
4 : TNS ae x? 5 
1, x*-2sin x+ 3cosx 2. 3° +x° +3 3. = -2Vx +5 
x 


4, exloga , palogx , ptloga 5. (2x7 +1) (3x + 2) 6. logs x+ 3 log, x+2 tan x 
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2) 1 ( 1 ) 2x7 + 3x+4 
ee te | AX Ae 8 | Vx +— 9, ——————_- 
( x Vx Vx x 
a " ony 
10. ee 11. pace ete vrein nike 12. 2 sec x + 3 cot x —4 tan x 
x sin x 
= = 1 4+ 3 a 
13. gs x ay a, XO 14, —— 2" * 8 ge 
Ag x 1 2 Ay -1 iN ani inoue 
AS 
15. (eat) ae) 16. log ( =} +52" — 3a* + 3V¥ x7 +6 4Vx7 9 
x Vx 
17. cos (x + A) jy), Sacto) 
sin x 
19. If -( sin + cos ® ) Aqaltl eee 
Seo a) dx 6. 
Pye | soa at 
sin x dx 4 
21. Find the slope of the tangent to the curve f (x) =2x° + x4 -1atx=1. 


ne dC. dy ( 2 a 
e If = —+ rr) th t 2 — = — a 
y ie rE provethat 27 =| ~~~ 








23. Find the rate at which the function f (x) =x* 2x9 4 3x7 4x4 5 changes with respect to x. 
9 
24. ye ee +6x° Bind! atx —1. 
Si 7 dx 
25. If for f (x) =Ax* +ux+12, f' (4) =15 and f' (2) =11, then find Aandi. 
100 x2? x2 
26. For the function f(x) San oo et ete Prove that f’(1) =100 f’(0). [NCERT] 
ANSWERS 
1. 4x°9-2cosx-3sinx. 2. 3° log 3+ 3x7 83x 2 10a 
4. a* loga+ax?—} 5. 18x7+8x+3 ee yg Ogee 
xlog3 x 
7, D2 1-2 1 ,-3/2_3,-5/2 9 3,1/2_ 3-5/2, 3,-1/72_ 3-3/2 
2 2 2 2. 2 2 2 2 
sp pe 105 2-2 
x? ° ne 
d1. —acosec” x—c cosec x cot x. 12. 2sec x tan x — 3 cosec* x —4 sec? x 
13. na x1 + (1-1) ay ridin + eet Ay_y 14. —cosecx cotx+2**9 log 2 + a 
x log 
15. 4x4+10+ > 16. — + 45ax*-1— 3a log a+ 2 x7 1/3 2 7/4 
x2 2x 3 2 

17. —sin (x +a) 18. —cosec* x cos 2 19. = 
20. 6-2V2 21. 16 23. 4x9 — 6x? + 6x+1 
24. 18 25. A=1,p=7 
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HINTS TO NCERT & SELECTED PROBLEMS 


26. We have, 
100 99 2 
f (x) = fen aera 
100° «99 2 
=> n(x) = x77 4 K+ 


f' (1) = 179 41% +...41! 41 = 100 and f’(0) = 1. 


30.4.1 PRODUCT RULE FOR DIFFERENTIATION 
THEOREM 1 If f (x) and g (x) are two differentiable functions, show that f(x) g(x) is also differentiable 
such that 


d 
£2) I= F) (9 + 90) = FO 


i.e. Derivative of the product of two functions 
= [(First function) x (Derivative of 2nd function) + (Second function) x (Derivative of first function)] 
PROOF Since f (x) and g (x) are differentiable functions. Therefore, 

d . f(x+h)-f (x) g(x+h) -—g (x) : 
ta = lim ss DML oso (i 
By ON h h ” 
Let (x) =f (x) g(x). Then, 


fo ODO 
de PO) = ae h 


ad : 
a x = ] 
and r (2 (x)) : me 


+ h) —f (x) g (x) 
h 


= = (6) = tim FE*Ose*” faerie ferns’ — f (x) g(x) 


d -  farh glx 
2 be = bm 


[Adding and subtracting f (x + h) g (x) in numerator] 


=  2(6(x) = tim Le Meer h=gGissOvers-fo) 


x + h) —g(x)} Pa g (x)Uf (x + h) —f (x) 


dim — ye £xtM lg 
‘: ae OM) = ot h h—>0 h 


eae a SetH-8@) 0, yf etW-F@) 
* a OO) = a jAbaoall) a h +3) fea h 


d d d 
= = (o(x)) = f (x) a {g (x)} + g (x) ae {f (x)} 
E f (x) is differentiable. | 


.. It is continuous, and hence lim f(x+h) =f(x) 
h->0 
Hence, (x) =f (x) g (x) is differentiable and = {f (x) g(x} = f (x) . {g (x)} + g(x) < {f (x)}. 
REMARK The above result may also be expressed as 


(fg)' =f' g + fg’ or, wy =9[ E+) 
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It can be generalized for the derivative of the product of more than two functions as given below 


Saar SRL 
(fgh)' =(fgh) Cae ft) 


THEOREM 2 (Generalization of the product rule) Let f (x), ¢ (x), h (x) be three differentiable functions. | 
Then, | 


d 
a5 {f (x) g (x) h(x)} 


d d = Bop 
-| FD becnan+ scr =, (8 (x) h(a) +f () 8 a cna 
PROOF Wehave, 


=F) 8@) hO}= Z1y @) g(a) nD) 

=F) QF nay +na 4 ¢ ~@ g(a} 

“Foss waj+re| sa Zea +se yer] 

= {even }se h(a) +f (2) 4 ee) h(a) +f) 8) 4 f(a) | 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Differentiate the following functions with respect to x: 


nee Sin x 

(i) x sin x Gu) Saar? 
(iii) e* sin x + x" cos x (iv) e* (x + log x) 

(v) (x + sec x)(x—tan x) [NCERT] (vi) (x + cos x) (x —tan x) [NCERT] 
(vii) (x* +1) cos x [NCERT] (viii) (ax* + sin x) (p + q cos x) [NCERT] 


SOLUTION (i) (x sin x) 


AS... . d : ‘ 
= x —(sin x) + sin x — (x)= xcosx+sinx-1 = x cos xX + Sin Xx. 
dx dx 


(ii) We have, 
d os sin 3 


ax cos x 





d ,.3 
= — tan x 
ee ) 


d d 
= x° — (tan x) + tan x (x°) = x? sec? x + (tan x) 3x2 = x3 sec? x4 3x? tan x. 


(iii) We have, t 
ae sin x + x” cos x) 


ae ees! 
Sion sin x) + = (" cos 2) 


DERIVATIVES 


e* ge (sin x) + sin x ee (e*) + x” Ge (cos x) + cos x UA (x) 
dx dx dx dx 


e* cos x + (sin x) e* + x" (—sin x) + cos x (nx"~}) 
= e* cosx+e*sin x—x" sin x +nx'—! cos x 

(iv) We have, 
d 
dx 





{e* (x + log x)} 


= e* < (x + log x) +(x + log x) =(e*) 


*y = (x) + (log } + (2+ og) 


e* j1+2} +(x+log x)e* = (142 4x4 10g x] 
x x 
(v) We have, 
=. {(x + sec x) (x — tan x)} 
x 


By 48 (x + sec x) x (x — tan x) +(x+secx) & (x — tan x) 
dx dx 


Be eles (ac\ ine Hate erp Layee: 
= ‘4 (x) + a (sec | (x —tan x) +(x + sec x) {4 (x) aE (tan | 


= (1+ sec x tan x) (x —tan x) +(x +sec x) (1 — sec” x) 
(vi) We have, 


a (x+cos x) (x-—tan | 
dx 


=(x — tan ne) <2 e-h comte) (Core coal ea canted x) 
dx dx 
=(x —tan x) ix (x) Ve (cos | + (xX + cos x) jc) -< (tan “| 


=(x —tan x) (1 —sin x) +(x + cos x) (1 — sec? x) 


(vii) We have, 


re \? + 1) cos | 


veal (241) +42 #1) (cos x) 
dx dx 


= (2x + 0) cos x + (x? +1) (— sin x) 
= 2x cos x + (x? +1) (-sin x)= 2x cos x —(x* +1) sin x 


(viii) We have, 


~ {2 + sin x) (p+qcos »| 


= (p+ 4 008 x) (ax? + sin 2x) + (ax? + sin 2) 2 (p + q cos x) 
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bat 


Wit) ET TU Sa Ee ee 


bin 
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=(p + q cos x) {4 (ax?) + < (sin | + (ax? + sin x) ‘4 (p) + “ (q cos a 


=(p +qcos x) {a (2x) + cos x} + (ax + sin x) (0 —q sin x) 
=(p + q cos x) (2ax + cos x) —(ax? + sin x) q sin x. 
EXAMPLE2 Differentiate the following functions with respect to x: 
(i) x? e* sin x (ii) xsinxlogx (iii) x” log, x e* 
SOLUTION (i) We have, 
ah (x e* sin x) 
dx 


{| 2c sin xa? 2 (6% sin x+x° “| = (sin | 


3x2 e* sinx+x2 e* sinx+x° e* cosx = x* e* (3 sin x+x sin xX +X cos x) 


(ii) We have, 


d 

poe i ] 

Fee ae og x) 

= ac sin log x4 x “(cin x) log x + x sin x dog x) 
dx dx ax 


= 1 (sin x) log x + x-(cos x)-log x +x-(sin x) — = sin x log x + x cos x- log x + sin x. 
x 
(iii) We have, 
d 
(ogee) 


4 (2) | dog 2) cf +3"| £ (og, x) e~ + x" loge * | oe] 


1 
x log, a 





nx"! log, xe* +x" ( Je + x" (log, x) e* 





a1! loge +5 d 


+x] 
se x oe «| 


EXAMPLE3 Using mathematical induction prove that: = (x") = nx”~ I for allneN 


SOLUTION Let P (n) be the statement given by 
P (1) (2 = nxt} 


STEPI We have, 
4) -2@ Teli 
.. P (1) is true. 
STEP Let the statement be true forn =m. Then, 


= (x") < met »++(i) 
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Now, z peat Ay: ad (x x x") 

dx dx 
= = (e% + 1) = 30 : a ee = (x") [Using product rule] 
=> “(3 MAL @ Ma ex mye"! [Using (i)] 
> : ee 1) — (m + 1) x Ju 


es . ” + 1) is true. 
Thus, P(m)is true=> P (m +1) is true. 


Hence, by the principle of mathematical induction P (n) is true for alln e N 
i.e. = (x") = nx"! forall neN. 
x 


EXERCISE 30.4 





Differentiate the following functions with respect to x: (1-22) 


1. x? sin x 2. x? e* 3. x7 e* log x 
4. x" tan x 5. x" log, x 6. (x? +x? +1) sin x 
7. sin x cos x 8. 2" cot x cOb% 9. x* sin x log x 
Vx 
10. x e* + x® log x 11. (x sin x + cos x) (x cos x —sin x) 
12. (x sin x + cos x) (e* + x? log x) 13. (1 —2 tan x) (5 + 4 sin x) 
14. (1+ x”) cos x 15. sin? x 16. log 2 x 
x? cos = 

17. e* log Vx tan x 18. x° e* cosx oo [NCERT] 

sin x 
20. x* (5 sin x — 3 cos x) [NCERT] 21. (2x* — 3) sin x 
22. 7 (3-6x ”) 23. x 4(3-—4x7°) 24. x7 3 (5+ 3x) 
25. (ax +b) /(cx + d) 26. (ax +b)" (cx +d)” 


27. Differentiate in two ways, using product rule and otherwise, the function (1 + 2 tan x) 
(5+ 4 cos x). Verify that the answers are the same. 


28. Differentiate each of the following functions by the product rule and the other method and 
verify that answer from both the methods is the same. 


(i) (3x2+2)2 ~— (ii) (x + 2) (x + 3) (iii) (3 sec x — 4 cosec x) (—2 sin x +5 cos x) 


ANSWERS 





1, x2 (x cos x + 3 sin x) 2. x” e* (3+) 3. xe* (1+ x log x + 2 log x) 





4. x1 (nm tan x + x sec” x) 5. 24m oge x d 
log a 
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6. (x ix 4. 1) cos x + (3x2 + 2x) sin x 7. cos 2x 
2” 2 cot x 2 : 
8. —= 4 log 2- cot x —cosec~ x — ——— 9. 2x sin x log x+x* cosx:logx+xsinx 
at & Ox & & 
10. x* (5e* + xe* + x + 6x log x) 11. x {x cos 2x — sin 2 3} 
12. x cos x {e* + x7 log x} +(x sin x + cos x) (e* +x +2 x log x) 
13. 4(cos x -—2 sin x —2 tan x sec x —5/2 sec” x) 
14. 2x cos x —(1 + x?) sin x 15. sin 2x 16. 0 
17. =e {log Ratan ep 4: log x. sec” x} 
x 
2x x? cot x 1 
18. x* e* (x cos x + 3. cos x —X sin x) w»,{ = 2) cs 
sin x sin x + 
20. 20x? sin x + 5x* cos x-12x° cos x + 3x* sin x 
21. 4x sin x + (2x? — 3) cos x 22.15x4+24x75 23. -12x7° + 36x" 1 
24, -15x~4-6x-3 25, ee 
(cx + d) 
26. (ax +b)"~ 1(cx + d)"~ 1 ine (ax +b) +na (cx + d)} 


19. 


20. 


HINTS TO NCERT & SELECTED PROBLEMS 


2 TU 
COS USS TES are pene 
ax sin x J/2 dx 


oe 


= —— {cosee x x — (x7) hig? & (cosec f= +5 (2 x cosec x — x” cosec x cot x) 


we x* (5 sin x — 3 cos x) a 
ax dx dx 


=4x° (5 sin x —3 cos x) + x7(5 cos x + 3 sin x) 


30.4.2 QUOTIENT RULE FOR DIFFERENTIATION 


THEOREM If f(x) and g(x) are two differentiable functions and g (x) # 0, then show that = Yj is also 


differentiable and 


jon}, #0 fe ~Pe le 
abe 3(x) | - [9(x)I" 


PROOF pe f (x) and g (x) are differentiable saan Therefore, 


and, (3 (x)) = jim Se th-s@ i) 


f (x+h) -f@) on 
h h—>0 h 


ff @)= Jim, 


IIIa Peers!) 6 


nine 


ee ae ‘i 
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Let d(x) = f(x) (x) . Then, 
g (x) 


d 
a (p(x)) 
fon 28 +H) —O(x) 
h—0 h 


f(x+h)_ fQ) 
= lim g(x+h) g(x) 


h—0 h 
J, mn Lets) - f(x) g(x+h) 
ae g(x) a(x+hyjh 


om LethHs@-fOsM+fOsM-fe)set+h) 
ia hg (x) g(x +h) 


[On subtracting and adding f (x) g (x) in numerator] 
g (x) Lf (x +h) —f OI-f Ig (*& +) -3 OO) 


ye hg (x) g(x +h) 
3 fR+hi=f. Ces g(x +h) —g (x) 1 
; i g(0){ h at fo h | || “ater | 


f (x +h) -f (x) t g(x +h) —g (x) el ij 1 
-|s *) im, h £) im, | h | Bm, ane 


q q 1 ‘: g(x) is differentiable. 

= ‘) —{f (x} -—f (x) — fe, tal tin , and hence 
[s ©) dx EF) dx ig) [e ( x) lim g Get We) : 

_ 8G =e = UF (*) Os ra ~ (8 (x)} 


[¢ (x) 


(x) (x) — f (x) = {g 
Hence, LO) -—— is differentiable ma} £3 al) }- 20 gf elu 
g (x) (x) [g (x)] 
REMARK It is advisable eo) remember this result in the following form: 
d a {w |. Dp’ <(N')- NT <0") 


= , where N’ = Numerator, D’ = Denominator. 
dx | p’ (D") 





ILLUSTRATIVE EXAMPLES 





EXAMPLE 1 oe the following functions with respect to x: 


0) ee 
(ii) sin x + cos X 





.. X+sinx 
(ii) 





x + cos x 


p -—1 
NCERT] eae | 
sin X — cos x tv) secx+1 INCERT] 
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SOLUTION (i) Using quotient rule, we have 


a{_ 
dx\1+sin x 


(1 + sin x) ua (e*) —e* ue (1 + sin x) 
= dx dx 


pee Ge eee Gy 
(1 + sin x)? 
(1 +'sin x)e* -e*(04cosx)  e* (1+ sin x —cos x) 
——————— , 
(1 + sin x)? 


(ii) Using quotient rule, we have 
d{|x+sinx 
dx\ x+cosx 


(1 + sin x)? 


_ (8+ 605.2) (x4 sin x) (x + sin x) 4 (x + cos x) 
P (x + cos x)? 
a (x + cos x) (1 + cos x) —(x + sin x) (1 —sin x) 
2 (x + cos x)? 
x + COS X + xX cos x + cos? x—x-—sinx+xsin x+sin2 x 
(x + cos x)? 
cos X—sin X+ x cosx+xsin x+cos* x+sin2 x 
cos X —sin xX + x (cos x+sin x) +1 
(x + cos x)” 
(iii) Using quotient rule, we have 
d{ sinx+cosx 
dx | 


: ais. : Oey i 
(Gin #7 0s x) 7 (sin x + cos x) —(sin x + cos x) (sin x — cos x) 
be 


(sin x —cos x)? 
_ (sin x -—cos x) (cos x — sin x) —(sin x + cos x) (cos x + sin x) 
Bi (sin x — cos x)? 
Ag —(sin x — cos x)? —(sin x + cos x)? 


(sin x —cos x)? 


~ (sin x — cos x)? + (sin x + cos x)? -2{ sin? ++ os?) 


—2 
(sin x — cos x)? sin” x + cos? x —2 sin x cos x 1—sin 2x 


(ivy We have, 


il ease on (sec x +1) © (see x —1) ~ (see x -1) 4 (seox +1) 
ral secx+1 E 


(sec x + 1)? 
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_ (sec x + 1) (sec x tan x — 0) —(sec x —1) (sec x tan x + 0) 
(sec x + 1)? 


= sec” x tan x + sec x tan x —sec” x tan x + sec x tan x 


(sec x + 1)? 
_ 2secxtanx _ 2 sin x 
(sec x + 1)? (1 + cos x)? 


EXAMPLE2 Differentiate the following functions with respect to x: 
2x +3 x+3 1+ tan x .. secx+tan x 


(i) 2 gj —— Gi), —<—$—=— (iv) 


~5 mote 1 —tan x sec x — tan x 





SOLUTION (i) Using quotient rule, we have 
d d 








dx| x2 5 (x2 —5)? 
F (x? —5) (2) —(2x + 3) (2x) j —~2 (x? + 3x +5) 
: ao) (x* -5)? 
AN é{ +3). (x? +1) 4 (x+3)- (x + 3) - (x7 +1) 
dx | x2 +1 (x? +1)? 
. (x? +1)1—-—(x + 3) (2x) a3 —~x*-6x+1 a 1-6x—x? 
cme? (x2 +1)? (x74 1)2 


ti abe 


(1 — tan x) & (1+ tan x)= -(1+ tan x) 4 (1 - — tan x) 
dx pean) 


(1 — tan x)? 
_ (l= tan 2) (0 + sect x) (1 + tan x) (0—sec* x) 
(1 —tan x)? 
_ _2secix _ 2 a 
(l1-tanx)* (cosx-sinx)* 1-sin 2x 


(iv) We have, 





1 sin x 
secxt+tanx cOSX cCOSX _ 1+sin x 
secx—tan x 1 snx 1-sinx 


cosx cosx 
d{ secx+tanx meet 1+sin x 
dx\ secx—tanx dx \ 1-sinx 


(em 2) = (1+ sin x)= (14 sin x) = (1-sin x) 





(1 —sin x)” 
MS sin x) (0 + cos x) —(1 + sin x) (0 —cos x) _ 2 cos x 
(1 —sin x)? atk —sin x)? 


2g 
a 
- » = a 
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EXERCISE 30.5 





Differentiate the following functions with respect to x : 

















x* +1 2x —1 x+e* 
il 24. 3. ————_- 
x+1 x7 41 1+ log x 
ao re , ' 
re EES 5 ax_t+bx+e ne. ee [NCERT] 
cot x —x” px? +qx+r 1+ tan x 
x ae ce a 
7. 5 1 g —£ : 9. + sin Xx 
ax +bx +c 1+x 1 + log x 
. eiese % x 3 
10. x tan x 11. x sin x 12. 2” cot x 
sec x + tan x 1+cos x Jx 
eta icie, Bie. ; 
13. atk: X COS X 14. =i x+1 15. va+Vx 
x sin X + cos x b cami eo a | Va —Vx 
pecs 17, 20° 18, 1+ 3° 
1+asin x sin x 13% 
x m . - 
one poy ten8 Ft eset [NCERT] 
x+tan x 1 —log x 3x +7 cos x 
: PY ; 
SN INGCERT) . 23, 228" Ncert) 24, PX tat +" [NCERT] 
1+ tan x c+dcosx ax +b 
a5, S8*—! IncerT] 26. x? = cos x [NCERT] 27, ~~ SOS* [NCERT] 
secx+1 sin x tan x 
web ax +b 1 
28. —— [NCERT] 29. —,——— INCERT] 30. a [NCERT] 
sin x px" +qx+r ax” +bx +c 
ANSWERS 
x7 42x-1 2 2 (1+ x—x*) 3 x log x -(1 + e*) —e* (1 —x) 
(x+ 1)? (1+ x2)? x (1 + log x)? 
r (cot x — x") (e* — sec” x) + (e* — tan x) (cosec2 x + nx" =H) 
(cot x — x")? 
(a — bp) x* + 2 (ar —cp) x + br —cq 1+ tan x—x sec? x 
5 ee a a | (pps oi 
(px + qx + r)2 (1 + tan x)? 
—(2ax +b) e* (1—x)? 
(ax? + bx +c)” (1 + x2)? 
5 x (1 + log x) (e* + cos x) —(e* + sin x) 40, 7 Se¢x (sec x — tan x) + tan x 
: x (1 + log x)? (sec x + tan x) 
: 27: [x cosec” x + x cot x- log 2 -(3) cot x 
uu (x + sin x) 12. 2 


" (1 + cos x) aa/2 


ee ee 
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2. a iat , 
13, —__*______ 4. ee ee eae, PES IS. = 16. oe: Ses 
(x sin x + cos x) (xo 4 x 41)= Vx (Va - Vx) (1 + asin x)* 
x 
17. 10* cosec x [log 10 — cot x] 18. 29 08 
(1 =a 3*)- 
19. 3* (x + tan x) log 3 =U + sec” x)} 20. 2 








(x + tan x)? x (1 = log x)? 


15x cos x + 28 x sin x 3 28 cos x — 15 sin x + 35 

















21 palit 
(3x +7 cos x)? 
“a pee Ai 7 ae ee 
09. 1+tan x —x ise x 53. be cos x + ad sin 3 + bd 
(1 + tan x)* (c + d cos x)* 
apx? + 2bpx + bq —ar 2secx tan x 
24, —__—*—___*\___ 25. —— 
(ax + b)* (sec x + 1)* 
6 ~x cosx+5x4 sin x -—] 27 (1 —sin x) tan x —(x + cos x) sec? x 
sin? x tan? x 
3 1 ee 7 el 7b ; -— hy Se , 
og, 23 ne x COS¥ 59 —Apx : 2bpx aL bg 30. ee +b) : 
sin” x (px~ + qx +r) (ax* + bx + c) 
HINTS TO NCERT & SELECTED PROBLEMS 
\ 2 py ba . 
; 4 . _ (+ tan x) 7 () a + tan 2) satan) eceeos & 
dx\1+tanx (1 + tan x)? (1 + tan x)? 
3x+7 ye 4x+5sin x) -(4x+5si Deus (Been iG) 
o, (4x+5sin x oh x + 08 Ali anes sin x) -—(4x sin : ae 
dx\ 3x+7cosx (3x +7 cos x)? 
_(3x+7 cos x) (4+5 cos x) —-(4x+5 sin x) (3-7 sin x) 
(3.x +7 cos x)” | 
_ 15x cos x + 28 x sin x + 28 cos x —15 sin x + 35 
(3x+7 cos x)? | 
d 1 (ax? bx 10) dy ae Hb 
Dies ee | ee . 
dx\ ax* +bx +c (ax? + bx +c)? | 
_ (ax? +bx +c) x 0-(2ax +b) _ —(2 ax +b) E 
(ax? + bx + c)? (ax? + bx + c)? 
(ead cosine (aah ) b si z d 
_d{atbsinx) _ ae in <)—{a-b sin x) (c +d cos a) 
dx\c+dcosx (c +d cos x)” 


~ {6 + cos x) (0 +b cos x) —(a +b sin x) (0 ~d sin x) 
(c +d cos x)” 
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i be cos x + ad sin x + bd 
(c +d cos x)” 





24. 


da px2 +qXx-+r Ne “+ »° ~ (px + qx +1) ~(px? + qx +71) “ (ax +b) 
ax +b 


dx (ax + b)? yee rt 


_ (ax +b) (2 px + q) —a(p ral qx +r) _ap x? 4+ 2b px + bq —ar 
(ax + b)? (ax + b)? 





25. 


dx 


Ai fisecin= 1 (sec x +1) © (600 x 1) - eet) @ (sec x +1) 
(se=-1 |. ———#__________dx_____ 


(sec x + 1)? 
_ (sec x +1) sec x tan x —(sec x —1) (sec x tan Xx) _ 2sec x tan x 


(sec x +1)? (sec x +1)? 


eo) a — cos x) — —(x° cosa) (sin x) 


26. eat - 
dx sin x (sin x)? 
eo a 4 es 2D > - pe) a Fe Bie 
_ sin x (5 x* + sin x) —(x —cosx)cosx¥ —X cosx+5x°* sinx+1 
sin? x sin? x 


oF d [ztsex) tan x © (x + c0s x) - (x + cos x) 4 pe WES 


dx tan? x 


tan x 
_ tan x (1 —sin x) —(x + cos x) sec? x 


tan x 





nme Lee 
i a ee ee Eo ee 


dx \ sin x (sin x)? tn oie 


29. 





2 d d 2 
al ax+b |= PaeeTae th) (ax +b) —~ (px + qx +7) 


dx px? +qx+r (px? + qx +1)? 


_ a (px? ate (ax + b) (2 px + q) _ —apx? —2 bpx + ar —bq 
(px? + qx +r)? (px? + gx +r)? 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. Write the value of lim f(x) -f (2) 


x—>Cc x—-C 


of Jim xf (a) af (x) 
x-Aa 





2. Write the value 
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3. 


4. 


an 


an 


> 


If x <2, then write the value of . ( x? —4x + 4). 
7 


(eee, then find“. Hees : 
2 dx \ \ 2 


. Write the value of < (x |x). 
x 


- Write the value of 2 {(x +|>{) | ad}. 
x 


If f (x) = |a| +|x —1|, write the value of re (f (x)). 
- 





8. Write the value of pe derivative of f (x) = |x-1|+|x-—3]atx = 2. 
x2 
9. If f(x) = a a ,write- ~ (Ff (x)} 
10. Write the value of o (log | +4). 
x 
ates oi 
11. Iff (1) = 1, f'’(1) = 2, then write the value of aay ot ; 
a? pes 
12. Write the derivative of f (x) = 3|2+x{atx = —3. 
13. If|x] <1 and y=1+x+x* +x? +..., then write the value is 
14. If f (x) = log 2 x°, write the value of £2 (ex): 
ANSWERS 
1. f'(c) 2. f(a) —a f' (a) 3. -1 4. sin x 
2x, x>0 0,x<0 A ie es 
" cae c: hep 7. @}= 3 0, O<x<1 
d 1,x>0 1 
8. 0 9. (Ff ()) = {520 peste 
1b 72 12. -—3 13. : 7} 14. 0 
(1 — x) 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. Let f(x) =x-[x], x e R, then f' (>) is 


(a) : (b) 1 (c) 0 (d) -1 
2. Ie fla) =F, then f’ (1) is 

(a) ; (b) : (c) 1 (d) 0 
3 Gyntet+ 2 es en = = 


(a) y+1 (b) y—-1 (c) y (d) y? 





SS ES ee 
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4. If f(x) =1—x+x7% —x3 + ...- x99 +x! then f” (1) equals 

















(a) 150 : (b) -50 (c) —150 (d) 50 
1+—~ 
x2 
5. If y= a , then oY 
1 = ve 
4x 1—x 2 
a) - Cc 
» (x? =1)F om (c) 4x +7 ~1 


6. Ity= Vx +=, then & at x =1is 





1 1 
(a) 1 (b) > (c) Ta (d) 0 
7. If f(x) = a? +t +1, then f’(1) is equal to 
(a) 5050 (b) 5049 (c) 5051 (d) 50051 
es x2 x 100 
8. If f(x) =1+x Se ani? then f’(1) is equal to 
1 
(a) 100 (b) 100 (c) 50 (d) 0 
9. If = Dua then & at x = Ois 
sinx—cosx- 
(a) -2. (b) i (c) 1/2 (d) does not exist 
10. ee) then 4! atx =Ois 
cosx dx 
(a) cos9 (b) sin 9 (c) 0 (d) 1 
11. If f(x) = aes , then f’ (a) is 
(a) 1 (b) 0 (c) ; (d) does not exist 
12. If f(x) =xsin x, then f’ (1/2) = 
(a) 0 (b) 1 (c) -1 (d) 


eee ee nme enere ree ee LLANSWERS 
1.(b) 2 (a) 3. (Cc) 4.(d) ‘5. (a) 6.(d) —7. (a) 8. (b) 
9. (a) 10. (a) 11. (d) = 12. (b) 
SUMMARY 


1. A function f (x) is differentiable atx = ciff lim Sea AO) exists finitely. 


x-—->Cc c—C 


This limit is called the derivative or differentiation of f (x) atx = cand is denoted by f ' (c). 
2. Geometrically the derivative of a function f (x) at a point x =c is the slope of the tangent to 
the curve y = f (x) at the point (c, f (c)). 


3. If f (x) isa differentiable function, then im feennt@) isicalled the differentiation of 
f (x) or differentiation of f (x) with respect to x. 
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4, Mechanically, a (x)) measures the rate of change of f (x) with respect to x. 


5. Following are some standard derivatives: 


(i) * (x") =nx'7! (ii) = (a°) = a om a,a>0O,a#1 
(iii) ‘ (e*) = e* (iv) ec .x) = = 
(v) as (sin x) = cos x (vi) te (cos x) =-—sin x 
dx dx 
(vii) i (tan x) = sec? x (viii) es (cot x) =- cosec* x 
dx dx 
(ix) oe (sec x) = secx tan x (x) ie (cosec x) = —cosec x cot x 
dx dx 


6. Following are the fundamental rules for differentiation: 


. “ . . oO _ d 
(i) Differentiation of a constant function is zero i.e., =P (c) = 0 
6. 


(ii) Differentiation of a constant and a function is equal to constant times the differentiation 
of the function. 
(iii) If f (x) and g (x) are differentiable functions, then 


d d d 
@) {f (x) + g(x)} = ae (f (x) = = (8 (x)) 
(b) : fene)-e 


(©) 4 f (x) _&@) x - = (F (3) — f (2) x = ~ (x)} 





¥ 


ae a. 
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MATHEMATICAL REASONING 


31.1 INTRODUCTION 


In this chapter, we shall learn about some basics of mathematical reasoning. As all of us know 
that the main asset that makes humans far more superior than the other species is the ability to 
reasoning. The ability of reasoning varies from person to person. Also, it is the ability of 
reasoning which makes one person superior than the other. In this chapter, we shall discuss the 
process of reasoning especially in the context of mathematics. In mathematical language, there 
are two kinds of reasoning. 

(i) Inductive reasoning. (ii) Deductive reasoning. 


In the chapter on Mathematical induction, we have already discussed the inductive reasoning. 
In this, chapter, we shall discuss some basics of deductive reasoning. 
31.2 STATEMENTS 


In reasoning we communicate our ideas or thoughts with the help of sentences in a particular 
language. The following types of sentences are normally used in our every day communication. 
ASSERTIVE SENTENCE A sentence that makes an assertion is called an assertive sentence or a 
declarative sentence. 

For example, ‘Mars supports life’ is an assertive or a declarative sentence. “Any two 
individuals are always related” is also a declarative sentence. 

IMPERATIVE SENTENCE A sentence that expresses a request or a command is called an imperative 
sentence. 

For example, “Please bring me a cup of tea” is an imperative sentence. 


EXCLAMATORY SENTENCE AA sentence that expresses some strong feeling is called an exclamatory 
sentence. 


4? 
! 


For example, ‘“How big is the whale fish 
INTERROGATIVE SENTENCE A sentence that asks some question ts called an interrogative sentence. 


is an exclamatory sentence. 


For example, “What is your age ?” is an interrogative sentence. 
In this chapter, we shall be discussing about a specific type of sentences which will be called as 
statements or propositions. 
STATEMENT A statement or a proposition is an assertive (or a declarative) sentence which ts either true 
or false but not both. 
A statement is assumed to be either true or false. A true statement is also known as a valid 
statement. If a statement is false, we say that it is an invalid statement. A statement cannot be 
both true and false at the same time. This fact is known as the law of the excluded middle. 
Asentence which is both true and false simultaneously is not a statement, rather it is a paradox. 
ILLUSTRATION 1 Consider the following sentences: 
(i) Washington D.C. is in America. (ii) Moon revolves around the Earth. 
(iii) Two plus three is five. (iv) Every square is a rectangle. 
(v) The sun is a star. 





4 
4 


31.2 MATHEMATICS-XI 


Each of these sentences is a true declarative sentence and so, each of them is a statement. 
ILLUSTRATION 2 Consider the following sentences: 
(i) Three plus four is 6. (ii) The earth is a star. 
(iii) Every rectangle is a square. (iv) New Delhi is in Nepal. 
(v) Every relation is a function. 
Each of these sentences is a false declarative sentence and hence each of them is a statement. 
ILLUSTRATION 3 Consider the following sentences: 
(i) Give me a glass of water. (ii) Switch on the light. 
(iii) Bring some fruits from the fruit shop. (iv) Do your home work. 
(v) Please do me a favour. 
We observe that each of these sentences is an imperative sentence. In other words, each of them 
either expresses a request or a command. So, they are not statements. 
ILLUSTRATION 4 Consider the following sentences: 
(i) How are you ? (ii) Where are you going ? 
(iii) Is every set finite ? (iv) Have you ever seen Taj Mahal ? 
(v) Where is your pen ? 
Clearly, each of these sentences is asking a question. So, they cannot be assigned, true or false. 
Hence, none of the them is a statement. 
ILLUSTRATION 5 Consider the following sentences: 
(i) May God bless you ! (ii) May you live long ! 


Each of these sentences is an optive. So, we cannot assign true or false to them and hence none of 
them is a statement. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Which of the following sentences are statements or propositions? Justify your answer. 
(i) The set of prime integers is infinite. (ii) Paris is in England. 


(iii) The moon is made of green cheese. (iv) May god bless you ! 
(v) Who are you ? (vi) The number x is a positive integer. 


SOLUTION (i) The “set of prime integers is infinite” is a true declarative sentence. So, it is a true 
statement. 
(ii) “Paris is in England” is a false declarative sentence. So, it is a false statement. 
(iii) The sentence “ The moon is made of green cheese” is a false declarative sentence. So, it 
is a false statement. 
(iv) The sentence “May god bless you!” is an exclamatory sentence. So, it is nota statement. 
(v) The sentence “who are you?” is an interrogative sentence. So, it is not a statement. 
(vi) The sentence “The number xis a positive integer” is not a statement unless the variable 
x is assigned a specific value. 
REMARK The sentence “This sentence is false’ cannot be assigned a truth value of either true or false, 
because either assignment contradicts the sense of the sentence. Although it is a declarative sentence, but it 
is not a proposition. 
EXAMPLE2 Which of the following is a statement (or proposition) ? 
(i) x+2 = 9. (ii) 6 has three prime factors. (iii) x7 +5x+6 = 0. 


SOLUTION (i) The sentence : x + 2 =9 is an open sentence. Its truth value cannot be confirmed 
unless we are given the value of x. So, it is not a statement. 


aaa aaa aca 
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(ii) The sentence ‘’6 has three prime factors” is a false statement, because 6 has two prime 
factors, viz. 2 and 3. 


(iii) x7 +5x+6=0 is nota statement, because its truth or falsity cannot be confirmed 
without knowing the value of x. 
EXAMPLE3 Check whether the following sentences are statements. Give reasons for your answer. 


(i) 18 is less than 16. (ii) Every set is a finite set. 
(iii) The sun is a star. (iv) Mathematics is fun. 
(v) There is no rain without clouds. (vi) How far is Chennai from here? 


SOLUTION (i) This sentence is always false, because 18 > 16. Hence, it is a statement. 
(ii) This sentence is always false, because there are sets which are not finite. Hence, it isa 
statement. 
(iii) Since the sun is a star (it is a scientific fact). So, the given sentence is a always true. 
Hence, it is a statement. 


(iv) Mathematics is a fun is true for those who like mathematics. But, for others, it may not 
be true. So, the given sentence may or may not be true. Hence, it is not a statement. 


(v) It is scientifically established natural phenomenon that cloud is formed before it rains. 
Therefore, this sentence is always true. Hence, it is a statement. 


(vi) It is an interrogative sentence. Hence, it is not a statement. 


1. Find out which of the following sentences are statements and which are not. Justify your 
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answer. 
(i) Listen to me, Ravi ! (ii) Every set is a finite set. 
(iii) Two non-empty sets have always a non-empty intersection. 
(iv) The cat pussy is black. (v) Are all circles round ? 
(vi) All triangles have three sides. (vii) Every rhombus is a square. 
(viii) x? 4 5|x|+6=0Ohas no real roots. (ix) This sentence is a statement. 
(x) Is the earth round ? (xi) Go! 
(xii) The real number x is less than 2. (xiii) There are 35 days in a month. 
(xiv) Mathematics is difficult. (xv) All real numbers are complex numbers. 


(xvi) The product of (—1) and 8 is 8. 
2. Give three examples of sentences which are not statements. Give reasons for the answers. 


ANSWERS 


1. Statements: (ii) (iii) (vi) (vii) (viii) (xiii) (xv) (xvi) 


31.3 NEGATION OF A STATEMENT 


The denial of a statement p is called its negation and is written as ~ p,and read as ‘not p’. 


Negation of any statement p is formed by writing “It is not the case that .....” or “It is false that 
... before p or, if possible by inserting in p the word “not”. 
Let us consider the statement: 

p: All integers are rational numbers. 


The negation of this statement is: 
~ p: It is not the case that all integers are rational numbers. 


or 
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~ p: It is false that all integers are rational numbers. 
or 
~ p: At least one integer is not a rational numbers. 
Consider now the statement: p:7 >9 
The negation of this statement is: ~ p:7 $9 or ~ p:7 <9. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Write the negation of the following statements: 
(i) New Delhi is a city. (ii) I went to my class yesterday. 
(iii) V7 is rational. (iv) The number 2 is greater than 7. 
(v) V2 is not a complex number. 
SOLUTION (i) The given statement is: 
p: New Delhi ts a city. 
The negation of this statement is: 
~ p: It is not the case that New Delhi is a city. 
or 
~ p:lIt is false that New Delhi is a city. 
or 
~ p: New Delhi is not a city. 


(ii) Let q denote the given statement i.e. q: I went to my class yesterday. 
The negation of this statement is: 
~ q:1 did not go to my class yesterday. 
or’. 
~ q: It is not the case that I went to my class yesterday. 
or 
~ q: It is false that I went to my class yesterday. 
or : 
~ q: I was absent from my class yesterday. 
(iii) Letr denote the given statement ie. r:-J/7 is rational 
The negation ~ r of this statement is given by: 
~ r: It is not the case that J/7 is rational. 
or 
~r: 47 is not rational. 
or 
~ r:It is false that V7 is rational. 
(iv) Let the given statement be denoted by si.e. s: The number 2 is greater than 7. 


The negative ~ s of this statement is given by 
~ s: The number 2 is not greater than 7. 


or 
~ s: The number 2 is less than or equal to 7. 


or 
~ §: It is false that the number 2 is greater than 7. 
(v) Let the given statement be denoted by i.e. u: /2 is not a complex number. 
The negation ~ v of this statement is given by: 
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~U:V2 is a complex number. 
or 
~u:Itis false that J2 is not a complex number. 


EXAMPLE2 Write the negation of the following statements and check whether the resulting statements 
are true: 


(i) The sum of 2 and 5 is 9. (ii) Every natural number ts greater than 0. 
(iii) Australia isa continent. 
(iv) There does not exist a quadrilateral which has all its sides equal. 
SOLUTION (i) The negation of the given statement is 
It is false that the sum of 2 and 5 is 9. 
or 
The sum of 2 and 5 is not equal to 9. 
We know that2+5 = 7 ¥ 9.So, this statement is true. 
(ii) The negation of the given statement is: 
It is false that every natural number is greater than 0. 
or 
There exists a natural number which is not greater than 0. 
We know that all natural numbers are greater than 0. So, this statement is false. 
(iii) The negation of the given statement is: 
It is false that Australia is a continent. 
or 
Australia is not a continent. 
We know that Australia is a continent. So, this statement is false. 
(iv) The negation of the given statement is: 
It is not the case that there does not exist a quadrilateral which has all its sides equal. 
or 
There exists a quadrilateral which has all its sides equal. 
We know that square and rhombus are quadrilaterals having all sides equal. So, this statement is 
true. 
NOTE It should be noted that the negation of “Every or For all” is “there exists” and vice-versa. 
EXAMPLE3 Write the negation of the following statements: 
(i) Everyone in Germany speaks German. (ii) All primes are odd. 
(iii) All mathematicians are man. (iv) All triangles are not equilateral triangles. 
(v) All complex numbers are real numbers. (vi) Every natural number is an integer. 
(vii) All cats scratch. 
SOLUTION (i) The negation of the given statement 1s: 
It is false that everyone in Germany speaks German. 
or 
There exists a person in Germany who does not speak German. 
or 
At least one person in Germany does not speak German. 


(ii) The negation of the given statement is: 
There exists a prime which is not odd. 
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or 
Some primes are not odd. 


or 
At least one prime is not odd. 


(iii) The negation of the given statement is: 
Some mathematicians are not man 


or 
There exists a mathematician who is not man. 


or 
At least one mathematician is not man. 


or 
It is false that all mathematicians are man. 


(iv) The negation of the given statement is: 
Some triangles are equilateral. 


or 
There exists a triangle which ts equilateral. 


or 
At least one triangle is equilateral. 


(v) The negation of the given statement is: 
Some complex numbers are not real numbers. 


or 
There exists a complex number which is not a real number. 


or 
At least one complex number is not a real number. 


(vi) The negation of the given statement is: 
There exists a natural number which is not an integer. 


or 
At least one natural number is not an integer. 


or 
Some natural numbers are not integers. 


(vii) The negation of the given statement is: 
Some cats do not scratch. 


or 
There exists a cat which does not scratch. 


or 
At least one cat does not scratch. 


EXERCISE 31.2 








4. Write the negation of the following statements: 
(i) Banglore is the capital of Karnataka. (ii) It rained on July 4, 2005. 
(iii) Ravish is honest. (iv) The earth is round. 
(v) The sun is cold. 
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2. (i) All birds sing. (ii) Some even integers are prime. 
(iii) There is a complex number which is not a real number. 
(iv) I will not go to school. 
(v) Both the diagonals of a rectangle have the same length. 
(vi) All policemen are thieves. 
3, Are the following pairs of statements are negation of each other: 
(i) The number x is not a rational number. 
The number x is not an irrational number. 
(ii) The number x is not a rational number. 
The number x is an irrational number. 
4. Write the negation of the following statements: 
(i) p: For every positive real number x, the number (x — 1) is also positive. 
(ii) q: For every real number x, either x >1 or x <1. 
(iii) r: There exists a number x such that 0 <x <1. 
5. Check whether the following pair of statements are negation of each other. Give reasons for 
your answer. 
(i) a+b = b +ais true for every real number a and b. 
(ii) There exist real numbers a and b for whicha+b = b +a. 





ANSWERS 
1. (i) Banglore is not the capital of Karnataka. 
(ii) It did not rain on July 4, 2005. (iii) Ravish is not honest. 
(iv) The earth is not round. (v) The sun is not cold. 
2. (i) Some birds do not sing. 
or 
At least one bird does not sing. 
or 
There exists a bird which does not sing. 
(ii) No even integer is prime. (iii) All complex numbers are real numbers. 


(iv) I will go to school. 
(v) There is at least one rectangle whose both diagonals do not have the same length. 
(vi) No policemen is a thief. 

3. (i) Yes (ii) No 

4. (i) ~ p: There exists a positive real number x such that the number (x —1) is not positive. 
(ii) ~ q: There exists a real number such that neither x >1 nor x <1. 
(iii) ~ r: For every real number x, either x <0 or x 21. 

5. (i) No. The negation of first statement is 
(ii) There exist real numbers a and b for whicha+b # b+a. 


31.4 COMPOUND STATEMENTS 


In Mathematical reasoning, we generally come across two types of statements namely, simple 
statements and compound statements as defined below. 


SIMPLE STATEMENTS Any statement whose truth value does not explicity depend on another 
Statement is said to be a simple statement. 

In other words, a statement is said to be simple if it cannot be broken down into simpler 
statements, that is, if it is not composed of simpler statements. 

ILLUSTRATION 1 Consider the following statements : 


(i) V2 is an irrational number. (ii) The set of real numbers is an infinite set. (iii) 2+5 <4. 
All these statements are simple statements. 
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COMPOUND STATEMENTS | /f a statement is combination of two or more simple statements, then it is 
said to be a compound statement or a compound proposition. 


ILLUSTRATION 2 Each of the following statements is a compound statement: 


(i) ‘Roses are red and violets are blue” is a compound statement as it is composed of the 
statements ; ‘Roses are red” and “Violets are blue”. 


(ii) “The school works or a holiday is declared” is a compound statement as it is a combination 
of the statements : “The school works” and “ A holiday is declared”. 


(iii) “John is intelligent or studies every night” is also a compound statement as it is composed 
of the statements : “John is intelligent’ and “John studies every night”. 


(iv) “If it rains, then the school may be closed” is a compound statement as it is obtained by 
connecting two simple statements: 


“It rains” and “The school may be closed” by using the phrase ‘if .... then’. 


(v) “A quadrilateral is a rhombus if and only if its diagonals are at right angles” is a compound 
statement obtained by connecting two simple statements : ‘A quadrilateral is a rhombus” and 
“Diagonals of a quadrilateral intersect at right angles” by using the phrase ‘if and only if’. 


The simple statements which form a compound statement are known as its sub-statements or 
component statements. 


The fundamental property of a compound statement is that its truth value is completely 
determined by the truth values of the sub-statements together with the way in which they are 
connected to form the compound statement. 


31.5 BASIC CONNECTIVES 


In the previous section, we have learnt that the words ‘or’ & ‘and’ connect two or more simple 
statements to form a compound statement. These are called sentenial connectives or simply 
connectives. In this section, we shall learn how the truth and falsity of a compound statement 
depends upon the truth value of the component statements. 


31.5.1 THE WORD “AND” 


Any two simple statements can be connected by the word “and” to form a compound statement. 
For example, consider the statement “The earth is round and the sun is cold”. This statement can 
be broken into two component statements given by 

p: The earth is round. 

q: The sun is cold. 


Let us now consider the statement “84 is divisible by 4, 7 and 12". The component statements of 
this statement are 
p: 84 is divisible by 4. 
q: 84 is divisible by 7. 
r : 84 is divisible by 12. 
NOTE1 IJtshould be noted that the word “and” is used as a connective as we use in the English language. 
But, ‘and’ is also used with other meanings. For example, in the statement “Ravish and Ravi are good 
friends” the word ‘and is not a connective. Similarly, in the statement “Mohan opened the door and ran 
away”, the word “and’ ts used in the sense of ‘and then’ because the action described in “Mohan ran away” 
occurs after action described in “Mohan opened the door”. 


NOTE2 In our day-to-day life, the word ‘and’ is used between two statements which have some kind of 
relation. But, in reasoning it can be used even for the statements which are not related to each other. For 
example, “it is raining and 5 is a prime number” is a compound statement whose component statements 
are 

p: It is raining. 
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q:5is a prime number. 
Clearly, these two statements are not related to each other. 
We shall now see how the truth or falsity of a compound statement with “and” depends upon 
the truth or falsity of its component statements. 
Consider the statement: 
p:9>4 and 2<7 
The component statements of this statement are: 
q:9>4 
rien<7 
Clearly, q and r are true statements. Also, p is a true statement. 
Thus, if two statements are true, then their compound statement with “‘and” is also true. 
Consider the statement: 
p:The earth is round and the sunis cold. 
Its component statements are: 
q: The earth is round. 
r: The sun ts cold. 
Clearly, statement q is true and r is false. Also, p is false. 


Thus, if one of the two statements is true and the other is false, then the compound statement 
with “and” is false. 
Let us now consider the statement: 

p:5<12 and 15 <7 


Its component statements are : 
q:5 <12 
Ps 10< 7 
Clearly, p, q and r are false statements. 
Thus, the compound statement with “and” is a false, if the component statements are false. 
The above discussion suggests us the following rules: 
RULE1 The compound statement with “and” is true if all its component statements are true. 
RULE2 The compound statement with “and” is false if any or all of its compound statements is false. 


31.5.2 THE WORD “OR” 


Any two statements can be connected by the word “OR” to form a compound statement. For 
example, consider the statement “The sun shines or it rains”. This statement can be broken into 
two component statements given by: 

p:The sun shines. 

q: It rains. 


Consider now the statement “Two lines in a plane either intersect at one point or they are 
parallel”. The component statements of this statement are: 

p:Two lines in a plane intersect at a point. 

q: Two lines in a plane are parallel. 


It should be noted that in addition to the connective the word “OR” is also used with other 
meanings in English language. For example, in the statement “five or six children are playing in the 
playground” the word “or” is used for indicating an approximate number of children. It is not 
used as a connective. As a connective also the word “OR” is used in two distinct ways in English 
language. Sometimes it is used in the sense of “p or g or both”, i.e. at least one of the two 
alternatives occurs and sometimes it is used in the sense of “p or g but not both”, i.e. exactly one 
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of the two alternatives occurs. When it used for at least one of the two alternatives, we call it 
inclusive “OR”. In case of exactly one of the two alternatives, it is called exclusive “OR”. 
Let us consider the statement given by: 
p: The school is closed if it is a holiday or Sunday. 
This means that the school remains closed on a holiday. It also remains closed on sunday. If a 
holiday falls on Sunday, then also the school remains closed. So, in this case, we are using the 
word “OR” as an inclusive “OR”. 
Consider now the following statement: 
q: An ice-cream or Coca-cola is available with a piza in piza-hut. 
This means that a person who does not want ice-cream can have a coca-cola with a piza or one 
does not want coca-cola can have an ice-cream along with a piza. That is who do not want an 


ice-cream can have coca-cola and vice-versa. A person cannot have both ice-cream and coca-cola 
with a piza. So, the “OR” used is an exclusive “OR”. 


NOTE Throughout this chapter we will be using the word “OR” as an inclusive “OR” unless it is stated 
otherwise. 
We shall now see how the truth and falsity of the compound statement with an “OR” depends 
upon the truth and falsity of its component statements. 
Consider the compound statement: 
p: Two lines intersect at a point or they are parallel. 
The component statements of this statement are : 
q: Two lines intersect at a point. 
r: Two lines are parallel. 
We observe that when q is truer is false and when r is true q is false. Also, p is always true. 


Thus, if one of the component statements is true, then the compound statement connected with 
“OR” is always true. 


Consider another statement 
p:45is a multiple of 4 or 6. 

Its component statements are: 
q:45 is multiple of 4 
r:45is amultiple of 6 


We observe that both q andr are false. Also, p is a false. 


Thus, if both the component statements are false, then the compound statement connected with 
“OR” is always false. 


Again, consider the following statement: 
p:The earth is round or the sunis hot. 
Its component statements are: 
q: The earth is round. 
r:The sunis hot. 
We observe that both q and are true. Also, p is true. 
Thus, if both the component statements are true, then the compound statement with “OR” is 
always true. 
The above discussion suggests us the following rules for the compound statements with an 
“OR”. 
RULE1 A compound statement with an “OR” is true when one component statement is true or both the 
component statements are true. 
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RULE2 A compound statement with an “OR” is false when both the component statements are false. 


NOTE If pand qare two simple statements, then the negation of the compound statement 
(i) porgis~pand~q ie., ~(porq) = ~ pand~ q. 
(ii) pandqis ~por~q_ ie., ~(pandq) =~ por ~ q. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the component statements of the following compound statements: 
(i) There is somethings wrong with the bulb or with wiring. 
(ii) It is raining and it is cold. (iii) The roof is red and the wall is white. 
(iv) The sun shines or it rains. (v) 0 is a positive number or a negative number. 
SOLUTION (i) The component statements are: 
p: There is some thing wrong with the bulb. 
q: There is some thing wrong with the wiring. 
(ii) The component statements are: 
p: It ts raining. 
q: It is cold. 
(iii) The component statements are: 
p: The roof is red. 
q: The wall is white.. 
(iv) The component statements are: 
p: The sun shines. 
q: It rains. 
(v) The component statements are: 
p: 01s a positive number. 
q: 0 is a negative number. 
EXAMPLE2 Find the component statement of the following and check whether they are true or not: 
(i) 2 is a rational number or an irrational number. 
(ii) All integers are positive or negative. (iii) All primes are either even or odd. 
(iv) 24 isa multiple of 2, 4.and 8. 
SOLUTION (i) The component statements are: 
p: 2 is a rational number. 
q: 2 is an irrational number. 


Clearly, p is false and q is true. The connecting word is ‘or’ 


(ii) The component statements are: 
p: All integers are positive. 
q: All integers are negative. 


Clearly, p and q both are false. The connecting word is ‘or’. 


(iii) The component statemetns are: 
p: All primes are even. 
q: All primes are odd. 


Clearly, p and q both are false. Then correcting word is ‘or’. 
(iv) The component statements are: 
p:24is a multiple of 2. 
q: 24 is a multiple of 4. 
r: 24 is a multiple of 8. 
Here, p, gand r are true statements. The connecting words are ‘and’. 
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EXAMPLE 3 For each of the following statements, determine whether an inclusive “OR” or exclusive 
“OR” is used. Give reasons for your answer. 
(i) Sun rises or Moon sets. 
(ii) All integers are positive or negative. 
(iii) Two lines intersect at a point or are parallel. 
(iv) The school is closed if it is a holiday or a Sunday. 


SOLUTION (i) Here “OR” is exclusive since sun rises and moon sets during day time. 
(ii) Since all integers cannot be both positive as well as negative. Therefore, “OR” is an 
exclusive “OR”. 


(iii) Here “OR” is exclusive because it is not possible for two lines to intersect and parallel 
together. 


(iv) Here “OR” is inclusive since school is closed on holiday as well as on Sunday. 
EXAMPLE4 Write the component statements of the following compound statements and check whether 
the compound statement is true or false: 

(i) 50 is a multiple of both 2 and 5. 
(ii) 0 is less than every positive integer and every negative integer. 

(iii) A line ts straight and extends indefinitely in both directions. 

(iv) All living things have two legs and two eyes. 

SOLUTION (i) The component statements of the given statement are: 
p:50is multiple of 2. 
q:50 is a multiple of 5. 


We observe that both p and gare true statements. Therefore, the compound statement is true. 
(ii) The component statements of the given statements are: 

p:0Ois less than every positive integer. 

q: 01s less than every negative integer. 


We observe that p is true and q is false. Therefore, the compound statement is false. 
(iii) The component statements of the given statement are: 
p:A line is straight. 
gq: A line extends indefinitely in both directions. 
We observe that both p and gare true. Therefore, the compound statement is true. 
(iv) The component statements of the given statement are: 
p: All living things have two legs. 
q: All living things have two eyes. 
We find that both p and qare false statements. Therefore, the compound statement is false. 
EXAMPLES Write the component statements of the following compound statements and check whether 
the compound statement is true or false: 
(i) 125 is a multiple of 7 or 8. 
(ii) Mumbai is the capital of Gujrat or Maharashtra. 
(iii) /2 is a rational number or an irrational number. 
(iv) The school is closed, if there is a holiday or Sunday. 
(v) A rectangle is a quadrilateral or a 5-sided polygon. 
SOLUTION (i) The component statements of the given statement are: 
p:125 is a multiple of 7. 
q:125 is a multiple of 8. 
We observe that both p and q are false statements. Therefore, the compound statement is also 
false. 
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(ii) The component statements of the given statement are: 
p: Mumbat ts the Capital of Gujrat. 
q: Mumbai ts the Capital of Maharashtra. 


We find that p is false and q is true. Therefore, the compound statement is true. 
(iii) The eee statements are: 


p:V2 1s a rational number. 
q: V2 is an irrational number. 
Clearly, p is false and q is true. Therefore, the compound statement is true. 
(iv) The component statements are: 
p: The school is closed if there is a holiday. 
q: The school ts closed if there is a Sunday. 
Both, p and q are true statements. Therefore, the compound statement is true. 
(v) The component statements are : 
p:A rectangle is a quadrilateral. 
q: A rectangle is a 5-sided polygon. 
We observe that p is true and q is false. Therefore, the compound statements is true. 
EXAMPLE6 Write the negation of the following compound statements: 
(i) It is daylight and all the people have arisen. 
(ii) All the students completed their homework and the teacher is present. 
(iii) All rational numbers are real and all real numbers are complex. 

(iv) Square of an integer is positive or negative. 

(v) The sand heats up quickly in the sun and does not cool down fast at night. 
SOLUTION (i) In writing down the negations of the above statements, we will be using the 
following results: 

(a) ~ (p or q) =~ pand ~ @. 

(b) ~ (p and q) =~ por ~ q. 

(c) ~ (For all) = There exists or some or atleast one. 

(d) ~ (At least one or There exists or Some) = For all or for every. 
(ii) The component statements of the given statement are: 

p: All the students completed their homework. 

q: The teacher is present. 


The given statement is (p and q). So, its negation is : 
~por~ q = Some of the students did not complete their homework or the teacher is not present. 
(ii) The component statements of the given statement are : 
p:Itis daylight. 
q: All the people have risen. 
The given statement is (p and q). So, its negation is: 
~ por ~ q = It is not daylight or it is false that all the people have arisen. 
= It is night or someone has not arisen. 
(iii) The component statements of the given statement are: 
p: All rational numbers are real. 
q: All real numbers are complex. 
The given statement is (p and q). So, its negation is: 
~ p or ~ q: Some rational are not real or some reals are not complex. 
(iv) The component statements of the given statements are: 
p: Square of an integer is positive. 
q: Square of an integer is negative. 
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The given statement is (p or q). So, its negation is: 

~ pand ~ q = There exists an integer whose square is neither positive nor negative. 
(v) The component statements of the given statement are: 

p: The sand heats up quickly in the sun. 

q: The sand does not cool down fast at night. 


The given statement is (p and 9q). So, its negation is: 
~ por~q = Either the sand does not heat up quickly in the sun or it cools down fast at night. 


EXERCISE 31.3 


1. Find the component statements of the following compound statements: 
(i) The sky is blue and the grass is green. 
(ii) The earth is round or the sun is cold. 
(iii) All rational numbers are real and all real numbers are complex. 
(iv) 25 is a multiple of 5 and 8. 
2. For each of the following statements, determine whether an inclusive “OR” or exclusive 
“OR” is used. Give reasons for your answer. 
(i) Students can take Hindi or Sanskrit as their third language. 
(ii) To entry a country, you need a passport or a voter registration card. 
(iii) A lady gives birth to a baby boy or a baby girl. 
(iv) To apply for a driving licence, you should have a ration card or a passport. 
3. Write the component statements of the following compound statements and check whether 
the compound statement is true or false: 
(i) Toenterintoa public library children need an identity card from the school ora letter 
from the school authorities. 
(ii) All rational numbers are real and all real numbers are not complex. 
(iii) Square of an integer is positive or negative. 
(iv) X = 2andx = 3are the roots of the equation 3x* —x-10 = 0. 


(v) The sand heats up quickly in the sun and does not cool down fast at night. 
4. Determine whether the following compound statements are true or false: 





(i) Delhi is in India and 2 + 2 = 4. (ii) Delhi is in England and 2 + 2 =4. 
(iii) Delhi is in India and 2 + 2=5. (iv) Delhi is in England and 2 + 2=5. 
ANSWERS 
1. (i) p: Thesky is blue (ii) p: The earth is round 
q: The grass is green q: The sun is cold 
(iii) p: Allrational numbers are real (iv) p:25is a multiple of 5 
q: All real numbers are complex q: 25 is a multiple of 8. 


2. (i) Exclusive “OR”. A student cannot take both Hindi and Sanskrit. 
(ii) Inclusive “OR”. Since a person can have both a passport and a voter registration card 
to enter a country. 
(iii) Exclusive “OR”. A lady cannot give birth to a baby who is both a boy and a girl. 
(iv) Inclusive “OR”. Since a person can have both a ration card and a passport to apply fora 
driving licence. 
3. (i) p: To get into a public library children need an identity card. 
q: To get into a public library children need a letter from the school authorities. 
True. 
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(ii) p: All rational numbers are real. 
q: All real numbers are not complex. 
(iii) p : Square of an integer is positive. 
q: Squre of an integer is negative. True. 


(iv) p:x =2 is a root of the equation 3x* —x-10 =0. 
q:x =3 is a root of the equation 3x* -x-10 =0. False. 


(v) p: The sand heats up quickly in the sun. 
q: The sand does not cool down fast at night . False. 
4. (i) True (ii) False (iii) False (iv) False 


31.6 QUANTIFIERS 


In Mathematics we come across many mathematical statements containing phrases “There 
exists” and “For every”. These two phrases are called quantifiers. Depending upon the context 
the phrase “There exists” can also be replaced by the equivalent phrases “There is” or, “There is 
at least one” or, “It is possible to find” or, “some”. 


Consider the following statements: 

p:x+4>3forallx EN. 

q: For every prime number x, Vx is an irrational number. 

r: There exists a rectangle whose all sides are equal. 

s: There exists x € N such thatx +4<7 or, ForsonexeN, x+4<7. 
The statement p means that for every natural number x, x + 4 > 3. 


The statement q means that if S denotes the set of all prime numbers, then for all the members x 
of the set S, /x is an irrational number. 


The statement r means that there is at least one rectangle whose all sides are equal. 
The statement s means that there is at least one natural number x such that x + 4 <7. 


Phrase “for every ( or for all )” is called the universal quantifier and the phrase “There exists” is 
known as the existential quantifier. 


Consider the statement: For every x —eN, x+5>4 
If p (x) denotes x + 5 > 4, then the above statement can be written as 
For every x EN, p(x) 
Consider the statement: 
All Math Majors are male ae) 


If M denotes the set of all Math majors, and p (x) denotes ‘x is male’ then the above statement can 
be written as: 


For every x € M, x is male -..(ii) 
or For everyx eM, p(x) ...(iil) 


The negation of statement (i) is 
There exists at least one Math major who ts female (not male). 


or There exists x € M such that x is not male 
or There exists x <« M, ~ p (x). 
Thus, we have 


~ (For every x e M, p(x)) = (There exists x « M, ~ p (x)) 
This is true for any M and any p (x). 
Similarly, we have 

~ (There exists x « M, p(x)) = (For every x eM, ~ p(x)) 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE1  /dentify the quantifier in each of the following statements: 
(i) For every real number x, x + 4 is greater than x. 
(ii) There exists a real number which is twice of itself. 
(iii) There exists a (living) person who is 200 years old. 
(iv) For everyx eN,x+1>x. 
SOLUTION (i) For every (ii) There exists (iii) There exists (iv) For every. 
EXAMPLE2 Write the negation of the following statements: 
(i) For all positive integers x, we have x + 2 > 8. 
(ii) Every living person is not 150 years old. 
(iii) All students live in the dormitories. 
(iv) Some students are 25 (years) or older. 
SOLUTION (i) There existsa positive integer xsuch that x + 2+ 8. 
or There exists a positive integer x such that x + 2 <8. 
(ii) There exists a (living) person who is 150 years old. 
(iii) Some students do not live in the dormitories. 
or Atleast one student does not live in the dormitories. 
or There exists a student who does not live in the dormitories. 
(iv) None of the students is 25 or older 
or All the students are under 25. 
EXAMPLE3 Write the negation of each of the following statements: 
(i) For every real numberx,x+0 = x = 0+. 
(ii) For every real number x, x is less than x +1 
(iii) There exists a capital for every state in India. 
(iv) There exists a number which is equal to its square. 
SOLUTION (i) There existsa real number xsuch that x+0#x=0+%x 
(ii) There exists a real number x such that x is not less than x + 1. 
(iii) There exists a state in India which does not have its capital. 
(iv) For every real number x, x? # x. 


1. Write the negation of each of the following statements: 
(i) For every x eN,x+3<10 (ii) There exists x e N,x+3 = 10 
2. Negate each of the following statements: 
(i) All the students completed their homework. 
(ii) There exists a number which is equal to its square. 
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ANSWERS 





1. (i) There exists x e N such that x + 3 210. 
(ii) ForeveryxeN,x+3 # 10 
2. (i) Some of the students did not complete their home work 
or There exists a student who did not complete his home work. 
(ii) For every real number x, x? 2x, 


31.7 IMPLICATIONS 


In Mathematics we come across many statements of the form “if p then q”, “p only if q” and “if 
and only if” such statements are called implications. In this section, we shall discuss about such 
statements. 
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IF-THEN IMPLICATION 


Two statements connected by the connective phrase “if - then” give rise to a compound 
statement which is known as if-then implication. 


For example, 
If it rains, then the atmospheric humidity increases. 
Ifx = 4, then x? = 16. 
If ABCD is a parallelogram, then AB = CD 
are implications. 
If pandq are two statements forming the implication “if p then q”, then we denote this 
implication by “p= q’. 
In the implication “p = q’ p is called the antecedent and q the consequent. 


We shall now see how the truth and falsity of an implication ““‘p => q‘’ depends upon the truth 
and falsity of its antecedent p and consequent q. 


(i) If both p and qare true, then p=> qis also true. 

Verification Let p denote the statement : ‘““The number N = 43221 is divisible by 3” 

and q denote the statement ‘The sum of the digits forming N is divisible by 3”. 

Clearly, p and q both are true. 

Now, p= q: If the number N is divisible by 3, then the sum of the digits forming N is divisible by 3. 
Clearly, p= qis also true. 

Thus, if p and q are true, then p => qis also true. 

(ii) If p is true and q is false, then p= q is false. 

Verification Consider the following statements: 


p: The number N = 43221 is divisible by 3. 
q: The sum of the digits forming N is not divisible by 3. 
Clearly, p is true and q is false. 
Now, 
p=> q: If the number N is divisible by 3, then the sum of the digits forming N is not divisible by 3. 
Clearly, p= qis false. 
Thus, if p is true and q is false, then p= is false. 
(iii) If p is false and q is true, then p= qis true. 


If p is false and q is true, then p=> q is assumed to be true. This assumption is made to be 
consistent with the other assumptions. 


(iv) If both p and qare false, then p= q is true. 


Verification Consider the following statements: 
p: The number N = 43211 is divisible by 3 
q: The sum of the digits forming N is divisible by 3. 


Clearly, p and q are false statements. 


Now, 
p= q: If the number N = 43211 is divisible by 3, then the sum of the digits forming N is 
divisible by 3. 
Clearly, p=> q has truth value T. 


Thus, if both p and q are false, then p= qis true. 
The above discussion suggests us the following rule for the implication “if-then”. 
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RULE The implication “if p, then q” is always true except when the antecedent p is true and the 
consequent q is false. 


The implication p => qis same as each of the following: 
(i) p is sufficient condition for q. 
(ii) p only if q. 
(iii) qis necessary condition for p. 
(iv) ~ q=> ~ p. 
Consider the statement: 
If a number is a multiple of 9, then it is a multiple of 3. 
Clearly, it is an implication having antecedent (p) and consequent (q) as follows: 
p:anumber is a multiple of 9. 
q:a number is a multiple of 3. 


The above statement says that knowing that a number is a multiple of 9 is sufficient to conclude 
that it is a multiple of 3 i.e. p= qis same as p is sufficient codition for q. 


Also, the given statement says that a number is a multiple of 9 only if it is a multiple of 3 ie. 
p= qis same as p only if q. 
The above statement also means that when a number is a multiple of 9, it is necessarily a 
multiple of 3 i.e. p => qis same as gis necessary condition for p. 
The above statement also says that if a number is not a multiple of 3, then it is not a multiple of 9 
1.€. p= gissame as~ q=> ~ p”. 
CONTRAPOSITIVE Ifpand qare two statements, then the contrapositive of the implication “if p then q” 
is “if~ q, then~ p.”’ 
CONVERSE If p and q are two statements, then the converse of the implication “if p, then q” is 
“if q, then p”. 
INVERSE If pand qare two statements, then the inverse of “If p, then q” is “If ~ p, then~ q". 
Consider the statement: 

If a number is divisible by 9, then it is divisible by 3 


It is an implication with “if ... then” having antecedent (p) and consequent (q) as given below: 
p:anumber is divisible by 9. 
q:anumber is divisible by 3. 


The given statement is “if p, then q.” Its contrapositive is: If ~ q, then ~ p 
i.e., If a number is not divisible by 3, then it is not divisible by 9. 


The converse of the given statement is: If q, then p 
1.e, If a number is divisible by 3, then it is divisible by 9. 
IF AND ONLY IF IMPLICATION 
If p and q are two statements, then the compound statement p => qand q=> pis called if and only 
if implication and is denoted by p > @. 
Consider the statement: 
A triangle is equilateral if and only if it is equiangular. 
This is if and only if implication with the component statements: 
p:A triangle is equilateral. 
q: A triangle is equiangular. 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Rewrite the following statement with “if-then” in five different ways conveying the same 
meaning: ; 
Ifa natural number is odd, then its square is also odd. 


SOLUTION The component statement of the given statement are: 
p: A natural number is odd. 
q: Square of a natural number ts odd. 


The given statement is: “If p, then q.”’ 
It is same as each of the following statements: 
(i) p=> q ie., xis an odd natural number => x? is an odd natural number 


(ii) p is a sufficient condition for q. 
i.e. Knowing that a natural number is odd is sufficient to conclude that its square is 
odd. 
(iii) p only if q i-e., A natural number is odd only if its square is odd. 
(iv) gis necessary condition for p 
i.e. When a natural number is odd, its square is necessarily odd. 
WY) 9=>~P 
i.e. If the square of a natural number is not odd, then the natural number is not odd. 
EXAMPLE2 Write each of the following statements in the form “if-then”. 
(i) You get job implies that your credentials are good. 
(ii) You can access the website only if you pay a subscription fee. 
(iii) The Banana trees will bloom if it stays warm for a month. 
(iv) A quadrilateral is a parallelogram if its diagonals bisect each other. 
(v) To get A* in the class, it is necessary that you do all the exercises of the book. 


SOLUTION (i) We know that “If p, then q” is equivalent to “p= q’. 
Therefore, the given statement can be written as 
“If you get a job, then your credentials are good” 
(ii) We know that “p only if q” is equivalent to “If p, then q”. 
Therefore, the given statement can be written as: 
“If you can access the website, then you pay a subscription fee”. 
(iii) The given statement can be written as: 
“If it stays warm for a month, then the Banana trees will bloom”. 
(iv) The given statement can be written as: 
“If the diagonals of ajuadrilateral bisect each other, then it is a parallelogram”. 
(v) The given statement can be written as: 
“If you get A* in the class, then you do all the exercise of the book.” 


EXAMPLE3 Write the contrapositive of the following statements: 
(i) Ifa number is divisible by 9, then it is divisible by 3. 
(ii) [f you are born in India, then you are a citizen of India. 
(iii) Ifa triangle is equilateral, it is isosceles. 
(iv) If x is prime number, then x is odd. 
(v) If two lines are parallel, then they do not intersect in the same plane. 
(vi) x is an even number implies that x is divisible by 4. 
(vii) Something is cold implies that it has low temperature. 
(viii) You cannot comprehend geometry if you do not know how to reason deductively. 
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SOLUTION We know that the contrapositive of the statement “If p, then q’ is “if ~ q, then~ p”. 
Therefore contrapositive of the given statements are: 
(i) If a number is not divisible by 3, it is not divisible by 9. 
(ii) If you are not a citizen of India, then you were not born in India. 
(iii) If a triangle is not isosceles, then it is not equilateral. 
(iv) If anumber x is not odd, then x is not prime. 
(v) If two lines do not intersect in the same plane, then they are not parallel. 
(vi) If x is not divisible by 4, then x is not an even number. 
(vii) If something does not have low temperature, then it is not cold. 
(viii) If you can comprehend geometry, then you know how to reason deductively. 
EXAMPLE4 Write the converse of the following statements: 
(i) Ifa number n is even, then n® is even. 
(ii) If you do all the exercises in the book, you get an A grade in the class. 
(iii) If two integers a and bare such that a >b, then a —b is always a positive integer. 
(iv) If x is prime number, then x is odd. 
(v) If two lines are parallel, then they do not intersect in the same plane. 


SOLUTION (i) If anumber n* is even, then is even. 
(ii) If you get an A grade in the class, then you have done all the exercises of the book. 
(iii) If two integers a and b are such that a —b is always a positive integer, then a >b. 
(iv) If x is an odd number, then x is a prime number. 
(v) If two lines do not intersect in the same plane, then they are parallel. 
EXAMPLE 5 Write the component statements of each of the following statements. Also, check whether 
the statements are true or not. 
(i) If a triangle ABC is equilateral, then it is isosceles. 
(ii) Ifa and bare integers, then ab is a rational number. 
SOLUTION (i) The component statements of the given statement are: 
p:The triangle ABC is equilateral. 
q: The triangle ABC is isosceles. 
Since an equilateral triangle is isosceles, so the given statement is true. 
(ii) The component statements are: 
p:aandb are intergers. 
q:ab is arational number. 
Since the product of two integers is an integer and therefore a rational number. So, the 
compound statement is true. 
EXAMPLE 6 Given below are two pairs of statements. Combine these two statements using “if and 
only if”. 
(i) p: If a rectangle is a square, then all its four sides are equal. 
q: If all the four sides of a rectangle are equal, then the rectangle is a square. 
(ii) p: If the sum of the digits of a number is divisible by 3, then the number is divisible by 3. 
q: If a number is divisible by 3, then the sum of its divisible by 3. 
SOLUTION (i) A rectangle is a square if and only if all its four sides are equal. 
(ii) A number is divisible by 3 if and only if the sum of its digits is divisible by 3. 
EXAMPLE 7 For the given statement identify the necessary and sufficient conditions: 
p: “If you drive over 80 km per hour, then you will get a fine”. 
SOLUTION Let pand q denote the statements: 
p : You drive over 80 km per hour. 


rT 


mi] 


a TERT 


wren Tw. Tite 


re. en ee) he ie ed | 


le ee eee 


MATHEMATICAL REASONING 31.21 


q: You will get a fine. 
We know that the implications of “if p, then q” indicates that p is sufficient for q. It also indicates 
that qis necessary for p. Therefore, sufficient condition is “Driving over 80 km per hour” and the 
necessary conditions is “getting a fine”. 


EXERCISE 31.5 


1. Write each of the following statements in the form “if p, then q”. 
(i) You can access the website only if you pay a subscription fee. 
(ii) There is traffic jam whenever it rains. 
(ili) Itis necessary to have a passport to log on to the server. 
(iv) It is necessary to be rich in order to be happy. 
(v) The game is cancelled only if it is raining. 
(vi) It rains only if it is cold. 
(vii) Whenever it rains it is cold. 
(viii) It never rains when it is cold. 
2. State the converse and contrapositive of each of the following statements: 
(i) If it is hot outside, then you feel thirsty. 
(ii) [ go toa beach whenever it is a sunny day. 
(iii) A positive integer is prime only if it has no divisors other than 1 and itself. 
(iv) If you live in Delhi, then you have winter clothes. 
(v) If a quadrilateral is a parallelogram, then its diagonals bisect each other. 
3. Rewrite each of the following statements in the form “p if and only if q”. 
(i) p: If you watch television, then your mind is free and if your mind is free, then you 
watch television. 
(ii) q: Ifa quadrilateral is equiangular, then it is a rectangle and if a quadrilateral is a you 
rectangle, then it is equiangular. 
(iii) r: For you to get an A grade, it is necessary and sufficient that you do all the homework 
you regularly. 
(iv) s: Ifa tumbler is half empty, then it is half full and if a tumbler is half full, then it is half 
empty. 
4. Determine the contrapositive of each of the following statements: 
(i) If Mohan is a poet, then he is poor. (ii) Only if Max studies will he pass the test. 
(iii) If she works, she will earn money. (iv) If it snows, then they do not drive the car. 
(v) Itnever rains when it is cold. (vi) If Ravish skis, then it snowed. 
(vii) If x is less than zero, then x is not positive. 
(viii) If he has courage he will win. 
(ix) It is necessary to be strong in order to be a sailor. 


(x) Only ifhe does not tire willhe win. (xj) Ifxisanintegerand x? is odd, then xis odd. 
ANSWERS 


1. (i) If you access the website, then you pay a subscription fee. 
(ii) If it rains, then there is traffic jam. 
(iii) If you log on to the server, then you must have a passport. 
(iv) If he is happy, then he is rich. 
(v) If it is raining, then the game is cancelled. 
(vi) If it rains, then it is cold. 
(vii) If it rains, then it is cold. 
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(viii) If it is cold, then it never rains. 
2. (i) Converse: If you feel thirsty, then it is hot outside. 
Contrapositive: If you do not feel thirsty, then it is not hot outside. 

(ii) Converse: If I go to a beach, then it is a sunny day. 

Contrapositive: If I do not go to a beach, then it is not a sunny day. 

(iii) Converse: If an integer has no divisors other than 1 and itself, then it is prime. 
Contrapositive: If an integer has some divisors other than 1 and itself, then it is not 
prime. 

(iv) Converse: If you have winter clothes, then you live in Delhi. 

Contrapositive: If you do not have winter clothes, then you do not live in Delhi. 
(v) Converse: If the diagonals of a quadrilateral bisect each other, then it is a 
parallelogram. 
Contrapositive: If the diagonals of a quadrilateral do not bisect each other, then the 
quadrilateral is not a parallelogram. 
3. (i) You watch television if and only if your mind is free. 
(ii) A quadrilateral is a rectangle if and only if it is equiangular. 
(iii) You get an A grade if and only if you do all the homework regularly. 
(iv) A tumbler is half empty if and only if it is half full. 
4, (i) If Mohan is not poor, then he is not a poet. 
(ii) If Max does not study, then he will not pass the test. 
(iii) If she does not earn money, then she does not work. 
(iv) If they do not drive the car, then there is no snow. 
(v) If it rains, then it is not cold. 
(vi) If it did not snow, then Ravish will not ski. 
(vii) If x is positive, then x is not less than zero. 
(viii) If he does not win, then he does not have courage. 
(ix) If he is not strong, then he is not a sailor. 
(x) If he tires, then he will not win. 
(xi) If x is even, then x* is even. 


31.8 VALIDITY OF STATEMENTS 


In this section, we will study validity of statements. Checking the validity of a statement means 
checking when it is true and when it is not true. This depends upon which of the special words 
“and”, “or”, and which of the implications “if-then”, “if and only if”, and which of the 
quantifiers “for every”, “there exists”, appear in the given statement. 

Let us now discuss some techniques or rules to find when a statement is valid or true. 


31.8.1 VALIDITY OF STATEMENTS WITH “AND” 

If p and q are mathematical statements, then in order to show that the statement “p and q” is 
true, we follow the following steps: 

STEPI Show that the statement p is true. 

STEP II Show that the statement q is true. 


ILLUSTRATIVE EXAMPLES 
_LEVEL-1 





EXAMPLE1 Given below are two statements: 
p: 80 is a multiple of 5. 
q: 80 is a multiple of 4. 


Write the compound statement connecting these two statements with “and” and checks its validity. 
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SOLUTION The compound statement is: “80 is multiple of 5 and 4.” 
We know that 80 is a multiple of 5 as well as 4. So, p and q are true statements. 


Hence, the compound statement is also true i.e. the compound statement “p and q” is a valid 
Statement. 


EXAMPLE2 If p and q are two statements given by: 

p:25 is multiple of 5. 

q: 25 is a multiple of 8. 
Write the compound statement connecting these two statements with “and” and check its validity. 
SOLUTION The compound statement is: “25 is a multiple of 5 and 8” 
Since 25 is a multiple of 5 but it is not a multiple of 8. Therefore, p is true but q is not true. 
Hence, the compound statements is not true i.e., the statement “p and q” is nota valid statement. 


31.8.2 VALIDITY OF STATEMENTS WITH “OR” 


If p and q are mathematical statements, then in order to show that the compound statement “p 
or q” is true, we proceed as follows: 

Assuming that p is false, show that q must be true. 
or Assuming that q is false, show that p must be true. 

Following examples will illustrate the same. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Given below are two statements: 

p:25is amultiple of 5. 

q:25is a multiple of 8. 
Write the compound statement connecting these two statements with “OR” and check its validity. 
SOLUTION The compound statement is: “25 is a multiple of 5 or 8”. 
Let us assume that the statement is false i.e. 25 is not a multiple of 8. Clearly, p is true. 
Thus, if we assume that gis false, then p is true. Hence, the compound statement is true i.e. valid. 
EXAMPLE2 Check the validity of the following statement: 

“Square of an integer is positive or negative “ 
SOLUTION The given statement is a compound statement with “OR” whose component 
statements are: 

p: Square of aninteger is positive. 

q: Square of an integer is negative. 


Let us assume that p is false i.e. square of an integer is not positive. Then, for any integer x, we 
have 


xrb0> x* <0 => qis true. 
Thus, if we assume that p is false, then q is true. 
Hence, “p or q” is a valid statement. In other words, the given statement is true. 
31.8.3 VALIDITY OF STATEMENTS WITH “IF-THEN” 


Ifp and gare two mathematical statements, then to prove the validity of the statement “if p, then 
q”, We may use any one of the following methods. 


(i) DIRECT METHOD 


STEP] Assume that p is true. 
STEPII Prove that q is true. 
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(ii) CONTRAPOSITIVE METHOD 
STEPI Assume that q is false. 
STEP II Prove that p is false. 


(iii) CONTRADICTION METHOD 
STEPI Assume that p is true and q is false. 
STEP Obtain a contradication from step I. 


Following examples will illustrate the above methods. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Check whether the following statement is true or not: 
“If x and y are odd integers, then xy is an odd integer” 
SOLUTION Letpand qbe the statements given by 
p:xand y are odd integers. 
q: xy is an odd integer. 
Then, the given statement is: If p, then q. 
Direct Method: Let p be true. Then, 
p is true 
x and y are odd integers 
x = 2m+1,y = 2n+1 forsome integers m, n. 
xy = (2m+1) (2n +1) 
xy = 2(2mn+m-+n)+1 
xy is an odd integer 
qis true. 
pistrue=> qis true. 
Hence, “If p, then q” is a true statement. 
Contrapositive Method: Let q be not true. Then, 
qis not true 
xy is an even integer 
either x is even or y is even or both x and y are even 
p is not true. 
us, qis false= pis false 
Hence, “If p, then q” is a true statement. 
EXAMPLE2 Check whether the following statement is true or false by proving its contrapositive. 
“If x, y are integers such that xy is odd, then both x and y are odd integers” 
SOLUTION Letp and qgbe two statements given by 
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p: xy ts an odd integer 

q: Both x and y are odd integers. 
Let g be not true. Then, 

q is not true 
=> It is false that both x and y are odd integers 
=> At least one of x and y is an even integer. 


Let x = 2n for some integer n. Then, 
xy = 2ny for some integer n. 
> xy is an even integer 
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=> xy is not an odd integer 

=> ~ pis true 

Thus, ~ gis true => ~ pis true 
Hence, the given statement is true. 
EXAMPLE3 Show that the statement 


p:Ifx is a real number such that x? + 4x = 0, then x is 0” is true by 


(i) direct method (ii) method of contradiction (iii) method of contrapositive 


SOLUTION Letq andr be the statements given by 
q:xX is a real number such that x? + 4x =0. 
r:x is 0. 

Then,p : If q, then r. 

(i) Direct method: Let q be true. Then, 


qis true 

= xis a real number such that x° + 4x =0 
= xis a real number such that x (x? + 4)=0 
> x = 0 

= r is true. 


Thus, gis true=> r is true. 
Hence, p is true. 


(ii) Method of contradiction: If possible, let p be not true. Then, 
p is not true 


= ~ pis true 

=> ~(g=>1r) is true 

= q and ~ r is true 

=> x is a real number such that x° + 4x =O and x #0 
=> x=Oandx # 0 

This a contradiction. 


Hence, p is true. 


(ili) Method of contrapositive: Letr be not true. Then, 
ris not true 


> x #0, xER 
= x(x7+4) # 0, xER 
= qis not true 


Thus, ~r => ~ g. 
Hence, p:q=> ris true. 
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~(q=> r) 


EXAMPLE4 Show that the following statement ts true by the method of contrapositive. 


p: If xis an integer and x? is even, then x is also even. 
SOLUTION Let gq andr be the statements given by 

q: If xis aninteger and x? is even 

r:Xis an even integer. 
Then, p: “Ifq, then r’. 
If possible, let r be false. Then, 
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ris false 

x is not an even integer 

x is an odd integer 

x = (2n +1) for some integer 1 


x? = An? + 41+ 1 


x? = An (1 +1) +1 


x? is an odd integer [.. 421 (n +1) is even] 


yu y buud 


qis false. 

Thus, ris false > gis false. 

Hence, p: “If q, thenr” is a true statement. 

31.8.4 VALIDITY OF STATEMENTS WITH “IF AND ONLY IF” 


In order to prove the validity of the statement “p if and only if q”, we proceed as follows: 
STEPI Show that: If pis true, then q is true. 
STEPII Show that: If qis true, then p is true. 


Following examples will illustrate the above procedure. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Using the words “necessary and sufficient” rewrite the statement 
“The integer nis odd if and only if n? is odd” 
Also check whether the statement is true. 
SOLUTION The given statement can be re-written as 
“The necessary and sufficient condition that the integer n is odd ts n must be odd” 
Let p and qbe the statements given by 
p : the integer nis odd. 
q: n° is odd. 
The given statement is 
“vy if and only if q” 
In order to check its validity, we have to check the validity of the following statements. 
(i) “If p, then q” (ii) “If q, then p” 
Checking the validity of “If p, then q”: 
The statement “if p, then q” is given by: 
“If the integer n is odd, then n” is odd” 
Let us assume that7 is odd. Then, 
n = 2m +1, where is an integer 
n* = (2m+1)* 
n2 = 4m(m+1)+1 
n2 


is an odd integer [ 4m (m +1) is even] 
, n* is odd. 
Thus, is odd > n* is odd 
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“If p, then q” is true. 
Checking the validity of “If q, then p”: 
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The statement “If q, then p” is given by 
“If n is an integer and n? is odd, then nis odd” 


To check the validity of this statements, we will use contrapositive method. So, letn be an even 
integer. Then, 


nis even 


=> n = 2k for some integer k 
’) 
=> n? = 4k? 
2 : 
=? n™~ Is an even integer 
9 * . 
= n~ is not an odd integer. 


2 is not odd 


Thus, nisnotodd=> n 
“If q, then p” is true. 

Hence, “p if and only if q” is true. 

31.8.5 VALIDITY OF STATEMENTS BY CONTRADICTION 


Sometimes to check whether a statement p is true or not, we assume that p is not true i.e. ~ p is 
true. Then, we arrive at some result which contradicts our supposition. Therefore, we conclude 
that p is true. This method is known as contradiction method. 


Following examples will illustrate this method. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Verify by the method of contradiction that V7 is irrational. 


SOLUTION Let p be the statement given by p: V7 is irrational. 
If possible, let p be not true i.e. let p be false. Then, 

pis false 
= V7 is rational 


a 
V7 = —,wherea and bare integers having no common factor. 
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az 
b2 
7b 
7 divides a” 

7 divides a 

a = 7c for some integer c 

a* = 49c? 

7b* = 49c? [a2 = 7b7] 
b? = 7c? 

7 divides b” 

> 7 divides b 


Thus, 7 isa common factor of botha and b. This contradicts that a and b have no common factor. 
So, the supposition V7 is rational is wrong. Hence, the statement “/7 is irrational” is true. 
EXAMPLE2 Check the validity of the statement given below by contradiction method. 

“9 : The sum of an irrational number and a rational number is irrational” 
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SOLUTION If possible, let p be not true. Then, 

p is false 

The sum of an irrational number and a rational number is not irrational 

There exists an irrational number x (say) and a rational number y (say) such that 

x + y is not irrational. 

x + yis rational say, z 

x+y =2 

x=z-y 

x is rational [: 
But, x is irrational. So, we arrive at a contradiction. 

Thus, our supposition is wrong. 

Hence, p is true. 
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31.8.6 INVALIDITY OF STATEMENTS BY COUNTER EXAMPLES 


In order to show that a statement is false, we may give an example of a situation where the 
statement is not valid. Such an example is called a counter example. The name itself suggests 


that this is an example to counter the statement. Following examples will illustrate the 
procedure. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 By giving an example, show that the following statement is false. 
“If n is an odd integer, then n is prime” 


SOLUTION We observe that 9 is an odd integer which is not prime. Similarly, 21, 25 etc are odd 
integers which are not primes. 


Hence, the given statement is false. 
EXAMPLE2 Show that the statement 
“For any real numbers a and b, a* =b? implies that a =b” 
is not true by giving a counter example. 
SOLUTION We observe that (— 2)? = 2*but-2 # 2. 
So, the given statement is not true. 
EXAMPLE3 By giving a counter example, show that the following statement is not true: 
p: “The equation x” —1 =0 does not have a root lying between 0 and 2” 


SOLUTION We observe thatx = 1 isa root of x2 —1 =O and x =1 lies between 0 and 2. 
So, the given statement is not true. 


EXERCISE 31.6 





1. Check the validity of the following statements: 
(i) p:100 is a multiple of 4 and 5. (ii) q:125 is a multiple of 5 and 7. 
(iii) r : 60 is a multiple of 3 or 5. 
2. Check whether the following statement are true or not: 
(i) p: lf x and y are odd integers, then x + y is an even integer. 
(ii) q: Ifx, yare integers such that xy is even, then at least one of x and yis an even integer. 
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3. Show that the statement 


p: “If xisa real number such that x3 +x = 0, then xis 0” 
is true by 
(i) direct method (ii) method of contrapositive (iii) method of contradition. 


4. Show that the following statement is true by the method of contrapositive 
p: “If xis an integer and x? is odd, then x is also odd” 


5. Show that the following statement is true 
“The integer nis even if and only if n? is even” 
6. By giving a counter example, show that the following statement is not true. 
p: “If all the angles of a triangle are equal, then the triangle is an obtuse angled triangle”. 


7. Which of the following statements are true and which are false? In each case give a valid 
reason for saying so 
(i) p: Each radius of a circle is a chord of the circle. 
(ii) q: The centre of a circle bisects each chord of the circle. 
(iii) r : Circle is a particular case of an ellipse. 
(iv) s: If x and y are integers such that x > y, then—x <—y. 
(v) t: 11 is a rational number. 


8. Determine whether the argument used to check the validity of the following statement is 
correct: 


p: “If x* is irrational, then x is rational’ 


The statement is true because the number x? =r’ is irrational, therefore x = zis irrational. 


ANSWERS 
1. (i) True (ii) False (iii) True 2. (i) True (ii) True 
7.(i) False (ii) False (iii) True (iv) True (v) False 
SUMMARY 


1. A sentence is called a mathematically acceptable statement or simply a statement if it is 
either true or false but not both. 


2. The denial of a statement is called negation of the statement. The negation of a statement p 
is denoted by ~ p and is read as “not p”. 


3. A statement is called a compound statement if it is made up of two or more simple 
statements. The simple statements are called component statements of the compound 
statement. 


4. Compound statements are obtained by using connecting words like “and”, “or” etc and 
phrases “If-then”, “Only if”, “if and only if”, “There exists”, “For all” etc. 
5. The compound statement with “AND” is 
(i) true if all its component statements are true. 
(ii) false if any of its component statements is false. 


6. The compound statement with “OR” is 


(i) true when one component statement is true or both the component statements are true. 
(ii) false when both the component statements are false. 





'~ so ace ee 
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7. Asentence with “Tf p, then q” can be written in the following ways: 
(i) p implies q (denoted by p => 9) (ii) p is sufficient condition for q 
(iii) qis necessary condition for p (iv) p only if q 
(v) ~ qgimplies ~ p 
8. (i) The contrapositive of the statement p => q is the statement ~ q=> ~ p. 
(ii) The converse of the statement p => q is the statement q=> p. 
(iii) The inverse of the statement p= qis the statement ~ p= ~ @. 


9. Forall or for every is called universal quantifier. There exists is called existential quantifier. 
10. A statement is said to valid or invalid according as it is true or false. 


11. If p and gare two mathematical statements, then the statement 
(i) “p and q” is true if both p and qare true. 
(ii) “p or q” is true if p is false => q is true or, g is false=> p is true. 
(iii) “If p, then q” is true if 
(a) pistrue=> qis true 
or (b) gisfalse= pis false 
or (c) pis true and qis false leads us to a contradiction. 
(iv) “p if and only if q” is true, if 
(a) pistrue=> qis true 
and (b) qgistrue=> pis true. 


re oe 
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STATISTICS 


32.1 INTRODUCTION 


In earlier classes, we have learnt about methods of representing data graphically and in tabular 
form. Such representations exhibit certain characteristics or salient features of the data. We have 
also studied various methods of finding a representative value of the given data. This value is 
called the central value for the given data and various methods for finding the central value are 
known as the measures of central tendency. The measures of central tendency are: mean 
(arithmetic mean), median and mode. We have learnt that the measures of central tendency give 
us one single figure that represents the entire data i.e., they give us one single figure around 
which the observations are concentrated. In other words, measures of central tendency give usa 
rough idea where observations are centred. But the central values are inadequate to give us a 
complete idea of the distribution as they do not tell us the extent to which the observations vary 
from the central value. In order to make better interpretation from the data, we should also have 
an idea how the observations are scattered or how much they are bunched around a central 
value. There can be two or more distributions having the same central value but still there can be 
wide disparities in the formation of the distribution as discussed below. 


Consider following three distributions: 
Gi) 1,5,9,13,17 Gi) 3,6,9,12,15 Gn) 775, 9710714 


In all these distributions we have the same number of observations and the same mean and 
median both equal to 9. Therefore, if we are given that the mean of 5 observations is 9, we are 
unable to say whether it is the average of first distribution or second distribution or third 
distribution. 


Let us now plot these distributions on a number line as shown below: 
Mean = median 


Os 5 42 3 9 13 17 


Mean = median 





Distribution (i) 


Distribution (ii) 





0 3 6 9 12 5 
Mean = median 


0 7 8 9 1011 
Fig. 32.1 


Distribution (iii) 





We observe that the dots representing observations in distribution (iii) are more close to each 
other and are clustering around the mean and median (central value). So, we say that there is 
more variability in the values of observations in distribution (i) in comparison to distributions 
(ii) and (iii). We can also say that the distribution (iii) is more consistent than distributions 
(i) and (ii). 

Let us now consider the runs scored by two batsmen B, and Bz in their last ten matches as given 
below: 
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Match: ] 2 3 4 5 6 7 8 9 10 
Batsman B,: 30 91 0 64 42 80 30 5 117 71 
Batsman B>: 53 46 48 50 53 53 58 60 57 52 
The mean and median of the scores are as under: 
Mean Median 
Batsman B, 53 53 
Batsman B> 53 53 


We observe that the mean and median of the runs scored by both the batsmen B, and By are 
same. On the basis of this a natural question arises : Is the performance of two players same? The 
answer is of course not in affirmative. Because the variability in the scores of batsman By, is more 
as he has scored runs from 0 (minimum) to 117 (maximum), where as the batsman B, has scored 
runs more consistently as the runs scored by him vary from 46 (minimum) to 60 (maximum). If 
the scores of batsmen B, and B, are plotted on a number line, we find that the points 
representing scores of batsman B, cluster around the central value (mean = median) while those 
corresponding to batsman B, are scattered or more spread out. 


It follows from the above discussion that the central values (mean, mode, median) are not 
sufficient to give complete information about a distribution. Variability in the values of the 
observations of given data gives us better information about the data. So, variability is another 
factor which is required to be studied in statistics. Like central value, we have a single number to 
describe variability of a distribution. This single number is called the dispersion of the 
distribution and various methods of determining or measuring dispersion are called the 
measures of dispersion. In this chapter, we shall learn some of the important measures of 
dispersion. 


32.2 MEASURES OF DISPERSION 


As discussed above that the dispersion is the measure of variations in the values of the variable. 
It measures the degree of scatteredness of the observations in a distribution around the central 
value. 
Following are commonly used measures of dispersion: 
(i) Range (ii) Quartile deviation (iii) Mean deviation (iv) Standard deviation. 

In this chapter, we shall study all of these measures of dispersion except the quartile deviation. 
32.3 RANGE 
RANGE The range is the difference between two extreme observations of the distribution. 
If A and B are the greatest and smallest values respectively of observations in a distribution, 
then its rang is A — B. 
Thus, 

Range of a distribution = Maximum value — Minimum value 
In section 32.1, we have 

Range of scores of batsman B, =117 —0 =117 

Range of scores of batsman B, = 60 —46 =14. 
Clearly, the range of scores of batsman B, is more than that of B5. Therefore, the scores of 
batsman B, are more scattered or dispersed while the scores are more close to each other for 
batsman Bp). 
Range is the simplest but a crude measure of dispersion. As it is based upon two extreme 
observations so it does not measure the dispersion of the data from a central value. Therefore, 
we require some other measures of variability which depend upon the difference (or deviation) 


of the values from the central value. Such measures of dispersion are mean deviation and 
standard deviation. Let us discuss them in detail. 
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32.4 MEAN DEVIATION 

In this section, we will learn how to calculate mean deviation about mean and median for 
various types of data. 

32.4.1 MEAN DEVIATION FOR UNGROUPED DATA OR INDIVIDUAL OBSERVATIONS 

Ifx1, X2,..., X, aren values of a variable X, then the mean deviation from an average A (median or AM) is 
given by 


i 
M.D. = + = |x _A\=_ s|dJ, where d =x, -A 
n i= i 


We may use the following algorithm to find mean deviation of individual observations: 


ALGORITHM 

STEPI Compute the central value or average ‘A’ about which mean deviation is to be calculated. 

STEPII Take deviations of the observations about the central value ‘A’ obtained in step I ignoring 
+ signs and denote these deviations by | dl. 

STEP III Obtain the total of these deviations i.e. =| d;|. 

STEPIV Divide the total obtained in step III by the number of observations. 


Following examples illustrate the procedure. 





ILLUSTRATIVE EXAMPLES © 


EXAMPLE1 Calculate the mean deviation about median from the following data: 340, 150, 210, 240, 
300, 310, 320. 


SOLUTION Arranging the observations in ascending order of magnitude, we obtain 
150, 210, 240, 300, 310, 320, 340. 
Clearly, the middle observation is 300. So, median = 300. 

Calculation of Mean Deviation 






[4 =|; — 300, 


20 20 
dj =B| 34 ~ 300|= 370 


1 1 370 
M.D. = — 2|d|==— 2|x; — 300) =—— =52.8 
~ E|d|=— E |x; — 300] == 


EXAMPLE2 The scores of a batsman in ten innings are : 38, 70, 48, 34, 42, 55, 63, 46, 54, 44. Find the 
mean deviation about the median. 


SOLUTION Arranging the data in ascending order, we obtain 
34, 38, 42, 44, 46, 48, 54, 55, 63, 70 
Here n = 10. So, median is the A.M. of 5th and 6th observations. 
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Calculation of Mean Deviation 













4G =15 —47|_ 


9 
23 


1 


1 
3 
e: 
8 
16 
1 
7 
3 





=| d| = 
Mpas — Sidia-” - 86 
n 10 


EXAMPLE3 Find the mean deviation from the mean for the data: 6, 7,10, 12, 13, 4,8,20 [NCERT] 


SOLUTION Let X be the mean of the given data. Then, 
= 6+7+104124+13+4+8+ 20 
X = Sa aa 10 


Computation of Mean Deviation 
[Gil =| x; —X | =|; - 10] 





T 
S 
3 
= 
T 
Le ¢) 


Now, Z| a; | 
; M.D. 


Il 
a 
a 

| 

I 
ce) 
oT 





EXAMPLE4 Calculate the mean deviation about the mean of the set of first n natural numbers when n 
is odd natural number. [NCERT, NCERT EXEMPLAR] 
SOLUTION Sincenis an odd natural number. Therefore,n = 2m+1 for some natural numberm. 
Let X be the mean of first natural numbers. Then, 
= xt +2+3+4...4(2-1) +n _n(n+1) _n+1 
n 2n rir 
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= X -itt =m+1 


The mean deviation (M.D.) about mean is given by 


n = 
M.D.=~ 9° |r-X| 
iM r=1 
2m+ 1 


= M.D. = > |r-(n+1)| [. n=2m+1] 
=1 





eM Ds 





2+ 1 
>, |r-(n+1)|+ Ss ims) 


r=m-+ 1 





r=m+1 


es M.D. = 





_>"+ +(m+1) >) 1+ > r- (m+ 1) >» 1 
r=1 


r=1 r=m+1 r=m+1 


= +1 


(§ 
= M.D. = m7 is. fr—(m+1} + Si fon} 


nm 2m+ 1 2m+1 














=> M.D. = : {- a “ MOM D mmr) +(M**\Gon-+1) + 2m} —(m-+1(n4+1)| 
2m +1 
= M.D. = . {- mr aan) De -(m+1)| 
2m +1 2 
=> M.D. = ! jes (m +1) (3m+ 2) - -(n-+1)} 
2m +1 2 
m+1 
= M.D. =—————— {fm + (3m + 2) —2(m+1 
2 (ams) * ( 1sPs )} 
n—1 1 
1 m (m+1) ( 2 Jf 2 +1] 
=> M eo EES (09) = = SS * [. n=2m+1] 
2 (2m +1) 2m+1 n 





2 
= M. 2 (et) Lie —j 
n\. 2 2 4n 


EXAMPLES Calculate the mean deviation about the mean of the set of first n natural numbers when n 
is even natural number. [NCERT EXEMPLAR] 


SOLUTION Sincen is an even natural number. Therefore, n = 2m for some natural number m. 


Let X be the mean of first m natural numbers. Then, 
=~ 14+2+3+...4n_ n(n+1) _ n+1 





> = =m+— [.- n= 2m] 
2 2 
The mean deviation (M.D.) about mean is given by 


aes 








: ae {ms 2) [-- n=2m+1] 
=> woot r-(m+5) 22 -(n3)] 











=> M.D =— — +m [m “+ =) ie {(m +1)+ 2m} -(m + 5) mt} 
2 2) 2 2 
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1 m 1 2m 1 
M.D. =— -{r-(ms} it > {r-(m+3)| 
2m =1 = r=m-+ 1 2 
! 


n m 1 2m 2m 1 
-»); r+ )i(m+>)4 yr D, (m+=) 
r 


=] r=m+1 r=m+1 


_m (71 +1) is m (2m +1) m (3m +1) _m (201+ >} 
2 2 2 2 
—m (m+1) im (3m a _m m n 


(-m -—1+ 3m+1) =— =— [- n=2m] 


2 2 4m 2 4 


EXERCISE 32.1 





1. Calculate the mean deviation about the median of the following observations: 
(i) 3011, 2780, 3020, 2354, 3541, 4150, 5000 
(ii) 38, 70, 48, 34, 42, 55, 63, 46, 54, 44 
(iii) 34, 66, 30, 38, 44, 50, 40, 60, 42, 51 
(iv) 22, 24, 30, 27, 29, 31, 25, 28, 41, 42 


(v) 38, 70, 48, 34, 63, 42,55, 44,53, 47 [NCERT] 

2. Calculate the mean deviation from the mean for the following data: 
(i) 4,7,8,9, 10,12, 13,17 [NCERT] 
(ii) 13,17, 16, 14,11, 13, 10, 16,11, 18, 12, 17 [NCERT] 
(iii) 38, 70, 48, 40, 42, 55, 63, 46,54, 44 [NCERT] 
(iv) 36,72, 46, 42, 60, 45, 53, 46,51, 49 [NCERT] 


(v) 57, 64, 43, 67, 49, 59, 44, 47, 61, 59 


3. Calculate the mean deviation of the following income groups of five and seven members 
from their medians: 


I I 
Income in = Income in = 





4. The lengths (in cm) of 10 rods in a shop are given below: 
40.0, 52.3, 55.2, 72.9, 52.8, 79.0, 32.5, 15.2, 27.9, 30.2 
(i) Find mean deviation from median 
(ii) Find mean deviation from the mean also. 


5. In question 1 (iii), (iv), (v) find the number of observations lying between X — M.D. and 
X + M.D, where M.D. is the mean deviation from the mean. 
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| re AES 
1. (i) 649.4 (ii) 8.6 (iii) 8.7 (iv) 4.7 (v) 8.4 

2, (i) 3 (ii) 2.33 (iii) 8.4 (iv) 7.2 - (v) 74 

3. 320, 457.14 4.(i) 164 (ii) 1644 5. 6,5and6 


eae HINTS TO NCERT & SELECTED PROBLEMS 
1.(v) Arranging the observations in ascending order of magnitudes, we obtain 
34, 38, 42, 44, 47, 48, 53, 55, 63, 70 
These are 10 in number. Therefore, 


Median = AM of 5th and 6th observation = BEE 


= 47.5 





Calculation of Mean deviation about median 


———— oe ee 





| Stee ZS lql= =|x;-475| 
| 34 | 13.5 | 
| 38 9.5 | 
| 42 5.5 
44 3.5 
47 | 0.5 | 
48 0.5 | 
33 | 5.5 
95 | 7.5 | 
63 | 15.5 | 
MOR eee 22.5 
|___Tel _jJ_- =| d;| =84 
Clearly, 1 =10 and =| d; (= 
Mean Deviation = - = d;|= o = 84 


2. (i) Let X be the mean of dig given Peters Then, 
— 44+7+8+9+4104+12+13+17 
X = sn 10 


Computation of Mean deviation about mean 


| = 14 -X| =|; -101 
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Clearly, =| d;| =24andn =8. 


Mean deviation =~ | |= =3 


(ii) Let X be the mean of che given data. Then, 
xX = 13 +17 +164+14+11+13+10+16+11+18+12+17 168 _ 





Thus, we have 
n=12 and Z| d; |=28 
28 


Mean deviation = ss = d;| = oi =i 2.00 


(iii) Let X be the mean of ei observations. Then, 
vy — 38+70+48 + 40+ 42+55+63+464+544+44 — 500 _ 





ms rrr tee Tt 


ee ee ee ee eee ee a. Ce 
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Thus, we have 
n=10 and =| d; | =104 


Mean deviation = Ls x| d,|=— =84 
n 10 


(iv) Let X be the mean of given data. Then, 
36 +72 + 46+ 42+ 60+ 45+53+46+51+49 500 _ 








ag 10 0 
Computation of Mean deviation about mean 

Xj | 14] =|; -50] 

36 14 | 

| 72 | 22 | 
46 | 4 | 
42 | 8 
60 | 10 
45 5 | 
53 3 | 
46 4 | 
51 | 1 | 
49 | 1 | 


Total =| 4d | =72 


Thus, we have, n =10 and 2|d;| =72. 


Mean deviation = Lt xd; = he =7.2 
n 10 


32.4.2 MEAN DEVIATION OF A DISCRETE FREQUENCY DISTRIBUTION 
If x,/f,,i=1,2,...,n is the frequency distribution, then mean deviation from an average A 
(median or AM) is given by 


i 
M.D. = ~ Efilx;-Al,where Z ff=N 
i= 


We may use the following algorithm to find the mean deviation of a discrete frequency 

distribution. 

ALGORITHM 

STEPI Calculate the central value or average ‘A’ of the given frequency distribution about which 
mean deviation is to be calculated. 

STEPII_ Take deviations of the observations from the central value in step I ignoring signs and denote 
them by| dl. 

STEPI Multiply these deviations by respective frequencies and obtain the total = f, |d,|. 

STEPIV Divide the total obtained in step III by the number of observations i.e. N = = f, to obtain the 
mean deviation. 


Following examples illustrate the above algorithm. 
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ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Calculate mean deviation about mean from the following data: 





X;: 3 9 17 23 27 
ji: 8 10 12 9 5 
SOLUTION Calculation of mean deviation about mean. 
. aia eee [ay 15) Os) $la=5 a 
3 8 24 12 96 
9 10 90 6 60 
17 12 204 2 24 
23 9 207 8 72 
eee OO CU C( i 
N => f, =44 x f; x; = 660 Pau Balls ae 
Mean =X == (Ef: x;) = ” =15 
312 
Mean deviation = M.D. =— ~ Efi x A or peced 
EXAMPLE2 Calculate the mean deviation from the median for the following distribution: 
Xi 10 15 20% B25 30 35 40 45 
fi 7 3 8 5 6 8 4 9 


SOLUTION We have to calculate mean deviation about median. So, first we calculate median. 


aa iia 





|d;| =|x; — 30] | f; \4) 
: Se aa 
7 20 | 140 | 
15 3 10 | 15 Aol iee Ol 
20 8 18 10 80 
25 5 23 5 25 
30 6 29 0 0 
35 8 37 5 40 | 
40 4 41 10 40 | 
45 i 


a ace 
Clearly, N=50 => N/2=25. 

The cumulative frequency just greater than N/2 is 29 and the corresponding value of x is 30. 
Therefore, median = 30. 

Clearly, 3f |x; - 30|= 2fd, =505 and N =50. 


Mean deviation = — x fi |d| =" =101 
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EXERCISE 32.2 


1. Calculate the mean Ta from the median of the following rae Te 


a) ! =: 59 | 60 | 6 | 62 63 66 
aia +2 i: oo 35 | 35 a5 | 22 fo 1-8. 


2. The number of telephone calls received at an exchange in 245 successive one-minute 
intervals are shown in the following frequency distribution: 


_ Number of calls {2 ieee 2 | 3 ag ‘al ag tetas, ez 


| Heights in inches 
pep OnStURens 














ee _ 8 a me 5 ee ——= —— eo =~ @=——-- ae + ee 


Brequenc ia.| 51 ) See} & 43 | 51 | 40 | 39 | 12 
__ Frequen 2a Reiwiea me | pole es log 


Compute the mean deviation about median. 


3. Calculate the mean deviation about the median of the following ——e distribution: 
ra be a 


oo (| cs |) eee ee — fe 


4. Find the mean deviation from the mean for the following data: 





—s T _ —_—- ee - —_-- 




















(i) 10 12 15 | 
= : : [NCERT] 
(ii) 
[NCERT] 
(iii) 
[NCERT] 
(iv) cre ae 
| | Frequency ency: =| 6 | 
[NCERT EXEMPLAR] 
(v) | Size: 11 3 5 7 g Tin” 416s R15 
Frequency: 3 3 4 14 7 4 3 4 
[NCERT EXEMPLAR] 
5. Find the mean deviation from the median for the following data: 
(i) 15 21 27 30 
3 5 6 7 [NCERT] 


(iii) | Mark obtained 
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____ANSWERS 
1. 1.703 2. 1.49 3: 072 
4. (i) 3.38 (ii) 6.32 (iii) 15.3 (iv) 0.32 (v) 2.95 
5. (i) 5.93 (ii) 12.5 (iii) 1.25 


HINTS TO NCERT & SELECTED PROBLEMS 


4. (i) Computation of mean deviation about mean 











rae eee ee 
40 | 4 32 | 
42 | 2 12 | 
18 | 0 0 
20 1 | 2 | 
24 3 | 6 | 
Oa a0) 1G Oe Ni > os 3G a 

Efi x; =234 | | | Ef lx —-9|=88 
We have, N = = i= 26, and 2 f; x; =234 
Mean -X=—3f fee 


26 
Mean deviation = 1 SE lx, -9| = — = 3.38 
N 26 


4. (ii) Computation of Mean deviation about mean 





X= 3 fix 


25 
: 158 
Mean deviatio ae y: -—14|-— = 
n N fi | %; | aE 6.32 


(iii) Computation of mean deviation about mean 





pe wef = oo] hs = 9 Sn 19| = ta 
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oi) 3920 
=— 2 fi = =49 


80 
and, Mean deviation = a x f;| x; -—49|= Lee =15.3 
N 80 


5. (i) Computation of mean deviation from median 





ee eae 
Pewee ee 
| | 15 | 45 

| 9 | 45 | 

| 7 | 42 

| 0 | 0 

Sy |: ee eee ee) 
7 = 29 | | LF] x; -— 30] =172 





a ee  - | e ee 


We have, N =29=> > =145 


The cumulative frequency just greater than * i.e. 145 is 21. The corresponding value of the 


variable is 30. So, Median = 30. 


Mean deviation = — Ef |x; -30| = — = 5.93 


32.4.3 MEAN DEVIATION OF A GROUPED OR CONTINUOUS FREQUENCY DISTRIBUTION 


For calculating mean deviation of a continuous frequency distribution the procedure is same as 
for a discrete frequency distribution. The only difference is that here we have to obtain the 
mid-points of the various classes and take the deviations of the these mid-points from the given 
central value (median or mean). 


Following examples will illustrate the procedure. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 Find the mean deviation about the median of the following frequency distribution: 








Class: 0-6 6-12 12-18 18-24 24-30 
Frequency: 8 10 12 9 S) 
SOLUTION Calculation of Mean Deviation about the Median [NCERT EXEMPLAR] 
Mid-Values Cumulative 7 
Class (x;) Frequency (fi) Ev» quency (¢.f.) | x; -14| f;\x%;-14| 
0-6 3 8 8 11 88 
6-12 9 10 18 S) 50 
12-18 15 12 30 1 12 
18-24 21 9 39 7 63 
24-30 27 5 da 13 65 





N=2 f, = 44 x fi|x; -14| =278 
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Here N = 44, so = 22 and the cumulative frequency just greater than os is 30. Thus 12-18 is the 


median class. 





Median =/ + = xh, where! =12,h =6, f =12, F =18. 
= eee = -194 ia. 
12 12 
Clearly, Zf; |x; -14|=278 
Mean deviation about median =— 2 f;| x; -14| = -3 - = 6.318 


EXAMPLE2 Calculate the mean deviation es the median of the Saisie data: 








Wages per week (in X) 10-20 20-30 30-40 40-50 50-60 60-70 70-80 
No. of workers 4 6 10 20 10 6 4 
SOLUTION Calculation of Mean Deviation from Median 
irae Se so | a) 
me ens Peay idl =|x; 45] | a fila | 
15 4 4 | 30 120 a 
25 6 10 | 20 120 | 
35 10 20 | 10 100 
45 20 40 0 0 | 
55 10 50 10 100 
65 6 56 20 





30 


ee e-z;-0| 


Here, N=60. So, = 30. The cumulative frequency just greater than = = 30 is 40 and the 
corresponding class is 40-50. So, 40-50 is the median class. 
1=40, f=20, h=10, F=20. 





So, RACH ee Ag x 10 ed, 
f 20 
Thus, we have 
Lf |x; —45|=Zf |d|=680 and N =60. 
Mean deviation from median = =A = ae =11.33. 


EXAMPLE3 Find the mean deviation from the mean for the following data: 
Classes : 10-20 20-30 30-40 40-50 50-60 60-70 70-80 
Frequencies : 2 3 8 14 8 3 _ 9 


’ 
. 
| 
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SOLUTION | __ Computation of Mean Deviation from Mean 47h 
= Mid-alue frewencies | fx aa ae pa fly -X| 
/ 10-20 15 2 30 | 30 | 60 
20-30 25 | 3 75 | 20 60 
30-40 35 8 280 | 10 80 
| 40-50 45 14 | 630 | 0 0 
| 50-60 55 8 440 | 10 80 
| 60-70 65 3 | 195 20 60 
| 70-80 75 a 150 | 30 60 


a 


Clearly, N = 40 and f x; = 1800 





From the above table, we get 
x f;| x; -X | =400 and N =z f, =40 


MD. = —E fil %;- -X|=—= = 10 
EXAMPLE4 Find the mean deviation about the mean for the following data: 
Marks obtained: 10-20 20-30 30-40 40-50 50-60 60-70 70-80 
Number of students: 2 3 8 14. 8 3 2 
[NCERT] 


SOLUTION In order to avoid the tedious calculations of computing mean (X), let us compute xX 
by step-deviation method. The formula for the same is 


ad 1 nN -—@ 
X =ath (x = ff ae 


Let us take the assumed mean a = 45 and h =10 = form the SERIE table: 


Number of | ae 
students fi | 


, @=assumed mean and, h = common factor. 





















| Marks 


| obtained 


_ 10-20 
_ 20-30 
| 30-40 
| 40-50 
50-60 
60-70 
70-80 













Clearly, N = 40, df; d; =0. 
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X =a+h Graz a = 45+10x —- = 45. 
NY 40 


It is evident from the table that = f; |x; —X|= 400 


1 = 400 
M.D. = — Zf |x -X/] = — = 10. 


EXERCISE 32.3 


1. Compute the mean deviation from the median of the following distribution: 


Class 0-10 10-20 jae 5 _| 20-40 = — | 40-50 Feil 
Frequency fe) 10 fee [ro a 10 | 


a eee eee 





2. Find the mean deviation from the mean for the following data : 


ee ee ee 


























(i) | Classes 0-100 100-200 200-300 300-400 400-500 500-6( 600 600-700 _700- 700-800 | 
8 9 10 ae al OS ale > Nala a Ae 
[NCERT] 

C= Pia daseae oe teas 

(ii) 95-105 __ 105-115 115-125 125-135 195-145 145-155 
Pea 9 13 16 a! 
[NCERT] 

(iii) 0-10 10-20 20-30 30-40 40-50 50-60 _| 
[NCERT] 


3. Compute mean deviation from mean of the following distribution: 


/Marks _| 10-20 | 20-30 | 30-40 | 40-50 | 50-60 | 60-70 | 70-80 | 30-90 
ec 





[No.ofstudents |8 | 10 | 15 | 25 


4. The age distribution of 100 life-insuance policy holders is as follows: 


Age (on nearest 
birth oe 17-19.5 ooo 26-35.5 “= 41-50.5 | 51-55.5 | 56-60.5 


[No. of persons _| at ictal sels I 
Calculate the mean rs = = median age. 
5. Find the mean deviation from the mean and from median of the following distribution: 


6. Calculate mean deviation about median age for the age distribution of 100 persons given 


below: 
eae ee | tee foo 



















ooo =a oe 
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7. Calculate the mean deviation about the mean for the following frequency distribution: 


— - PE TTT Sem a. | 
| Class interval: _ at 0-4 | 4-8 8-12 = pale | 16-20 
2 





| St a eererremer erent eee) ii ; [eee a 
__Frequency: 4 6 | 8 Lise is | 


— EE 


———__ ee 


8. Calculate mean deviation from the median of the following data: [NCERT EXEMPLAR] 


i palates viata cate > Ca 
Class interval: | 0-6 | 6-12 | 12-18 : 
A NS ns SS SSS 
: | a= suse] 














| ESS alia? Sm A Re 
ANSWERS 
1.9 2. (i) 157.92 (ii) 12.005 (iii) 10.576 3. 14.218 
4. 10.605 5. 9.44, 9.56 7.0.99 8. 7.08 


HINTS TO NCERT & SELECTED PROBLEMS 








2. (i) Computation of mean deviation from the mean 


















Mid- . ~ 450 | | 

Classes points “i ; 100 | fi 4 | is i.e fil% -X| 
0-100 50 | —4 | —16 | 308 F- 1232 
100 - 200 150. | =8) sa) sos | 208 1664 
200 - 300 | 250 2 : 18 | 108 972 
300-400} 10 | 350 -1 | -10 | 8 : 80 
400-500 | 7 450 0 | o | 92 | 644 
500-600 | 5 550 | i ==fep tees 960 
600-700 | 4 650 2 ” s | 292 1168 
700 — 800 | _| 2 1176 


=— 46 = =7896 


Thus, we havea=450,h=100, N=50, =f; d =—46and Zf;| x; —X |=7896 
X = a+h( = E fd.) = 450+100x(-) — 358 


and, Mean deviation = + Sfla—-X]= — =157.92 
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(ii) Computation of mean deviation about mean 


—— _—- ——<= = —— == +p. — 








— ee ae ee — ~~ ae eens ee eee oe 


: Xj — 130 
Classes ff ieee aes Sita lee! |x; -X | fix -X | 
95-105 9 100 _3 _27 28.58 257.22 | 
105-115] 13 110 ng) 26 18.58 241.54 
115-125! 16 120 1 16 8.58 137.28 | 
125 -135 26 130 0 0 1.42 36.92 | 
135-145] 30 140 1 30 11.42 342.6 
145-155| 12 150 2 24 21.42 257.04 







Sant... 7, wih el 
N= f Efi d E fila -X| 
=106 =-—15 = 1272.60 


Clearly, N =Zf; =106, a = 130,h = 10and = f, 


xe a+h( <2 f d)=130+10% —*S = 10858 
N 106 





Also,  f;| x; —X | =1272.60 and N =106 


Mean deviation =~ x fi |x,-X|= = 12.005 





1272.60 
106 
(iii) Computation of mean deviation about mean 


Classes 





Clearly,N = 50,a = 25,h = 10 and fd. = 24. 
= x f, d; 24 
X =a+h | — | = 25 + — = ZY. 
a ( N + 10 29.8 
Also, <= f|x;—X | =528.8 and N =50 


1 — 
M d i ti =o - —X = 
ean deviation = — > filau-X| ap = 10576 


528.8 


6. Convert the given data into continous frequency distribution by subtracting 0.5 from the 
lower limit and adding 0.5 to the upper limit of each class interval as given below: 
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32.4.4 LIMITATIONS OF MEAN DEVIATION 
Following are some limitations or demerits of mean deviation. 

(i) In a frequency distribution the sum of absolute values of deviations from the mean is 
always more than the sum of the deviations from median. Therefore, mean deviation 
about mean is not very scientific. Thus, in many cases, mean deviation may give 
unsatisfactory results. 

(ii) In a distribution, where the degree of variability is very high, the median is not a 
representative central value. Thus, the mean deviation about median calculated for such 
series can not be fully relied. 

(iii) In the computation of mean deviation we use absolute values of deviations. Therefore, it 
cannot be subjected to further algebraic treatment. 


32.5 VARIANCE AND STANDARD DEVIATON 
VARIANCE The variance of a variate X is the arithmetic mean of the squares of all deviations of X from 
the arithmetic mean of the observations and is denoted by Var(X) or o”. 
The positive square root of the variance of a variate X is known as its standard deviation and is denoted 
by o. 
Thus, Standard deviation = + | Var (X) 
Similar to the mean deviation, we shall discuss the calculation of variance and standard 
deviation in the following three cases: 
(i) Individual observations (ii) Discrete frequency distribution 
(iii) Continuous or grouped frequency distribution. 


32.5.1 VARIANCE OF INDIVIDUAL OBSERVATIONS 
If x1, X%,.-., X%, are n values of a variable X, then 


n — " — 
Var (X) = 7 >> om - 2} or, o* = 1} E(x; -x¥| ...(i) 
nN |i=1 n \i=1 
nN = i" = = 
Now, Var (X) = z x a -X)| = 1} x (oP 25 X +X) 
n \i=1 nm ji=l 
n i — n" 
=> Var (X) = a x +7 —— = ox X+4 a 
nN i=1 ni=1 ni=1 





v2 
2 SiGReopenen oP a | s nit +O 


niz=l Nn t=1 n 
1 nN a) y) =? 1 1 — 
= V =— —2X*“+xX = 5D) =X 
ar (3) n i217! n io1°7 | 
nl eet 
= Var (X) = = x x? x 
n i=l 
tanag ati ho? , 
BO). Tis BO Oates =) 


If the values of variable X are large, the calculation of variance from the above formulae is quite 
tedious and time consuming. In that case we take deviations from an arbitrary point A (say). 
Ifd, =x; A; i=1,2,...,n, then 


wx 


= te —A) oe nA 
d; ay Ati ) ee 


i=1 
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<i> BS A 
=> “i See = 
nN or nies 
Eas: xX =A 
—— _— f = BE 
nl he. 
= pe 1 HN 
=> d=X-A, whered = — = d 
N i=1 
1 eet 
var(X) = + © (xz, -X)? 
nm i=l 
1 N = 2 
=> Var (X) = 2 24 -AtA-X) 
i= 
1 "1 ay) 
=> Var (X) = -— = (4-d) 
n i=1 
1 nN 2 ad =9 2 i —? 
=> Var (X) == = (4 -2 dd +d?) = 2 dP 3 2ddt+i sd 
nm i=1 niz=l Niz=l 
1 2 Tut = - 
a Var =— £ dF-2)- = ad |d+— 
ebay” 2 24] 
eee. Di? 
=> Var (X) = — za —-2d“+d 
71 = 
1 i 9 =2 1 nN 9 1 i 
=> Var(X) == & d*—-d*=- & d?-|- =: 
(%) n Pet n sm 2 4] 
Theat Toyo | Cd Peet . crf 
Thus, Var(X) =— <= di*-|-— © di .+.(iii) 
n i=1 n i=l 


It follows from the above discussion that in case of individual observations, variance and 
standard deviation may be computed by applying any of the above three formulas. Following 
algorithm is useful for finding the variance when deviations are taken from the actual mean. 


ALGORITHM 


STEPI Compute the mean X of the given observations x1, Xp, +++» Xp: 
STEPII Take the deviations of the observations from the mean i.e. find x; — X71 27 n 








i" — 
STEP IN Square the deviations obtained in step II and obtain the sum an (x, —X 1 
i= 





n — 
STEPIV Divide the sum. ai ~X)* obtained in step III by n. This gives the value of variance of X. 
[= 


Following examples will illustrate the above algorithm. 
aero EXAMPLES 





TypeI ON FINDING VARIANCE AND STANDARD DEVIATION OF INDIVIDUAL OBSERVATIONS 


EXAMPLE 1 Compute the variance and standard deviation of the following observations of marks of 5 
students of a tutorial group: 


Marks out of 25 : 8, 12, 13, 15, 22 


; 


T 


11 


P ELTRE Poses TT 


EE ee +t © eee oe TT, ee 
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SOLUTION Clearly, 


ae See _ 44 


Calculation of variance 


(i ee ne 


ee Xi * 36s 2 8 fiom x 
8 -—6 
12 2 
13 —1 
| 15 1 
| 22 8 





Here, m=5 and 2 (x; ~X)? =106 
Var (QQ) = > B(4—-X)? = = = 212 
n 
> S.D. = | Var (X) = 721.2 = 4.604. 


EXAMPLE2 Find the variance and standard deviation for the following data: 
= 65, 68, 58, 44, 48, 45, 60, 62, 60, 50 
SOLUTION Let X be the mean of the given set of observations. Then, 
ie 65+ 68 +58 + 44+ 48+45+60+62+60+50_ 560 _ 56 





10 10 
Computation of Variance 
4 -X=y-56 | (4 -X)? 

65 9 81 
58 2. 4 
68 12 | 1-H 
44 —12 | 144 
48 —8 64 
45 —11 121 
60 4 16 
62 6 36 
60 4 16 
50 —6 36 


ee eee 


Clearly, n=10 and 2 (3; ~X)? = 662. 


Variance = ~ S(%—X)? = Sere 1662 
n 10 


Hence, Standard deviation (co) = JVariance = J66.2 = 8.13 
Type IT ON PROVING RESULTS ON VARIANCE 


EXAMPLE3 Let X1, Xp,X3,-++,%m be n values of a variable X. If these values are changed to 
Xy +0, Xp + A, -.+) Xq_ + a, where a € R, show that the variance remains unchanged. [NCERT] 


SOLUTION Letw =x; +a,i=1, 2,...,nbe then values of variableU. Then, 


ay n n n n 
nei Sy =2 57 Geoe > x; +na =) x%+a=X+a 
n : nN joy Nn |is1 Mint 





' : 
5 a tee 


{HE 


a 
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Ui; -U = (2; +a) —(X +a) = X; Xe ie 05.25%: 


n s~ n zy 
=> », (%—U)* = >; (x =X)? 
j=] j=] 
=> - SS (u, -U)* = = > (x; -X)? 
Aifaa i oe 
— Var (U) = Var (X). 


EXAMPLE4 Let x1, Xp, +++, Xn values of a variable X and let ‘a’ be a non-zero real number. Then, prove 
that the variance of the observations ax1, AX ,..., AX, 1s a* Var (X). Also, find their standard 
deviation. [NCERT] 
SOLUTION Letuy, Up,..., 4, be then values of variable U such thatiy = ax; , i=1,2,...,n. Then, 
5 1 i 1 "1 1 LL i 
U=- > uw ==>, (ay) =44= dD GP = aX 
Oi=d i a n j=1 


i= 
uy —U = ax, —aX for all i=1,2,...,” 
u,—-U = a(x; -X) 
=> (4 -U)? = a? (x -X)? 


— >; (u, —U)? = q x (x; —X)* 
] i=1 


2 ifm? y a -¥7 
ai M j=1 


=> Var (U) = a> Var (X) 


oy = /Var(U) = J Var (X) = |a|./Var(X) = |al ox. 
REMARK The variance of 20 observations is 5. If each observation is multiplied by 2, then from the above 
example, 
New variance of the resulting observations = 27x5 = 20 


y 


a 
I 
— 


EXAMPLES Letx,, X9,X3,---, Xy ben values ofa variable X, and let x; =a + hu, i=1,2,...,n,where 
Uy, Uz, --+, Up are the values of variable U. Then, prove that Var (X) = h* Var (U), h + 0. 


SOLUTION We have, 
x =athu,i =1,2,...,n 


n n 
=> ~ % = D thu) 
j=] i=1 
nt n 
=> >; x, =nat+h> u 
i=l i=1 
i! nt 
=> g >; yi = at+h 1 » u; 
n i=] n i=l 
a _ % 1 n hast 1 i" 
=> X =athu X == ))x, and U =- >) 4 
N j=1 M jo 
x -X = (a+hu)—(a+hU),i =1,2,...m 
= x4 -X = h(u;,-U),i =1,2,....0 


a tt 
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Se (x=) = (pL) >, me eee 
= > (x; =X)" = h* x (u, —U)? 


i=] i=l 


=> ~ E(x, -X)* = af = (u; —U) : [Dividing both sides by m] 


i=] 
=> Var (X) = h? Var (U). 
Type III ON FINDING THE DESIRED VALUES BY USING THE FORMULAS FOR MEAN AND 


VARIANCE OF INDIVIDUAL OBSERVATIONS 


EXAMPLE6 If the mean and standard deviation of 100 observations are 50 and 4 respectively. Find the 
sum of all the observations and the sum of their squares. [NCERT EXEMPLAR] 


SOLUTION Let x1, x, ..., X199 be 100 observations and their mean and standard deviation be x 
and o respectively. Then, 


100 100 


— 1 9 
~—— d, o7 = —— ee 
00 2% Se ih 
LD Se 50)2 [. X =50 ando=4] 
=> 50 = —— - and, 16 =—— )_x;* —(50 RID, C= and o = 
10 1 se 


100 100 
=> 5000 = 2% . and, 1600 = > x;7 —250000 


i=1 i=1 


100 100 
=> >x; =5000 and, >'x;7 =251600 

i= 1 i= 1 
EXAMPLE7 If for a distribution of 18 observations 2(x; —5) = 3.and X(x; —5)? = 43, find the mean and 
standard deviation. [NCERT EXEMPLAR] 


See We have 


18 
xe -5) =3 and, >” (x-5)? = 


= i=1 
18 18 18 

=> >5x, - 55 =3and, 3,7 -10 ee $25 = 43 
i=1 =1 i=1 i=1 i=l 


18 18 
> > )x,-18x5=3and, $x? -10 Dox +18x 25 = 43 
i=] i=1 i=1 


18 18 
=> >) x, =93and, >'x7-10x 93+18x 25 =43 
i=1 i=1 


18 18 
> ) x, =93and, >'x,7 =523 
i=1 i=] 


1 =517 
18 ; a7 Sioa 


6586 _ 1 536 
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Type IV ON FINDING CORRECTED MEAN AND CORRECTED VARIANCE OR S.D. 


EXAMPLE8 For a group of 200 candidates the mean and S.D. were found to be 40 and 15 respectively. 
Later on it was found that the score 43 was misread as 34. Find the correct mean and correct S.D. 


SOLUTION We have,n=200, X =40,o=15. 
KX at yx = Ex, =nX =200x 40 = 8000. 
n 


Now, Corrected 2x; =Incorrect © x; —(Sum of incorrect values) + (Sum of correct values) 
= 8000 — 34 + 43 = 8009. 


Corrected mean = Corrected 2 3; _ - = 40.045 
n 
and, o=15 
= 15 = = Variance 
2 
1 
157 =——_ — xX; 
= ae 4) - (a3 ‘| 
2 
8000 
zag 
7 ara )~\ S00 


=> 225 = — 1 (2x) —1600 
200 

=> = x,7 =200 x 1825 = 365000 

=> Incorrect © x;2 = 365000. 


Corrected = x7 = (Incorrect © x;*) — (Sum of squares of incorrect values) 


+ (Sum of squares of correct values) 
= Corrected © x;2_ = 365000 —(34)* + (43)? = 365693 





2 
SO, Corrected o = ,|~ Corrected >x;7 -(* Corrected za; | = 
n n 


= 4/1828.465 —1603.602 = 14.995. 


EXAMPLE9 The mean and standard deviation of 20 observations are found to be 10 and 2 respectively. 
On rechecking, it was found that an observation 8 was incorrect. Calculate the correct mean and standard 
deviation in each of the following cases: (i) If the wrong item is omitted. (ii) If it is replaced by 12. 
SOLUTION We have, n = 20,X = 10 and o = 2. 


1 
X == =m 
~ 2%, 


365693 (on 
200  \ 200 


Lx, =nX = 20x10 = 200 
Incorrected = x; = 200. 
qd o=2 
o7 =4 
Z Dx? —(Mean)* = 4 
n 
a 
20 
ix? = ios 0 
Incorrected 5 x, * = 2080. 


(i) When 8 is omitted from the data: If 8 is omitted from the data, then 19 observations are left. 
Now, Incorrected = x; = 200 
= Corrected Xx; + 8 = 200 


Ex, 7-100 = 4 [.- Mean = 10] 


su YU Y U URUY 
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=> 


and, 


MU 


Corrected 2 x; = 192 


2 = 2080 


Corrected = x; ¢ +87 = 2080 
2 — 2080-64 
Corrected x; A i 2016 


Incorrected = x; 


Corrected = x; 





Corrected mean =———————- = —— = 10.10 
19 19 
Corrected variance = 5 (Corrected = x; 2) — (Corrected mean)” 
2016 (192\7 38304-36864 1440 
Corrected variance = —— -—| — | = ——————_ = — 
19 19 361 361 
fio 
Corrected standard deviation = — = aS = 1.997. 


(ii) When the incorrect observation 8 is replaced by 12: 


Now, 
=> 

=> 
and, 


Now, 


EXAMPLE10 The mean and variance of 7 observations are 8 and 16 respectively. If 5 of the observations 


Incorrected = x; = 200 

Corrected X x; -12+ 8 =200 
Corrected Xx; = 200-8+12 = 204 
Incorrected = x, 2 = 2080 


Corrected 2 x,* = 2080-87+127 = 2160. 


Corrected mean = e = 10.2 


Corrected Variance = a (Corrected =x; =) — (Corrected mean)” 


2 
Corrected Variance = ze) -() 


20 \20 


Corrected Variance = ————_——_—_—_- = — = 


(20)? 400 400 
Corrected standard deviation = 1585 = 4396 — a2:899 = 1.9899 
400 10 10 


are 2,4, 10, 12, 14, find the remaining two observations. 
SOLUTION Let x and y be the remaining two observations. Then, 


yy 


and, 


Mean = 8 
2+4+10+12+14+x+y 
—_—_———————+ =8 

7 
42+x+y = 56 
x+y = 14 


Variance = 16 
; (22 + 47 +107 +122 +147 4x7 4 y*) — (Mean)? 


II 
-— 
oN 
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=> = (4416 +100 +144 +196 + x? + y?) —64 = 16 
=> 460 + x? + y? = 7 x 80 
= x*4+y? = 100 .--(ii) 
2 av ed 2 
Now, (x+y)°+(x-y)* = 2(x*+y*) 
=> 196 +(x—y)* = 2x 100 
— (x -y)? = 4 
=> x-y =+2 
Ifx—y = 2,thenx+y = 14 and x-y = 2givex = 8,y = 6 
Ifx—-y = —2,thenx+y = 14 and x-y = -2 givex = 6,y = 8. 


Hence, the remaining two observations are 6 and 8. 
Type V ON FINDING THE VARIANCE WHEN DEVIATIONS ARE TAKEN FROM AN ASSUMED MEAN 


Following algorithm is helpful for finding the variances when deviations are taken from an 
assumed mean. 


ALGORITHM 
STEPI Choose an assumed mean A (say). 
STEP Take the deviations d; of the observations from an assumed mean i.e. obtain 


n 
d; =x; -A, 1=1, 2,...,n. Take the total of these deviations i.e. 2 d;. 
{_= 
i" 
STEP II Square the deviations obtained in step II and obtain the total = ite 
i=1 


n n 
STEPIV Substitute the values of & an, ae d; and n in the formula 
i=1 i= 


2 


n n i=1 
EXAMPLE 11 Thescores of a batsman in 10 matches were as follows: 38, 70, 48, 34, 42, 55, 63, 46, 54, 44 
Compute the variance and standard deviation. 
SOLUTION Let the assumed mean be A = 48. 


Calculation of Variance 


ee, i 


100 
484 
0 
196 
36 
49 


225 
4 


36 
-4 16 
rd; =14 = d? =1146 


Here, 1=10, Ed;=14 and 2d. =1146 





I. GSR aS& 
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2 2 
1146 (14 
é =—|2d x = 112.64 
Maron = 5 [24 +E 24) tae 
Hence, S.D. = JV ar (X) = 7112.64 = 10.61 
LEVEL-2 


Type VI ON FINDING VARIANCE AND STANDARD DEVIATION OF INDIVIDUAL OBSERVATIONS 
EXAMPLE12 Calculate the mean and standard deviation of first n natural numbers. [NCERT] 
SOLUTION Here x; =i; i=1,2,...,n. 

Let X be the mean and o be the S.D. Then, 


a i i 
X= 3 wat § wpe ee ee : 
n j=1 n i=1 n 2n 2 


2 
i i 
Now, o2 il = «|-{2 > | le «| ~(X) 
n\ j=1 n i=1 n\iz=1 
= o* = La? +2? +... +02) (M42) 
n 


9 ine DGn+)) (att). sOQney (n +1)? n* —1 








= o = — i 
6n 2 6 + 12 

2 - 

Mean = 2" : and S.D.= deer | 

12 

; 

EXAMPLE 13 Find the mean and standard deviation of first n terms of an A.P. whose first term is a and f 

common difference is d. [NCERT EXEMPLAR] f 


SOLUTION The terms of the A.P. are: a,a+d,a+2d,a+3d,...,a+(r—1) d,...,a+(n—1) d. 
Let X be the mean of these terms. Then, 


yee {a+(a+d)+(a+2d)+...+(a+(n-1) d)\ HE {20 + (n—1) ij =a+(n—1) @ | 
n n|2 2 


Let o be the standard deviation of n terms of the A.P. then, 


2 
o2 => {ose ‘| z Using o 221»: (% xP 


11 r=1 | 


-—— ee 
~ wy — « - 


2 
2 1 inva 374 
= SG ie ex va} jan 1) ‘| 
S £3 er -2-na1?| 
4n | -o4 
Bde | 5 ys 2 
=> ro} = py {2r (n+1)} | 
=> rap? {472 renner? 
4n r=1 
=> 2-247 } -4nen{ Er}. Low] 
4n =] =1 
=> a [Boe one) | Se eninen?| 
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1. 


10. 


19; 





a ad. {= (n+1)(2n+1) _ 


An 3 n (n-+1)?} 


(n? —1) d? 
12 


2_ d? 
Go =a it) {2 (2n+1)-3(n+1)}= 


2 
n~ —1 
Sn. 
S. 12 


EXERCISE 32.4 
LEVEL-1 
Find the mean, variance and standard deviation for the following data: 
(i) 2,4,5,6,8, 17. (ii) 6,7, 10, 12, 13, 4, 8, 12 [NCERT] 
(iii) 227, 235, 255, 269, 292, 299, 312, 321, 333, 348. (iv) 15, 22,27, 11, 9,21, 14,9. 


. The variance of 20 observations is 5. If each observation is multiplied by 2, find the variance 


of the resulting observations. [NCERT] 


. The variance of 15 observations is 4. If each observation is increased by 9, find the variance 


of the resulting observations. 


. The mean of 5 observations is 4.4 and their variance is 8.24. If three of the observations are 1, 


2 and 6, find the other two observations. [NCERT] 


. The mean and standard deviation of 6 observations are 8 and 4 respectively. If each 


observation is multiplied by 3, find the new mean and new standard deviation of the 
resulting observations. [NCERT] 


- The mean and variance of 8 observations are 9 and 9.25 respectively. If six of the 


observations are 6, 7, 10, 12, 12 and 13, find the remaining two observations. [NCERT] 


. Fora group of 200 candidates, the mean and standard deviations of scores were found to be 


40 and 15 respectively. Later on it was discovered that the scores of 43 and 35 were misread 
as 34 and 53 respectively. Find the correct mean and standard deviation. 


. [The mean and standard deviation of 100 observations were calculated as 40 and 5.1 


respectively by a student who took by mistake 50 instead of 40 for one observation. What 
are the correct mean and standard deviation? [NCERT] 


. The mean and standard deviation of 20 observations are found to be 10 and 2 respectively. 


On rechecking it was found that an observation 8 was incorrect. Calculate the correct mean 
and standard deviation in each of the following cases: 

(i) If wrong item is omitted [NCERT] (ii) if it is replaced by 12. 
The mean and standard deviation of a group of 100 observations were found to be 20 and 3 
respectively. Later on it was found that three observations were incorrect, which were 
recorded as 21, 21 and 18. Find the mean and standard deviation if the incorrect 
observations were omitted. [NCERT] 


Show that the two formulae for the standard deviation of ungrouped data 


o = > (x; -X)* and o’ = eda? -X* are equivalent, where X =- >) aye 
n 


ANSWERS 


1. (i) 7, 23.33, 4.83 (ii) 9,9.25,3.04 (iii) 289.10, 1539.77, 39.24 (iv) 16, 38.68, 6.22 
9 90 S854. 4.9,4 5. 18,12 6. 4,8 7. 39.955, 14.9 


8. 


Mean = 39.9 S.D.=5 9. (i) 1.997 (ii) 1.98 10. 20, 3.035 
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HINTS TO NCERT & SELECTED PROBLEMS 


1. (iii) Let the assumed mean be A =9 





[ ame gs wT 2c. | ae Se eee Top 
| Xj d; =(x; — 9) Is en ee es ee esas 
| 6 = | 9 | 
| 7 —2 | 4 | 
| 10 | 1 | 1 | 
12 | 3 | 9 
| 13 | 4 | 16 | 
| 4 | —5 25 
8 = 1 “4 
en) Meee a ee ee 
| eatgeos | ee ya 


Hence, n=8,a=9,2d; =0 and > d? =74 


Rone Sao oes 
n 


aids) -Var(X) -*(z i? )-C > 4) -< sa =9.25 


So, 2}DE = Jf Var (X) = V9.25 = 3.041 


2. We know that if the observations x1 , X27, X3, -.-, X, has variance Var (X). Then, observations 
4X4, AXq ,...., AX, has variance a” Var (X). 


Thus, if variance of 20 observations is 5 and each observation is multiplied by 2, then 
variance of resulting observations is 27(5) = 20. 


4. Let the other two observations be x and y. Then, 


14+2+6+x+y 


Mean = 4.4 => =44>5 x+y =13 ...(1) 


Variance = 8.24 


> Gs OA 6 eee P |-(aay? = 8.24 


ag 9 
=> sr -19.36 = 8.24 
= x? +y? +41 =138 => x* + y? =97 -.-{il) 


Now, (x-y)?+(x+ 9)? 
=> (x—y)* +169=2x 97 [Using (i) and (ii)] 
=>  (x-y)* = 2 


= ee ea .»-(iii) 
Solving (i) and (iii), we get x =9 and y =4. 


ee —— 


————EEo——— 
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5. If the mean and standard deviation of observations x}, x> ..., X, are X and o respectively, 
then the mean and standard deviations of ax1, ax ..., aX, are aX and|a|o respectively. 


New mean = 8x 3 = 24 and, New standard deviation = 3 x 4 =12. 
6. Let the remaining two observations be x and y. Then, 
6+7+10+12+12+13+x+y 
8 


Mean = 9 > =9> x+y =12 .»(1) 
Variance = 9.25 


Variance = a Ex? = (Mean)? 
n 


=> §( 9649-41004 144 +144 +169 32 + y?) 9 = 9,25 


i => 642 + x7 +7 = 722 

=> x? 4. y* = 80 ...(ii) 
Now, (x ~y)? +(x + y)* ee. (x? + y”) 

| => (x —y)” +144 = 2x 80 

i => (x-y)? = 16 


= x-y=4 ...(ili) 
Solving (i) and (iii), we obtain x =8, y =4. 
7. We have, 
: n = 200, Incorrected mean = 40 and, Incorrected S.D. = 5.1 
! Now, Incorrected mean = 40 
| ag Incorrected Ex; _ 44 E zl E | 
i 200 n 


=> Incorrected Xx; = 8000 
Corrected = x; = 8000 —(34 +53) + (43+ 35) = 7991 


So, Corrected mean = TIO = 39.955 
200 

Now,  Incorrected S.D.= 15 

=> Incorrected variance = 225 


=> ae (Incorrected 2 x,”) - (40)? = 225 
200 . 


=> _Incorrected © x,” = 365000 


Corrected © x? =Incorrected Ex,” — (34? + 532 )+ (43? + 352) 
= 365000 —(1156 + 2809) + (1849 + 1225) = 364109 
So, Corrected variance = 5 (Corrected 2 x?) — (Corrected mean) 





= = — (39.955)* = 1820.545—1596.402 = 224.143 
Corrected S.D. = 4224143 = 14.971 


8. We have, 
n = 100, Incorrected mean = 40, Incorrected S.D. = 5.1 
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Now, 


Incorrected mean = 40 
Incorrected = x; 


aoe = 40 
100 

=> Incorrected = x; = 4000 
=> Corrected © x; = 4000 -50+40 = 3990 

Corrected mean = eat = 39.90 

100 

Now, 

Incorrected §.D. = 5.1 
=> Incorrected variance = 26.01 
= ~ (Incorrected = x?) — (Incorrected mean)? = 26.01 


=> = (Incorrected & x?) 407 = 26.01 
100 


=> Incorrected = x? = 162601 


=> Corrected © x? = 162601 —507 + 407 = 161701 
Corrected Variance = — — (39.9)? = 1617.01 — 1592.01 = 25 


Hence, Corrected S.D. =J/25 =5 


9. Wehave,n = 20, Incorrected mean =10, Incorrected S.D. = 2. 
Now, 


Incorrected Mean = 10 
Incorrected = x; 


=> = 10 
20 
= Incorrected = x; = 200 
and, Incorrected $.D.=2 
> Incorrected Variance = 4 
> 
Incorrected 2 xj _ (10)2 =4 
20 
| => Incorrected = x? = 2080 


(i) When wrong item is omitted: In this case,n = 19. 
Corrected = x; = Incorrected Xx; -8 = 200-8 = 192 
Corrected & x? = Incorrected 2 x? —87 = 2080-64 = 2016 


Corrected mean = Me C ea oS EC = 10105 
d =x? 
CorrectedVariance = aL — (Corrected mean)? 
_ 2016 -(@y _ 38304-36864 _ 1440 _ , Gane 
197 19 361 S61 eh 
Corrected S.D. = /3.9889 = 1.997 


(ii) When wrong observations 8 is replaced by 12: It this case,n = 20. 
Corrected 2 x, = Incorrected 2 x; -8+12 = 200+4 = 204 





ee eee 


See eh ——) ee 
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Corrected & x? = Incorrected © x? — 87 +122 = 2080-64+144 = 2160 
Corrected = 3; 204 


Corrected mean = = — = 10.2 
20 20 
2 
Corrected Variance = aE — (Corrected mean)* 
2 
“ ae = 108 -104.04 = 3.96 
20 20 


Corrected S.D. = 43.96 = 1.98 


10. We have, 
n = 100, Incorrected mean = 20, Incorrected S.D. = 3 
Incorrected mean = 20 


> Incorrected 2 x; = 20x 100 
=> Corrected x; = 2000 -21-—21-18 = 1940 
Corrected mean = wd = 20) 
97 
Now, 
Incorrected S.D. = 3 
= Incorrected Variance = 9 
a (Incorrected = x?) —(Incorrected Mean)? = 9 
1 2 
— (Incorrected = x*) —400 = 9 
100 ( xi) 


=> Incorrected x? = 40900 
40900 — 217 — 217 -187 = 39694 
i — (20)? = 409.216 — 400 = 9.216 


=> Corrected 2 xP 
Variance of the remaining observations = 


Corrected S.D. = J/9.216 = 3.035 


32.5.2 VARIANCE OF A DISCRETE FREQUENCY DISTRIBUTION 
If x; / fj; 1=1, 2,...,n is a discrete frequency distribution of a variate X, then 





Var (X) = x BAG -x?} .»(i) 
Also, Var (X) = | 2 AG? 24 F+%)| 
1 (a —(1 nH NX? 
oe EL eed ren ie 
=  -Var(X) = ZA sf) 2X +X? ‘ 5 3 ink] 


1 

N 

eee Del me 

ayes SS > 2)_ 

=> Var (X) x (2,497) X 
War(X) a 

OF, , N 


n 2 5 ae . 
(2, 47)- waz fi] ..»(ii) 
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If the values x; of variable X or (and) frequencies f;, are large the calculation of variance from the 
above formulae is quite tedious and time consuming. In such a case, we take deviations of the 


values of variable X from an arbitrary point A(say). If d; =x; -A, i=1,2 


,-., ft, then the above 


formula reduces to 


Sometimes d;=x;-—A are divisible by a common number h(say). 
-A d.. 
= Bol Wee? Jee 





yao 


~~ 


...(iii) 


2 
vere) 5 g eli oe 4) 


If we define 


,n, then we obtain the following formula for variance. 


2 
S fue || eeepnn 
wig (+ £64) 


h 


_ p2|) 2 
Var (X) = h (3 


..-(iv) 


In order to compute variance by using the following formula 


Var (X) = 


n a 
: 2 fi (4 —X | , we may use the following algorithm. 
t= 


ALGORITHM 


STEP I 
STEP II 
STEP III 
STEP IV 
P 


P 








= 
< 


= 


I 





Obtain the given frequency distribution. 

Find the mean X of the given frequency distribution. 

Compute deviations (x; — X) from the mean X. 

Find the squares of deviations obtained in step III. 

Multiply the squared deviations by respective frequencies and obtain the total = f; (x; —X ay 


Divide the total obtained in step V by N = & f, to obtain the variance. 


Following example illustrates the above algorithm. 


EXAMPLE 1 


ILLUSTRATIVE EXAMPLES 


Find the variance and standard deviation of the following frequency distribution: 





| Variable (x;) 


Frequency 


uo Oo OF UA 
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Here, N=50, © fj x;=450 and, 2 f(x; -X) 7 = 754 


katie 3g 450 
Mee Shyes = 9 
N VAM =F 
754. 


1 ay 2 
’ = x fi (x; —X = — = 15.08 
and Var (X) y fy (x; ) i 
Hence, S.D. = Var (X) = V15.08 = 3.88 


NOTE: In practice the calculation of S.D. and variance by the above algorithm is rarely used, because if 
the actual mean is in fractions the calculation is quite tedious and time consuming. 


In order to compute the variance by using the following formula 


2 
Var (X) (i z fi dP) -(+ x f a | | where d; = x; -A, we may use the following algorithm. 


ALGORITHM 
STEI Take the deviations of observations from an assumed mean A(say) and denote these deviations 
by dij. 


STEPIL Multiply the deviations by the respective frequencies and obtain the total = f, d, . 
STEP IM Obtain the squares of deviations obtained in step I i.e. d. - 


STEPIV Multiply the squared deviations by respective frequencies and obtain the total = f d? 
STEP V Substitute the values in the formula 


wco-(e4@)-(5 x49) 


Following examples illustrate the above algorithm. 
EXAMPLE2 Calculate the variance and standard deviation from the data given below: 





SOLUTION Let the assumed mean be A = 6.5 


Calculation of Variance and Standard Deviation 
Sesofien| gg | demas | ae 
Xi 
3:5 - 












3 9 
4.5 -—2 4, —14 28 
1 —22 22 
0 0 0 
1 85 85 
4, 64 128 
9 24 72 
[sim [aes 


» SORE AULA SUSE SESS a 
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Here, N = 217, © fd, =128 and Ef, d? = 362 
2 
1 362 (128 
var (x)=(2 x fd?) -(L Ka) -S-( 


2 
2 = 1.668 — 0.347 =1.321 
D7 
Hencep = 9.L; = Var (X) = V1.321 = 1.149 


217 
REMARK Sometimes deviations d; in the algorithm given above are divisible by a common number h. In 





x-ad , i ; . 
such a case, we define u, =——— = fies i=1,2,...,nand the formula for computing variance is 
h h 


2 
= p2|4| pe lel oe Fe 
peste) = aE) (2 Ef] 


EXAMPLE3 Find the variance and standard deviation for the following distribution: 





Here, N=70, 2 fu, =20, = fu? =130 and h=10 


Var (X) = h? G = fi P)-(2 = f; ) 


130 (22 13 (11 
= 1 see 100 =~) | = 100[1.857 — 0.098] =175. 
=> Var (X) ol -(2)|- E (2) 100 [ 0.098] = 175.822 


Hence, = ./Var (X) = V175.822 = 13.259 


EXAMPLE 4 The following table gives the number of finished articles turned out per day by different 
number of workers in a factory. Find the standard deviation of the daily output of finished articles. 


Number ofarticles: 18 19 20 721 22 23 24 25 26 27 
No. of workers: 3 7 tA 14 18 17 13 8 5 4 





a 
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SOLUTION Calculation of Standard Deviation 

dj? fid 

25 -15 

16 — 28 

9 -33 

4 — 28 

1 —18 

0 0 

1 13 

4 16 

9 15 

16 16 








[| | N= Ef =100 Efi =—62 | Efa?-si4 | 


Clearly, N =100, Efd; =-62 and Ld? =514 
2 
Dy od 2 514 -(- a 47556 
=" — >; . * —_—— 
N | hia | Gs Bhd) = 100 \ 100 10000 


Hence, o = 37556 = 218.07 = 2.1807 


10000 100 


EXAMPLES Ifa is a positive integer and the frequency distribution: 








Le ae 6a 
ee | 
has a variance of 160. Determine the value of a. es EXEMPLAR] 
SOLUTION Computation of Variance 





6a 1 6a 36a 
| nape | si 220 | ap? =9207 
Here, N=7, Sfx; =22a, Dfx;2 =92a7 and Variance =160 


Now, 


Variance =160 : 
=> 160 =(ate")-(x) 


7 2 2 
160 = 228 (228) 5 169 = SAA HAE 360 = 1S 


—- 7 => q* =49=> a=7 





eS een 
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EXAMPLE6 There are 60 students in a class. The following is the frequency distribution of marks 
obtained by the students in a test: 


oe 








ee ee 
| Marks: S| Ore te. i la. 2 3 4 5 
_ Frequency: en es San” ee ieee x? (x+1)? 2x x+1 


where x is a positive integer. Determine the mean and standard deviation of the marks. 


[NCERT EXEMPLAR] 
SOLUTION It is given that there are 60 students in the class. 
(x—2)+x+x? +(x +1)? +2x+(x+1)=60 
=> 2x*+7x-60=0 
=> (2x +15) (x —4) =0 
=> x-4=0 [ x>O.. 2x+15 #0] 
=> x=4 
Thus, we obtain the following frequency distribution: 
_ Marks: 0 1 2 3 4 5 


ise 4 rer ee Be ee 
Computation of mean and standard deviation 


Marks (x;) | Frequency (f;) | f%; fix? 


| Frequency: 


0 2 0 0 
1 4 | 4 4 
2 16 32 64 
3 25 st ez 225 
4 8 | 32 128 
5 | 5 25 | 125 


Bfxy? =546 


Here, N=60, Sfx; =168, Dfx;7 =546 


M =-~— . ‘eC — = 8 
ean = — Dix; 2 


2 2 
. 1 2 1 546 (=) 
d, —— — . . — —=>; e . ee = — é — fe a ‘ 

an Variance (5 BA ) (= eX; 60 9.1 —7.84 =1.26 

Hence, S.D.= J Variance = J/1.26 =1.122 

EXERCISE 32.5 








1. Find the standard deviation for the following distribution: 


x: 45 14.5 24.5 34.5 44.5 54.5 64.5 
f: 1 5 12 22 17 9 4 
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2. Table below shows the frequency f with which ‘x’ alpha particles were radiated from a 
diskette 


aie 0 1 2 3 4 5 6 7 8 9 10 11 12 
ve 51 203 383 525 532 408 273 139 43 27 10 4 2 
Calculate the mean and variance. 


3. Find the mean, and standard deviation for the following data: 


(i) Year render: 10 20 30 40 50 60 
No. of persons (cumulative): 15 32 51 78 97 109 
(ii) Marks: momma OC 7. 6 9 10 17 12 13. 14. 15 -16 
DMCC Ono =o & 2 2 3 0 2 1 0 0 0 1 
[NCERT EXEMPLAR] 
4. Find the standard deviation for the following data: 
Qh) ae 3 8 13 18 23 
: 7 10 15 10 6 
(i) eee 2 3 4 5 6 7 
f: a 9 16 14 11 6 
[NCERT EXEMPLAR] 
ANSWERS 
1.13.26 2. X =3.88, o7=3.64 3. (i) X = 37.25 years, S.D. = 15.5 years. (ii) X =5.975, 
S.D. = 2.85. 4. (i) 6.12 (ii) 1.38 


32.5.3 VARIANCE OF A GROUPED OR CONTINUOUS FREQUENCY DISTRIBUTION 


In a grouped or continuous frequency distribution any of the methods discussed above for a 
discrete frequency distribution can be used. We may use the following algorithm for computing 
variance of a grouped or continuous frequency distribution. 


ALGORITHM 
STEPI Find the mid-points of various classes. 
STEPIE Take the deviations of these mid-points from an assumed mean. Denote these deviations by dj. 


STEP MI Divide the deviations in step II by the class interval h and denote them by 1i;., i.e. u; = a 
1 


STEPIV Multiply the frequency of each class with the corresponding u; and obtain & f, u,. 
STEP V Square the values of uj and multiply them with the corresponding frequencies and obtain 


Efi up. 
STEP VI Substitute the values of Xf; u;, Xf; uP hand N = & f; in the formula 
1 1 : 
Var (X) = h? Fe E fi up -(+ a fi u) 
Following examples will illustrate the above algorithm. 
Lie eAs Ste EXAMPLES 
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SOLUTION Calculation of Standard Deviation 
eee 
PR Glaes-interoai | Frequency | Mid-valites ie xj -99 | fis 
eee |) eae 62 bs a —a —— 
| 20-30 3 25 —3 —-9 
| 30-40 | 6 35 | —2 —12 
40-50 | 13 | 45 | —1 -13 
50-60 15 | 55 | 0 0 
60-70 14 | 65 | 1 14 
: 70-80 | 5 75 | 2 | 10 
80-90 RR Ma | oa 36 
N= Xf =60 | | x fju, =2 








Here,” N=60, © fu; =2, Dffu> =134 and h=10 
Mean = X = A+h(— = fit = 55 +10( = = 55.333 
N 60 


and, Var (X) = h? (3 x fi i |-( =A) | = 100 s-(2) | = 222.9 


S.D. = ,/Var (X) = J2229 = 14.94. 


EXAMPLE2 The following table gives the distribution of income of 100 families in a village. Calculate 
the standard deviation: 


Income % 0-1000 | 1000-2000 | 2000-3000 | 3000-4000 | 4000-5000 | 5000-6000 
No.ofFamilies| 18 26 es ra Sa Sy Bee 


SOLUTION Calculation of Standard Deviation 














Mid-values | No. of families 


(frequencies) fi 


j 
i 
| Income & 





0-1000 
1000-2000 
2000-3000 

, 3000-4000 
4000-5000 
5000-6000 









fi uz =186 
Here, N=100, fu =-18, © fu? =186 and, h=1000 


2 =aeN2 
Var (X) =A ties “}G E fi ~om? | (Fe) }=1827600 


100 
Hence, SD. = ./Var (X) = 1827600 = 1351.88 


fi uP 
72 

26 

0 

12 

40 

36 

>» 14 = 





eS CO Oe. - ra 
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EXAMPLE 3 Calculate t the mean and standard deviation — the — data: © | 
Wages upto (in %) — | 105 120 a 
No. of workers Te 2225 zo mee 


SOLUTION Weare given the etanttilative’ iy aiemibution. So, es we will prepare the 
frequency distribution as given below: _ 





a = Neen Ea 







12 4 48 192 
18 3 54 162 | 
35 = | = -70 40 
42 =] 42 An | 
50 0 0 Or uxt 
45 1 45 45 
20 2 40 | Soha 
8 Bl os D4) ow 5 1 a 
= f =230 Bf wy =-105 | Lup =733 | 





Here, A=675, h=15, N=230, £fu =-105 and = fu? =733 
Mean = A+h(= = fi = 675 +15( >) = 675-685 = 60.65 
N 230 


h? tz x fi uP -(= = fi s) 


2 
=> Var (X) = 225 £25. -(5 0) = 225 (3.18 —0.2025) = 669.9375 
230 230 


= .[Var (X) = V669.9375 = 25.883 


EXAMPLE4 The measurements of the diameters (in mm) of the heads of 107 screws are given below: 


3335 | 3638 | 39-41 


eee eae | a | le 


and, Var (X) 


Calculate the standard deviation. 


SOLUTION Here the class intervals are formed by the inclusive method. But, the mid-points of 
class-intervals remain same whether they are formed by inclusive method or exclusive method. 
So there is no need to convert them into an exclusive series. 


Calculation of Standard Deviation 


40 
Sea 











—2 

36-38 37 19 —1 
39-41 40 23 0 
42-44 43 21 1 
46 Spc ao: 


SE f=107 | =107 a Rae 22 as =216 
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Here N= Xf=107, Uf u,=22, Ufue =216, A=40and, h=3 


va = {(5 2) -(E xanf] -9f28-(2)I 


= Var (X) = 9 (2.0187 — 0.0420) = 9x 1.9767 = 17.7903 

S.D. = 417.7903 = 4.2178. 

EXAMPLES Calculate the mean and standard deviation for the following table given the age distribution 
of a group of people: 

| Age: 
No. of persons: | 3 | Ble abst 122 | 441 130 sake ene | 2 | 


SOLUTION Here A =55, h =10. 
Calculation of Mean and Standard Deviation 


—_——_— 
Mid-values Number of er Xj = 258 | Ve 





| 486 | (x) persons (fi) Oe tO fits ee fi? 
20-30) = 25 3 -3 pene a or be 
30-40 35 51 =2 | =1022") 24 204 
- 40-50 45 122 | =a | -122 1 122 
50-60 55 141 0 | 0 0 0 
(60-70) 65 130 1 | 130 1 130 
' 70-80 75 51 2 | 102 4 204 
| 80-90 85 2 3 | 6 9 18 
| 


Here, N =f; =500, Xfju; =5 and, Sf? =705 


X A+h( z= f; 44 )=85 +10 >| =551 
N 500 


and, o? =H mas Ef w?)-(Las «)} 


2 
e Bano 202 J _ 100 79599 5) = 20495 _ 14099 
500 \500 50000 500 100 
= =, ¥14099" _ 118.799 _11:8739 
10 10 


EXERCISE 32.6 








1. Calculate the mean and S.D. for the following data: 


Expenditure (in &): 0-10 10-20 20-30 30-40 40-50 
Frequency: 14 13 27 21 15 

2. Calculate the standard deviation for the following data: 
Class: 0-30 30-60 60-90 90-120 120-150 150-180 180-210 
Frequency: 9 17 43 82 81 44 24 
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3. Calculate the A.M. and S.D. for the following distribution: 
Class: 0-10 10-20 20-30 30-40 40-50 50-60 60-70 70-80 
Frequency: 18 16 15 12 10 5 2 1 


4. A student obtained the mean and standard deviation of 100 observations as 40 and 5.1 
respectively. It was later found that one observation was wrongly copied as 50, the correct 
figure being 40. Find the correct mean and S.D. 


5. Calculate the mean, median and standard deviation of the following distribution: 
Class-interval: 31-35 36-40 41-45 46-50 51-55 56-60 61-65 66-70 
Frequency: 2 3 8 12 16 5 2 3 


6. Find the mean and variance of frequency distribution given below: 


xis sx <3. 3Sx<5 psx <7 7 <x <10 
fi: 6 4 5 1 
7. The weight of coffee in 70 jars is shown in the following table: [NCERT EXEMPLAR] 
Weight (in grams): 200-201 201-202 202-203 203-204 204-205 205-206 
Frequency: 13 27 18 10 1 1 
Determine the variance and standard deviation of the above distribution. 
[NCERT EXEMPLAR] 


8. Mean and standard deviation of 100 observations were found to be 40 and 10 respectively. 
If at the time of calculation two observations were wrongly taken as 30 and 70 in place of 3 
and 27 respectively, find the correct standard deviation. [NCERT EXEMPLAR] 

9. While calculating the mean and variance of 10 readings, a student wrongly used the 
reading of 52 for the correct reading 25. He obtained the mean and variance as 45 and 16 


respectively. Find the correct mean and the variance. [NCERT EXEMPLAR] 
10. Calculate mean, variance and standard deviation of the following frequency distribution: 
Class : 1-10 10-20 20-30 30-40 40-50 50-60 
Frequency : 11 29 18 4 5 3 
ANSWERS 
1. X =2611, o =12.86. 2.X =1187,0=4251. 3. AM =26.01, S.D.=17.47 
4. X =39.9,0=5. 5. X =50.35, o=7.94, median =50.65 
6. Mean=55, Variance=4.26 — 7. Variance = 1.16 gm, S.D. 1.08 gm 


8. 10.24 9. Mean = 42.3, Variance = 43.81 10. Mean = 21.5, Variance = 161, S.D. = 12.7 


32.7 ANALYSIS OF FREQUENCY DISTRIBUTIONS 


In this section, we shall see how we can use various measures of dispersion to compare two or 
more series. In the earlier sections of this chapter we have seen that the mean deviation and 
standard deviation have the same units in which the data are given. Therefore, measures of 
dispersion are unable to compare two or more series which are measured in different units even 
if they have the same mean. Thus, we require those measures which are independent of the 
units. The measure of variability which is independent of units is called coefficient of variation 
(C.V.) and is defined as 


GvnE = x 100, where o and X are the standard deviation and mean of the data. 


For comparing the variability of two series, we calculate the coefficient of variation for each 
series. The series having greater C.V. is said to be more variable or conversely less consistent, 
less uniform, less stable or less homogeneous than the other and the series having lesser C.V. is 
said to be more consistent (or homogeneous) than the other. 


) 
: 
: 
: 


STATISTICS 32.43 


Let there be two frequency distributions with standard deviations 6; and oy and equal mean x 
Then, 


C.V.(1st distribution) = 21x 100 and, C.V.(2nd distribution) = = 100 


X 
O71 
C.V.(ist distribution) — Xx ey mast 
C.V. (2nd distribution) 92: 100 07 
x 


This means that the two distributions can be compared on the basis of the values of their 
standard deviations 6; and o> only. 

Thus, if two series have equal means then the series with greater standard deviation (or 
variance) is said to be more variable or dispersed than the other. Also the series with lesser value 
of the standard deviation (or variance) is said to be more consistent than the other. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 An analysis of monthly wages paid to the workers of two firms A and B belonging to the 
same industry gives the following results: 


Firm A Firm B 
Number of workers 1000 1200 
Average monthly wages = 2800 < 2800 
Variance of distribution of wages 100 169 


In which firm, A or B is there greater variability in individual wages? 


SOLUTION We observe that the average monthly wages in both the firms is same i.e. Rs. 2800. 
Therefore, the firm with greater variance will have more variability. Thus, firm B has greater 
variability in individual wages. 


EXAMPLE2 An analysis of monthly wages paid to workers in two firms A and B, belonging to the same 


industry, gives the following results: [NCERT] 
Firm A Firm B 

No. of wage earners 586 648 

Mean of monthly wages < 5253 < 5253 

Variance of the distribution of wages 100 121 


(i) Which firm A or B pays out larger amount as monthly wages? 


(ii) Which firm A or B shows greater variability in individual wages? 
SOLUTION (i) Firm A: 


Number of wage earners (say), = 586 
Mean of monthly wages (say) X; = ~ 5253 





Ni : 7 Total monthly wage 
SN Terma ihe ages Number of workers 
See Total monthly wages 
=> = ___. 
586 
=> Total monthly wages =¥ (5253 x 586) = ¥ 3078258 
Firm B: 


Number of wage earners (say) 2 = 648 
Mean of monthly wages = %5253 
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Mean of monthly wages = ————-_ 
Number of workers 


Total monthly wages 

648 
= Total monthly wages = % (5253 x 648) =¥ 3403944 
Clearly, firm B pays out larger amount as monthly wages. 


=> 5253 = 


(ii) Since firms A and Bhave the same mean. Therefore, the firm with greater variance will have 
more variability individual wages. 


Clearly, Variance of firm B > Variance of firm A. 
Hence, firm B will have greater variability in individual wages. 


EXAMPLE 3 The following values are calculated in respect of heights and weights of the students of a 
section of class XI: 


. Height Weight 
Mean 162.6 cm 52.36 kg 
Variance 127.69 cm? 23.1361 kg” 
Can we say that the weights show greater variation than the heights? [NCERT] 


SOLUTION In order to compare the variability of height and weight, we have to calculate their 
coefficients of variation. Let o, and o> denote the standard deviations of height and weight 
respectively. Further, let X, 


and X, be the mean height and weight respectively. 








We have, _ “a 
X, = 162.6, X> = 52.36 
o,° = 127.69 and a,” = 23.1361 
=> 01 = 4127.69 = 11.3 and o> = /23.1361 = 4.81 
Now, 
Coefficient of variation in heights = ©1x100= 242100 = 6.95 
X 162.6 
and, 
es acae ° ° O49 4.81 
Coefficient of variation in weights = = x 100 = aE 100 = 9.18 


2 
Clearly, coefficient of variation in weights is greater than the coefficient of variation in heights. 
So, weights shows more variability than heights. 


EXAMPLE4 The sum and sum of squares corresponding to length x (in cm) and weight y (in gm) of 50 

plant products are given below: 

50 50 2 50 n 9 

= x; = 212, a x, = 902.8, = y; = 261, Baa y,~ = 1457.6 [NCERT] 
t= i= 


i=1 = 


Which is more varying, the length or weight? 
SOLUTION We have, 





50 50 
Sox =212 and <£ x,” = 90280 
i=1 Sd 
Bt 
50 1 50 : 
7 i=1 and fe} 2 = i >» x, 7 -i|— +2 . 


| 
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2 
= X = 212 and oe - 902.80 -( 22) 
50 50 50 
> X = 424 and i = 18.056 —(4.24)2 = 18.056 —17.9776 = 0.0784 
=> X = 424 and = /0.0784 = 0.28 
It is given that 
50 50 


> y; = 261 and x y, = 1457.6 


i=1 i=] 








50 
pain” d 2 Tefen 
= an A Y. ee | fas Yj; 
50 a 50 | ima” 50 imi” 
ah 2 
= 16 = an and Ss,” = 1457.6 -( 3) 
50 y 50 50 
= Y =522 and a _= 29.152 —(5.22)? = 1.9036 
=> Y = 522 and = oy _-= 1.3797 


In order to determine the variability of length and weight, we will have to compute the 
coefficients of variations in lengths and et 


Coefficient of variation in lengths = —* x 100 = aeae 100 = 6.60 
me 4.24 

1.3797 

5,22 


Clearly, coefficient of variation is weights is greater than the coefficient of variation in lengths. 
Hence, weights have more variability than lengths. 


EXAMPLE5 The following is the record of goals scored by team A in football session. 


x 100 = 26.43 





Coefficient of variation in weights = = x 100 = 


Number of goals scored: 0 1 2 3 4 
Number of matches: 1 9 7 5 3 


For the team B, mean number of goals scored per match was 2 with a standard deviation 1.25 goals. Find 
which team may be considered more consistent? 


SOLUTION In order to determine the consistency of teams we will have to find the coefficients 
of variations of two teams. 


Computation of mean and standard deviation ee goals scored by team A. 





We have, 
Ne= sf = 25, x fi X; = 50and Ef, x, 7 = 130 
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1 
Ton (2 fx) = 52 = 
4 .. 2 eee MOR (20) eta ns ale 
eee Tg tT) elon) = 52-4 = 2 
= o, = V1.2 = 1.095 
It is given thatXp = 2andog = 1.25 
Now, 
Coefficient of variation in goals scored by team A = Ke sind ~ = x 100 =54.75 
= 
Coefficient of variation of goals scored by team B = a x 100 = x 100 = 62.50 
B 


We observe that the coefficient of variation of goals scored by team A is lesser than that of team 
B. Hence, team A is more consistent. 


EXAMPLE6 Suppose that samples of polythene bags from two manufacturers, A and B, are tested by a 
prospective buyer for bursting pressure, with the following results: 


Bursting Pressure in kg Number of bags manufactured by manufacturer 
5-10 72 9 
10-15 9 11 
15-20 29 18 
20-25 54 92 
25-30 11 27 
30-35 5 13 


Which set of the bags has the highest average brusting pressure? Which has more uniform pressure? 


SOLUTION For determining the set of bags having higher average bursting pressure, we 
compute mean and for finding out set of bags having more uniform pressure we compute 
coefficient of variation. 


Manufacturer A: 
Computation of mean and standard deviation 
Burstin Mid-values ,%j -175 2 
wast Xj fi 7 T= fir fi 
5-10 /f3) 2 -2 =I 
10-15 12.5 Ober 1 9 


15-20 17.5 29 0 

20-25 22:5 54 1 

25-30 27.9 11 2 22 44 
3 


0 
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=X, = 17.5 +5x 7 =175+ 35 =21 [- h =5,a = 175] 


2 2 
ees (61 ' fe 160 (a _ (17600 — 6084. 
Se ehe tp pa 2 ll Ae ee |) hep) tO al 78 5 Rate es ae 
A (3 fi N UA Fe 110 110 x 110 


=> 0, = V2379 = 4.87 

















*. Coefficient of variation = 4-100 = sill x 100 = 23.19 
XA 1 
Manufacturer B: 
Bursting Mid-values _% -175 3 
pressure x; f " 5 fits iM 
5-10 7.) 9 —2 —18 36 
10-15 12.5 11 —1 —11 11 
15-20 17:5 18 0 0 0 
20-25 22.5 32 1 32 32 
25-30 27.5 27 2 54 108 
30-35 32.5 13 3 39 117 
N == f =110 Efm=96 Tfu,>=304 


Here, N =110, fu; =96,a=17.5and h=5 
Xp = ath meh iis) = WS eB Re = 175+ 4.36 = 21.81 
N 110 


2 2 = 
and, On =h? (= 2 fi u; 7) (= D fi | =25 om -(35) = 25 elit =50.04 
N N 110 (110 110 x 110 


=> op = V50.04 = 7.07 


Coefficient of variation = 22x 100 = LP 
XB 21.81 
We observe that the average brusting pressure is higher for manufacturer B. So, bags 
manufactured by B have higher bursting pressure. 
The coefficient of variation is less for manufacturer A. So, bags manufactured by A have more 
uniform pressure. 





x 100 = 32.41 


EXERCISE 32.7 


1. Two plants A and B of a factory show following results about the number of workers and 
the wages paid to them 


Plant A Plant B 
No. of workers 5000 6000 
Average monthly wages < 2500 ~ 2500 
Variance of distribution of wages 81 100 


In which plant A or B is there greater variability in individual wages? 


2. The means and standard deviations of heights ans weights of 50 students of a class are aS 
follows: 
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Weights Heights 
Mean 63.2 kg 63.2 inch 
Standard deviation 5.6 kg 11.5 inch 


Which shows more variability, heights or weights? 


3. Coefficient of variation of two distributions are 60% and 70% and their standard deviations 
are 21 and 16 respectively. What are their arithmetic means? 
4. Calculate coefficient of variation from the following data: 


Income (in &): 1000-1700 1700-2400 2400-3100 3100-3800 3800-4500 4500-5200 
No. of families: 12 18 20 25 35 10 


5. An analysis of the weekly wages paid to workers in two firms A and B, belonging to the 
same industry gives the following results: 


Firm A Firm B 
No. of wage earners 586 648 
Average weekly wages © 52.5 t 47.5 
Variance of the 100 121 


distribution of wages 
(i) Which firm A or B pays out larger amount as weekly wages? 
(ii) Which firm A or B has greater variability in individual wages? 
6. The following are some particulars of the distribution of weights of boys and girls ina class: 


Boys Girls 
Number 100 50 
Mean weight 60 kg 45 kg 
Variance 9 4 


Which of the distributions is more variable? 
7. The mean and standard deviation of marks obtained by 50 students of a class in three 
subjects, mathematics, physics and chemistry are given below: 


Subject Mathematics Physics Chemistry 
Mean 42 32 40.9 
Standard Deviation 12 15 20 
Which of the three subjects shows the highest variability in marks and which shows the 
lowest? [NCERT] 
8. From the data given below state which group is more variable G; or Gy? 
Marks 10-20 20-30 30-40 40-50 50-60 60-70 70-80 
Group G; 9 17 32 33 40 10 9 
Group Go 10 20 30 25 43 15 7 
9. Find the coefficient of variation for the following data: 
Size (in cms): 10-15 15-20 20-25 25-30 30-35 35-40 
No. of items: 2 8 20 35 20 15 
10. From the prices of shares X and Y given below: find out which is more stable in value: 
Xx: 35 54 52 53 56 58 52 50 51 49 


BA 108 107 105 105 106 107 =104 #=$+«d4103 #104 ~=©101 
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1]. Life of bulbs produced by two factories A and B are given below: 


pengiy of life 550-650 650-750 750-850 —« 850-950 + —«950-1050 


(in hours) : 
Factory A: 
(Number of bulbs) = = a oo a 
Factory B: 
(Number of bulbs) oH ae + a 
The bulbs of which factory are more consistent from the point of view of length of life? 
[NCERT EXEMPLAR] 
12. Following are the marks obtained, out of 100, by two students Raviand Hashina in 10 tests: 
Ravi: 25 50 45 30 70 42 36 48 35 60 
Hashina: 10 70 50 20 95 55 42 60 48 80 
Who is more intelligent and who is more consistent? [NCERT EXEMPLAR] 
ANSWERS 
1. Plant B 2. Heights 3. 35,22.85 4. 3:21 5. (i) Firm B (ii) Firm B 
6. Boys 7. Highest: Chemistry Lowest: Mathematics 8. G; 92 7oe eect 
11. Factory A 12. Hashina is more intelligent and consistent. 


HINTS TO NCERT & SELECTED PROBLEM 


1. We observe that S.D. of marks in Mathematics is least and that of Chemistry is highest. 
Therefore, marks in Mathematics have lowest variability and that in Chemistry have 
highest variability. 


VERY SHORT ANSWER QUESTIONS (VSAQs) 
Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 
1. Write the variance of first 2 natural numbers. 


2. If the sum of the squares of deviations for 10 observations taken from their mean is 2.5, then 
write the value of standard deviation. 

3. If x1, Xp,.--, X, aren values of a variable X and yj, y2,.-., Y, aren values of variable Y such 
that y; =ax; +b,i = 1,2,...,n,then write Var(Y) in terms of Var(X). 


4, IfX and Y are two variates connected by the relation Y = od and Var (X) = o%, then 


write the expression for the standard deviation of Y. 


5. Inaseries of 20 observations, 10 observations are each equal to k and each of the remaining 
half is equal to — k. If the standard deviation of the observations is 2, then write the value 
of k. 


6. If each observation of a raw data whose standard deviation is o is multiplied by a, then 
write the S.D. of the new set of observations. 


7. Ifa variable X takes values 0, 1, 2,...,1 with frequencies "Cg, "Cy, "Co ,..., "C,,, then write 
variance X. 
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7. 


ANSWERS 


1 aed 2s 0.5 3. Var (Y) = a2 Var (X) 








0) mur 295. & 2 6.|alo Ta 


MULTIPLE CHOICE QUESTIONS (MCQs) 


. Fora frequency distribution mean deviation from mean is computed by 
z d 











(a) M.D. = ——*— ‘  (b) M.D. = — 
Zfid| . a f 
= fd x fla 
MD. = —— dMD. = 
(c) Sf (d) Ff 
. Fora frequency iene standard deviation is computed by applying the formula 
2 2 2 
faye = fd“ (28) Ole Zfd) Xfd 
x ‘ (=f x of 
Lfd\) = fd? 
() 6 = (a) (34 i |- f 
7 7 xf = f 
. If vis the variance and ois the standard deviation, then 
@v= 5 )v=+ (Jv = 0 (d) =o 
o o 


. The mean deviation from the median is 


(a) equal to that measured from another value 

(b) maximum if all observations are positive 

(c) greater than that measured from any other value. 
(d) less than that measured from any other value. 


. Ifn=10,X = 12and Dax? = 1530, then the coefficient of variation is 




















(a) 36% (b) 41% (c) 25% (d) none of these 
. The standard deviation of the data: » 
oom | a qe siete: ge 
fmmenCnuer Gt "Cy us. "Cy 
is 
1+a | 1+a e 1+ay' 
@ [¥ =| = “) m4 “| -(44) 
By reve 
(c) [= st *) -} s “) faymonerosthese 
The mean deviation of the series a, a+ d,a + 2d,...,a + 2n from its mean is 
(n+1)d nd : n(n+1)d (2n + 1)d 
oar i 2n+1 ©) 2n+1 ©) 2n+1 . ©) n(n+1) 


A batsman scores runs in 10 innings as 38, 70, 48, 34, 42, 55, 63, 46, 54 and 44. The mean 
deviation about mean is 
(a) 8.6 (b) 6.4 (c) 10.6 (d) 7.6 


ee : 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17, 


18. 


19, 


20. 


21. 


The mean deviation of the numbers 3, 4, 5, 6, 7 from the mean is 

(a) 25 (b) 5 (c) 1.2 (d) 0 

The sum of the squares deviations for 10 observations taken from their mean 50 is 250. The 
coefficient of variation is 


(a) 10% (b) 40% (c) 50% (d) none of these 


Let x}, Xp, ..., X, be values taken by a variable X and yj, yo, ..., Y, be the values taken by a 
variable Y such that y; = ax; +b,i = 1, 2,...,n. Then, 


(a) Var (Y) = a* Var (X) (b) Var (X) = a* Var (Y) 
(c) Var(X) = Var (X) +b (d) none of these 


If the standard deviation of a variable X is o, then the standard deviation of variable 
aX+b 


c 


(a) ac (b) = s (c) 


is 





ao+b 
Cc 


o (d) 








a 
c 





If the S.D. of a set of observations is 8 and if each observation is divided by — 2, the S.D. of 
the new set of observations will be 
(a) -4 (b) -8 (c) 8 (d) 4 


aX+b 


If two variates X and Y are connected by the relation Y = , Where a, b,c are constants 





such that ac < 0, then 
(a) oy = es Ox (b) sy = ae Ox (c) dy = ss Ox +b (d) none of these 
c c c 


If for a sample of size 60, we have the following information Sx;7 = 18000 and =x; = 960, 
then the variance is 

(a) 6.63 (b) 16 (c) 22 (d) 44 

Let a,b, c, d, e be the observations with mean m and standard deviation s. The standard 
deviation of the observations a+k,b+k,c+k,d+k,e+kis 


(a) s (b) ks (c) s+k (d) = 
The standard deviation of first 10 natural numbers is 
(a) 5.5 (b) 3.87 (c) 2.97 (d) 2.87 


Consider the first 10 positive integers. If we multiply each number by — 1 and then add 1 to 
each number, the variance of the numbers so obtained is 

(a) 8.25 (b) 6.5 (c) 3.87 (d) 2.87 

Consider the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10. If 1 is added to each number, the variance of 
the numbers so obtained is 

(a) 6.5 (b) 2.87 (c) 3.87 (d) 8.25 

The mean of 100 observations is 50 and their standard deviation is 5. The sum of all squares 
of all the observations is 

(a) 50,000 (b) 250,000 (c) 252500 (d) 255000 

Let x1, X2,---,%, be n observations. Let y; =ax;+b for i=1,2,...,n, where a and b are 
constants. If the mean of x;5 is 48 and their standard deviation is 12, the mean of y;5 is 55 and 
standard deviation of y;5 is 15, the values of a and b are 


(a) a=1.25,b=-5 (b) a=-1.25,b=5 (c) a=2.5,b=-5 (d) a=25,b=5 


22. The mean deviation of the data 3, 10, 10, 4, 7, 10, 5 from the mean is 


(a) 2 (b) 2.57 (c) 3 (d) 3.57 
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23. The mean deviation for n observations x1, X9, ..., X, from their mean X is given by 
nN i 


ML 2 1 ~. if nu 1 = 

(a) 2%; -X) =) = 0 -X) © DG; -X)? = Dy -X)’ 

i=1 Mist i=] Mia 

24. Let x}, Xo, ..., %, ben observations and X be their arithmetic mean. The standard deviation 
is given by 


(a) 4 -X)?®) 2 NG -X)? p (x; —X)? (d) 
i=1 Mia Niel 


25. The standard deviation of the observations 6, 5, 9, 13, 12, 8, 10 is 


nN i 
: > x2 -X? 


i=1 





(a) 6 (o) V6 (c) = (a) fe 
nee ULULLLCLLULCLTCt—“—CSCSCSCSCtiC‘(NNC LANNSSWEEERR'S 
1. (d) 2. (a) 3. (c) 4. (d) 5:, (c) 6. (a) 7. (c) 8. (a) 


9.(c) 10. (a) 11. (a) 12.(c) 13.(d) 14.(b) 15. (da) 16. (a) 
17. (d) 18. (b) 19. (c) 20.(a) 21. (a) 22. (b) 23. (b)_ 24. (c) 
25. (d) 


SUMMARY 


1. Dispersion means scatternedness around the central value. 
2. Following are the measures of dispersion: 

(i) Range (ii) Quartile diviation (iii) Mean deviation (iv) Standard deviation 
3. Range is the difference between the greatest and the least values of the variable. 


4. Mean deviation is the arithmetic mean of the absolute values of deviations about some 
point (mean or median or mode). 


(i) For individual observation, we have 


nt 
M.D. = ~ = | x; -a|, where a = mean, median, mode 
i= 





Also, M.D. = a+h {+ 5 |u;|>,whereu;, = ete 
Tas Mier |” teat ap 


(ii) For a discrete frequency distribution, we have 
M.D. 


jena 
N or f; |x; —a|,a= mean, median, mode 
i= 


M.D. 





1 PPR x;—a 
+hi— <Z fru}, = 
a iz = fu } where u; 7 


5. Standard deviation is the positive square root of variance. 
6. Variance is the arithmetic mean of the squares of deviations about mean X. 
(i) For individual observations, we have 


oS ery 
Variance i 7 (x; —X) 
2 
Also, Var (X) = 2 Fa a (2 ee | 


and, Var (X) = h? (2.8, «?)-( 


ale 
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(ii) For a discrete frequency distribution, we have 
1 n =>? 
Var — ee >> . xX: —_— xX 
(X) il po fi (%j -X) 


Also, Var(X)=|- £ 4 |= eee 
SO, € =|-— te —_| — - Ys 
on Nae OS Nini ® 


2 
1 n y) 1 i 
and, Var (X) = h? (i pL \-(3 oH fi | 


7. In order to compare two or more frequency distributions we compare their coefficients of 
variations. The coefficient of variation is defined as 


CV. = 2.2100 
xX 


8. The distribution having greater coefficient of variation has more variability around the 
central value than the distribution having smaller value of the coefficient of variation. 








CHAPTER oS 


PROBABILITY 


33.1 INTRODUCTION 


In earlier classes, we have learnt about two approaches to the theory of probability, namely, 
(i) Statistical approach and (ii) Classical approach. The statistical approach has been discussed 
in class IX. It is also known as repeated experiments and observed frequency approach. In this 
approach, we have defined the probability of an event as the ratio of observed frequency to the 
total frequency. The classical approach has been discussed in class X. In this approach, we define 
the probability of occurrence of an event as the ratio of favourable number of outcomes to the 
total number of equally likely outcomes. These equally likely outcomes are also known as 
elementary events associated to the experiment. Both the theories have some serious 
deficiencies and limitations. For instance, these approaches cannot be applied to the 
experiments which have large number of outcomes. The classical definition of probability 
cannot be applied whenever it is not possible to make a simple enumeration of cases which can 
be considered equally likely. For instance, how does it apply to probability of rain? What are the 
possible outcomes? We might think that there are two cases ‘rain’ and ‘no rain’. But at any given 
locality it will not usually be agreed that they are equally like. The classical approach also fails to 
answer questions like ““what is the probability that a male will die before the age of 60”, ““whatis 
the probability that a bulb will burn in less than 2000 hours? etc. In fact, the classical definition is 


difficult to apply as soon as we deviate from the experiments pertaining to coins, dice, cards and 
other simple games of chance. 


The statistical definition has difficulties from a mathematical point of view because an actual 
limiting number may not really exist. For this reason, modern probability theory has been 
developed axiomatically. This theory of probability was developed by A.N. Kolmogrov 
(1903-1987) a Russian Mathematician in 1933. He laid down certain axioms to interpret 
probability, in his book ‘Foundation of Probability’ published in 1933. The axiomatic definition 
of probability includes ‘both’ the classical and statistical approaches as particular cases and 
overcomes the deficiencies of each of them. In order to understand this approach we must know 
about some basic terms viz. random experiment, elementary events, sample space, compound 


events etc. So, let us begin with the term random experiment as discussed in the following 
section. 


33.2 RANDOM EXPERIMENTS 


The word experiment means an operation which can produce some well-defined outcome(s). 


There are two types of experiments viz. (i) Deterministic experiments and (ii) Random or 
Probability experiments. 


DETERMINISTIC EXPERIMENTS In our day-to-day life, we perform many activities /experiments 
which have a fixed outcome or result no matter any number of times they are repeated. Such 
experiments are known as deterministic experiments. For example, from the set of all triangles 
inaplane if a triangle is choosen, then even without knowing the three angles, we can definitely 
say that the sum of the measures of the angles is 180°. In fact, when experiments in science and 
engineering are repeated under identical conditions, we get the same result every time. 
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RANDOM OR PROBABILISTIC EXPERIMENTS If an experiment, when repeated under identical 
conditions, do not produce the same outcome every time but the outcome in a trial is one of the 
several possible outcomes then such an experiment is known as a probabilistic experiment ora 
random experiment. In other words, an experiment whose outcomes cannot be predicted or 
determined in advance is called a random experiment. 

For example, in tossing of a coin one is not sure if a head or a tail will be obtained so it is a 
random experiment. Similarly, rolling an unbiased die and drawing a card from a well shuffled 
pack of playing cards are examples of random experiments. 


33.3 SAMPLE SPACES 


In the previous section, we have learnt about random experiments. Throughout this chapter the 
term experiment will mean random experiment. Associated to every random experiment there 
are two basic terms viz. outcomes (or elementary events) and sample space. In this section, we 
will discuss about these two for different random experiments. 


ELEMENTARY EVENT [fa random experiment is performed, then each of its outcomes is known as an 
elementary event. 


In other words, outcomes of a random experiment are known as elementary events associated to 
it. Elementary events are also known as simple events. 


SAMPLE SPACE Tite set of all possible outcomes of a random experiment is called the sample space 
associated with it and it is generally denoted by S. 


IfE, , Ey ,E3 ,...., 5, are the possible outcomes (or elementary events) of a random experiment, 
then S={E, , Ey ,... , £,} is the sample space associated to it. 


ILLUSTRATION 1 Consider the random experiment of tossing of a coin. The possible outcomes of this 
experiment are H and T. Thus, if we define 
E, = Getting head (H) on the upper face and, E, = Getting tail (T) on the upper face. 
Then, E; and E, are elementary events associated to the random experiment of tossing of a coin. 
The sample space associated to this experiment is given by S = {E, , E5}. 
E, and E, are generally denoted by H and T respectively. Thus, we have S = {H , J}. 
ILLUSTRATION 2 Consider the experiment of throwing a die. Let the six faces of a die be marked as 
1, 2, 3, 4,5 and 6. If the die is thrown, then any one of the six faces may come upward. So, there are six 
possible outcomes of this experiment, namely, 1, 2, 3, 4, 5, 6. Thus, if we define 
E. = Getting a face marked with number i, wherei =1, 2, 3, 4,5, 6 
Then, E; , Ey ,... , Eg are six elementary events associated to this experiment. The sample space 
associated to this experiment is S= {Ej , Ep ,... Eg}. 
In this experiment, elementary even E; is denoted byi , wherei =1, 2,... , 6. Thus, we have 
S= {1,2, 3, 4,5, 4. 
ILLUSTRATION 3 Consider the experiment of tossing two coins together or acoin twice. In this 
experiment the possible outcomes are: 
Head on first and Head on second, ~ 
Head on first and Tail on second, 
Tail on first and Head on second, 
Tail on first and Tail on second. 
If we define 
HH = Getting head on both coins, 
HT = Getting head on first and tail on second, 
TH = Getting tail on first and head on second, 
TT = Getting tail on both coins. 


PROBABILITY 33.3 


Then, 
HH, HT, TH and TT are elementary events associated to the random experiment of tossing of 
two coins. The sample space associated to this experiment is given by S = {HH, HT, TH, TT}. 


Similarly, the sample space associated to the random experiment of tossing three coins 
simultaneously or tossing a coin three times is given by 


S = (HHH, HHT, HTH, THH, TTH, HTT, THT, TTT} 
ILLUSTRATION 4 Consider the random experiment in which two dice are tossed together or a die is 
tossed twice. If we define 

E, = Getting number i on the upper face of first die and number j on the upper face 

of second die, 

wheret = 1,2,...,6andj = 1,2,..., 6. 
Then, E; are elementary events associated to this experiment and are generally denoted by (i, )). 
Thus, (1,1), (1, 2), ..., (1, 6), (2,1) ..., (2,6), (3, 1), ..-, (3, 6), (4, 1)..., (4, 6), (5, 1), -.., (5, 6) and (6, 1), 
.., (6, 6) are 36 elementary events associated to the random experiment of tossing two dice and 
the sample space associated to it is given by 


StL 1)} e2-n(1; 6)3.(27 1)psxs7 (27-6), (37.1) 0-876) exe (6, LD =, (O26): 
ILLUSTRATION 5 Let there be a bag containing 3 white and 2 black balls. Let the white balls be denoted 
byW, , W. W3 and black balls be denoted by B, , By. If we draw two balls from the bag, then there are 1G. 
elementary events associated to this experiment. These elementary events are: 
B, W, , By Wa , By W3 , Bp Wy, Bp Wo , Bp W3 , Wy Wa, Wy W3 , Wo W3 , and By Bo. The set of 
all these elementary events is the sample space associated to the experiment. 
ILLUSTRATION 6 A coin is tossed. If it shows head, we draw a ball from a bag consisting of 3 red and 4 
black balls ; if it shows a tail, we throw a die. If we denote three red balls as Ry , Ro and Rg and four black 
balls as By , By , Bz and By. Then the elementary events associated to this experiment are : 
HR,,HR>,HR3 ,HB,, HB, , HB3,HB,, T1,T2,T3,T4,T5andT6. 
The set of these elementary events is the sample space associated to the given random 
experiment. 


REMARK 1 Elementary events associated to a random experiment are also known as indecomposable 
events. 


| ILLUSTRATIVE EXAMPLES 
 EXAMPLE1 From a group of 2 boys and 3 girls, two children are selected. Find the sample space 
associated to this random experiment. 
SOLUTION Let the two boys be taken as B, and B, and the three girls be taken asG,,Gp and G3. 
Clearly, there are 5 children, out of which two children can be chosen in 4O5 ways. So, there are 
te =10 elementary events associated to this experiments and are given by 

B, By , By Gy , By Gp , By G3, By Gy, Bp Gp , By Gg , Gy Gp , Gy G3 andG) G3 
Consequently, the sample space S associated to this random experiment is given by 

S ={B, By , By Gy, , By Gp , By G3 , By Gy , By Gp , By G3 , Gy Gp , Gy G3 , Gp G3}. 


EXAMPLE2 A coin is tossed. If it shows head, we draw a ball from a bag consisting of 3 red and 4 black 
balls; if it shows tail, we throw a die. What is the sample associated to this experiment? [NCERT] 


SOLUTION Let the three red balls be taken as Rj , Rj , R3 and four black balls be taken as 


Bi , By , Bg and By. 





eee) = Oee SO Sy ED &@ 4Oe ~ * 
- was — = 


— al 
SN. eee ee ee oe 


a 


ee eel 


a 


-—_—<-e= 


33.4 MATHEMATICS-XI 


If the coin shows head, we draw a ball which can be any one of the 7 balls. So, possible outcomes 
are (H, Rj),(H,R»),(H,R3),(H,B,),(H, Bo) ,(H, B3),(H, By). 
If the coin shows tail, then we through a die which may produce any one of the six numbers on 
its upper face. In this case, possible outcomes are (T, 1), (T, 2),(T, 3),(T, 4), (T, 5), (T, 6). 
Thus, all elementary events associated to the experiment are: 
(H, Rj), (H, Ro), (H, R3), (H, By), (H, Bp), (H, B3), (H, Bg), (T, 1), (T, 2), (T, 3), (1, 4), 
(iy); Ci A6): 
Consequently, the sample space S is given by 
S = (H,R,),(H,R>2),(H,R3),(H, By) ,(H, Bo) ,(H, B3) ,(H, By), (T, 1), (T, 2), 
(T, 3), (T, 4), (T,5), (T, 6)}. 
EXAMPLE3 At experiment consists of rolling a die and then tossing a coin once if the number on the die 


is even. If the number on the die is odd, the coin is tossed twice. Write the sample space for this experiment. 
[NCERT] 


SOLUTION If the die is rolled and we get an even number (2 or 4 or 6) on its upper face, then we 

toss a coin which may result in head (H) or tail (T). So the possible outcomes in this case are: 
(2, H) , (4, H) , (6, H) , (2, T) ,(4,T) , (6, T) 

If the die is rolled and we get an odd number (1 or3 or 5) on its upper face, then the coin is tossed 

twice which may result in one of the following ways: HH, HT,TH,TT. So, the possible 

outcomes, in this case, are 


(1, HH), (3, HR), (5, HR), (1, HT), (3, HT), (5, HT), (1, TH), (3, TH), (5, TH), 
(Uy TT), (3, TT); (5, TT). 
Thus, all elementary events associated to the experiment are: 
(2, 11), (4, H), (6, H), (2, T), (4, T), (6, T), (1, HH), (1, HT), (1, TH), (1, TT), 
(3, HA), (3, HT), (3, TH), (3, TT), (5, HH), (5, HT), (5, TH), (5, TT). 
So, the sample space associated to the random experiment is 
S = {(2, H), (4, A), (6, A), (2, T), (4, T), (6, T), (1, HH), (1, HT), (1, TH), (1, TT), 
(3, HH), (3, HT), (3, TH), (3, TT), 6, HA), (5, HT), (5, TH), (5, TT)}. 
EXAMPLE4 The numbers 1, 2,3 and 4 are written separately on four slips of paper. The slips are then 


put in a box and mixed thoroughly. A person draws two slips from the box, one after the other, without 
replacement. Describe the sample space for the experiment. [NCERT] 


SOLUTION Itis given that two slips are drawn from the box one after the other without replace- 
ment. 

If the slip drawn in first draw bears number 1, then the slip drawn in second draw may bear any 
one of the remaining 3 numbers viz. 2, 3 and 4. Possible outcomes in this case are (1, 2), (1,3) and 
(1, 4). 

If the slip drawn in first draw bears number 2, then the slip drawn in second draw may bear any 
one of the remaining three numbers viz. 1,3 and 4. 

Thus, possible outcomes, in this case, are (2, 1), (2,3) and (2, 4). 

Similarly, possible outcomes when the slip drawn in first draw bears number 3 and 4 are 
respectively (3, 1), (3, 2), (3, 4) and (4, 1), (4, 2), (4, 3). 

Thus, all elementary events associated to the random experiment are (1, 2), (1,3), (1,4), (2,1), 
(2,3), (2,4), (3, 1), (3, 2), 3, 4), & 1), (4,2) and (4,3). 

The set of all these elementary events is the required sample space. 

EXAMPLE5 A coin is tossed. If the result is a head, a die is thrown. If the die shows up an even number, 
the die is thrown again. What is the sample space for this experiment. [NCERT] 


PROBABILITY 33.5 


SOLUTION A coin is tossed, if the outcome is tail (T). The experiment is over. If the outcome is 
head (H), a die is thrown and if the die shows up an odd number the experiment is stopped. 
Possible outcomes in this case are: 


(H,1),(H, 3), (H, 5). 
If the die shows up an even number it is thrown again. In this case, possible outcomes are: 
(H, 2,1), (H, 2, 2), (H ,2, 3), (H, 2, 4), 
(H, 2,5), (H, 2, 6) 
(H, 4,1), (H, 4, 2), (H ,A, 3), (H, 4, 4), 
(H, 4,5), (H, 4, 6) 
(H, 6,1), (H, 6, 2), (H ,6, 3), (H,.6, 4), 
(H, 6,5), (H, 6, 6) 
So, all elementary events associated to the given experiment are 
TCH, 1), (BH, 3), (CH, 5), (HZ, 1), CH, 272); 
(H, 2, 3), (H, 2, 4), (H, 2,5), (H, 2, 6) 
(H, 4,1), (H, 4, 2), (H, 4, 3), (H, 4, 4), 
(H, 4,5), (H, 4, 6) 
(H, 6,1), (H, 6, 2), (H, 6, 3), (H, 6, 4), 
(H, 6,5), (H, 6, 6) 
The set of all these elementary events is the required sample space. 


REMARK There are three stages in the above experiment. Possible outcomes at various stages can be 
depicted as shown in Fig. 33.1. 
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EXAMPLE6 Acoit is tossed repeatedly until ahead comes for the first time. Describe the sample space. 


SOLUTION In this experiment, a coin is tossed. If the outcome is head the experiment is over. 
Otherwise, the coin is tossed again. In the second toss also if the outcome is head the experiment 
is over. Otherwise, the coin is tossed again. In the third toss, if the outcome is head the 
experiment is over, otherwise the coin is tossed again. This process continues indefinitely. 


Possible outcomes in various tosses may be exhibited as follows: 


Hence, the sample space S associated to this random experiment is 


S = {H,TH, 1TH, TITH, TTTTH.....} 
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Fig. 33.2 


REMARK1 In the above example, the sample space is an infinite set. 

REMARK2 Let us consider the random experiment of drawing two cards from a well shuffled pack of 52 
playing cards . There are a2 (65 = 1326 elementary events associated to this experiment. So, the sample 
space consists of 1326 elements. Clearly, it is not convenient to describe the sample space completely. In the 


_ remaining part of this chapter, we will describe the sample space associated to a given random experiment 
only if it is convenient and does not contain large number of elementary events. 


1. 
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EXERCISE 33.1 


A coin is tossed once. Write its sample space 


. If a coin is tossed two times, describe the sample space associated to this experiment. 


If a coin is tossed three times (or three coins are tossed together), then describe the sample 
space for this experiment. [NCERT] 


. Write the sample space for the experiment of tossing a coin four times. [NCERT] 


Two dice are thrown. Describe the sample space of this experiment. [NCERT] 
What is the total number of elementary events associated to the random experiment of 
throwing three dice together? 

A coin is tossed and then a die is thrown. Describe the sample space for this experiment. 
A coin is tossed and then a die is rolled only in case a head is shown on the coin. Describe 
the sample space for this experiment. 

A coin is tossed twice. If the second throw results in a tail, a die is thrown. Describe the 
sample space for this experiment. 

An experiment consists of tossing a coin and then tossing it second time if head occurs. If a 
tail occurs on the first toss, then a dieis tossed once. Find the sample space. [NCERT] 


PROBABILITY 33.7 


11. 


12. 


13. 


14, 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Acoin is tossed. If it shows tail, we draw a ball froma box which contains 2 red 3 black balls; 
if it shows head, we throw a die. Find the sample space of this experiment. 
A coin is tossed repeatedly until a tail comes up for the first time. Write the sample space for 
this experiment. 
A box contains 1 red and 3 black balls. Two balls are drawn at random in succession 
without replacement. Write the sample space for this experiment. [NCERT] 
A pair of dice is rolled. If the outcome is a doublet, a coin is tossed. Determine the total 
number of elementary events associated to this experiment. 
A coin is tossed twice. If the second draw results in a head, a die is rolled. Write the sample 
space for this experiment. 
A bag contains 4 identical red balls and 3 identical black balls. The experiment consists of 
drawing one ball, then putting it into the bag and again drawing a ball. What are the 
possible outcomes of the experiment? 
In a random sampling three items are selected from a lot. Each item is tested and classified 
as defective (D) or non-defective (N). Write the sample space of this experiment. 
An experiment consists of boy-girl composition of families with 2 children. 
(i) What is the sample space if we are interested in knowing whether it is a boy or girl in 
the order of their births? 
(ii) What is the sample space if we are interested in the number of boys in a family? 
[NCERT] 
There are three coloured dice of red, white and black colour. These dice are placed in a bag. 
One die is drawn at random from the bag and rolled, its colour and the number on its 


uppermost face is noted. Describe the sample space for this experiment. [NCERT] 
2 boys and 2 girls are in room P and 1 boy 3 girls are in room Q. Write the sample space for 
the experiment in which a room is selected and then a person. [NCERT] 


A bag contains one white and one red ball. A ball is drawn from the bag. If the ball drawn is 
white it is replaced in the bag and again a ball is drawn. Otherwise, a die is tossed. Write the 
sample space for this experiment. 


. A box contains 1 white and 3 identical black balls. Two balls are drawn at random in 


succession without replacement. Write the sample space for this experiment. 


23. An experiment consists of rolling a die and then tossing a coin once if the number on the die 
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is even. If the number on the die is odd, the coin is tossed twice. Write the sample space for 


this experiment. [NCERT] 
A die is thrown repeatedly until a six comes up. What is the sample space for this 
experiment. [NCERT] 

ANSWERS 
S ={H,T} 


S ={HH, HT,TH,TT} 
S ={HHH, HHT, HTH, THH, HTT, THT, TTH, TTT} 
S ={HHHH, HHHT, HTHH, THHH, HHTH, HHTT, HTTH, TTHH, THHT, HTHT, 
THTH, TITH, TTHT, THTT, HTTT, TTIT} 
((1, 1), (1, 2), (1, 3), (1, 4), (1,5), (1, 6), (2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6) 
S = (3,1), (3, 2), (3, 3), (3, 4), (3,5), (3, 6), (4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6) 
(5, 1), (5, 2), (5, 3), ©, 4), (5, 5), (5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)} 


= (HH, TH,(HT, 1), (HT, 2), (HT, 3), (HT, 4), (HT, 5), (HT, 6), (IT, 1), (TT, 2), (TT, 3), 
(IT, 4), (TT, 5), (TT, 6) 
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10. S = {((T,1),(T, 2), (T, 3), (T, 4), (T, 5), (T, 6), (H, H), (H, T)} 
11. S = {((T, Rj), (T, Ro), (T, By), (T, By), (T, Bs), (H, 1), (H, 2), (H, 3), (H, 4), (H, 5), (H, 6) 
12. S = {T, HT, HHT, HHHT, HHHHT, 
13. S = {(R, B,),(R, By), (R, Bs), (B, , R), (B, , Bo), (By » B3), (Bo » By), (Bo, B3), (By , R), 
(Bz , R), (B3 , B,), (Bs , B>)} 
14. 42 
15. (TT, HT, (TH, 1), (TH, 2), (TH, 3), (TH, 4), (TH, 5), (TH, 6), (HH, 1), (HH, 2), (HH, 3), 
(HH, 4), (HH, 5), (HH, 6)} 

16. RR, RB, BR, BB 

17. S = {DDD, DDN, DND, NDD, DNN, NDN, NND, NNN} 

18. (i) S = ((B, , Bo), (By , Go), (G, , Bo), (G, , G>)} (ii) S = {0, Ale 2} 

19. S = {((R, 1), (R, 2), (R, 3), (R, 4), (R, 5), (R, 6), (B, 1), (B, 2), (B, 3), (B, 4), (B, 5), (B, 6) 

(W, 1), (W, 2), (W, 3), (W, 4), (W,5), (W, 6)} 

20. S = (P, By), (P, Bo), (P, G), (P, Go), (Q, B3), (Q, G3), (Q, G4), (Q, Gs)} 

21. S = ((W,W),(W, R), (R, 1), (R, 2), (R, 3), (R, 4), (R, 5), (R, 6)} 

22. S = {WB, BW, BB} 

23. S= {(2, H), (2, T), (4, H), (4, T), (6, H), (6, T), (1, HH), (1, HT), (1, TH), (1, TT), (3, HH), 

(3, HT), (3, TH), (3, TT), (5, HH), (5, HT), (5, TH), (5, TT)} 
24. S={6, (1, 6), (2, 6), (3, 6), (4, 6), (5, 6), (1, 1, 6), (1, 2, 6), (1, 3, 6), (1, 4, 6), (1,5, 6), 
(ae 6))(2) 216); (2)-316)y sas} 
33.4 EVENT 
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In the previous section, we have learnt about sample spaces associated with several random 
experiments. In this section, we will introduce an important term associated with a random 
experiment. 
EVENT A subset of the sample space associated with a random experiment is called an event. 
Consider the random experiment of throwing a die. The sample space associated with this 
experimentis S = {1, 2, 3, 4,5, 6}.Clearly, Shas 2° = 64 subsets. 


Each one of these 64 subsets is an event associated with the random experiment of throwing a 
die. 


For Example, A =(2, 4, 6, B={1, 3,5},C ={3, 4,5, 6},D ={1, 2, 6 etc. are events as they are 
subsets of S. 
These events A, B andC can also be described in words as follows: 


A = Getting an even number, B = Getting an odd number, 
C = Getting a number greater than 2 


However, there is no general description in words for the event D. Thus, we find that some 
events associated with a random experiment may be described in words. However, it is not 
possible for every event. 


Consider the experiment of tossing three coins at a time. The sample space S associated with this 
experiment is S = {HHH, HHT, THH, HTH, TTH, THT, HTT, TTT}. Let 
A = {HHT, HTH, THH},B = {HHH, HHT, HTH, THH} 
C = {HHH, HHT, HTH, THH,TTH, HTT, THT} and,D = {HHH, TTT, HTH) 
Clearly, A, B,C and D, being subsets of S, are events associated with the random experiment of 
tossing three coins (or tossing a coin three times). These events can also be described in words as 
follows: 
A =Getting two heads, B = Number of heads exceeds the number of tails, 
C =Getting at least one head. 


TT. ) ef) i 


ee nm 


es  ——— 


PROBABILITY 33.9 


But, event D cannot be described in words. 


REMARK Single element subsets of sample space associated with a random experiment define 
elementary events associated with the random experiment. 


OCCURRENCE OF ANEVENT An event A associated toa random experiment ts said to occur if any one 
of the elementary events associated to it is an outcome. 


Thus, ifan elementary event E is an outcome of a random experiment and A is an event such that 
E €A, then we say that the event A has occurred. 

Consider the random experiment of throwing an unbiased die. Let A be an event of getting an 
even number. Then, A = {2, 4, 6}. Suppose in a trial the outcome is 4. Since 4 € A, so we say that 
the event A has occurred. In another trial, let the outcome be 3, since 3 ¢ A, so we say that in this 
trial the event A has not occurred. 


Suppose a die is thrown and the outcome of the trial is 4. Then, we can say that each of the 
following events have occurred: 
(i) Getting a number greater than or equal to 2, represented by the set (2, 3, 4,5, 6} 
(ii) Getting a number less than or equal to 5, represented by the set {1, 2, 3, 4, 5}. 
On the basis of the same outcome, we can also say that the following events have not occurred: 
(i) Getting an odd number represented by the set {1, 3, 5} 
(ii) Getting a multiple of 3, represented by the set {3, 6}. 
Let us now consider the random experiment of throwing a pair of dice. If (2, 6) isan outcome ofa 
trial, then we can say that each of the following events has occurred: 
(i) Getting an even number on first die. (ii) Getting even numbers on both dice. 
(iii) Getting 8 as the sum of the numbers on two dice. 
However, on the basis of the same outcome, one can also say that following events have not 
occurred: 


(i) Getting a multiple of 3 on first die. (ii) Getting an odd number on first die. 
(iii) Getting a doublet. 


33.5 ALGEBRA OF EVENTS 


In this section, we shall see how new events can be constructed by combining two or more 
events associated to a random experiment. 
Let A and B be two events associated to a random experiment with sample space S. We define 
the event “A or B” which is said to occur if an elementary event favourable to either A or B or 
both is an outcome. In other words, the event “A or B” occurs if either A or B or both occur i.e. at 
least one of A and B occurs. Thus, “’A or B” is represented by the subset A U B of the sample 
space S. 
For example, in a single throw of a die consider the following events: 

A =Getting an even number, B = Getting a multiple of 3. 


These two events are described by the sets {2, 4, 6} and {3, 6} respectively. 
Clearly, 
A UB = Getting a number which is either even or a multiple of 3 or both ={2, 3, 4, 6. 


Similarly, if A, Band C are three events associated to a random experiment, then A U BUC 
denotes the occurrence of at least one of the three events. 
The event “A and B” is said to occur if an elementary event favourable to both A and B is an 
outcome. In other words, the event “A and B” occurs if A and B both occur. The event A and B is 
denoted by A 7 B. 
For example, in a single throw of a pair of dice if we define 

A =Getting an even number on first-die 
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and, B = Getting 8 as the sum of the numbers on two dice, 
Then, 


A © B = Getting an even number on first die such that the sum of the numbers is 8 
= {(2, 6), (6, 2), (4, 4)}. 


NEGATION OF ANEVENT Corresponding to every event A associated toa random experiment, we define 
an event “ not A” which is said to occur when and only when A does not occur. 


For example, ina single throw of a die if A denotes the event that the outcome is an odd number. 
Then A = {1, 3, 5}and A does not occur if the outcome is any one of the outcomes 2, 4, 6. Thus, the 
event “not A” is represented by the set A and is called thecomplementary event of A or 
negation of A. 


Sometimes the occurrence of one event implies the occurrence of other. For example, ina single 
throw of a die if A denotes the event that the outcome is 2 or 4 and B denotes the event that the 
outcome is even. Then, A = {2, 4} and B = {2, 4, 6}. Clearly, the occurrence of A implies the 
occurrence of B. For if 2 or 4 occurs, we say that the outcome is an even number. 


Thus, if the occurrence of an event A implies the occurrence of event B, then we say that “A 
implies B”’. Clearly, if A implies B, then we have A c B. 
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Verbal description of the event —__ Equivalent set theoretic notation _ 
Not A A 
A or B (at least one of A or B) AUB 
A and B ANB 
A but not B | AB 
Neither A nor B ANB | 
At least one of A, B or C AUBUC | 
Exactly one of A and B (ANB)U(A AB) 
All three of A, B and C ANBNOC 
Exactly two of A, B and C (AN BONC)VU(ANBOAC)U(ANBNC) 


In the above discussion and in the previous sections, we have seen that the events associated toa 
random experiment are generally described verbally, and it is very important to have the ability 
of conversion of verbal description to equivalent set theoretical notations. In the following table, 


we give verbal descriptions of some events and their equivalent set theoretic notations for ready 
reference. 


ILLUSTRATION [IfA, Band Care three arbitrary events. Find the expression for the events noted below, 
in the context of A, Band C. - 


(i) Only A occurs (ii) Both A and B, but not C occur 
(iii) All the three events occur (iv) At least one occurs 
(v) At least two occur (vi) One and no more occurs 
(vii) Two and no more occur (viii) None occurs 


(ix) Not more than two occur. 

SOLUTION (i) ANBAC (ii) ANBNC (iii) ANBOC (iv) AUBUC 
(v) (A NB) U(BAC) YV(ANC) UA ABC) 

(vi) (ANB OC)U(A NBOC) U(A OB AC) 

(vii) (ANBONC) Y¥ (A NBNC)U(ANB AC) 
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(vii) ANB AC =AUBUC aus eerie ‘4 
(ix) (ANBAC) UA ABOC)U(ANABAC)UARBAC)ULA ABAC) U(ANB NC). 
33.6 TYPES OF EVENTS 


Let there ben elementary events associated with a random experiment. Then the corresponding 
sample space has 1 elements and hence 2” subsets. Each subset of S is an event associated to the 
random experiment and the sample space is the universal set of these events. These 2” events are 
divided into different types on the basis of their nature of occurrence. In this section, we shall 
learn about such types. 


CERTAIN(OR SURE) EVENT Ani event associated with a random experiment is called a certain event if it 
always occurs whenever the experiment is performed. 

For example, associated with the random experiment of rolling a die, the event A “Getting an 
even number or an odd number” is a certain event. Clearly, this event is represented by the set 
(1, 2, 3, 4,5, 6} which is the sample space of the experiment. 

If Sis the sample space associated with a random experiment. Then, S, being subset of itself, 
defines an event. Also, every outcome of the experiment is an element of S, so the event 
represented by S always occurs whenever we perform the experiment. Consequently, the event 
represented by S is a certain event. 

Thus, the sample space associated with a random experiment defines a certain event. 


IMPOSSIBLE EVENT An event associated with a random experiment is called an impossible event if it 
never occurs whenever the experiment is performed. 


Consider the experiment of rolling a die. Let A be the event ‘““The number turns up is divisible by 
7”. Clearly, none of the possible outcomes 1, 2, 3, 4, 5, 6 is divisible by 7. So, the event A cannot 
occur at all. In other words, there is no outcome belonging to set representing event A.So, the set 
A is the null set. 


If Sis the sample space associated with a random experiment, then the null (empty) set ois a 
subset of Sand no outcome of the experiment is a member of 9. So, the event represented by gis 
an impossible event. 


COMPOUND EVENT Az event associated with a random experiment is a compound event, if it is the 
disjoint union of two or more elementary events. 


In other words, an event having more than one sample point is called a compound event. 


In fact, other than elementary events and impossible events associated with a random 
experiment, all events are compound events as they are obtained by combining two or more 
elementary events. 

For example, in a single throw of an ordinary die there are, 6 elementary events and the total 
number of events is 2° = 64.So, 2° —(6 +1) =57 is the total number of compound events. 
REMARK If there are n elementary events associated to a random experiment, then the sample space 
associated to it has n elements and so there are 2" subsets of it. Out of these 2" subsets there are n single 
element subsets. These single element subsets define n elementary events and the remaining 2" —(n + 1) 


subsets (excluding null set) define compound events. Some of these compound events can be described in 
words whereas for others there may not be any general description. 


If a pair of dice is thrown together, then there are 36 elementary events associated to this 
experiment. The sample space associated to this experiment is: 


S = {(1,1),(1, 2)....,(1, 6), (2,1) ,(2, 2)....,(2, ©), ...., (6,1) , (6, 2),....,(6, 6} 
If we define the event A as “Getting a doublet”. ie. A = {(1,1) ,(2, 2),....,(6, 6)} 
Clearly, it is a compound event obtained by combining 6 elementary events. 
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Similarly, the event B given by “Getting 8 as the sum” can be written as 
B = (2, 6) , (6, 2), (4, 4) , (3,5) , (5, 3)} 
It is also a compound event obtained by combining 5 elementary events. 
MUTUALLY EXCLUSIVE EVENTS Two or more events associated with a random experiment are said to 
be mutually exclusive or incompitable events if the occurrence of any one of them prevents the occurrence 
of all others i.e. , if no two or more of them can occur simultaneously in the same trial. 
Clearly, elementary events associated with a random experiment are always mutually 
exclusive, because elementary events are outcomes (results) of an experiment when it is 
performed and at a time only one outcome is possible. 
Consider the random experiment of rolling a die. Let A, B, C be three events associated with the 
experiment as given below: 
A = Getting an even number, B = Getting an odd number, C = Getting a multiple of 3. 
These events in set theoretical notations are: A = (2, 4, 6}, B = {1, 3,5} andC = (3, 6}. 
Clearly, ANB = 6, ANC #6,BNC#o andANBOC=%. 
So, A and B are mutually exclusive events but A andC as well as B andC are not mutually 
exclusive. However, A, B and C taken all the three together are mutually exclusive events. 
In the experiment of throwing a pair of dice events A =Getting 8 as the sum and B =Getting an 
even number on first die are not mutually exclusive, because A 4 B = (2, 6), (6, 2), (4, 4); #4 
Let two cards be drawn from a well-shuffled pack of 52 cards. Consider the following events: 
A = Getting both red cards, B = Getting both black cards. 
Clearly, A and Bare mutually exclusive events because two cards drawn cannot be both red and 
black at the same time. 
EXHAUSTIVE EVENTS Two or more events associated with a random experiment are exhaustive if their 
union is the sample space i.e. events A, , Ao,...., A, associated with a random experiment with sample 
space S are exhaustive if A; UAz U..U A, = S. 


Thus, a set of events associated with a random experiment is an exhaustive set of events if one of 
them necessarily occurs whenever the experiment is performed. 


It is evident from the above definition that all elementary events associated with a random 
experiment form a set of exhaustive events. 


Consider the experiment of drawing a card from a well shuffled deck of playing cards. Let A be 
the event ” card is red”’, B be the event “‘card is black.” Clearly, A and B are exhaustive events 
because A U B=S. 


In a single throw of an ordinary die, let us consider the following events: 

A, = Getting an even number = (2, 4, 6}, A> = Getting an odd number ={1, 3, 5}, 

Az =Getting a multiple of 3 ={3, 6}, A, = Getting a number greater than 3 ={4,5, 6} 

We observe that A; U Ap =S. Also, Ay U Ap UA3 U Ay =S. But, Ay U Ag # S.So, Aj and A> are 


exhaustive events. Also, A; ,A2,A3,4A,4 are exhaustive events but A, and Ag are not 
exhaustive events. 


MUTUALLY EXCLUSIVE AND EXHAUSTIVE SYSTEM OF EVENTS Let S be the sample space associated 


with a random experiment. A set of events A, , Ap ,..., Ay is said to form a set of mutually exclusive and 
exhaustive system of events if 


(i) Ay UAp... UA, = Sie. events Ay , Ad ,..., A, form an exhaustive set of events. 
(ii) A; A Aj = fori #j1.e. events A, , Ap,..., A, are mutually exclusive. 


Clearly, elementary events associated with a random experiment always form a system of 
mutually exclusive and exhaustive events. 
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In a single throw of a die, the events A = Getting an even number and, B = Getting an odd 
number are mutually exclusive and exhaustive events. 


Consider the experiment of drawing a card from a well-shuffled deck of 52 playing cards. Let 
A; , Ap , A3, Aq be four events defined as follows: 

A, = Card drawn is spades, Ay = Card drawn is clubs, 

A3 = Card drawn is hearts, Ay = Card drawn is diamonds 
Since the card drawn is one of the four types of cards, so one of these events surely occurs 
whenever the experiment is performed. Also, if one of these events occurs, the others cannot 
occur. So, Ay, Ay, A3 and Ay form a mutually exclusive and exhaustive system of events. 
Suppose a die is thrown once. Let A be the event “Getting a number greater than 3”, B be the 
event “Getting a number less than 5”. Then, A = {4,5, 6} and B = {1, 2, 3, 4}. Clearly, 
AUB=Sand A 1 B ={4} # ¢ So, events A and Bare exhaustive but not mutually exclusive. 


FAVOURABLE ELEMENTARY EVENTS Let S be the sample space associated with a random experiment 
and A be an event associated with the experiment. Then, elementary events belonging to A are known as 
favourable elementary events to the event A. 


Thus, an elementary event E is favourable to an event A if the occurrence of E ensures the 
happening or occurrence of event A. 


In a single throw of an ordinary die, let A be the event “Getting a multiple of 3’. Clearly, 
A = {3, 6}. So, there are two elementary events favourable to A. 


Consider the random experiment of throwing a pair of dice. Let A be the event “Getting 8 as the 
sum”. Then, A = {(2, 6), (6, 2), (4, 4), (5, 3),(3,5)}. Clearly, A occurs if any one of the 
elementary events (2, 6), (6, 2), (4, 4), (5, 3), and (3, 5) is an outcome of the experiment. So, all 
these elementary events are favourable to event A. 

Consider a random experiment of drawing 4 cards from a well-shuffled deck of 52 playing 
cards. There are °C 4 elementary events associated with this experiment as 4 cards can be drawn 
out of 52 cards in 2G) ways. Let A be the event “Getting all red cards”. There are 8G; 


elementary events favourable to A, because 4 red cards can be chosen out of 26 red cards in 26C, 
ways. In this case, it is not convenient to list all favourable elementary events. 


ILLUSTRATIVE EXAMPLES 


EXAMPLE1 An experiment consists of rolling die until a 2 appears. 
(i) How many elements of the sample space correspond to the event that the 2 appears on the kth 


roll of the die? 
(ii) How many elements of the sample space correspond to the event that 2 appears not later than 
the kt" roll of the die? [NCERT EXEMPLAR] 


SOLUTION (i) 2 appears on k® roll of the die means that each one of the first (k —1) rolls have 5 
outcomes (1, 3, 4, 5, 6) and kh roll results in 1 outcome i.e. 2. 


Number of elements of the sample space in the event = 5x5x...x5x1=5*71 
(k—1) times 


(ii) 2 appears not later than k roll means that 2 may appear in the first roll or in second 
roll or in third roll, ..., or in kt roll. 


From (i), the number of elements of the sample space corresponding to the event that 2 appears 


on the k™ roll of the die is 5*~1. . 
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Hence, The number of elements of the sample space corresponding to the event that 2 appears 
not later than the k'" roll of the die 


5*-1)_5*-1 
5-1 "a 
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EXAMPLE 2 An experiment involves rolling a pair of dice and recording the numbers that come up. 
Describe the following events. [NCERT] 
A = the sum is greater than 8, B =2 occurs on either die., C = the sum is at least 7 and a multiple of 3. 
Also, find ANB,BAC and ANC. 
Are: (i) Aand B mutually exclusive? (ii) Band C mutually exclusive? 
(iii) A and C mutually exclusive? 
SOLUTION The sample space associated with the given random experiment is given by 
S = {(1,1), (1, 2), (1, 3), (1, 4), (1,5), (1, 6), (2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6) 
(3, 1), (3, 2), (3, 3), (3, 4), (3,5), (3, 6), (4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6) 
(5, 1), (5, 2), 5, 3), (5, 4), (5, 5), (5, 6), (6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)} 
We have, 
A = The sum is greater than 8 
> A ={(3, 6), (4,5), (5, 4), (6, 3), (4, 6), (6, 4), (5,5), (6,5), (5, 6), (6, 6)} 
B =2 occurs on either die 


> B=((2, 1), (2, 2), (2, 3), (2, 4), (2,5), (2, 6), (1, 2), (3, 2), (4, 2), (5, 2), (6, 2)}- 
and, C=Thesum is atleast7 anda multiple of 3 
=> C = The sum is 9 or, 12.={(3, 6), (6, 3), (4,5), (5, 4), (6, 6)}. 


(i) Clearly, A MB = 9. So, A and Bare mutually exclusive events. 
(ii) Clearly, BAC = 9. So, BandC are mutually exclusive events. 
(iii) Clearly, AMC = {(3, 6), (6, 3), (4,5), (5, 4), (6, 6)} # 6. So, AandC are not mutually 
exclusive events. 
EXAMPLE3 Fromm a group of 2 boys and 3 girls, two children are selected at random. Describe the events. 
(i) A =both selected children are girls. (ii) B =the selected group consists of one boy and one girl. 
(iii) C =at least one boy is selected. 
Which pair (s) of events is (are) mutually exclusive? 
SOLUTION Let B; , B, be two boys and Gj; ,G,y ,G3 be three girls. Then, the sample space 
associated with the random experiment is 
S = {B, By , By Gy , By Gp , By Gg , By Gy , By Gp , By G3 , Gy Gy , Gy G3 , Gp G3} 
(i) We have, 
A = Both selected children are girls = {G, Gy , G; G3 , Gp G3} 
(ii) We have, 
B = The selected group consists of one boy and one girl. 
= B = {By G1, By G2 , By G3 , By Gy , By Gp , By Go} 
(iii) We have, 
C =At least one boy is selected = {B, By , B; Gy , By Gp , B, G3, By G; , By G2 , Bp G3} 
Clearly, AA B= and ANC =$¢ So, A and B, A andC are two pairs of mutually exclusive 


events. 


PROBABILITY 33.15 


EXAMPLE4 Two dice are thrown and the sum of the numbers which come up on the dice is noted. Let us 
consider the following events: [NCERT] 
A = The sum is even,B = The sum is multiple of 3,C = The sum is less than 4, 
D = The sum is greater than 11 
Which pairs of these events are mutually exclusive? 
SOLUTION The sample space associated with the random experiment is given in example 1. 
We have, 


A = Thesum is even 
= Thesum is either 2 or 4 or 6, or 8 or 10 or 12 
= {(1, 1), (2, 2), (1, 3), (1,5), (2, 4), (2, 6), (3, 1), (3, 3), (3, 5), (4, 2), (4, 4), (4, 6), 
(5, 1), (5, 3), (5, 5), (6, 2), (6, 4), (6, 6)} 
B = Thesum is a multiple of 3 
= The sum is either 3 or 6 or 9 or 12 
= {(1, 2), (2, 1), (1,5), (5, 1), (2, 4), (4, 2), (3, 3), (3, 6) , (6, 3), (4, 5), (5, 4), (6, 6)} 
C = Thesum is less than 4 =(The sum is 2 or 3 = ((1, 1), (1, 2), (2, 1)} 
D = The sum is greater than 11 = Thesum is 12 = {(6, 6)} 


We observe that AMB = (1,5), (2, 4), (3, 3), (4, 2), (5, 1), (6, 6)} # @ So, AandB are not 
mutually exclusive events. 


Similarly, we observe that ANC # 6,AQND#6,BNC#6,BOND# 9 and,CnD=p. 
Hence, C and D are mutually exclusive events. 


EXERCISE 33.2 


1. A coin is tossed. Find the total number of elementary events and also the total number 
events associated with the random experiment. 
2. Listall events associated with the random experiment of tossing of two coins. How many of 
them are elementary events? 
3. Three coins are tossed once. Describe the following events associated with this random 
experiment: [NCERT] 
A = Getting three heads, B = Getting two heads and one tail, 
C =Getting three tails, D =Getting a head on the first coin. 
(i) Which pairs of events are mutually exclusive? 
(ii) Which events are elementary events? 
(iii) Which events are compound events? 
4. Ina single throw of a die describe the following events: 
(i) A = Getting a number less than 7 (ii) B = Getting anumber greater than 7 
(iii) C = Getting a multiple of 3 (iv) D =Getting a number less than 4 
(v) E= Getting anevennumber greaterthan4 (vi) F = Getting anumbernotless than3. 
Also, find AUB,AAB,BNC,EQNF,DqFandF. 
5. Three coins are tossed. Describe 
(i) twoevents A and Bwhichare mutually exclusive. [NCERT] 
(ii) three events A, B and C which are mutually exclusive and exhaustive. 
(iii) two events A and B which are not mutually exclusive. 
(iv) two events A and B which are mutually exclusive but not exhaustive. 
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6. A die is thrown twice. Each time the number appearing on it is recorded. Describe the 
following events: 
(i) A =Both numbers are odd. (ii) B = Both numbers are even. 
(iii) C =sum of the numbers is less than 6 
Also, find A UB, AMB, AUC ,AAC.Which pairs of events are mutually exclusive? 
7. Two dice are thrown. The events A, B,C, D, E and F are described as follows: 
A = Getting an even number on the first die. 
B= Getting an odd number on the first die. 
; C = Getting at most 5 as sum of the numbers on the two dice. 
D = Getting the sum of the numbers on the dice greater than 5 but less than 10. 
E = Getting at least 10 as the sum of the numbers on the dice. 
F = Getting an odd number on one of the dice. 
(i) Describe the following events: A and B, BorC , BandC , A andE,AorF,AandF 
(ii) State true or false: 
(a) A and Bare mutually exclusive. 
(b) A and Bare mutually exclusive and exhaustive events. 
(c) A andC are mutually exclusive events. 
(d) C and D are mutually exclusive and exhaustive events. 
(e) C, D and E are mutually exclusive and exhaustive events. 
(f) A’ and B’ are mutually exclusive events. 
(g) A, B, F are mutually exclusive and exhaustive events. 
} 8. The numbers 1, 2, 3 and 4 are written separately on four slips of paper. The slips are then 
put in a box and mixed thoroughly. A person draws two slips from the box, one after the 
j other, without replacement. Describe the following events: 
() A = The number on the first slip is larger than the one on the second slip. 
B= The number on the second slip is greater than 2 
H C = The sum of the numbers on the two slips is 6 or 7 
| D = The number on the second slips is twice that on the first slip. 
i; Which pair(s) of events is (are) mutually exclusive? 
9. Acard is picked up from a deck of 52 playing cards. 
} (i) What is the sample space of the experiment? 
i (ii) What is the event that the chosen card is black faced card? 


ANSWERS 


1. 2,4 

2. {HH}, {HT}, {TH}, {TT}, (HH, HT}, {HH, TH}, (HH, TT}, {HT ,TH}, {HT, TT}, {TH, TT}, 
{HH, HT, TH}, {HH, AT, TT}, {HH, TH, TT), {HT, TH, TT}, (HH, HT, TH, TT} .4 

3. A = {HHH}, B = {HHT,THH, HTH},C = {TTT},D = {HHH, HHT, HTH, HTT} 


(i) A,B; A,C; B,C; C,D (ii) A andC Gii) Band D 

4. (i) A = {1,2, 3,4,5,6 (ii) (iii) C = {3,64 
(iv) D = {1,2, 3} (v) E = {6 (vi) F = {3,4,5, 6 
AUB = {1,2, 3,4,5,6, ANB=6,BOC = 6,ENF = {4,DF = {3},F = {1,2} 


5. (i) A= Getting at least two heads, B = Getting at least two tails. 
(ii) A = Getting at most one head, B = Getting exactly two heads, 
C = Getting exactly three heads. 
(iii) A = Getting at most two tails, B = Getting exactly two heads 
(iv) A = Getting exactly one head, B = Getting exactly two heads. 
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6. (i) A = {(1,1), (1, 3), (1,5), (3, 1), (3, 3), (3,5), 6, 1), (5, 3), ©, 5)I 
(ii) B = ((2, 2), (2, 4), (2, 6), (4, 2), (4, 4), (4, 6), (6, 2), (6, 4), (6, 6)} 
(ili) C = {(1, 1), (1, 2), (2, 1), (1, 3), (3, 1), (2, 2), (1, 4), (4, 1), (2, 3), (3, 2)} 
AUB = (1,1), (1, 3), (1,5), (3, 1), (3, 3), (3,5), 9, D, ©, 3), G, 5), (2, 2), (2, 4), (2, 6), 
(4, 2), (4, 4), (4, 6), (6, 2), (6, 4), (6, 6)} 
ANB=o 
AUC = {(1,1), (1, 3), (1,5), (3, 1), (3, 3), (3,5), 6, D, G, 3), (6,5), (1, 2), (1, 4), (2, 1), 
(2, 2), (2, 3), (3, 2), (4, D} 
AAC = (1, 1), (1,:3),(3,1}.and BaG =o. 
A and B, B and C are pairs of mutually exclusive events. 
7. (i) ANB = 6 
BUC = (1,1), (1, 2), (1, 3), (1, 4), 1, 5), (1, 6), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2) 
(3, 3), (3, 4), (3, 5), (3, 6), (4, 1), G, 1), S, 2), , 3), (S, 4), (5,5), (5, 6)} 
BAC = {(1,1), (1, 2), (1, 3), (1, 4) (3, 1), (3, 2)} 
ANE = (4, 6), (6, 4), (6,5), (6, 6)} 
AQF = ({(1, 2), (1, 4), (1, 6), (2, 1), (2, 2), (2, 3), (2, 4), (2,5), (2, 6), (3, 2), (3, 4), (3, 6), 
(4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6), G, 2), (5, 4), (5, 6), (6, 1), (6, 2), (6, 3), 
(6, 4), (6, 5), (6, 6)} 
AMF = (2,1), (2, 3), (2,5), (4, 1), (4, 3), (4,5), (6, 1), (6, 3), (6, 5)} 
(ii) (a) True, (b) True (c) False (d) False (e) True (f) True (g) False 
» A = (2, 1), (3, 1), (3, 2), (4, 1), (4, 2), (4, 3)},B = (C1, 3), (2, 3), (1, 4), (2, 4), (3, 4), (4, 3)} 
C = (2, 4), (3, 4), (4, 2), (4, 3)},D = {(1, 2), (2, 4} 
A and D form a pair of mutually exclusive events. 
(i) The sample space is the set of 52 cards. 
(ii) Required event is the set of jack, king and queen of spades and clubs. 
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. We have, 
A ={HHH}, B= {HHT, HTH, THH},C = {ITT}, D = {HHH, HHT, ATH, HTT} 
(i) We observe that AN B=o6, ANC =obutAnD#o 
So, A, B and A, C are pair of simutally exclusive events. 
Also, B NC = obut B ND # ¢ So, B, C is a pair of mutually exclusive events. 
Finally, C 7D =9.So,C and D form a pair of mutally exclusive events. 


| (ii) Clearly, HHH and TTT may be outcomes of the random experiment of tossing three 
| coins. So, A and C are elementary events. 


| (iii) We observe that events B and D are obtained by combining more than one elementary 
events. So, B and D are compound events. 


de 


The smple space associated to the random experiment of tossing three coins is 

S = {HHH, HHT, THH, HTH, HTT, THT, TTH, TIT} 

(i) Clearly, A = {HHT,THH, HHT} and B={ITH, THT, HTT} are mutually exclusive 
events. 

: (ii) We observe that A = {HHH, TTT}, B = {HHT, HTH, THH} and C = {HTT, THT, TTH} 
| are exhaustive and mutually exclusive events. Because, AN B=6=BAC =C QA and 
! AUBUCSS. 


(iii) We observe that the events A = {HHH, HHT, HTH, THH} and B = {HHT,THH, 
HTH, HTT, THT, TTH, TTT} are not mutuually exclusive, because A 7 B+ d. 
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(iv) Events A = {HHT, HTH, THH} B={TTT,TTH, HTT, THT}are mutually exclusive but 
not exhausive as A V1 B= obut A UB+# S. 


33.7 AXIOMATIC APPROACH TO PROBABILITY 


The axiomatic approach to probability is deduced from the mathematical concepts laid down in 
the previous sections. It is based upon certain axioms. In this approach, for a given sample space 
associated to a random experiment, the probability is considered as a function which assigns a 
non-negative real number P(A) to every event A. This non-negative real number is called the 
probability of the event A. 

PROBABILITY FUNCTION Let S = {wj,W,W3,....,W,) be the sample space associated to a random 
experiment, Then a function P which assigns every event A < S to a unique non-negative real number 
P(A) is called the probability function, if the following axioms hold: 

Axiom 1: 0<P (w;) $1 forallw; €S 

Axiom 2: P(S) =1i.e., P (w,) + P(w) +....+ P (w,) = 1. 

Axiom 3: For any event A<S,P(A) = > P (w,), the number P (w,) is called the probability of 

elementary eventw,.  - weeA 
Consider the experiment ‘tossing a coin’. The sample space associated to this random 


experimentisS = {H,T}. If weassign the number 5 to each of the outcomes (elementary events) 
H and T ie. P(H) = ; and P (T) = > Then this assignment satisfies first two axioms i.e. 
0 <P (H) $1,0<P(T) <1, and P (H) + P(T) => + ; =1. So, P is the probability function on S 
and we can say that the probability of getting head is ; and the probability of getting tail is also 


= If we assign the number to H and : toTi.e.P(H) = - and P (T) = = This assignment also 


defines a probability function on S = {H,T}. However, if we take P (H) = ; and P (T) = = 


Then this assignment is not a probability function on S = {H, T}. 
ILLUSTRATION Let S ={w1,W2W3W4,Ws5,We} be a sample space. Which of the following 


assignments of probability to each outcome are valid? [NCERT] 
Outcomes or 
Elementary events: W W> W3 Wy, Ws We 
se : 1 1 1 1 1 1 
Probabilities: (i) ; z % % 2 7 
(ii) 1 0 0 0 0 0 
ti co eh ee rr 
8 3 3 3 4 4 
12 12 6 6 6 2 
(v) 0.1 0.2 0.3 0.4 0.5 0.6 
SOLUTION (i) We have, P (w;) = 2 WEA Oepreayas 


0 <P (w,) <1 for allw; €S ; 
and, P (wi) + P (wo) +... + P (We) Seat ot I 


Hence, the assignment of the probabilities is valid. 
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(ii) We have, 
P(w1) = 1, P (wo) = P(w3) = P (wy) = P (ws) = P (we) = 0 
0<P(w;) <1 forall w; eS 

Also, P(w,) + P (w2) + P (w3) + P (wy) + P (ws) + P (we) = 1 

Hence, the assignment of the probabilities is valid. 

(iii) We have, 


P(ws) = == <0 and P (we) = -= <0 


So, axiom 1 is not satisfied. Hence, the assignment of the probabilities is not valid. 


(iv) We have, P (we) = 5 >1. 


So, axiom 1 is not satisfied. Hence, the assignment of the probabilities is not valid. 
(v) We observe that axiom 1 is satisfied. But, 
P (w 1) + P(w2) + P (w3) + P (wg) + P (W5) + P(e) =014+02+0.34+04+05+4+06=21 £1. 
So, axiom 2 is not satisfied. Hence, the assignment is not valid. 
LetS = {w,,w,...,W,}be the sample space associated to a random experiment such that all 


the outcomes (elementary events) w1, W2,W3, ..., Wy, are equally likely to occur i.e. the chance of 
occurrence of each elementary event is same. i.e. P (w;) = p for allw; e Swhere 0 <p <1. 


Using axiom 2, we have 
i 
> P (w;) =1> pt+pt...+p =1=> np =1> p= z: 
i=] (11-times) 1 


If A is an event such that 7 elementary events are favourable to A. Then, 


P(A) = >, P(w,) 


WeEA 
= a ee : 
a n ——— 
m-—times 
m _ Favourable number of elementary events 
> P(A) = = = — 
} Total number of elementary events 


Thus, we have the following definition of probability of an event when all the elementary events 
are equally likely to occur. 


PROBABILITY OF ANEVENT If there are n elementary events associated with a random experiment and 
m of them are favourable to an event A, then the probability of happening or occurrence of A is denoted by 


P (A) and is defined as the ratio ioe 
n 
Thus, P(A) = ~ 
n 


Clearly, 0 < m <n. Therefore, 
0<@<1 => 0<P(A)<1 
n 


If P(A) =1, then A is called certain event and A ts called an impossible event, if P (A) =0. 
The number of elementary events which will ensure the non-occurrence of A i.e. which ensure 


the occurrence of A is (n —m). Therefore, 


Aj 





————————— 
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= P(A) =1 we 
n 
=> P(A) = 1-P(A) 
=> P(A)+P(A) = 
The odds in favour of occurrence of the event A are defined by m:(n —m) i.e. P (A): P (A) and 


the odds against the occurrence of A are defined by n —m:mi.e. P (A): P (A). 
ILLUSTRATIVE EXAMPLES 


Type I PROBLEMS BASED ON CONSTRUCTION OF SAMPLE SPACE 
EXAMPLE1 Find the probability of getting a head in a toss of an unbiased coin. 


SOLUTION The sample space associated with the random experiment is S = {H, T}. 
Total number of elementary events = 2. 


We observe that there are two elementary events viz. H,T associated to the given random 
experiment. Out of these two elementary events only one is favourable i.e. H. 
Favourable number of elementary events =1 


Hence, required probability =— 


EXAMPLE2 Ina simultaneous toss of two coins, find the probability of getting: 
(i) 2 heads (ii) exactly one head (iii) exactly 2 tails 
(iv) exactly one tail (v) no tails. 


SOLUTION The sample space associated to the given random experiment is given by 
S = {HH, HT,TH,TT} 

Clearly, there are 4 elements in S. 
Total number of elementary events = 4. 

(i) There is only one elementary event i.e. HH favourable to the given event 


90, required probability = . : 
(ii) We observe that exactly one head can be obtained in two ways: HT or, TH. 
So, favourable number of elementary events = 2. 


Hence, required probability = - = ; ; 


(iii) Exactly 2 tails can be obtained in one way i.e. TT.So, favourable number of elementary 
events =1. 


Hence, required probability = — 
(iv) Exactly one tail can be Sci in one of the following two ways: HT, TH 
; Favourable number of elementary events = 2. 


Hence, required probability =7 = : 


(v) There is only one elementary event viz. HH favourable to the event “getting no tails”. 
So, required probability = a 


EXAMPLE3_ Three coins are tossed once. Find the probability of getting: 


(i) all heads (ii) at least two heads (iii) at most two heads 
(iv) no heads (v) exactly one tail (vi) exactly 2 tails 


(vii) a head on first coin. 
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SOLUTION Let S be the sample space associated with the random experiment of tossing three 
coins. Then, S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}. 


Clearly, there are 8 elements in S. 
Total number of elementary events = 8. 
(i) There is only one elementary event, namely HHH, favourable to the given event. 
<< 1 
Required probability = 3" 


(ii) At least two heads can be obtained if we obtain one of the following elementary events as an 
outcome: HHH, HHT, HTH, THH 


Favourable number of elementary events = 4. 


Hence, required probability == = 


Nie 


(iii) At most two heads can be obtained in any one of the following ways: 
BAT, TH, HTH, ATT TH Tie 


Favourable number of elementary events = ; 
(iv) “Getting no heads” means “Getting all tails’’. So, there is only one elementary event viz. 
TTT favourable to the given event. 
Hence, required probability = 5 
(v) Elementary events favourable to “Getting exactly one tail” are: HHT, THH, HTH. 
Favourable number of elementary events = 3 
Hence, required probability = : 
(vi) Elementary events favourable to “Exactly 2 tails” are: HTT, THT, TTH. 
Favourable number of elementary events = 3 
Hence, required probability =— 


(vii Ahead on first coin can be obtained in one of the following ways: HTT, HHH, HTH, HHT. 
Favourable number of elementary events = 4. 


| Hence, required probability = ' = 5 

j  EXAMPLE4 A die is thrown. Find the probability of getting: 

' (i) an even number (ii) a prime number 

| (iii) a number greater than or equalto3 _—_ (iv) a number less than or equal to 4 

. (v) a number more than 6 (vi) a number less than or equal to 6. 

| SOLUTION The sample space associated with the random experiment of rolling a die is given by 


| $= {1,2, 3,4,5, 6. Clearly, there are 6 elements in S. 
Total number of elementary events = 6. 
| (i) An even number is obtained, if we obtain any one of 2, 4, 6 as an outcome. 


So, favourable number of elementary events = 3. 
Hence, required probability = - = 

(ii) A prime number is siuahed if we get any one of 2, 3,5 as an outcome. 
So, favourable number of Se events = 3. 


Hence, required probability = — = 2-5 . 





" 


= 


Ee 


33.22 MATHEMATICS-XI 


(iii) A number greater than or equal to 3 is obtained, if we get any one of 3, 4,5, 6 as an 
outcome. 


So, favourable number of elementary events = 4 
si +} 2 

Hence, required probability = fas 3: 

(iv) A number less than or equal to 4 is obtained, if we get any one of 1, 2, 3, 4 as an outcome. 


So, favourable number of elementary events = 4 


Hence, required probability =- ae 


3 
(v) Since no face of the die is marked with a number greater than 6. 
So, favourable number of elementary events = 0 


oe 0 
Hence, required probability = an 0. 
In fact, the given event is an impossible event. So, probability of its occurrence is zero. 


(vi) Since every face of a die is marked with a number less than or equal to 6. 
So, favourable number of elementary events = 6. 


Hence, required probability -< = 1. 


In fact, the given event is a certain event. So, probability of its occurrence is 1. 


EXAMPLE5 Two dice are thrown simultaneously. Find the probability of getting: 


(i) an even number as the sum (ii) the sum as a prime number 
(iii) a total of at least 10 (iv) a doublet of even number 
(v) a multiple of 2 on one dice and a multiple of 3 on the other dice 
(vi) same number on both dice (vii) a multiple of 3 as the sum 


SOLUTION When two dice are thrown together the sample space S associated with the random 
experiment is given b 
Saul) eesti O) 9.22.1), (2, 2)'7.-07 (2, 0),.(3, 1), (3, 2):,---»(3,:6), 
(4, 1), (4, 2) ,..., (4, 6), (5, 1), (5, 2) , ..., (5, 6), (6, 1), (6, 2) ,..-, (6, 6)} 
Clearly, total number of elementary events = 36. 


(i) Let A be the event “getting an even number as the sum” i.e., 2, 4, 6,8, 10, 12 as the sum. Then, 
A = {(1, 1), (1, 3), (3, 1), (2, 2), (1, 5), (5, 1), (3, 3), (2, 4), (4, 2), (3, 5), (5, 3), (4, 4), 
(6, 2), (2, 6), (5, 5), (6, 4), (4, 6), (6, 6)} 
Favourable number of elementary events = 18 


So, required probability = = = ; . 
(ii) Let A be the event “getting the sum as a prime number.. i.e., 2, 3, 5, 7, 11 as the sum. Then, 
A = {(1, 1), (1, 2), (2, 1), (1, 4), (4, 1), (2, 3), (3, 2), (1, 6), (6, 1), (2, 5), (5, 2), (3, 4), (4, 3), 


(6, 5), (5, 6)} 
Favourable number of elementary events = 15 
So, required probability = ee 


(iii) Let A be the event “getting a total of at least 10” i.e., 10, 11, 12 as the sum. Then, 
A = {(6, 4), (4, 6), (5, 5), (6, 5), (5, 6), (6, 6)} 
Favourable number of elementary events = 6 


| eee = ee een Ses CEES § BS eNom ewes ica et Reet: 
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So, required probability = = = & 


(iv) Let A be the event “getting a doublet of even number”. Then, A = {(2, 2), (4, 4), (6, 6)} 
Favourable number of elementary events = 3 


So, required probability = = = >: 


(v) Let A be the event “getting a multiple of 2 on one die and a multiple of 3 on the other’. Then, 
A = {(2, 3), (2, 6), (4, 3), (4, 6), (6, 3), (6, 6), (3, 2), (3, 4), (3, 6), (6, 2), (6, 4)} 
Favourable number of elementary events = 11 
So, required probability = xe 
(vi) Let A be the event “getting the same number on both the dice”. Then, 
A = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)} 
Favourable number of elementary events = 6 


So, required probability = - = = 


(vii) Let A be the event “ getting a multiple of 3 as the sum” 3, 6, 9, 12 as the sum. Then, 
A = {(1, 2), (2, 1), (1, 5), (5, 1), (2, 4), (4, 2), (3, 3), (3, 6), (6, 3), (5, 4), (4, 5), (6, 6)} 
Favourable number of elementary events = 12 


12 aarewl 
So, required probability = — = —. 
EXAMPLE6 A fair coin with 1 marked on one face and 6 on the other and a fair die are both tossed, find 
the probability that the sum of numbers that turn up ts (1) 3 (it) 12. ([NCERT] 


SOLUTION The sample space S associated to the given random experiment is given by 
S = {(1,1), (1, 2), (1, 3), (1, 4), (1,5), (1, 6), (6, 1), (6, 2), (6, 3),(6, 4), (6, 5), (6, 6)} 
Total number of elementary events =12. 

(i) Let A be the event that the sum of the number is 3. Then, A = {(1, 2)} 


Favourable number of elementary events = 1 


Hence, required probability = P(A) = = 


(ii) Let B denote the event that the sum of the numbers is 12. Then, B = {(6,6)}. 
Favourable number of elementary events =1 


Hence, required probability = 5 


EXAMPLE 7 Suppose each child born is equally likely to be a boy or a girl. Consider the family with 
exactly three children. 


(a) List the eight elements in the sample space whose outcomes are all possible gender of three children. 
(b) Write each of the following events as a set and find its probability: 


(i) The event that exactly one childisagirl. _ (ii) The event that at least two children are girls. 
(iii) The event that no child is a girl. 


SOLUTION (a) All possible genders of three children are: 
BBB, BBG, BGB, GBB, BGG, GBG, GGB, GGG 
So the sample space Sis given by S = { BBB, BBG, BGB, GBB, BGG, GBG, GGB, GGG }. 


4 
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(b) (i) Let A denote the event “Exactly one child is a girl”. Then, A ={BBG, BGB, GBB} 
Clearly, favourable number of elementary events to A is 3. 


Hence, P (A) =— 


(ii) Let Bdenote the event that at least two children are girls. Then, B = {BGG, GBG, GGB, GGG} 


Clearly, favourable number of elementary events to Bis 4. 
1 


4 
Hence, P(B) =—=— 
ence, P(B) BO 
(iii) Let C denote the event: “No child is a girl”. Then, 
C ={BBB} and favourable number of elementary events to C is 1. 


Hence P(G)— * 


EXAMPLES Find the probability that a leap year, selected at random, will contain 53 Sundays. 
SOLUTION Ina leap year there are 366 days. 

366 days = 52 weeks and 2 days. 
Thus, a leap year has always 52 Sundays. The remaining 2 days can be: 


(i) Sunday and Monday, (ii) Monday and Tuesday, (iii) Tuesday and Wednesday, 
(iv) Wednesday and Thursday, (v) Thursday and Friday, (vi) Friday and Saturday, 
(vii) Saturday and Sunday. 


If S is the sample space associated with this experiment, then S consists of the above seven 
points. 


Total number of elementary events = 7. 


Let A be the event that a leap year has 53 Sundays. In order that a leap year, selected at random, 
should contain 53 Sundays, one of the ‘over’ days must be a Sunday. This can be in any one of 
the following two ways: 


(i) Sunday and Monday (ii) Saturday and Sunday 
Favourable number of elementary events = 2. 


Hence, required probability = — 


EXAMPLE9 Three dice are thrown together. Find the probability of getting a total of at least 6. 


SOLUTION Since one die can be thrown in six ways to obtain any one of the six numbers 
marked on its six faces. Therefore, if three dice are thrown, the total number of elementary 
events = 6x 6x 6=216. 


Let A be the event of getting a total of at least 6. Then, A denotes the event of getting a total of 
Oe than 6 i.e., 3, 4, 5. 

= {(, 1, 1), (1, 1, 2), (1, 2, 1), (2, 1, 1), (1, if 3), (1, 3; 1), (3, ib 1), (1, 2; 2), (2, 1 2), (2, 2; 1)} 
So, Senta number of elementary events = 10 


P(A) = 36 


10 10 103 
—P(A — => P(A —— = —_,, 
= 1—P(A) = 216 Ses 216 «108 


EXAMPLE 10 What is the probability that a number selected from the numbers 1, 2, 3, ..., 25, is prime 
number, when each of the given numbers is equally likely to be selected? 


SO eS rr eee 
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SOLUTION Let S be the sample space associated with the given experiment and A be the event 
“selecting a prime number”. Then,S = {1,2,3,...,25} and A = {2,3,5, 7,11, 13, 17, 19, 23} 
. Total number of elementary events = 25 and, Favourable number of elementary events = 9 


Hence, required probability = = 


EXAMPLE11 Tickets numbered from 1 to 20 are mixed up together and then a ticket is drawn at random. 
What is the probability that the ticket has a number which is a multiple of 3 or 7? 


SOLUTION Let S be the sample space associated with the given random experiment and A 
denote the event “getting a ticket bearing a number which is a multiple of 3 or 7’. Then, 

S = {1,2,...,20} and A = (3, 6,9, 12, 15, 18, 7, 14} 

Total number of elementary events = 20 

Favourable number of elementary events = 8 

Hence, required probability =8 /20=2/5 


EXAMPLE 12 A coin is tossed. If head comes up, a die is thrown but if tail comes up, the coin is tossed 
again. Find the probability of obtaining: 


(i) two tails (ii) head and number 6 (iii) head and an even number, 
SOLUTION The sample space S associated with the given random experiment is 
S = {(H, 1), (H, 2), (H, 3), (H, 4), (H, 5), (H, 6), (T,H), (7, T)} 
Clearly, it has 8 elements. 
Total number of elementary events = 8 
(i) If the outcome is (T, T), then we say that two tails are obtained. 
Favourable number of elementary events = 1 


Hence, required probability = 4 


(ii) Head and the number 6 is obtain in only one way i.e. when the outcome is (H, 6) 
Favourable number elementary events = 1 


Hence, required probability -- 


(iii) Head and an even number can be obtained in any one of the following ways: 
(H, 2), (H, 4), (H, 6). 
Favourable number of elementary events = 3 


Hence, required probability = =. 


EXAMPLE 13 One urn contains two black balls (labelled B1 and B2) and one white ball. A second urn 
contains one black ball and two white balls (labelled W1 and W2). Suppose the following experiment is 
performed. One of the two urns is chosen at random. Next a ball is randomly chosen from the urn. Then a 
second ball is chosen at random from the same urn without replacing the first ball. 


(i) Write the sample space showing all possible outcomes. 
(ii) What is the probability that two black balls are chosen? 
(iii) What is the probability that two balls of opposite colour are chosen? [NCERT EXEMPLAR] 
SOLUTION (i) Let the contents of first urn be W, B1, B2, and that of second urn be B, W1, W2. 


When two balls are drawn in succession from first urn, we may get any one of the followi - 
Outcomes as an Outcome: 
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WB1, WB2, B1, B2, BIW, B2W, B2B1 


Similarly, when we draw two balls in succession from the second urn, we may obtain any one of 
the following as an outcome: 


BW1, BW2, W1B, W1W2, W2W1, W2B 
Thus, the sample space S is 
S ={WB1, WB2, B1B2, B1W, B2W, B2B1, BW1, BW2, W1BW1W2, W2W1, W2B} 
(ii) We obtain two black balls if the outcome is one of the following outcomes: B1B2, B2B1. 
Favourable number of elementary events = 2 
Hence, required probability = = = = 
(iii) Two balls of opposite colour can be drawn in any one of the following outcomes: 
WB1, WB2, B1W, B2W, BW1, BW2, W1B, W2B 
Favourable number of elementary events = 8 
Hence, required probability = = = S. 
NOTE Consider an experiment of drawing 2 cards froma pack of 52 cards. The sample space associated 
with this experiment consists of ZG, = 1426 points and therefore it is not easy to list all the elements of 
the sample space. So, in future we will not be writing the sample space associated with the given random 
experiment. 


EXAMPLE 14 On her vacations Veena visits four cities A, B, C and D in a random order. What is the 
probability that she visits: 


(i) A before B? (ii) A before B and B berfore C? 
(iii) A first and B last? (iv) A either first or second? 
(v) A just before B? [NCERT] 


SOLUTION Veena can visit four cities A, B,C and D in any one of the following orders: 

ABCD, ABDC, ACDB, ACBD, ADBC, ADCB, BACD, BADC, BCAD, BCDA, BDAC, BDCA, 

CABD, CADB, CBDA, CBAD, CDAB, CDBA, DABC, DACB, DBCA, DBAC, DCAB, DCBA 
Total number of arrangements (orders) in which Veena can visit four cities A, B, C 
and D is 4! = 24. 

(i) Out of these 24 ordered arrangements Veena can visit city A before city B in the following 

arrangements: 

ABCD, ABDC, ACDB, ACBD, ADBC, ADCB, CABD, CADB, CDAB, DABC, DACB, DCAB 


So, there are 12 ways in which Veena can visit city A before city B. 


Required probability = a oh. 


2 
(ii) Veena can visit A before B and B before C in any one of the following four ways: 
ABCD, ABDC, DABC, ADBC 
4 1 
i bility = — =— 
Required probability yar: 
(iii) Veena can visit city A first and city B last in any one of the following two ways: 
ACDB, ADCB 
eg) Be the 
Required probability = mA 12 


s,s ) = "RR term & 
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(iv) Veena can visit city A first in 3! ways or city A second in 3! ways. 


Number of ways in which Veena can visity city A either first or second = 3!+ 3!=12 
12 1 
Required probability = — =— 
q probabilityes =n 
(v) Taking AB together A, B, C, D can be arranged in 3! ways. 
3!. 1] 
So, required probability = — =— 
quired probability => 7 
EXAMPLE15_ A die has two faces each with number ‘1’, three faces each with number ‘2’ and one face 
with number ‘3’. If die is rolled once determine: [NCERT] 
(i) P (2) (ii) P (1 or 3) (iii) P (not3) 
SOLUTION Total number of elementary events = 6. 


(i) Out of six faces, 3 faces are marked with number 2. 
By 
P (2) =— == 
(2) ay 
(ii) Two faces are marked with number 1 and one face with number 3. Therefore, a face marked 
with 1 or 3 can be chosen in 3 ways. 
1 


Aion 3) ae 
6: red 


(iii) There is only one face marked with number 3. Therefore, P (3) = - 


Hence, P (not 3) =1 —P (3) =1 -2=2 


EXAMPLE 16 What is the probability that a randomly chosen two-digit integer ts a multiple of 3? 


SOLUTION 2-digit positive integers are 10, 11, 12, ..., 98, 99. These are 90 numbers out of 
which one number can be chosen in 90 ways. 


Total number of elementary events = 90. 
Out of these 90 numbers, 30 numbers (12, 15, 18, ..., 96, 99) are multiples of 3. One number out of 
these 30 numbers can be chosen in 30 ways. 


Favourable number of elementary events = 30. 


Hence, required probability = o = = 


Type IT PROBLEMS BASED UPON COMBINATIONS OR SELECTIONS 
EXAMPLE17 One card is drawn from a pack of 52 cards, each of the 52 cards being equally likely to be 
drawn. Find the probability that the card drawn ts: 
(i) an ace (ii) red (iii) either red or king (tv) red and a king. 
SOLUTION Out of 52 cards, one card can be drawn in °C, ways. 
Total number of elementary events = 2G = 52. 
(i) There are four aces in a pack of 52 cards, out of which one ace can be drawn in 4; ways. 
Favourable number of elementary events = aC 1 = 4. 
sk 4 1 
So, required probability = Eo, aah 
(ii) There are 26 red cards, out of which one red card can be drawn in a6 ways. 
Favourable number of elementary events = se = 26. 


So, required probability = = =F 


ee Ee 


_— 
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(iii) There are 26 red cards including 2 red kings and there are 2 more kings. Therefore, there are 
28 cards which are either red or king, out of 28 car sk one can be drawn in “Cy ways. 


Favourable number of elementary events = 78C, = 28. 


So, required probability = ae shay 


52° 18. 
Gv) There are 2 cards which are red and king i.e., 5S kings. 
Favourable number a elementary events = 2G, =2 
. 1 
So, required probability = 5 Se 
EXAMPLE18 An urn contains 9 red, 7 white and 4 black balls. If two balls are drawn at random, find the 
probability that: 
(i) both the balls are red, (ii) one ball is white 
(iii) the balls are of the same colour (iv) one is white and other red. 
SOLUTION There are 20 balls in the bag out of which 2 balls can be drawn in 20C, ways. 


So, total number of elementary events = 20C, = 190. 
(i) There are 9 red balls out of which 2 balls can be drawn in 2c ways. 


Favourable number of elementary events = teh = 36. 
36 _ 18 

190 95 
(ii) There are 7 white balls out of which one white can be drawn in 7G, ways. One ball from the 
remaining 13 balls can be drawn in ““C; ways. Therefore, one white and one other colour ball 
can be drawn in CG, ie C, ways. 


So, required probability = 


So, favourable number of Seon events =’C 1x 1S, 


fOx Se, 91. 

2c, 190 
(iii) Two balls drawn are of the same colour means that either both are red or both are white or 
both are black. Out of 9 red balls two red balls can be drawn in 7C> ways. Similarly, two white 


balls can be drawn from 7 white balls in ”C> ways and two black balls from 4 black balls in 4c, 
ways. Therefore, 


The number of ways of drawing 2 balls of the same colour = 7C, +7C, + 4C, = 36 + 21+ 6=63 
Favourable number of elementary events = 63. 


So, required probability = os 


(iv) Out of 7 white balls one white ball can be drawn in 7C; ways and out of 9 red balls one red 
ball can be drawn in 7C, ways. Therefore, 


One white and one red ball can be drawn in 7 C, x °C, ways. 


Hence, required probability = 


So, favourable number of elementary events = 7C,x ?C, = 63. 

So, required probability = 63/190. 

EXAMPLE19 A box contains 10 red marbles, 20 blue marbles and 30 green marbles. Five marbles are 

drawn from the box, what ts the probability that (i) all will be blue? (ii) at least one will be green? 
[NCERT] 


SOLUTION Out of 60 marbles, 5 marbles can be drawn in Oc. ways. 
Total number of elementary events = °C, 


(i) Out of 20 blue marbles, 5 blue marbles can be chosen in ol oe ways. 


Se eee —— 
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Favourable number of ways = 0c. 
20 
=_SS 


5 


Hence, required probability = 


(ii) Clearly, 
Required probability =1 — Probability that no ball is green 


30 
= 1 —Probability that 5 balls drawn are red or blue. =1 — rt 
fs) 
EXAMPLE 20 In a lottery 10,000 tickets are sold and ten equal prizes are awarded. What is the 
probability of not getting a prize if you buy (i) 1 ticket (ii) two tickets (111) 10 tickets. [NCERT] 


SOLUTION (i) Out of 10,000 tickets, one ticket can be chosen in LOO G 1 = 10000 ways. 
ate are 9990 tickets not containing a prize. Out of these 9990 tickets one can be chosen in 
ac 1 Ways. 
9990 999 


Probability of not getti Le NK 
robability of not getting a prize 10000 1000 


(ii) Out of 10,000 tickets, two tickets can be chosen in tO es ways. As there are 9990 tickets 
without any prize. Therefore, two drawn tickets thee net contain any prize, if they are chosen 


from the remaining 9990 tickets. This can be done i in ? asl Os ways. 
S ae 
0, required probability =~ 
P Ly 100m Ga 


(iii) 10 tickets can be drawn out of 10,000 tickets in UGH, ways. There are 9990 tickets 
without any prize. Out of these tickets 10 tickets can be chosen in FG 19 ways. So, 10 drawn 
tickets will not contain any prize, if they are chosen from the remaining 9990 tickets. 


9990 Cip 


Hence, required probability =—=>555 C 
10 


EXAMPLE 21 The number lock ofa suitcase has 4 wheels, each labelled with ten digits t.e. from 0 to 9. The 
lock opens with a sequence of four digits with no repeats. What is the probability of a person getting the 
right sequence to open the suitcase. [NCERT] 


SOLUTION There are Ae x 4!=5040 sequences of 4 distinct digits out of which there is only 
one sequence in which the lock gi 
Required probability = E040 
EXAMPLE 22 Out of 100 students, two sections of 40 and 60 students are formed. If you and your friends 
areamong the 100 students, what is the probability that [NCERT] 
(i) you both enter the same section? (ii) you both enter the different sections? 
SOLUTION Out of Me students, two sections of 40 and 60 students can be formed in 


100 60 
Cay x Ceo = ray FN ways. 


(i) You and your friend can be in the same section in 7B Cag x Cen + “= x 


_ (981 
60! 38! un ae 


— 
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PO Ne BOly 
60! 38! 58! 40! 
peincetlOO! ras 
60! 40! 
_ 40x 39 | 60x59 _17 
100x 99  100x 99 33 


Probability that you and your friend enter the same section = 


(ii) Required probability =1 — Probability that you and your friend enter the same section 


EXAMPLE 23 Four cards are drawn at random from a pack of 52 playing cards. Find the probability of 
getting 


(i) all the four cards of the same suit (ii) all the four cards of the same number 
(iii) one card from each suit (iv) two red cards and two black cards 
(v) all cards of the same colour (vi) all face cards. 


SOLUTION Four cards can be drawn from a pack of 52 cards in °7C4 ways. 
So, total number of elementary events = 52C, 


(i) There are four suits viz. club, spade, heart and diamond, each of 13 cards. All the four cards 
are of the same suit means that either four cards drawn are club cards or spade cards or heart 
cards or diamond cards. So, the Oral number of ways of getting all the four cards of the same suit 
is $c, + 8c, + Sc, 4 8c, =4 (8c,) 

4(°C4) _ 198 

520 4 20825 





So, required probability = 


(ii) Four cards drawn can be of the same number in any one of the following ways: 
(1, 1, 1), (2) 2, 2, 2), (8, 3, 3,3), «., (13, 13, 13, 13) 
Favourable number of elementary events = 13. 


: 13 13 
So, required probability =—— = 
2 
52c, 270725 





(iii) There are four suits each of 13 cards. One card from each suit means that there is one 
diamond card, one club card, one apes card and one heart card. There are 13 diamond cards, 
out of which one can be selected in ““C, ways. Similarly, one club, one spade and one heart, each 
can be selected in ““C ways. 


. The number of ways of selecting 4 cards, one from each suit = °C 1x “IE 1% =e 1% We 1 
=(3¢,)4 
(8C)* _ 2197 
LAG) 20825 


(iv) There are 26 red cards and 26 black cards. Out of 26 red cards, 2 cards can be drawn in 26C, 
ways. Similar any; 2 black cards can be drawn in7°C, ways. Therefore, 2 red and 2 black cards can 
be drawn in 7°C, x °c, ie 


SS ereies 
So, required pr obability = eta 


So, required probability = 





(v) There are two colours viz. red and black. out of 26 red colour cards, 4 cards can be drawn in 
26C,, ways. 4 black cards can be drawn in 2 C4 ways. Therefore, 4 red or 4 black cards can be 


drawn in 76Cq + 26C4 = 2 (7°C4) ways. 


no aa 
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9 Gees) 


So, required probability = 52 


4 


(vi) There are 12 face cards (4 kings, 4 queens and 4 jacks). Out of these 12 face cards, 4 cards can 
be selected in !2C4 ways. 


Favourable number of elementary events = /7C, 
we) 
So, required probability = 5c 
4 
EXAMPLE 24 Ina lottery of 50 tickets numbered 1 to 50, two tickets are drawn simultaneously. Find the 
probability that: 


(i) both the tickets drawn have prime numbers, (ii) none of the tickets drawn has prime number, 
(ili) one ticket has prime number. 


SOLUTION Out of 50 tickets 2 tickets can be drawn in %C> ways. 


So, total number of elementary events = "C5 = 1225 





(i) There are 15 prime numbers between 1 and 50 viz. 2,3, 5,7, 11,13, 17, 19, 23, 29, 31, 37, 41, 43, 
47, Out of these 15 prime numbers 2 numbers can be selected in “Cz ways. 

Favourable number of elementary events = a Ge = 105 

Py 10521 
So, required probability = qooR | ORE 
(ii) Number of non-primes from 1 to 50 = 50-15 =35. Out of these 35 numbers 2 can be selected 
in™C, ways. 

Favourable number of elementary events = 240% = 595 
Pea 
122R 5 
(iii) Out of 15 primes from 1 to 50, one prime number can be selected in 15C, ways. Therefore, 
one prime and one non-prime can be selected in Ee 1* “16 1 Ways. 


So, required probability = 


Favourable number of elementary events = eat OF es © 1 =025 
525 3 
So, required probability = —— = — 
quired probability, =" ana 


EXAMPLE 25 Four persons are to be chosen at random from a group of 3 men, 2 women and 4 children. 
Find the probability of selecting: 


(i) 1 man, 1 woman and 2 children (ii) exactly 2 children (iii) 2 women 


SOLUTION There are 9 persons viz. 3 men, 2 women and 4 children. Out of these 9 persons 4 
persons can be selected in “C4 = 126 ways. 


Total number of elementary events = 126 
(i) 1man, 1 woman and 2 children can be selected in eG; x 2G; x 765 = 36 ways. 
Favourable number of elementary events = 36 


So, required probability = —— =— 


(ii) Exactly 2 children means: 2 children out of 4 children and 2 persons from 5 persons 
consisting of 3 men and 2 women. This can be done in 4C, x °C ways. 


Favourable number of elementary events = eG “i eG; (ay 


; ail 
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So, required probability = oe = ~ 


(iii) We have to select 4 persons of which 2 are women and the remaining 2 are chosen from 7 
persons consisting of 3 men and 4 children. This can be done in “C> x “C5 ways. 


Favourable number of elementary events = *C x Won =21 

7k al 
126 6 
EXAMPLE26 A box contains 10 bulbs, of which just three are defective. If a random sample of five bulbs 
is drawn, find the probabilities that the sample contains: 

(i) exactly one defective bulb, (ii) exactlytwo defective bulbs, (iii) no defective bulbs. 

SOLUTION Out of 10 bulbs 5 can be chosen in 1°Cs5 ways. 

So, total number of elementary events = }°C; 


(i) There are 3 defective and 7 non-defective bulbs. The number of ways of selecting one 
defective bulb out of 3 and 4 non-defective out of 7 is 3C 1x 1G. 


So, required probability = 


Favourable number of elementary events = <6 1x 46 4 
er x 'G, #0 om 


(ii) The number of ways of selecting 2 defective bulbs out of 3 defective bulbs and 3 
non-defective bulbs out of 7 non defective bulbs is ee x7C 3° 


So, required probability = 


Favourable number of elementary events = 16: 2x “oe 3 


3 7 
So, required probability = — = = 
5 
(iii) No defective bulbs means all non-defective bulbs. The number of ways of selecting all 5 
non-defective bulbs out of 7 is “Cs. 


Favourable number of elementary events = Gr 
7 
So, required probability = <2 = - 
) 
EXAMPLE 27 Five marbles are drawn from a bag which contains 7 blue marbles and 4 black marbles. 
What ts the probability that: (i) all will be blue? (ii) 3 will be blue and 2 black? 
SOLUTION There are 7 + 4 = 11 marbles in the bag out of which 5 marbles can be drawn in 
1c. wa 
5 ys. 
Total number of elementary events = Gus 


(i) There are 7 blue marbles out of which 5 blue marbles can be drawn in 7 Cs ways. 
Favourable number of elementary events = Ke 


7 
‘ Hanes c = 71 516! 4 
Hence, required probability Spa iC, a” a 


(ii) Three blue out of 7 blue balls and 2 black out of 4 black balls can be drawn in 7C3 x 4C, 


ways. 
Favourable number of elementary events = 7 Cy x 4C, 


(GaGa. Zl At Six 61. 5 


bility = Saas = 
Hence, required probability ace 3141 2121" 4a! 1 
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EXAMPLE 28 Find the probability that when a hand of 7 cards is dealt from a well-shuffled deck of 52 
cards, it contains: (i) all 4 kings (ii) exactly 3 kings (iii) at least 3 kings. 


SOLUTION Out of 52 cards froma deck of 52 playing cards, 7 cards can be drawn in 2G ways. 


Total number of elementary events = 20, 


(i) There are 4 kings. Therefore, 4 kings out of 4 kings and 3 other cards from the remaining 48 
cards can be chosen in sf Ca x oC ways. 


Favourable number of elementary events = aC 4% = 3 


7c, x iat o's ~ 1 


Hence, required probability = = 
a v 1 7735 


(ii) Three kings out of 4 kings and 4 other cards out of remaining 48 cards can be chosen in 
+ 48 
C3x “C4 ways. 


Favourable number of elementary events = 2¢ 3 x 2Gy 


*Ca x te s 9 


Hence, required probability = 
q P sae! eG 1547 


(iii) When 7 cards are drawn from a deck of 52 playing cards, then getting at least 3 kings 
means: getting 3 kings and 4 other cards or getting 4 kings and 3 other cards. This can be done in 


aC. x AGA + "Cx x aa. ways. 
Favourable number of elementary events = 4c, AG 4+ "Ga x SC 3 


4c, BC 46g 70 Gg 46 


Hence, required bability = cavbsi. 
q probability 5G 7735 


EXAMPLE 29 In a single throw of three dice, determine the probability of getting 
(i) a total of 5 (ii) a total ofat most 5 (iii) a total of at least 5. 

SOLUTION Total number of elementary events associated with the random experiment of 
throwing three dice simultaneously is 6x 6x 6 = 216. 
(i) A total of 5 can be obtain in one of the following ways: 

(1,1, 3), (3,1,1), (1, 3,1), (2, 2,1), G, 2,2), (2,1, 2) 

Favourable number of elementary events = 6 

6 1 


Hence, required probability = AiG 36 

(ii) A total of at most 5 can be obtained in any one of the following ways: 
(1, 1 1), (1, it 2), (2, 1, 1), (1, Py, Li); (1, Ur 3), (1, 3, 1), (3, Ly 1), (1, 2, 2), (2, 1, 2), (2, 2, 1) 
Favourable number of clemienaey events = 10 


Hence, required probability = 316 108 


(iii) Let A be the event “getting a total of at least5”. Then, * 
P(A) =1—P(A) =1—P (Getting a total of at most 4) 

A total of at most 4 can be obtained in any one of the following ways: 
(1,1,1), (1,1, 2), (2,1,1), (1, 2, (\ aeres 

So, Favourable number of elementary events to A is 4. 


— 4 4 4 212 53 
P(A)=—- > 1-PlA)= 59g ? P=) “216 54 


a re . 


comers 


Pte ee 


ie 
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Type II PROBLEMS BASED UPON PERMUTATIONS OR ARRANGEMENTS 
EXAMPLE 30 If the letters of the word ALGORITHM are arranged at random in a row what ts the 
probability that the letters GOR must remain together as a unit? [NCERT EXEMPLAR] 


SOLUTION There are 9 letters in the word ALGORITHM. These 9 letters can be arranged ina 
row in 9! ways. 


Total number of elementary events = 9! 
Considering GOR as one letter there are 7 letters which can be arranged in a row in 7! ways. 
Favourable number of elementary events = 7! 


vA 
H } ired probability =— = — 
ence, requl Pp ility 91° 79 
EXAMPLE31 If the letters of the word ‘ATTRACTION’ are written down at random, find the 
probability that (i) all the T's occur together (ii) no two T's occur together. 


SOLUTION The total number of arrangements of the letters of the word ‘ATTRACTION’ is 
10! 


312! 
(i) Considering three T's as one letter there are 8 letters consisting of two identical A's. These 8 
letters can be arranged in a ways. 


8! 
Hence, required probability ee ee 


(ii) Other than 3 T's there are 7 letters which can be arranged in f ways. There are 8 places, 6 


between the 7 letters and one on extreme left and the other on extreme right. To separate three 
T's, we arrange them in these 8 places. This can be done in °C 3 ways. Therefore, 
1 
Number of ways in which no two T's are together -= x 5c 3 
! 
- x 8c 3 
Hence, required probability = =D cS 
3!2! 


EXAMPLE 32 Ai five digit number is formed by the digits 1, 2, 3, 4, 5 without repetition. Find the 
probability that the number is divisible by 4. 


SOLUTION Total number of five digit numbers formed by the digits 1, 2, 3, 4, 5 is 5!. 
Total number of elementary events = 5! = 120. 


We know that a number is divisible by 4 if the number formed by last two digits is divisible by 4. 
Therefore last two digits can be 12, 24, 32, 52 that is, last two digits can be filled in 4 ways. But 
corresponding to each of these ways there are 3! = 6 ways of filling the remaining three places. 
Therefore the total number of five digit numbers formed by the digits 1, 2, 3, 4, 5 and divisible by 
4is4x 6=24 
Favourable number of elementary events = 24 
24 1 
ired probability = —— = = 
So, required probability Tee 
Type III PROBLEMS BASED UPON COMBINATIONS OR SELECTIONS 
EXAMPLE33 Out of 9 outstanding students in a college, there are 4 boys and 5 girls. A team of four 
students is to be selected for a quiz programme. Find the probability that two are boys and two are girls. 


7 
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SOLUTION Out of 9 students 4 students can be selected in Cy ways. 
So, total number of elementary events = C4. 


There are 4 boys and 5 girls out of which 2 boys and 2 girls can be selected t in n'C 2x Es ways. 
So, favourable number of elementary events = *e> x 2G; 


+ 5 
Hence, required probability = 2h 2 10 
Cy 21 


EXAMPLE 34_ [na lot of 12 Microwave ovens, there are 3 defective units. A person has ordered 4 of these 
units and since each is identically packed, the selection will be random. What ts.the probability that (i) all 4 
units are good. (ii) exactly 3 units are good (iii) at least 2 units are good. [NCERT] 


SOLUTION Out of 12 Microwave ovens, 4 can be chosen in !7C 4 Ways. 
Total number of elementary events = ey 

(i) There are 9 good units out of which 4 can be chosen in Gy ways. 
Favourable number of elementary events = {ey 


“Cs 14 1é 


Hence, required probability = = 





(ii) Exactly 3 good units can be chosen in 2¢ 3 x °Cy ways. 
°C3x 5C, _ 28 


Required probability = 
quired p ility 2, 75 


9 3 
C,x °C 1 54 
iii) Required probability =1— P ( At most one unit is good) = 1 -—L. 3. =1-— = — 
(iii) Required p ility ( good) 2¢, 55° 55 
EXAMPLE 35 Ina relay race there are five teams A, B,C, D and E. 

(i) What is the probability that A, Band C finish first, second and third respectively. 

(ii) What is the probability that A, Band C are first three to finish (in any order). [NCERT] 
SOLUTION Out of 5 teams first three positions can be occupied by 3 teams in any order in 
26 3 x 3! ways. 

So, total number of elementary events = i 3 x 3!=60 
(i) Teams A, Band C can finish first, second and third in only one way, because there is only one 


ae order. 
Favourable isla of elementary events = 1 


So, required probability = — 


(i) Teams A, B and C ge at first three places in any order in 3! ways. 
Favourable ae of elementary events = 3!=6 
1 


So, required probability = = =n 


TypeIV MISCELLANEOUS PROBLEMS 


EXAMPLE36 A card is drawn from an ordinary pack of 52 cards and a gambler bets that, itis a Sade! or 
an ace. What are the odds against his winning this bet? 


SOLUTION Let A be the event of getting a spade or an ace froma pack of 52 corde THE, 
Total number of elementary events = 32¢, =52 





ea at eee 
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Since there are 13 spade cards including an ace of spade and three aces other than an ace of 
spade. 
: Favourable number of elementary events = 16C, = 16 


SOD AN mine = —., 
52, 13 
Hence, odds against A are P(A):P(A) = . = 924 


EXAMPLE 37 The odds in favour of an event are 3 : 5. Find the probability of occurrence of this event. 


SOLUTION It is given that the odds in favour of an event are 3:5. Therefore, 
Favourable number of elementary events = 3x 

Unfavourable number of elementary events = 5x. 

So, total number of elementary events = 3x + 5x = 8x. 


Hence, probability of the occurrence of the event = = = . 
x 


Type V MIXED PROBLEMS ON PROBABILITY 


EXAMPLE38_ A letter is chosen at random from the word ‘ASSASSINATION. Find the probability that 
letter is (i) a vowel (ii) a consonant. [NCERT] 


SOLUTION There are 13 letters in the word ‘ASSASSINATION’ out of which there are 6 vowels 
viz., A, A, 1, A, I, O and 7 consonants. 

Total number of ways of selecting a word from 13 letters is =13. 

Number of ways of selecting a vowel out of 6 vowels = 6 

Number of ways of selecting a consonant out of 7 consonants = 7. 


P (Selecting a vowel) = <. and, P (Selecting a consonant) =— 


EXAMPLE 39 If the letters of the word ASSASSINATION are arranged at random. Find the probability 
that 


(i) Four S’s come consecutively in the word. (ii) Two I’s and two N’s come together. 
(iii) All A’s are not coming together. (iv) No two A‘s are coming together. 
| [NCERT EXEMPLAR] 
SOLUTION There are 13 letters in the word ASSASSINATION out of which there are 3A’s 48's 
2I's 2N’s, one O and one T. These 13 letters can be arranged in a row in sai ways. 
(i) Considering 4S's as one letter there are 10 letters (3A's, 2I's, 2 N's, one O; one T and one letter 


formed by 45's). These 10 letters can be arranged in Rippin ways. 


10! 


SIQIQtil1t1! 4! 
P (4S's come consecutively) = aos eee 


13! 143 
314!2!2!1!1! 


4! 
(ii) Two I's and two N's can be put together in —— ty 


f 
there are 10 letters which can be arranged in a row in —"— ways. 


—— ways. Considering these 4 letters as one, 


PROBABILITY 33.37 





Number of arrangements in which two I's and two N's come together = air x pe 
ae LO! 
31212! 
aun 
' 312! 2! 2 
Hence, P (Two I's and two N's come together) = —,,— =—— 
As! 143 
3141212! 
(iii) Considering all A's as one letter, there are 11 letters which can be arranged in a row in 
——— ways. 
4!2!2! 
fee 
» aI a 
P (All A's come together) = Tale 98 
3! 4!2!2! 
; ; ime 20 
Hence, P (All A's are not coming together) =1 Sapae 


(iv) Other than 3 A's there are 10 letters (45's, 2I's 2N's, one O and one T). These 10 letters can be 


arranged in a row in ways. In each arrangement of these 10 letters there are 11 places 





412!2! 
which can be filled by 3 A's in ie 3 Ways. 
Number of arrangements in which no two A's come together = wa xi 3 
__ 10! , il! 
41212! gia! 
a 
1212! gi3! 
Hence, P (No two A's are coming together) = ne = se 
31412121 


EXAMPLE 40 In a lottery, a person choses six different natural numebrs at random from 1 to 20, and tf 
these six numbers match with the six numbers already fixed by the lottery committee, he wins the prize. 
What is the probability of winning the prize in the game? 


SOLUTION Out of 20 numbers six numbers can be chosen in 7? Ce ways. 
Total number of elementary events = 2 Ge = 38760 


It is given that a persons wins the prize if six selected numbers match with the six numbers 
already fixed by the committee. 
ne Favourable number of ways = 1 

1 


38760 
EXAMPLE 41 A typical PIN (personal identification number) is a sequence of any four symbols chosen 


from the 26 letters in the alphabet and the ten digits. If all PINs are equally likely, what is the probability 
that a randomly chosen PIN contains a repeated symbol? 


SOLUTION Itis given that a PIN isa sequence of four symbols selected from 36 (26 letters and 10 
digits) symbols. Therefore, 


Total numbers of PINs = 36x 36x 36x 36 = 364 =1,679, 616 





Hence, required probability = 
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Total number of PINs with distinct symbols = 36x 35x 34x 33 =1,413,720. 
The number of PINs that contain at least one repeated symbol = 1,679,616 —1,413,720 


= 2,65,896 
Hence, 
hs 2,65,896 
The probability that a randomly chosen PIN contains a repeated symbol = 1 679 616 
= 0.1583 


EXAMPLE 42 If 4-digit numbers greater than or equal to 5000 are randonily formed from the digits 0, 1, 
3, 5 and 7, what is the probabilty of forming number divisible by 5 when 

(i) the digits may be repeated (ii) the repetition of digits is not allowed. [NCERT] 
SOLUTION (i) Total number of 4-digit numbers formed from the digits 0, 1, 3, 5 and 7 and 
greater than or equal to 5000 is 2x 5x 5x5 = 250. 


25,0 20 


A number is divisible by 5, if units digit is 0 to 5. Therefore, number of 4 digit numbers formed 
from the digits 0, 1,3, 5 and 7, divisible by 5 and greater than or equal to 5000 is2 x 5x 5 x 2 =100 
Probability of forming a number divisible by 5 = x =< 
(ii) If repetition of digits is not allowed, then the total number of 4 digit numbers formed from 
the digits 0, 1,3,5 and 7is2x 4x 3x 2=48. 
Now, 
Number of 4 digit numbers divisible by 5 having 0 at one’s place = 2x 3x 2x 1=12 
Number of 4 digit numbers divisible by 5 having 5 at one’s place =1 x 3x 2x 1=6 
Number of 4 digit numbers with distinct digits and divisible by 5 =12 + 6 =18 
USiaae 


Hence, probability of forming a number divisible by 5 = Tian 


EXAMPLE 43 A fair coin is tossed four times,and a person wins Re 1 foreach head and lose Rs. 1.50 
for each tail that turns up. From the sample space calculate how many different amounts of money you can 
have after four tosses and the probability of having each of these amounts. [NCERT] 


SOLUTION The sample space associated with the random experiment of tossing four coins is 
given by 
S={HHHH, HHAT, HHTH, THHH, HTHH, HHTT, TTHH, HTHT, HTTH, THTH, 
THHT,TTHT, HTTT, THTT, TTTH, TITT} 
Let Rs X be the amount won by the person in a single throw of four coins. 
If the person gets 4 heads in a throw of four coins, then amount won =f (4x 1) =% 4ie. X =4. 
If the person gets 3 heads and one tail in a throw of four coins, then amount won 
== (3x1 -150x1)=¥150 ie.,X =150 
If the person gets 2 heads and 2 tails in a throw of four coins, then amount won 
=< (2x1 -—150x 2) =—¥1 ie. amountlost = -1 
If the person gets 1 head and 3 tails in a throw of four coins, then amount won/lost 
. =%(1x1-—3x1.50) =— 3.50. So, X =— 3.50 
If the person gets all tails in a throw of 4 coins, then amount lost 
=< (0—4x 1.50) =—< 6i.e.,,X =—6 
Now, P(X =4) =Probability of getting all heads = xz 
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P (X =1.50) = Probability of getting 3 heads and 1 tail = < =5 
P (X =—1) = Probability of getting 2 heads and 2 tails = = : 
P (X =— 3.50) = Probability of getting 1 head and 3 tails = “- =< 


and, P(X =—6) =Probability of getting all tails = - 


EXAMPLE 44 Three letters are dictated to three persons and an envelope is addressed to each of them, the 
letters are inserted into the envelopes at random so that each envelope contains exactly one letter. Find the 
probability that at least one letter is in its proper envelope. [NCERT] 
SOLUTION Three letters can be inserted in three envelopes in 3! = 6 ways. 
Let us now find the number of ways of inserting 3 letters in three envelopes so that no letter is 
put in proper envelope. 
Number of ways of inserting 2 letters in 2 envelopes so that no letter is in proper envelope = 1 
‘. Number of ways of inserting 3 letters in 3 envelopes so that no letter is in proper envelope 
= Total number of ways of inserting 3 letters in 3 envelopes 
— Number of ways in which one letter is in proper envelope and remaining two 
are in wrong envelopes 
— Number of ways in which all are in proper envelopes 
= 3!-9C,x1-1 = 6-3-1=2 
‘. Probability that at least one letter is in its proper envelope 


= 1 —Probability that no letter is in its proper envelope =1 -< => 


EXAMPLE45 A word consists of 9 letters; 5 consonants and 4 vowels. Three letters are chosen at random. 
What is the probability that more than one vowel will be selected? 


SOLUTION Three letters can be chosen out of 9 letters in 7C 3 Ways. 
Total number of elementary events = "C 3 


More than one vowels can be chosen in one of the following ways: 
(i) 2 vowels and one consonant or, (ii) 3 vowels. 
So, favourable number of elementary events = *Cy x °C, + 4C3 
+ 5 4 

Hence, required probability = ae ee all 

C3 42 
EXAMPLE 46 A bag contains 50 tickets numbered 1, 2, 3, ..., 50 of which five are drawn at random and 
arranged in ascending order of magnitude (x1 < X2 < X3 < X4 < X5). Find the probability that x3 = 30. 


SOLUTION Five tickets out of 50 can be drawn in °°Cs ways. 
Total number of elementary events = aM he 


Since x1 < X2 < x3 < xX4 < X5 and x3 = 30. Therefore, x1, x2 < 30 i.e., x; and x» should come from 
tickets numbered 1 to 29 and this may happen in 77C) ways. Remaining two i.e., x4, x5 > 30, 
should come from 20 tickets numbered from 31 to 50 in 2°C> ways. 


Favourable number of elementary events = zis( x Gs 
cox, 551 


Hence, required probability = _ 
Ne 2 ato 15134 
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EXAMPLE47_ A bag contains tickets numbered 1 to 30. Three tickets are drawn at random from the bag. 
What is the probability that the maximum number on the selected tickets exceeds 25? 


SOLUTION _Itis given that the maximum number on the selected tickets exceeds 25. This means 
that at least one of the selected tickets should bear a number that exceeds 25. Note that the 
negation of ‘at least one’ is none and in this case it will be easier for us to find the probability that 
none of selected tickets bear number exceeding 25. 


Let A be the event that none of the selected tickets bear number exceeding 25. Then, A denotes 
the event that at least one of the selected tickets bears a number that exceeds 25. 


Required probability =P (A ) =1-P (A) 

Now, we calculate P (A). 

The total number of ways of drawing three tickets out of 30 is Cs. 
Total number of elementary events = NG; 


Since none of the selected tickets bear number exceeding 25. Therefore, three tickets are drawn 
from tickets bearing number 1 to 25. This can be done in 2°C3 ways. 


Favourable number of elementary events = te 3 


25 
Sone RA) = aes = ibs 
C3 203 
; oe — 115 88 
Hence, re ed probability = P(A) = 1-—-—— = — 
eee ie 203 203 


EXAMPLE 48 Twelve balls are distributed among three boxes, find the probability that the first box will 
contain three balls. 


SOLUTION Since each ball can be put into any one of the three boxes. So, the total number of 
ways in which 12 balls can be put into three boxes in 312. Out of 12 balls, 3 balls can be chosen in 
ZG 3 Ways. Put these three balls in the first box and put remaining 9 balls in the remaining two 
boxes, which can be done in 2? ways. 

90, the total number of ways in 3 balls can be put in the first box and the remaining 9 in other two 
boxes is 12C 3 x 22. 

Ze 3 x De 


Hence, required probability = 312 


EXAMPLE 49 Find the probability that the birth days of six different persons will fall in exactly two 
calender months. 


SOLUTION Since each person can have his birth day in any one of the 12 calender months. So, 
there are 12 options for each person. 


Total number of ways in which 6 persons can have their birth days 
=12x12x12x12x12x12=12° 
Out of 12 months, 2 months can be chosen in *C, ways. 
Now, birth days of six persons can fall in these two months in 2° ways. Out of these 2° ways, 


there are two ways when all six birth days fall in one month. So, there are (2° — 2) ways in which 
six birth days fall in the chosen 2 months. 


- Number of ways in which six birth days fall in exactly two calender month =c, x (2° — 2) 
12C, x(2°-2) _ 341 


ired probability = 
Hence, required probability = —2-"; ——" = — 
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EXAMPLE 50 Three dice are thrown simultaneously. Find the probability that: 

(i) all of them show the same face. (ii) all show distinct faces. (iii) two of them show the same face. 
SOLUTION The toal number of elementary events associated to the random experiment of 
throwing three dice simultaneously is 6 x 6x 6 = 6 


(i) All dice show the same face in one of the following mutually exclusive ways : 
(1,1, 1), (2, 2, 2), (3, 3, 3,), (4, 4, 4), (5, 5,5), (6, 6, 6) 
So, favourable number of elementary events = 6. 
6 1 


Hence, required probability = Po) San 
(ii) The total number of ways in which all dice show different faces is equal to the number of 
ways of arranging 6 distinct objects by taking three at a time i.e. te 3 x 3!. 
So, favourable number of elementary events = 6C 3x3! 
2G 3x3! 5 
6° 9 
(iii) Select anumber which occurs on two dice out of the six numbers 1, 2, 3, 4, 5,6 marked on 
the six faces of a die. This can be done in °C 1 ways. Now, select a number from the remaining 5 


Hence, required probability = 


numbers which occurs on the remaining one die. This can be done in 2G 1 ways. Now, we have 


three numbers like 1, 1, 2 ; 2, 2, 5-etc. These three digits can be arranged in =; ways. 


' 
So, the favourable number of elementary events = 6C 1* °C 1% 3 


2! 
90 5 

Hence, required probability = — = — 

nce, required p uity 2s 12 
EXAMPLE 51 What is the probability that in a group of 
(i) 2 people, both will have the same birth-day? (ii) 3 people, at least two will have the same birth-day? 
assuming that there are 365 days in a year and no one has his/her birth day on 29th February. 
SOLUTION (i) First person may have any one of the 365 days of the year as a birth day. 
Similarly, second person may have any one of 365 days of the year as a birth day. 


So, the total number of ways in which two persons may have their birth days = 365 x 365 = 3657 


The number of ways in which two persons have the same birth-day = 365. 
365 1 
Hence, ired probability = —— = —— 
ence, required probability Bpee 365 


(ii) Let A be the event ‘’At least two people have the same birth day’’. Then, 


A = Notwoor more people have the same birth day = All the three persons have 


distinct birth-days. 
a 365 x 364x 363 364x 363 
122 er 
365 365 
Hence, required probability =1—P (A) =1- — 


EXAMPLE52 If n biscuits are distributed among N beggars, find the chance that a particular beggar will 
get r (< n) biscuits. 


SOLUTION Since a biscuit can be given to any one of N beggars. Therefore, each biscuit can be 


distributed in N ways. 


aos et He GE 8 


= 2: 





. 
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So, total number of ways of distributing 1 biscuits among N beggars = N x Nx ...x N=N". 
n— times 
Now, r biscuits can be given to a particular beggar in "C, ways and the remaining ( —r) biscuits 
can be distributed to (N —1) beggars in (N-1)"” ways. Thus, the number of ways in which a 
particular beggar receives r biscuits is "C, x (N—-1)""”. 
ud Co x (N —1)"" 
N" 


EXAMPLE53 Thi letters of word ‘SOCIETY’ are placed at random ina row. What is the probability that 
three vowels come together? 


Hence, required probability = 


SOLUTION There are7 letters in the word ‘Society’. These 7 letters can be arranged ina row in 7! 
ways. 

Total number of elementary events = 7! 
There are 3 vowels viz. O, I, E in word ‘SOCIETY’. Considering these three vowels as one letter 
we have 5 letters which can be arranged in a row in 5! ways. But, three vowels O, I, E can be put 
together in 3! ways. Therefore, the total number of arrangements in which three vowels come 
together is 5!x 3!. 
So, favourable number of elementary events = 5!x 3! 
SIx sl - 4 
7! 7 
EXAMPLE 54 Find the probability that in a random arrangement of the letters of the word 
‘UNIVERSITY’ the two I’s come together. 
SOLUTION The total number of words which can be formed by permuting the letters of the 


1 
word ‘UNIVERSITY’ is = as there are two I's. 





Hence, required probability = 


Total number of elementary events = a 
Regarding 2I’s as one letter, number of ways of arrangement in which both I's are together = 9! 
Favourable number of elementary events = 9! 
: 9! 1 
Hence, d probability = == 
ence, required probability O21 5 
EXAMPLE55 Six new employees, two of whom are married to each other, are to be assigned six desks that 
are lined up in a row. If the assignment of employees to desks is made randomly, what is the probability 
that the married couple will have non-adjacent desks? [NCERT EXEMPLAR] 
SOLUTION Six employees can be seated in row in six desks in 6! ways. Married couple can 
occupy adjacent seats in the following 5 ways. 
1-2,2-3,3-4,4-5,5-6, 
Also, they can interchange their seats and the remaining 4 seats can be occupied by remaining 4 
employees in 4! ways. 
: Number of ways in which married couple will have adjacent seats = 5 x 2! x 4! 
So, Number of ways in which married couple will have non-adjacent seats = 6! — 5 x2! x 4! 


= 480. 





? 111 = 480 = 2 
Hence, required probability = 703 


—,_, 
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EXAMPLE 56 In how many ways, can three girls and nine boys be seated ii two vans, each having 
numbered seats, 3 in the front and 4 at the back? How many seating arrangements are possible if 3 girls 
should sit together in a back row on adjacent seats? Now, if all the seating arrangements are equally likely, 
what is the probability of 3 girls sitting together in a back row on adjaceiit seats? 

SOLUTION Each van has 7 seats. So, there are 14 numbered seats in two vans. 


The total number of ways in which 3 girls and 9 boys can sit on these seats is ic 12 * 12! 
So, total number of seating arrangements = /4C 12 x 12! 


In a van 3 girls can choose adjacent seats in the back row in two ways (1, 2, 3, or 2, 3, 4). So, the 
number of ways in which 3 girls can sit in the back row on adjacent seats is 2 (3!) ways. The 
number of ways in which 9 boys can sit on the remaining 11 seats is Gc x 9! ways. 


So, the number of ways in which 3 girls and 9 boys can sit in two vans 
= 2(3!)x MCg x 914+ 2(3!)x Cg x 9! 
4x3!ix"Cox9! 1 


Hence, required probability = 4c 12! 91 
12 x = 


EXAMPLE 57. Five persons entered the lift cabin on the ground floor of an 8-floor house. Suppose that 
each of them independently and with equal probability can leave the cabin at any floor beginning with the 
first. Find out the probability of all five persons leaving at different floors. 

SOLUTION Besides ground floor, there are 7 floors. Since a person can leave the cabin at any of 
the seven floors, therefore there are 7 ways for a person to leave the lift cabin. There are five 
persons in the cabin and each can leave the cabin in 7 ways. Therefore, 


The total number of ways in which 5 persons can leave the cabin =7 x 7 x 7 x 7 x7 x =7° 
Total number of elementary events = 7a 


The total number of ways in which five persons can leave the as cabin at different floors is same 
as the number of arrangements of 7 by taking 5 ata Bie i.e., “C5 x 5! 
Favourable number of elementary events = 1G. x 5! 
Ce x5! 
7 





Hence, required probability = 


EXAMPLE58_ I[f1 persons are seated ona round table, what is the probability that two named individuals 
will be neighbours? 


SOLUTION Total number of ways in which n persons can sit on a round table is (m —1)!. 
Total number of elementary events = (1 — 1)! 


Considering two named individuals as one person there are (m — 1) persons who can sit on a 

round table in (n — 2)! ways. But, two named individual can be seated together in 2! ways. 
Favourable number of elementary events = (n —2)!x 2! 

(n—2)!x2! 2 

(n—1)! net 

EXAMPLE 59 There are 4 letters and 4 addressed envelopes. Find the probability that all the letters are 

not dispatched in right envelopes. 

SOLUTION Four letters can be put in four addressed envelopes in 4! ways. 
Total number of elementary events = 4! 

All four letters can be put in correct envelopes in exactly one way. 


So, required probability = 
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Probability that all four letters are put in correct envelopes = a 


Hence, required probability =1 -— = = 

EXAMPLE60 Each coefficient in the equation ax” + bx +c = Ois determined by throwing an ordinary six 
faced die. Find the probability that the equation will have real roots. 

SOLUTION Since each of the coefficients a, b and c can take the values from 1 to 6. 


Total number of equations = 6 x 6 x 6 = 216. 
The roots of the equation ax” +bx+c =O willbe real ifb?—4ac >0 ie. b2>4ac. 


The favourable number of elementary events can be enumerated as follows: 








—_ ES 


ac a c 4ac b (so that b > 4 ac) No. of ways 
1 1 1 4 2,3, 4,5, 6 1x5=5 
; - 2x4=8 
2 2 1 8 3, 4,5, 6 ae 
1 3 
3 13 1 12 4,5,6 2X0 
1 4 
4 4 1 4,5, 3x 3=9 
16 5, 6 
1 5 
5 15 1 20 5,6 DEST 
6 
1 
6 2 3 24 5,6 4x2=8 
3 2 
7 ac is not possible 0 
2 4 
8 4 2 32 6 Bes tS 
3 6 1 
Total = 43 
a hl 
Since b? > 4 ac and since the maximum value of b? is 36, therefore ac = 10, 11, 12 ... etc. is not 
possible. 
Total number of favourable elementary events = 43. 
Hence, required probability = = 


EXAMPLE61 Twonumbers b and care chosen at random with replacement from the numbers 1, 2, 3, 4, 
5, 6, 7, 8 and 9. Find the probability that x* +bx+c >O fro all x eR. 
SOLUTION Since b and c both can assume value from 1 to 9. So, total numbers of ways of 
choosing b and cis 9x 9 = 81. 
Now, x*+bx+c>0forallxeR 
=> Disc < Oi.e. b” —4c <0 
The following table shows the possible values of b and c for which b2 —4¢ < 0 
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__| ee 
[ 
ih 


1,2,3 
1, 2,3 
1,2,3,4 
| 1,2,3,4 
| 1,2,3,4,5 
| 1,2,3,4,5 
| 1,2,3,4,5 





+ ee eg 


So, favourable number of favourable elementary events = 32 
Hence, required probability = 32/81. 


EXAMPLE 62 Three squares of Chess board are selected at random. Find the probability of getting 2 
squares of one colour and other of a different colour. [NCERT EXEMPLAR] 
SOLUTION Ina Chess board, there are 64 squares of which 32 are white and 32 are black. Out of 
64 squares 3 square can be chosen in ©*C 3- ince 2 of one colour and 1 ways of other colour can be 
2W, 1B or 1W, 2B. Therefore, the number of ways of selecting 2 squares of one colour and one 
other colour is See <2 Ci foe Cix 2 Cy =2 (25 x4 Cy) 
Favourable number of ways = 2 Cae <-G ) 
2(52C,x32C,) 16 
me =r 


1. Which of the following cannot be valid assignment of probability for elementary events or 
outcomes of sample space S = {w1,W7,W3,W4, Ws, We, W7}: 





Hence, required probability = 


EXERCISE 33.3 





Elementary events: Wy W> W3 Wy Ws, We Wy 
(i) 0.1 0.01 0.05 0.03 0.01 0.2 0.6 
8 1. > Loe sal: AU ccc eae 
7 7 7 7 7 7, 7 
(iii) 0.7 0.6 0.5 0.4 0.3 0.2 0.1 
= Eines ie ire a Oe 
14 14 14 14 14 14 14 
2. A die is thrown. Find the probability of getting: 
(i) a prime number (ii) 2 or 4 (iii) a multiple of 2 or 3. 
3. Ina simultaneous throw of a pair of dice, find the probability of getting: 
(i) 8 as the sum (ii) a doublet 
(iii) a doublet of prime numbers (iv) a doublet of odd numbers 
(v) asum greater than 9 (vi) an even number on first 


(vii) an even number on one and a multiple of 3 on the other 
(viii) neither 9 nor 11 as the sum of the numbers on the faces 
(ix) a sum less than 6 (x) asum less than 7 
(xi) a sum more than 7 (xii) neither a doublet nor a total of 10 
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(xiii) odd number on the first and 6 on the second 
(xiv) a number greater than 4 on each die 
(xv) a total of 9 or 11 (xvi) a total greater than 8. 
4. Ina single throw of three dice, find the probability of getting a total of 17 or 18. 
5. Three coins are tossed together. Find the probability of getting: 


(i) exactly two heads (ii) at least two heads 
(iii) at least one head and one tail. 


6. What is the probability that an ordinary year has 53 Sundays? 
7. What is the probability that a leap year has 53 Sundays and 53 Mondays? 
8. A bag contains 8 red and 5 white balls. Three balls are drawn at random. Find the 


probability that: 
(i) All the three balls are white. (ii) All the three balls are red. 
(iii) One ball is red and two balls are white. [NCERT EXEMPLAR] 
9. Ina single throw of three dice, find the probability of getting the same number on all the 
three dice. 


10. Two unbiased dice are thrown. Find the probability that the total of the numbers on the dice 
is greater than 10. 


11. Acard is drawn at random froma pack of 52 cards. Find the probability that the card drawn 
is: 


(i) a black king (ii) either a black card or a king 
(iii) black and a king (iv) a jack, queen or a king 
(v) neither a heart nor a king (vi) spade or an ace 
(vil) neither an ace nor a king (viii) a diamond card 
(ix) not a diamond card (x) a black card 
(xi) not an ace (xii) not a black card. 


12. Inshuffling a pack of 52 playing cards, four are accidently dropped; find the chance that the 
missing cards should be one from each suit. 


13. Froma deck of 52 cards, four cards are drawn simultaneously, find the chance that they will 
be the four honours of the same suit. 


14. Tickets numbered from 1 to 20 are mixed up together and then a ticket is drawn at random. 
What is the probability that the ticket has a number which is a multiple of 3 or 7? 


15. A bag contains 6 red, 4 white and 8 blue balls. If three balls are drawn at random, find the 
probability that one is red, one is white and one is blue. 


16. A bag contains 7 white, 5 black and 4 red balls. If two balls are drawn at random, find the 
probability that: (i) both the balls are white (ii) one ball is black and the other 
red (iii) both the balls are of the same colour. 


17. A bag contains 6 red, 4 white and 8 blue balls. If three balls are drawn at random, find the 
probability that: (i) one is red and two are white (ii) two are blue and one is red (iii) one 


is 
18. Five cards are drawn froma pack of 52 cards. What is the chance that these 5 will contain: 
(i) just one ace (ii) at least one ace? 


19. The face cards are removed from a full pack. Out of the remaining 40 cards, 4 are drawn at 
random. What is the probability that they belong to different suits? 

20. There are four men and six women on the city councils. If one council member is selected 
for acommittee at random, how likely is thatit isa women? [NCERT] 
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21. A box contains 100 bulbs, 20 of which are defective. 10 bulbs are selected for inspection. 
Find the probability that: (i) all 10 are defective (ii) all 10 are good (iii) at least one is 
defective (iv) none is defective 

22. Find the probability that in a random arrangement of the letters of the word ‘SOCIAL’ 
vowels come together. 

23. The letters of the word ‘CLIFTON’ are placed at random in a row. What is the chance that 
two vowels come together? 

24. The letters of the word ‘“FORTUNATES’ are arranged at random in a row. What is the 
chance that the two ‘T’ come together. 

25. A committee of two persons is selected from two men and two women. What is the 
probability that the committee will have (i) no man ? (ii) one man? (iii) two men? 

[NCERT] 

26. If odds in favour of an event be 2 : 3, find the probability of occurrence of this event. 

27. If odds against an event be 7 : 9, find the probability of non-occurrence of this event. 

28. Two balls are drawn at random from a bag containing 2 white, 3 red, 5 green and 4 black 
balls, one by one without, replacement. Find the probability that both the balls are of 
different colours. 

29. Two unbiased dice are thrown. Find the probability that: 

(i) neither a doublet nor a total of 8 will appear 
(ii) the sum of the numbers obtained on the two dice is neither a multiple of 2 nor a 
multiple of 3 

30. A bag contains 8 red, 3 white and 9 blue balls. If three balls are drawn at random, determine 
the probability that (i) all the three balls are blue balls (ii) all the balls are of different 
colours. 

31. A bag contains 5 red, 6 white and 7 black balls. Two balls are drawn at random. What is the 
probability that both balls are red or both are black? 

32. Ifa letter is chosen at random from the English alphabet, find the probability that the letter 
is (i) a vowel (ii) a consonant 

33. Ina lottery, a person chooses six different numbers at random from 1 to 20, and if these six 
numbers match with six numbers already fixed by the lottery committee, he wins the prize. 
What is the probability of winning the prize in the game? [NCERT] 

34. 20 cards are numbered from 1 to 20. One card is drawn at random. What is the probability 
that the number on the cards is: (i) a multiple of 4? (ii) not a multiple of 4? (iii) odd? 
(iv) greater than 12? (v) divisible by 5? (vi) nota multiple of 6? 

35. Two dice are thrown. Find the odds in favour of getting the sum 

(i) 4 (ii) 5 (iii) What are the odds against getting the sum 6? 

36. Whatare the odds in favour of getting a spade if a card is drawn from a well-shuffled deck 
of cards? What are the odds in favour of getting a king? 

37. A box contains 10 red marbles, 20 blue marbles and 30 green marbles. 5 marbles are drawn 
at random. From the box, what is the probability that: (i) all are blue? (ii) at least one is 
green? 

38. A box contains 6 red marbles numbered 1 through 6 and 4 white marbles numbered from 12 
through 15. Find the probability that a marble drawn is (i) white (ii) white and odd 
numbered (iii) even numbered (iv) red or even numbered. 

39. A class consists of 10 boys and 8 girls. Three students are selected at random. What is the 
probability that the selected group has (i) all boys? (ii) all girls? (ii) 1 boy and 2 
girls? (iv) at least one girl? (v) at most one girl? 





_ 
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40. Five cards are drawn froma well-shuffled pack of 52 cards. Find the probability that all the 
five cards are hearts. 
41. A bag contains tickets numbered from 1 to 20. Two tickets are drawn. Find the probability 
that (i) both the tickets have prime numbers on them (ii) on one there is a prime number and 
on the other there is a multiple of 4. 
42. Anurn contains 7 white, 5 black and 3 red balls. Two balls are drawn at random. Find the 


probability that (i) both the balls are red (ii) one ball is red and the other is black (iii) one 
ball is white. 


. 


43. A and B throw a pair of dice. If A throws 9, find B’s chance of throwing a higher number. 

44. Ina hand at Whist, what is the probability that four kings are held by a specified player? 

45. Find the probability that in a random arrangement of the letters of the word 
‘UNIVERSITY’, the two I's do not come together. 
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i SSSFHINTS TO NCERT & SELECTED PROBLEMS 
13 Pn yay cals: 
12. Required probability = i 
4 


13. Four honours means king, queen, jack and ace. 
*Cy or: *C, 1 2Cy te $C 
52 
C4 
14. Total number of elementary events = mC 1 = 20. 


A multiple of 3 or 7 can be obtained as follows: 3, 6, 9, 12, 15, 18, 7, 14. 
So, favourable number of elementary events = EG 1=8. 


So required probability = 


15. Total number of elementary events = AG 3: 
Favourable number of elementary events = eC 1x aC; x oa. 
20. Out of 4 men and 6 women one person can be chosen in UG 1 = 10 ways. 


The number of ways of selecting 1 women out of6women = °c; = 6: 
6 3 
7 Re ired ob bili _—_—_—_- —_ = 
qui probability 7G F 


25. Acommittee of two persons can be formed from two men and two women in 2G = 6 ways. 


(i) Number of committees havingnoman = Ge = ] 


.. Probability that a committee hasnoman = - 


(ii) Number of committees having one man = ce 1x xe 4 


.. Probability that the committee will have oneman = 


ON | i 
w| rm 


.. Probability that the committee has two men =< 


33. Total number of ways of selecting six numbers from numbers 1 to 20 = Ge 
Total number of elementry events = min CPA = 38760 
Favourable number of elementary events = 1 
1 
ired probability = ——— 
Required probability 38760 
44, Total number of elementary events = Gin 


Favourable number of elementary events = *°Cy x *C4 


33.8 ADDITION THEOREMS ON PROBABILITY 


Uptill now we have been computing the probability of occurrence or non-occurrence of an event 
by using favourable and total number of elementary events. But it is not always convenient to 
compute favourable number of elementary events to a given event. In such cases, we express the 
given event as the union of two or more events and the probability of the given event is 
expressed in terms of the probabilities of these events. Theorems which express the probability 





7 dildo... 
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of an event in terms of the probabilities of those events whose union is the given event are 
known as addition theorems on probability. In this section, we shall discuss addition theorems 
for two or more events. 

THEOREM 1 (Addition Theorem for two events) If A and B are two events associated with a random 
experiment, then P (A U B) = P(A) + P(B) —P (A OB). 


PROOF Let S be the sample space associated with the given A 2 ° 
random experiment. Suppose the random experiment results 

in 1 mutually exclusive ways. Then, S contains 1 elementary 

events. 


Let mj, m2 and m be the number of elementary events 
favourable to A, B and A - B respectively. Then, 


m4 
11 


P(A) =“1, p(B) =2 and P(AMB)=—. 
| 


Fig. 33.3 

The number of elementary events favourable to A only is m, —m . Similarly, the number of 
elementary events favourable to B only is m2 — m. Since m elementary events are favourable to 
both A and B. Therefore, the number of elementary events favourable to A or B or bothi.e. A U B 
iS m4 —Mm + m2—m +m =m, + M2-—mM. 


So, PAE eee 2 
n Mice Oto Nn 
=> P(A UB) = P(A) + P(B) —-P (AB) Q.E.D. 
COROLLARY If A and B are mutually exclusive events, then P (A  B) =0. 
P(AWUB) = P(A) + P(B) 
This is the addition theorem for mutually exclusive events. 
THEOREM 2 (Addition Theorem for three events) If A, B, C are three events associated with a random 
experiment, then 
P(AUB UC) =P(A) + P(B) + P(C)-—P(A NB)—P(BNC)—P(ANC)+P(ANBOC) 
PROOF LetD=BUC. Then, 
_ P(AUBUC)=P(AUD)= P(A) +P(D)-P(AND) aas(2) 
But, AND = AN(BUC) = (ANB) U(ANC) 
: P(AND)= P[(ANB)U(ANC)] 
= P(AMB)+P(ANC)-P[(ANB)A(ANC)] 
= P(ANB)+P(ANC)-P(ANBNC) ..(ii) 
and, P(D) = P(BUC) = P(B) + P(C) —P(BNC) ...(iii) 
From (i), (ii) and (iii), we get 
P(AUBUC) = P(A) + P(B) + P(C)-—P (BNC) -[P(ANB)+P(ANC)—P(ANBNC)] 
=> P(AUBUC) = P(A) + P(B) + P(C) -P(ANB)—P(ANC)—-P(BNC)+P(ANBNC) 
Q.E.D. 
COROLLARY [If A, B, Care mutually exclusive events, then 
P(AQB) = P(BNC) = P(ANC) = P(ANBNC) = 0. 
P(A UBUC) =P(A) + P(B) + P(C) 
This is the addition theorem for three mutually exclusive events. 
THEOREM 3 Let A and B be two events associated to a random experiment. Then, 
(i) P(A OB) = P(B)-P(ANB) 
(ii) P(A 7B) = P(A)—P(A OB) 
Git) P(A 0B) U(A OB) = P(A) + P(B)-2P (AB) 
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PROOF (i) Since AM Band A A Bare mutually exclusive events such that 
(A AB) U(A AB) = B 
P(A QB)+P(A QB) = P(B) 
=> P(A OB) = P(B)-P(AQB) 
(ii) Since ANB and An B are mutually exclusive 
events such that 
(AAB)U(ANB) =A 
P(AAB)+P(AUB) = P(A) 
=> P(AMB) = P(A)—P(ANB). Fig. 33.4 
(iii) Since A OB and A o Bare mutually exclusive events. Therefore, 
P (AB) U(A AB} = P(ANB)+P(A OB) 
P (A) —P (A QB) +P (B)-—P(ANB) [ Using (i) and (ii)] 
P (A) + P (B) —2P (A AB) 
REMARK1 P(A 7B) is knownas the probability of occurrence of B only. Q.E.D. 


A B S 


REMARK2 P(A B) is knownas the probability of occurrence of A only. 


REMARK 3 P {((A MB) U(A OB) is known as the probability of occurrence of exactly one of 
two events A and B. 


REMARK 4 If A and B are two events associated to a random experiment such that ACB, then 
ANB# 9. 
P(A AB) =0=> P(B)—P (ANB) 20 => P(B)—P(A) 20 => P(A) SP (B). 
THEOREM 4 For any two events A and B, prove that 
P(A MB) <P (A) <P(AUB) <P (A) + P (B). 
PROOF Since A Bc A. Therefore, we have 


P(AQMB) s P(A). ...(1) 
Als, ACAWUB = P(A) < P(AVB) ...(1i) 
Now, P(AWB) = P(A) + P(B) — P(ANB) 
= P(A UB) < P(A) + P (B) ...(iii) 
From (i), (ii) and (iii), we get 

P(A MB) <P (A) <P(A UB) SP (A) + P (B). Q.E.D. 


THEOREM5 For any two events A and B, prove that the probability that exactly one of A, B occurs is 
given by P(A) + P(B)—2P(A VU B)=P(AUB)—P(ANB). 
PROOF We have, 
P (Exactly one of A, B occurs) = P (ANB) U(A AB)} 
P(ANB)+P(A AB) 
P(A) — P(AMB) + P(B) — P(ANB) 
= P(A) + P(B) - 2P(ANB) 
= [P(A) + P(B)—P(AMB)] - P(AMB) 
= P(AUB) — P(AnB). Q.E.D. 
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ILLUSTRATIVE EXAMPLES 


Type I PROBLEMS BASED UPON FORMULAE 
(i) P(A UB)=P(A) + P(B)-—P(ANB) 
(ii) P(A UBUC) =P(A) + P(B) + P(C) —P (ANB) -P(BAC)-P(ANC) + P(ANBOC) 


EXAMPLE1 Given P (A) = = and P (B) = =-Find P (Aor B), if Aand Bare mutually exclusive events. 


SOLUTION Since A and B are mutually exclusive events. 
1 4 


P(A or B)= P(A UB) =P (A) + P (B)==+ =~ =— 
EXAMPLE2 A and B are two mutually exclusive events of an experiment. If P (‘not A‘) = 0.65, 
P (A U B) =0.65 and P(B) =p, find the value of p. 
SOLUTION By addition theorem for mutually exclusive events, we have 

P (A UB) =P(A) + P(B) 


=> P(A UB) = 1-P (‘not A’) + P(B) [- P(A) =1-P(A)] 
= 0.65 = 1-0.65+p => p = 0.30 
EXAMPLE3 A and B are two non-mutually exclusive events. If P(A) = 7 P (B) == and 
| 


P(AUB) =; _find the values of P(A (B) and P(A B). 


SOLUTION We have, P(A) =- P(B) == and P(A UB) =+ 


By addition theorem, we have 
P (A UB) = P(A) + P(B) -P (A NB) 





= ep (A AP) 
: png. 5 
; i SS ame 
=> P(AN = —ft— ee El 
| es 9 = 30 
| a a es | 
| (AIA Ie R(A) P(A AB) = +—-—-= 
: (AB) = M(A)-P(AN B= 1-3-4 


EXAMPLE4 If E and F are two events such that P (E) =7 7 P(E) =< and P (E and F) ==, find 
(i) P(Eor F) (ii) P (not E and not F). 
SOLUTION We have, 
1 1 1 
P (E) =—, P(F)=— and P =— 
(E) ri (F) 5 an (E 4 F) ; 


@) Por F)=P(EUPA)=P (©) +P(F)-PEENF)= 245-2 => 
(ii) P (not E and not F) = P(E F) 

= P(EUF) 

= 1-P(EUF)=1-{P(E) + P(F)-P(EnF) 


LE5 The probability that at least one of the events A and B occurs is 0.6. If A and B occur 
simultaneously with probability 0.2, then find P(A) + P (B). 
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SOLUTION We have, 
P (At least one of the events A and B occurs) = 0.6 i.e. P (A U B) = 0.6 
and, P (A and B occur simultaneously) = 0.2 i.e. P (A 4 B) = 0.2 


Now, 

P(A UB) = P(A) + P(B) —P (AB) 
=> 0.6 = P(A) + P(B) -0.2 
=> 0.6 = 1-—P(A)+1-P(B)-02 
=> 0.6 = 2—0.2-[P(A)+P(B)] 
=> 0.6 = 1.8-—[P(A) + P(B)] 
= P(A) + P (B) =1.8 —0.6 =1.2 


EXAMPLE6 Check whether the following probabilities P (A) and P ( B) are consistently defined: 
(i) P(A) =05, P(B)=07,P(AQB)=06 (ii) P(A) =05, P (B) =04, P(A UB) =08 

SOLUTION (i) We have, P (A) =05, P (B) =0.7, P(A OB) =0.6 
We know that P(AMB)<P(A) and P(AQB)<P(B). But, for the given probabilities 
P(A OB) € P (A). So, given probabilities are not consistently defined. 
(ii) We have, 

P (A) =0.5, P (B) =0.4 and P (A U B) =0.8 

P(A OB) =P (A) + P(B) -P (A UB) =05+ 04-08 =0.1 
Clearly, P(AMB)<P(A) and P(ANB)<P(B). Hence, the given probabilities are 
consistently defined. 
EXAMPLE7 Events E and F are such that P (not E or not F) = 0.25. State whether E and F are mutually 
exclusive. 
SOLUTION _We have, P (not E | or not F) = 0.25 
ie.P(E UF) =0.25 => P(ENF)=0.25=> 1-—P (ENF) =0.25 => P (ENF) =1-0.25=075 +0 
Hence, E and F are not mutually exclusive. 
EXAMPLES A, B, C are three mutually exclusive and exhaustive events associated with a random 


experiment. Find P(A), it being given that P(B) == P(A) and P(C) = ; P(B). 


SOLUTION Let P (A) = p. Then, 
P(B) => P(A) => P(B) == p and P(C) =5 P(B) => P(C) == p 


Since A, B, C are mutually exclusive and exhaustive events associated with a random 
experiment. 


ae ANB. C aS 
= P(AUBUC) = P(S) 
=> P(AUBUC)=1 [-- P(S) =1] 
= P(A) + P(B) + P(C) =1 [By addition Theorem] 
3 3 4 4 
+—p+—p=1 =— P(A) = — 
= BG Pt RS eg ae 


EXAMPLE9 Four candidates A, B, C, D have applied for the assignment to coach a school cricket team. If 
A is twice as likely to be selected as B, and B and C are given about the same chance of being selected, while 
Cis twice as likely to be selected as D, what are the probabilities that (i) C will be selected? (ii) A will not be 
selected? [NCERT EXEMPLAR] 


SOLUTION Let Aj, Az, A3 and Ay, be the events that candidates A, B, C andD respectively are 
selected as school cricket team coach. Then, 


» oot 
_— — 


- 8 Ort 6a we 


eee EE 
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It is given that 
P(A3) =2 P(A4), P (Az) = P (A3) and P (A) = 2P (A>) 
= P (A) =4P (Aj), P (A>) = P (A3) =2 P (Ag) 
Clearly, A, Az, A3 and Aq are mutually exclusive and exhaustive events. Therefore, 
A, VA2 VA3 VA, =S 
P (A, VA2 VA3 VAg) = P(S) 
P(A,) +P (Ap) + P (A3) + P(Aq) =1 
AP (Ag) +2P (Ay) +2P (Ag) + P (Ag) =1 
9P (Ay) =1 


P (Ay) ==. 


UV vUYY 


(i) Required probability = P (A3) =2 P(A4) = 5 


(ii) Required probability = P (A,) =1—P (A,) =1—4 P (Ay) =1 -5 -2 


EXAMPLE 10 Probability that a truck stopped at a roadblock will have faulty brakes or badly worn tires 
are 0.23 and 0.24, respectively. Also, the probability is 0.38 that a truck stopped at the roadblock will have 
faulty brakes and or badly working tires. What is the probability that a truck stopped at this roadblock will 
have faulty brakes as well as badly worn tires? [NCERT EXEMPLAR] 


SOLUTION Let Bbe the event that a truck stopped at the roadblock will have faulty brakes and 
T be the event that it will have badly worn tires. 


It is given that P (B) =0.23, P (T) =0.24 and P (BUT) =0.38. We have to find P (BOT). 
We know that 

P (BUT) =P (B)+P(T)-—P (BOT) [By addition theorem] 
= P (BOT) =P (B)+P(T)—P (BUT) =0.23 + 0.24 —0.38 = 0.09 


EXAMPLE11 The probability of two events A and B are 0.25 and 0.50 respectively. The probability of 
their simultaneous occurrence is 0.14. Find the probability that neither A nor B occurs. 


SOLUTION We have, P(A) =0.25, P(B) =0.50 and P(A 4B) =014 
Required probability = P(A 4B) 
P(A UB) [ (A UB) =A AB] 
1-P(AUB)= 1-[P(A) + P(B) —P(ANB)] 
= 1-(0.25+050-014) = 0.39 


Type II PROBLEMS BASED UPON ADDITION THEOREMS OF PROBABILITY BUT CAN BE SOLVED 
INDEPENDENTLY BY USING THE DEFINITION ONLY 


NOTE Following problems will be solved by using addition theorems but these problems can be solved 
otherwise also. Students are advised to do these problems without using addition theorem. 


EXAMPLE 12 Find the probability of getting an even number on the first die or a total of 8 in a single 
throw of two dice. 


SOLUTION LetSbe the sample space associated with the experiment of throwing a pair of dice. 
Then, n(S) = 36. 
. Total number of elementary events = 36 
Let A and B be two events given by 
A = Getting an even number on first die, B = Getting a total of 8. 
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Then, A B= Getting an even number on first die and a total of 8. 
Clearly, A = {(2, 1), ..., (2, 6), (4, 1), (4, 2), --, (4, 6), (6, 1), (6, 2), .-., (6, 6)}, 
B = {(2, 6), (6, 2), (3, 5), (5, 3), (4, 4)} and, A B= {(2, 6), (6, 2), (4, 4)}. 
~ 5 3 
P(A , P(B) = — and P(ANB) = — 
(A) = (By anindsi| ) oe 
Required caitteg = P(A U B) = P(A) + P(B) -P (A NB) =— Bs. hee ms = aN = 2 
36:5 756% 2369 
EXAMPLE13_ A die is thrown twice. What is the probability that at least one of the two throws comes up 
with the number 4? 
SOLUTION Let S be the sample space associated with the random experiment of throwing a die 
twice. Then, 1(S) = 36. 
Total number of elementary events = 36 
Consider the events: A = First throw shows 4, B = Second throw shows 4 
A © B= First and Second throw show 4 i.e. getting 4 in each throw. 
Clearly, 
A = {(4, 1), (4, 2), (4, 3), (4, 4), (4, 5), (4, 6)}, B = {(1, 4), (2, 4), (3, 4), (4, 4), (S, 4), (6, 4)} 
and, AMB= e 4)} 


P(A) ==, P(B)= ~~ and P(A MB) = 


Peed saaistities = Probability ae at least one of the two Paes shows 4. 


46x alte 3. UD 
P (A UB) =P(A) + P(B) - P(A NB) = 
(A U B) = P(A) + P(B) — P ( J=a+ Be ae ae 


EXAMPLE 14 One number is chosen from numbers 1 to 200. Find the probability that it ts 
divisible by 4 or 6? 
SOLUTION Let S be the sample space. Then, n(S) = 200. 

Total number of elementary events = 200 
Let A be the event that the number selected is divisible by 4 and B be the event that the 
number selected is divisible by 6. Then, 

A= {4, 8, 12, ..., 200}, B = {6, 12, ..., 198} and A NB = {12, 24, ..., 192} 
Clearly, 


9 
n(A)==— =50, 5 
si 33 
P(A) ==, P(B) =~ and P(A 0B) =~ 
(A) (B) 0 ( ) a 


ied nittaentine = P (a number is divisible by 4 or 6) 


50 
=P (AiwiB\ PCAN ROB eB CAl Bee 
(Av B)= P(A) + P(B)—P (ANB) =555 +509 300 ~ 200 


EXAMPLE15 Acard is drawn froma deck of 52 cards. Find the probability of getting a king ora heart ora 
red card. 
SOLUTION Consider the following events: 
A = Getting a king, B = getting a heart card, C = Getting a red card. 
Clearly, 
oh: 4 eG ag 2c, 26 


P(A a pipe 
(A) = yt = Bp PB = el 


P(A MB) =P (Getting a king of heart) == /P(B \C) = P (Getting a heart card) == 
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P(C NA) =P (Getting a red king) = —,P(AMNBOC)=P (Getting a king of heart) = 


Required Probability = P (A U BUC) 
= P(A) + P(B) + P(C)—P (ANB) -P (BAC)—P (CNA) + PPAQBOC) 
4615 26 1 13 2 Mes aoe 7 


52 52 52 52 52 52 52 52 13 
EXAMPLE16 A drawer contains 50 bolts and 150 nuts. Half of the bolts and half of the nuts are rusted. If 
one item is chosen at random, what is the probability that it is rusted or a bolt? 


SOLUTION Let A be the event that the item chosen is rusted and B be the event that the item 
chosen is a bolt. Clearly, ae Ss 200 items in all, 8 of which 100 are rusted. 


RRB) =o and P (ANB) == 


200 = 200 
Required probability = P (A U B) 
EE AyeeR(B=P(AnB)= 4-02 12.8 
200 200 200 200 8 
EXAMPLE 17 Four cards are drawn at a time from a pack of 52 playing cards. Find the probability of 
getting all the four cards of the same suit. 
SOLUTION Since4 cards canbe drawn ata time froma pack of 52 cards in °7C4 ways. Therefore, 
Total number of elementary events = °C 4 
Consider the following events: 
A = Getting all spade cards; B = Getting all club cards; 
C = Getting all diamond cards, and D = Getting all heart cards. 
Clearly, A, B, C and D are mutually exclusive events such that 








13 13 13 
P(A) = =<4, P(B) = —%4 , P(C) = aly and P(D) = ~o4 
cal 6 0 ag, C4 4 
Required probability = P(A UBUC UD) 
= P(A) + P(B) + P(C) + P(D) [By addition Theorem] 
: Be, \ 44 
- 52c, ~ 4165 


EXAMPLE 18 An integer is chosen at random from the numbers ranging from 1 to 50. What is the 
probability that the integer chosen is a multiple of 2 or 3 or 10? 


SOLUTION Out of 50 integers an integer can be chosen in °C, ways. 
Total number of elementary events = °°C, = 50. 
Consider the following events: 
A = Getting a multiple of 2, B = Getting a multiple of 3 and, C = Getting a multiple of 10. 
Clearly, 
A = {2,4,...,50}, B = {3,6,...,48}, C = {10, 20, ..., 50} 
AB = {6,12,..., 48}, B oes {30}, AC = {10, 20,...,50} and, An d AC = {30} 





| . P(A) = =, P(B) = =, P(C) = =, P(ANB) = 8 =, P (BAC) = 
P(ANC) = = and P(ANBNC) = = 


Required probability = P(A NBC) 
= P(A) + P(B) + P(C)—P(ANB)—-P(ANC)—P(B AA) +P(ANBNC) 


———=— “= - 


| ie 
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_, 2536. (5: 28) a lb 2S ees 


50 50 50 50 50 50 50 #50 


EXAMPLE19 [nan essay competition, the odds in favour of competitors P,Q, R, Sare1:2,1:3,1:4, 
and 1: 5 respectively. Find the probability that one of them wins the competition. 
SOLUTION Let A, B, C, D be the events that the competitors P, Q, R and S respectively win the 
competition. Then, 
1 1 1 1 
P(A) 3! P(B) ri P(C) = and P (D) P 
Since only one competitor can win the competition. Therefore, A, B, C, D are mutually exclusive 
events. 
Required probability = P(A UBUC UD) 
P(A) + P(B) + P(C) + P(D) [By addition Theorem] 
agit peas Sarees 
3 <4 5: (6) —=i20 
EXAMPLE 20 (i) Tivo dice are thrown together. What is the probability that the sum of the numbers on 
the two faces is neither divisible by 3 nor by 4? (it) What ts the probability that the sum of the numbers on 
the two faces is divisible by 3 or 4? 


SOLUTION (i) Let S be the sample space associated with the experiment of throwing a pair of 
dice. Then, n(S) = 36. 


Total number of elementary events = 36 
Consider the following events. 
A = The sum of the numbers on two faces in divisible by 3 
B = The sum of the numbers on two faces is divisible by 4. 
Then, A = {(1, 2), (2, 1), (1,5), (5, 1), (3, 3), (2, 4), (4, 2), (3, 6), (6, 3), (4, 5), (5, 4), (6, 6)} 
B = {(2, 2), (1, ay (3, 1), (2, 6), (6, 2), (4, 4), (3, 5), (5, 3), (6, 6)} and, ANB = {(6, 6)} 


PIA) = 22. pr) = 2s Seen CA 
26°. 9° < Sie 36 
(i) Required probability = P(A OB) = P(AUB) =1-P(AUB) 
Tops a eeawa 
= 1 (P(A) PCB) =P (A Bel ee 
(P(A) + P(B) -P(AMB) 15+3 =| : 
(ii) Required probability = P(A UB) = P(A) + P(B)-P (AN B)= =ti-= -2 


EXAMPLE21 An urn contains twenty white slips of paper numbered from 1 through 20, ten red slips of 
paper numbered from 1 through 10, forty yellow slips of paper numbered from 1 through 40 and ten blue 
slips of paper numbered from 1 through 10. If these 80 slips of paper are thoroughly shuffled so that each 
slip has the same probability of being drawn. Find the probabilities of drawing a slip of paper that is 
(i) blue or white (ii) number 1, 2, 3, 4 or 5 (iit) red or yellow and numbered 1, 2, 3, or 4. (iv) numbered 5, 
15, 25 or 35. (v) white and numbered higher than 12 or yellow and numbered higher than 26. 


[NCERT EXEMPLAR] 
SOLUTION There are 80 slips of paper out of which one slip can be chosen in Me 1 = 80 ways. 
So, total number of elementary events = 80 tod 
(i) There are 10 blue and 20 white slips out of which one slip can be chosen in SHG. 1 = 30 ways. 


Favourable number of ways = 30 


Hence, P (Drawing a blue or white slip) = == a 


8 
(ii) Consider the following events: 


W =Drawing a white slip numbered 1, 2, 3, 4 or 5, 
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R = Drawing a red slip numbered 1, 2, 3, 4 or 5, 
Y = Drawing a yellow slip numbered 1, 2, 3, 4 or 5, 
B = Drawing a blue slip numbered 1, 2, 3, 4 or 5 
Clearly, these events are mutually exclusive. 
Required probability = P (W UR UY UB) 
BPW HERR) OY) 9: P (B) ett pe 
80 80 80 80 80 4 
(iii) Consider the following events: 
R =Drawing a red slip numbered 1, 2, 3 or 4, 
Y =Drawing a yellow slip numbered 1, 2, 3, or 4 


Clearly, KR and Y are mutually exclusive events such that P (R) = Pr and P (Y) = Ess 
4 1 
R ed probability = P (R UY) = P (R) + P(Y) =~ + = 
equired probability = P ( )=P (R)+ P(Y) aa eG 10 
(iv) Consider the following events: 
A =Drawing a slip numbered 5, B=Drawing a slip numbered 15 
C =Drawing a slip numbered 25, D = Drawing a slip numbered 35 
We observe that A, B, C and D are mutually exclusive events such that 
P (A) = = [ There are 4 tickets, one of each colour numbered 5] 
P (B) = 7 [." There is one white and one yellow ticket each numbered 15] 
P(C)= = [.. There is just one yellow ticket numbered 25] 
and, P(D)= = [.- There is just one oe ticket numbered 35] 
2. 8 Sal eb 


Required probability =(AUBUC UD) =P (A)+P (B)+P (C)+P(D)=—- 
SEs REO DBD ENE = pee WE) EC) (D) = toe tag a0 


(v) Consider the following events: 
A = Drawing a white slip numbered higher than 12 
B = Drawing a yellow slip numbered higher than 26 


We observe that A and B are mutually exclusive events such that P (A) = = and P (B) =—. 


le al 
oe 80 40 
Type III PROBLEMS WHICH CAN BE SOLVED BY USING ADDITION THEOREMS ONLY 
EXAMPLE 22 Two cards are drawn from a pack of 52 cards. What is the probability that either both are 
red or both are kings? 
SOLUTION Out of 52 cards, two cards canbe drawn in *°*C2 ways. 
So, total number of elementary events = °7Co. 


Consider the following events: 
A = Two cards drawn are red cards, B = Two cards drawn are kings. 
Required probability = P(A UB) = P(A) + P(B)-P(AN B) [By addition Theorem] ...(i) 
Let us now find P (A), P (B) and P (A 4B). 
There are 26 red cards, out of which 2 red cards can be drawn in “CS ways. 


Required probability = P (A UB) =P (A) +P (B) = 
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26 
Co 
Since there are 4 kings, out of which 2 kings can be drawn in *C, ways. 
4 
P(B) = a2 
Co 


There are 2 cards which are both red and kings. 
P (A 7B) = Probability of getting 2 cards which are both red and kings. 
2 


= Probability of getting 2 red kings = ae 
2 


Required probability = P(A) + P(B) -P (A MB) 


7G, "Cp 7Gy. - oop eee tina gainee 5D 


+ = —_—_—. ——oos = ees SS eee 
ec, 2c, 9265" 1626 2aieip2o eed 
EXAMPLE 23 A basket contains 20 apples and 10 oranges out of which 5 apples and 3 oranges are 
defective. If a person takes out 2 at random what ts the probability that either both are apples or both are 
good? 
SOLUTION Out of 30 items, two can be selected in 99C> ways. 
So, total number of elementary events = Or 
Consider the following events: 

A = Getting two apples, B = Getting two good items | 

There are 20 apples, out of which 2 can be drawn in ae ways. 


20 
C 

P(A) = =—4 
30 


2 
There are 8 defective pieces and the remaining 22 are good. Out of 22 good pieces, two can be 
selected in ““C, ways. 





22 
C 
P(B) = meen? 4 
30 G 
Since there are 15 pieces which are good apples out of which 2 can be selected in Sc, ways. 
15 
P (A AB) = Probability of getting 2 pieces which are good apples = ma 
2 


aOR, Og. ae SIG 

em le oor 435 
EXAMPLE 24 A die has two faces each with number ‘1’, three faces each with number ‘2’ and one face 
with number ‘3’. If the die ts rolled once, determine 


(i) P (1) (ii) P (1 or 3) (iii) P (not 3) 
SOLUTION Let A, B,C be three events defined by 
A = Getting a face with number ‘1’, B = Getting a face with number ‘2’, 
C = Getting a face with number ’3’ 


2 1 3 1 
Then, P(A) = 5 = 3, P(B) = = = >and P(C) == 


Required probability = P(A) + P(B) -P(AMB)= 





@)  P(2) = P(A) = = 


(ji) P(lor3) = P(AUC) = P(A)+P(C) [.- A andC are mutually exclusive] 
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(iii)  P(not 3) = P(C) = 1-P(C) = 1-2 : 
») 


EXAMPLE25) The probability that a student will receive A, B,C or D grade are 0.40, 0.35, 0.15 and 0.10 
respectively. Find the probability that a student will receive 
(i) BorC grade (ii) at most C grade. 
SOLUTION Let E),E, ,E3 and FE, denote respectively the events that a student will receive 
A, B,C and D grades. Then, 
P (E;) = 0.40, P (E,) = 0.35, P(E3) = 0.15 and P(E4) = 0.10 

(i) Required probability = P(E, UE3) 
= P(E,) + P (E3) [. E, and E3 are mutually exclusive events] 
= 0.35+015 = 050 

(ii) Required probability = Probability that the student receives C or D grade 

P (E3 UE) 

P (E3) + P (Ex) 

= 0.15+0.10 = 0.25 


[." E3 and Ey, are mutually exclusive] 


EXAMPLE 26 The probability that a person will get an electric contract is = and the probability that he 


will not get plumbing contract is :. If the probability of getting at least one contract is = , what is the 
probability that he will get both? 
SOLUTION Consider the following events: 


A = Person gets an electric contract, B = Person gets plumbing contract 
Clearly, 


P(A) = =, P(B) = = and P(A UB) == 


We have to find P (A 7B). By addition theorem, we have 

P(A UB) = P(A) +P(B)-P(ANB) 
ES 5 = st(1-5)-P(An8) = P(An® = 243-2 af 

TRS: 7 

EXAMPLE 27 Ifa person visits his dentist, suppose the probability that he will have his teeth cleaned is 
0.48, the probability that he will have cavity filled is 0.25, probability that he will have a tooth extracted is 
0.20, the probability that he will have a teeth cleaned and cavity filled is 0.09, the probability that he will 
have his teeth cleaned and a tooth extracted is 0.12, the probability that he will have a cavity filled and 
tooth extracted is 0.07, and the probability that he will have his teeth cleaned, cavity filled, and tooth 
extracted ts 0.03. What is the probability that a person visiting his dentist will have at least one of these 
things done to him? [NCERT EXEMPLAR] 
SOLUTION Consider the following events: 

C =The person will have his teeth cleaned, F =The person will have cavity filled 

E =The person will have a tooth extracted 


It is given that P(C) = 0.48, P(F) =0.25, P (E) =0.20, 
P (C AF) =0.09, P (C NE) =012, P (ENF) =0.07 and P (C AFAE) =0.03. 
- Required probability = P (C UF VE) 


= P (C) +P (F)+P(E)—P (CAF)-P (FE) -P (CAE) +P (CAFAB) 
= 0.48 + 0.25 + 0.20 -0.09 -0.12 - 0.07 + 0.03 = 0.68 
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EXAMPLE 28 The probability that a patient visiting a dentist will have a tooth extracted is 0.06, the 
probability that he will have a cavity filled is 0.2 and the probability that he will have a tooth extracted as 
well as cavity filled is 0.03. What is the probability of that a patient has either a tooth extracted or a cavity 
filled? 

SOLUTION Let A be the event that the patient will have his tooth extracted, B the event that he 
will have a cavity filled. 

We have, P(A) = 0.06, P(B) = 0.2and P(A MB) = 0.03 

‘. Required probability = P (AU B)= P (A) + P(B) -—P(AB)= 0.06 + 0.2 —0.03 =0.23 
EXAMPLE 29 The probability that a person visiting a dentist will have his teeth cleaned is 0.44, the 
probability that he will have a cavity filled is 0.24. The probability that he will have his teeth cleaned or a 
cavity filled is 0.60. What is the probability that a person visiting a dentist will have his teeth cleaned and 
cavity filled? 

SOLUTION LetA be the event that the patient will have his teeth cleaned and Bbe the event that 
he will have cavity filled. 

We have, P(A) = 0.44, P(B) = 0.24 and P (A U B) =0.60 

.. Required probability = P (A 4 B)=P (A)+P (B) —- P(A UB) =0.44 + 0.24 — 0.60 =0.08 


EXAMPLE 30 Probability that Hameed passes in Mathematics is : and the probability that he passes in 


English is ~ If the probability of passing both courses is - what is the probability that Hameed will pass in 


at least one of these subjects? 


SOLUTION Let A be the event that Hameed passes:in Mathematics and B be the event that he 
passes in English. 


We have, P(A) = =, P(B) = =and P(A MB) =~ 
: a 2 4 Al 31 
Required probability = P (A U B)= P(A) +P(B)-—P(ANB)= a is getiae 


EXAMPLE 31 Find the probability of at most two tails or at least two heads in a toss of three coins. 
SOLUTION Consider the following events: 

A = Getting at most two tails in a toss of three coins. 

B = Getting at least two heads in a toss of three coins. 
We have,S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}, 


= (HHH, HHT, HTH, THH, TTH, HTT, THT}, B = (HHT, HTH, THH, HH} 
7 Hc al bene 4 
P(A) = ©, P(B) = = = — and P(AMB) = — = = 
(A) 3 (B) 5 (A OB) roe 
Required probability = P (A UB)= P(A) + P(B)—P(ANB) = a +o-5 = “ 


EXAMPLE 32 Ina town of 6000 people 1200 are over 50 years old and 2000 are female. It is known that 
30% of the females are over 50 years. What ts the probability that a random chosen individual from the 
town either female or over 50 years? 
SOLUTION Consider the following events : 

A = Arandomly chosen individual is a female 

B = Arandomly chosen individual is over 50 years old. 


Clearly, 





al 


ee 


- 65 —~< a <1 & = 


ial - = 
* > 
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= aca 
6000 5 


and, P (AB) = P (An individual is a female over 50 years old) = 30% of 2000 600/35 a 


6000 6000 10 


‘eee | 13 
ired probability = P(A UB)= P(A)+P(B)—-P(AQB)= —~+=-— = — 
Required probability (A UB) (A) + P (B) (A 7B) te aa a 


EXAMPLE33 From the employees of a company, 5 persons are elected to represent them in the managing 


committee of the company. Particulars of the five persons are as follows: [NCERT] 
S. No. Person Age (in years) 
1 Male 30 
Z Male 33 
3 Female 46 
4 Female 28 
5 Male 41 


A person ts selected at random from this group to act as a spokespersons. What is the probability that a 
spokespersons will be either male or over 35 years? 
SOLUTION Consider the following events: 


A = The spokespersons is a male, B = The spokespersons is over 35 years. 


Clearly, P(A) = =, P(B) = = and P(A B) = : 


3) 1324 
AE + ———_ = ua 
BY) br 16. ==16 
EXAMPLE 34 In class XI of a school, 40% of the students study Mathematics and 30% study Biology. 


10% of the class study both Mathematics and Biology. If a student is selected at random from the class, 
find the probability that he will be studying Mathematics or Biology or both [NCERT] 


SOLUTION Consider the following events: 
M =A student studies Mathematics, B = A student studies Biology. 


We have, 
40 10 


30 
Ries PB) = <= and P(MaAR) = 22. 
Semeng@e agg os | MOF) = 7 


Required probability = P (M UB) 
= P(M)+P(B)-P(MoB)= 


IN 


Required probability = P(A UB) = P(A)+P(B)-—P(AXB) = 


40,30 10 60 3 


100 100 100 100 5 
EXAMPLE35 Twostudents Anil and Ashima appeared in an examination. The probability that Anil will 
qualify the examination is 0.05 and that Ashima will qualify the examination is 0.10. The probability that 
both will qualify the examination is 0.02. Find the probability that: 
(i) both Anil and Ashima will not qualify the exam. [NCERT] 
(ii) at least one of them will not qualify the exam. 
(iii) only one of them will qualify the exam. 
SOLUTION LetE and F denote the events that Anil and Ashima will qualify the examination. 
Then, P (E) =0.05, P(F) = 0.10 and P(ENF) = 0.02 
(i) Required probability = P(E -F) } 
=P (EUF) =1-P(EVUF) 
=1—-—{P (E)+ P(F)-P (ENF) =1—(0.05 + 0.10 — 0.02) = 0.87 
(ii) Required probability = P (At least one of them will not qualify the exam) 
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= 1-—P (Both of them will qualify the exam) 
= 1-P(EnF)= 1-0.02 = 0.98 
(iii) P (Only one of them will qualify the exam) = P (E) + P (F) -2P (EF) 
= 0.05 + 0.10 —-2x 0.02 = 0.15 -0.04 = 0.11 


EXAMPLE36 Ina class of 60 students 30 opted for NCC, 32 opted for NSS and 24 opted for both NCC 
and NSS. If one of these students is selected at random, find the probability that: 
(i) the student opted for NCC or NSS (ii) the student has opted neither NCC nor NSS 
(iii) the student has opted NSS but not NCC. [NCERT] 
SOLUTION Consider the following events: 


A =A student opted NCC, B=A student opted NSS 


We have, 
BtAY = P(B) = and PCA ee 
60 60 60 eae 
: : a | 4 38 19 
i) Required probability = P(A UB) = P(A) +P(B)-—-P(AQB) = —+— -— = —=— 
(i) Required p lity ( ) (A) (B) ( ) AG Re 
19 11 


(ii) Required probability = P(A 4B) = P(AUB)=1-P(ANB)= 1-2 = 
ih $2). 94 1 98 2 

Required probability = P(A 7B) = P(B)-—P(AQB) = —-=— = — = = 
(iii) Required probability ( ) (B) ( ) Te ee 


EXAMPLE 37. One of the four persons John, Rita, Aslam or Gurpreet will be promoted next month. 
Consequently the sample space S consists of four elementary outcomes as given below. 


S ={ John promoted, Rita promoted, Aslam promoted, Gurpreet promoted} 


You are told that the chances of John's promotion is same as that of Gurpreet. Rita’s chances of promotion 
are twice as likely as Johns. Aslami's chances are four times that of John. 


(i) Determine P (John promoted), P (Rita promoted), P (Aslam promoted), P (Gurpreet promoted) 

(ii) If A ={John promoted or Gurpreet promoted }, find P(A) [NCERT EXEMPLAR] 
SOLUTION (i) Let P John promoted) = p. Then, by hypothesis 

P (Gurpreet promoted) = p, P (Rita promoted) = 2p and, P (Aslam promoted) = 4p. 
We have, 
S ={ John promoted, Rita promoted, Aslam promoted, Gurpreet promoted} 

.. P (John promoted) +P (Rita promoted) +P (Aslam promoted) +P (Gurpreet promoted) = 1 
=> pt2p+4p+p=1 


=> p= 
Bs 
Hence, P(John promoted) = = P (Rita promoted) = 2p =< = a 


P (Aslam promoted) = 4p == =< and, P (Gurpreet promoted) = p = . 
(ii) A ={ John promoted or Gurpreet promoted } 


P (A) = P John promoted) + P (Gurpreet promoted) = p+p=2p= 


col|Nh 
| 


EXAMPLE38 A, B, C are events such that P(A) = 0.3, P(B) = 0.4, P(C) = 0.8, P (A 7B) =0.08, 
P(A NC) =0.28, P(A NB AC) =0.09. If P (A U B UC) 2075, then show that P (B AC) lies in the 


interval (0.23, 0.48). | 
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SOLUTION We know that the probability of occurrence of an event is always less than or equal 
to 1 and it is given that P(A UB UC) 2075 


075<P(AUBUC) <1 

=> 0.75 < P(A) + P(B) + P(C) -—P (A ANB)—P(BNC)—P(AAC)+P(ANBOC)§1 
=> 0.75 <0.3 + 0.4 + 0.8 —0.08 = P (BAC) —0.28 + 0.09 <1 

= 075 <159 - 0.36 -P (BAC) <1 

= 075 < 1.23—P(BAC)<1 

=> — 0.48 <-P (BAC) <—0.23 > 0.23 < P(BNC) <0.48 


EXAMPLE 39 If A and B are any two events such that P (A UB) = F and P (A) = = find P (A 7B). 


=" 
ae Sa 


SOLUTION Clearly, A Band A are mutually exclusive events such that 
AUB=AU(A NB) 


A B 
=> P(AUB)=P(A)+P (AB) 
=> 5 =1-P(A)+P (AmB) 
| => ej P(A AB) 
| 2 3 
=> P(A NB) = ; Fig. 33.5 
EXAMPLE 40 Figure 33.6 shows three events A, B and C and also the probabilities of the various 
intersections (for instance P (ANB) = 0.07) determine 
(i) P(A) (ii) P(BNC) (iii) P(A UB) 
(iv) P(AMB) (v) P(BNC) (vi) Probability of exactly one of the three events. 


[NCERT EXEMPLAR] 
SOLUTION (i) We have, P(A MB) =013 and P (AB) =0.07 
Since A 1B and A Bare mutually exclusive events such that 
A=(ANB)U(ANB). 
P(A) =P(AMB)+P (ANB) 
=> P (A) =013+ 0.07 =0.20 





Fig. 33.6 


(ii) It is evident from the Figure 33.6 that a = 
P(ANB) =0.07, P (BAC) =015 and P(A NBAC) =010 

Also, AN B, BAC and A NBC are mutually exclusive events such that 
B=(ANB)U(BAC) Y(A OBC) 


: ee 
esos ————————— 


6. names ness = 
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- P (B) =P (AQNB)+P(BAC)+P(ANBAC) 
= P (B) = 0.07 + 0.15 + 0.10 = 0.32 
Now, P(BAC)=P(B)—P (BNC) 
=> P (BAC) =0.32-0.15 =0.17 
(iii) We have, P (A) =0.20, P (B) =0.32 and P (AB) = 0.07 
P (A UB) =P (A) + P(B) —P (ANB) = 0.20 + 0.32 —0.07 = 0.45 
(iv) We have, P (A) = 0.20 and P (A 4B) =0.07 
: P (AQB) =P (A)-P (AB) =0.20-0.07 =0.13 
(v) It is evident from the Figure 33.6 that P (BAC) =0.15. 


(vi) Probability that exactly one of three events A, Band C occurs 
=P(ANBAC)+P(AABAC)+P(AABOC)=0.13 + 0.10 + 0.28 = 0.51 

EXAMPLE 41 Let A, B, C be three events. If the probability of occuring exactly one event out of A and B 

is 1—x, out of BandC is 1-2x, out of CandA is 1—x, and that of occuring three events 

simultaneously ts x*, then prove that the probability that atleast one out of A, B, C will occur ts greater 

than 1/2. 


SOLUTION We have, 








P (A) + P(B)-2P(AQB) =1-x sod) 

P(B)+P(C)-2P(BNC) =1-2x - se-(ii) 

P(C) + P(A) -—2P (CNA) = 1-x ...(iii) 
and, P(AABAC) = x? ...(iv) 
Adding (i), (ii) and (iii), we get 

P (A) + P(B) + P(C)-P(ANB)-P (BNC) —-P(CNA)= 7 = ...(V) 

Probability that at least one out of A, B, C will occur 

= P(A UW BUC) 

= P(A)+P(B)+P(C)—P(ANB)—-P(BNC) —P(ANC)+P(ANBQAC) 

= = +x? [Using (iv) and (v)] 

= eS = (x—1)2 42 — 

2 2. 2 


EXAMPLE 42 For the three events A, BandC,P (exactly one of the events A or B occurs) = P 
(exactly one of the events B or C occurs) = P (exactly one of the eventsC and A occurs) = p and P (all the 
three events occur simultaneously) = yp, where 0 <p <1 / 2. Then, find the probability of occurrence of at 
least one of the three events A, B, and C. 

SOLUTION It is given that 


P (Exactly one of the events A or B occurs) =p, P (Exactly one of the events B or C occurs) =p 
P (Exactly one of the events C or A occurs) =p 


and, § P (All the three events occur simultaneously) = yp 


i.e. P(A) +P(B)-—2P(ANB) =p ...(i) 
P (B)+P(C)—2P(BOC) = p } ...(ii) 
P(C) + P(A)-2P (ANB) = p ..+(iii) 
and, P(ANMBNC) = p? ...(iv) 





i 


33.66 MATHEMATICS-XI 


Adding (i), (ii) and (iii), we get 
P (A) + P(B) + P(C)-P(ANB)-—P(BNAC)—-P(ANC)= ae .(V) 


Required probability = P (A UB UC) 
= P(A) + P(B) + P(C) —P(A NB) -—P(BNC)-P(ANC)+P(ANBNC) 
- 3P, 2 | 3p+2p* 
2 2 
EXAMPLE 43 For a post three persons A, B and C appear in the interview. The probability of A being 
selected is twice that of Band the probability of B being selected is thrice that of C. What are the individual 
probabilities of A, B,C being selected? _ 
SOLUTION Let Aj, A> and A3 be three events as defined below: 
A, = Person A is selected, Ap = Person B is selected, A3 = Person C is selected. 
We have, 
P (Aj) =2P (Ap) and P (Ay) = 3P (A3) => P(A,) =6P (A3) and P(A) = 3P (A3). 
Since Aj, Ay, A3 are mutually exclusive and exhaustive events. 
Ay U A> U Ag = S 


: 


= P(A, UAp UA3) = P(S) 
a P (Aj) + P(A) + P(A3) = 1 [- A, Az, A3 are mutually exclusive] 
=> 6P (A3) + 3P (A3) + P(A3) = 1 
1 
=> P(A3) = — 
a) a5 
6 3 
P(A,) = —andP(A,) = — 
(Ay) i ee oD) 0 


EXAMPLE 44 =P and Qare two candidates seeking admission in I.I.T. The probability that P is selected is 
0.5 and the probability that both P and Q are selected is at most 0.3. Prove that the probability of Q being 
selected is at most 0.8. 


SOLUTION Let A; and Ap, be two events defined as follows: 
A, =P is selected, A> =Q is selected. 
We have, P(A;) = 05and P (A; NA>) <0.3 
Now, P(A; UA))Ss1 
= P (Aj) + P (Ap) — P (A, N Ap) $1 
=> 05 + P (Ap) —P (Ay N Ap) $1 
=> P (Az) 505+ P(A, N Az) > P (Ap) $05+0.3 > P(A2) <08 


EXAMPLE 45 A box contains 6 red, 4 white and 5 black balls. A person draws 4 balls from the box at 
random. Find the probability that among the balls drawn there is atleast one ball of each colour. 


SOLUTION We observe that at least one ball of each colour can be drawn in one of the following 
mutually exclusive ways : 
(i) 1 red, 1 white and 2 black balls. (ii) 2 red, 1 white and 1 black balls. 
(iii) 1 red, 2 white and 1 black balls. 


Thus, if we define three events A, Band C as follows: 
A = Drawing 1 red, 1 white and 2 black balls, B= Drawing 2 red, 1 white and 1 black balls 


C = Drawing 1 red, 2 white and 1 black balls 





. BOE bhi 6 


a | ee 


h 
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We observe that A, B, C are mutually exclusive events. 
Required probability = P(A UBUC) 


= P(A)+P(B)+ P (C) [By addition Theorem] 
yee x “Cy x "c. La x 3 6 x fon se x {es x "Gi 
ST Sa or pT ae ee eee 
C4 TGs C4 
_ 6x 4x10+15x4x5+6x6x5 _ 24 x 720 OED 
mC, 15x14x13x12 91 


EXAMPLE 46_ A die is loaded in such a way that each odd number is twice as likely to occur as each even 
number. Find P(G), where G is the event that a number greater than 3 occurs on a single roll of the die. 


SOLUTION Let A; denote the event “Getting number 7 on the upper face of the die”, 
i=1,2, 3,4,5,6. Clearly, A;;i=1, 2,...,6 are mutually exclusive and exhaustive events. 


It is given that P (A>) = P (Aq) = P (Ag) =p (say) and, P (Aj) =P (A3) =P (As) = 2p. 
Now, A,UA)7 VUA3UA4UA5 UA =S 

=? P(A, UA UA3 UA, UAs U Ag) = P (S) 

= P (A,) + P (Ao) + P (A3) + P (Aq) + P (As) + P (Ag) =1 

=> 2p+pt+2p+p+2p+p=1> op =1= p=— 


Now, G=A4sUA5UAg6 © 
= P(G) =P (Ay UAs UAg) 
=>  P(G)=P (Aq) +P (As) + P (Ag) 


= P(G)=p+2p+p=4p =~ 


[.- Ag, As, Ag are mutually exclusive] 


EXAMPLE47_ A team of medical students doing their internship have to assist during surgeries at a city 
hospital. The probabilities of surgeries rated as very complex, complex, routine, simple and very simple are 
respectively 0.15, 0.20, 0.31, 0.26, 0.08. Find the probabilities that a particular surgery will be rated 
(i) Complex or very complex (ii) neither very complex nor very simple (iii) routine or complex 
(iv) routine or simple. [NCERT EXEMPLAR] 


SOLUTION Consider the following events: 
A =Surgery is very complex, B =Surgery is complex, C =Surgery is routine, 
D =Surgery is simple, E =Surgery is very simple. | 
Itis given that P (A) =0.15 P (B) =0.20, P (C) =0.31, P (D) =0.26 and P (E) = 0.08. 
Clearly, A, B,C, D and E are mutually exclusive events. 
(i) Required probability = P (A UB) =P (A) +P (B) =015+0.20 =0.35 
(ii) Required probability = P (A NE) 
=P(AUE) 
=1-P (AVE) =1- {P (A) +P (E)}=1—(0.15 + 0.08) = 0.77 
(iii) Required probability = P (C UB) =P (C) +P (B) =0.31+0.20 =0.51 
(iv) Required probability = P (C UD) = P (C) + P (D) =0.31+0.26 =0.57 


EXERCISE 33.4 





LEVEL’ | 
1. (a) If A and B be mutually exclusive events associated with a random experiment such 
that P(A) = 0.4 and P(B)=0.5, then find: __ 

(i) P(AUB) (ii) P(ANB) (iii) P(AMB) (iv) P(A CB). 
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(b) A and B are two events such. that P (A) =054, P (B) =0.69 and P (AB) =0.35. 
Find (i) P(A UB) (ii) P(A MB) (iii) P(A NB) (iv) P(BOA) 
(c) Fill in the blanks in the following table: 


P (A) P (B) P (A OB) P(A UB) 
ee 
3 5 15 
(ii) 0.35 oh 0.25 0.6 
(iii) 0.5 OR5er stow 0.7 


2. If A and B are two events associated with a random experiment such that P(A) = 0.3, 
P(B) = 0.4 and P (A U B) =05, find P(A MB). 

3. If A and B are two events associated with a random experiment such that P(A) = 0.5, 
P(B) = 0.3 and P (A 7 B) = 0.2, find P (A U B). 

4. If Aand B are two events associated with a random experiment such that P (A U B) =08, 
P(A 7B) =0.3 and P (A) =05, find P(B). 

5. Given two mutually exclusive events A and B such that P(A) =1/2 and P(B) =1/3, 
find P (A or B). 

6. There are three events A, B, C one of which must and only one can happen, the odds are 8 to 
3 against A, 5 to 2 against B, find the odds against C. 

7. One of the two events must happen. Given that the chance of one is two-third of the other, 
find the odds in favour of the other. 
NOTE Students are advised to do the following exercises by using addition theorems and also by 
using the definition only 1.e. by calculating exhaustive number of cases and favourable number of 
cases. 

8. Acard is drawn at random from a well-shuffled deck of 52 cards. Find the probability of its 
being a spade or a king. 

9. Inasingle throw of two dice, find the probability that neither a doublet nor a total of 9 will 
appear. 

10. A natural number is chosen at random from amongst first 500. What is the probability that 
the number so chosen is divisible by 3 or 5? 

11. A die is thrown twice. What is the probability that at least one of the two throws come up 
with the number 3? 

12. A card is drawn from a deck of 52 cards. Find the probability of getting an ace or a spade 
card. 

13. The probability that a student will pass the final examination in both English and Hindi is 
0.5 and the probability of passing neither is 0.1. If the probability of passing the English 
examination is 0.75. Whatis the probability of passing the Hindiexamination? [NCERT] 

14. One number is chosen from numbers 1 to 100. Find the probability that it is divisible 
by 4 or 6? 

15. From a well shuffled deck of 52 cards, 4 cards are drawn at random. What is the probability 
that all the drawn cards are of the same colour. 

16. 100 students appeared for two examinations. 60 passed the first, 50 passed the second and 
30 passed both. Find the probability that a student selected at random has passed at least 
one examination. 

17. A box contains 10 white, 6 red and 10 black balls. A ball is drawn at random from the box. 
What is the probability that the ball drawn is either white or red? 

18. Inarace, the odds in favour of horses A, B,C, Dare1:3,1:4,1:5and 1:6 respectively. Find 

_ probability that one of them wins the race. 

19. The probability that a person will travel by plane is 3/5 and that he will travel by train is 
1/4. What is the probability that he (she) will travel by plane or train? 

20. Two cards are drawn from a well shuffled pack of 52 cards. Find the probability that either 
both are black or both are kings. 
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PROBABILITY 33.69 


21. 


22. 


23. 


24. 
25. 


26. 


27. 


28. 





In an entrance test that is graded on the basis-of two examinations, the probability of a 
randomly chosen student passing the first examination is 0.8 and the probability of passing 
the second examination is 0.7. The probability of passing at least one of them is 0.95. What is 
the probability of passing both? [NCERT] 
A box contains 30 bolts and 40 nuts. Half of the bolts and half of the nuts are rusted. If two 
items are drawn at random, what is the probability that either both are rusted or both are 
bolts? 
An integer is chosen at random from first 200 positive integers. Find the probability that the 
integer is divisible by 6 or 8. 
Find the probability of getting 2 or 3 tails when a coin is tossed four times. 
Suppose an integer from 1 through 1000 is chosen at random, find the probability that the 
integer is a multiple of 2 ora multiple of 9. [NCERT EXEMPLAR] 
In a large metropolitan area, the probabilities are 0. 87, 0.36, 0.30 that a family (randomly 
chosen for a sample survey) owns a colour television set, a black and white television set, or 
both kinds of sets. What is the probability that a family owns either any one or both kinds of 
sets? [NCERT EXEMPLAR] 
If A and B are mutually exclusive events such that P (A).= 0.35 and P (B) = 0.45, find 
(i) P(AUB) (ii) P (ACB) (iii) P(AAB) (iv) P(A QB) [NCERT EXEMPLAR] 
A sample space consists of 9 elementary event E;, Ey, E3, ..., Eg, Eg whose probabilities are 
P(E,) = P(E) =0.08, P(E3) = P(E4) =0.1, P(E) = P(E;) = 0.2, P(Eg) = P(Eg) = 0.07 
Suppose A = {E,, 5, Eg}, B = {Ey, 5, Eg, Eo} [NCERT EXEMPLAR] 
(i) Compute P (A), P (B) and P (ANB). 
(ii) Using the addition law of probability, find P (A UB). 
(iii) List the composition of the event AUB, and calculate P(A UB) by adding the 
probabilities of the elementary events. 
(iv) Calculate P (B) from P(B), also calculate P ( B) directly from the elementary events of 
B. 


ANSWERS 
1. (a) (i) 0.9 (ii) 0.1 (iii) 0.5 (iv) 04 1. (b) (i) 0.88 (ii) 0.12 (ii) 0.19 (iv) 0.34 
1.(c) (i) = (i 0.5 (iii) 015 2.02 3. 0.6 4. 0.6 5. 5/6 
6. 43:34 7. 3:2 8. 4/13 9.13/18 10. 233/500 11. a 
2, = 13. 0.65 14, 2% 15, 22 16. = 7, © 
1B 100 833 5 13 
18), 2 19, 12 20. 22 21. 0.556 22, 189 23. 4 
420 20 221 483 4 
24. - 25. 0.556 26. 0.93 27. (i) 0.8 (ii) 0 (iii) 0.35 (iv) 0.2 
28. (i) 0.25, 0.32, 0.17 (ii) 0.40 (iii) 0.40 (iv) 0.68 





1. 


HINTS TO NCERT & SELECTED PROBLEMS 
(ii) Use: P(A NB) =P (A UB) =1-P(A UB) 

(iii) Use: P(A 1B) =P (B)—P (AB) 

(iv) Use: P(A MB)=P(A)-—P(ANB) 


6. It is given that A, B, C are mutually exclusive and exhaustive. 


. AUBUC=S = P(AUBUC)=P(S) = P(A)+P(B)+P(C)=1 
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7. Let A, B be two events. Then A, B are mutually exclusive and exhaustive. 
«. AUB=S 
= P(A B)=1 
=> P(A)+P(B)=1 


= = P(B)+P(B)=1 E P (A) = = P(B) 


= P(B) == 


Odds in favour of B are P (B): P (B) i.e. 3/5: 2/5 0r3: 2 


9. Let A = Getting a doublet, B = Getting a total of 9. Then, 
P(A AB) =P (A VB) =1-P (A VB) =1-[P (A) + P(B) -P(ANB)] 
12. A= Getting an ace, B = Getting a spade card. 
Required probability = P (A U B) =P (A) + P (B) -P (ANB) 


13. LetEand H denote the events that the student will pass in English and Hindi examination 
respectively. Then, we have 
P(EQH) = 05,P (EAH) = Ol and P(E) = 075 
Now, 
P(E AH) = 
P(EUR) = 
1—P(EUH) = 
P(EUH) = 0. 
P(E)+P(H)-P(EQH) = 0.9 => 075+ P(H)-05=0.9 = P(H) = 0.65. 
15. Let A = 4 cards drawn are red, B = 4 cards drawn are black. Then, A, B are mutually 
exclusive events. 
So, required probability = P(A U B) =P (A) + P (B) 


21. Let A and B denote the events that a randomly chosen student passes first and second 
examinations respectively. Then, P (A) =0.8, P (B) =0.7 and P (A U B) =0.95 
Required probability = P (A 7 B) =P (A) + P(B) -P (AU B) =0.8 + 0.7 —0.95 =055 
25. Consider the following events: 
A = Integer chosen is a multiple of 2, B=Integer chosen is a multiple of 9. 
We have, 
500 1 111 55 


P(A) => =—, P(B) = and P(A B) => 
(A) = F500 7 27 POP) = F909 ANd P (AMF) = Fog 
111 55 555 


Required probabili P (AUB) =P(A)+P LAG == ———— 
Ed Eat 8) = (A) + P(B) -P(A NB) = 5 + 
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26. Consider the following events: 
A = Family owns colours television set, B = Family owns black and white television set 
It is given that P(A) =0.87, P(B) =0.36 and P (AB) =0.30 
Required probability = P (A UB) = P(A) + P(B) —P(A 7B) =0.87 + 0.36 —0.30 = 0.93 
27. Itis given that A and B are mutually exclusive events. Therefore, P (A 7B) =0. 
(i) P (AUB) =P(A) + P(B) =0.35 + 0.45 =0.8 
(ii) P(AMB)=0 
(iii) P(A AB) = P(A) —P (ANB) = P(A) =0.35 
(iv) P (ANB) =P (ANB) =1-P (AUB) =1-{P(A) + P(B)} =1 =08 = 02 
98. We have, P(E;) + P(E2) + P(E3) + P(Eq) + P(Es) + P(E¢) + P(Ey) + P(Eg) =1=> P(E;) =01 
(i) P(A) = P(E,) + P(E) + P(Eg) = 0.08 + 0.1 + 0.07 = 0.25 
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P(B) = P(E>) + P(Ex) + P(Eg) + P(Eg) = 0.08 + 0.1 + 0.07 + 0.07 = 0.32 
P(A OB) = P(Es) + P(Eg) = 0.1 + 0.07 = 017 
(ii) P(A UB) = P(A) + P(B) — P(A AB) = 025+ 0.32 —017 =0.40 


VERY SHORT ANSWER QUESTIONS (VSAQs) 


Answer each of the following questions in one word or one sentence or as per exact requirement of the 
question: 


1. 


Three numbers are chosen at random from numbers 1 to 30. Write the probability that the 
chosen numbers are consecutive. 


. n(> 3) persons are sitting ina row. Two of them are selected. Write the probability that they 


are together. 


. Asingle letter is selected at random from the word ‘PROBABILITY’. What is the probability 


that it is a vowel? 


4, What is the probability that a leap year will have 53 Fridays or 53 Saturdays? 


5. Three dice are thrown simultaneously. What is the probability of getting 15 as the sum? 


6. If the letters of the word ‘MISSISSIPPI’ are written down at random in a row, what is the 


probability that four S’s come together. 


7. What is the probability that the 13th days of a randomly chosen month is Friday? 


8. Three of the six vertices of a regular hexagon are chosen at random. What is the probability 


10. 


that the triangle with these vertices is equilateral. 


. If E and E, are independent evens, write the value of P (E UE) A(EN E>)). 


If A and B are two independent events such that P (A - B) == and P(A 4B) = = then 
write the values of P (A) and P (B). 


ANSWERS 
Re ee ee ees ST I Sigs, Sa ae eee 
145 n 11 7 216 165, * 84 10 
1 1 
9. 0 10. P A = —,P B =—_ — 
OO) aa 


MULTIPLE CHOICE QUESTIONS (MCQs) 


Mark the correct alternative in each of the following: 


1. 


- The probability of getting a total of 10 in a single throw of two dice is 


One card is drawn from a pack of 52 cards. The probability that it is the card of a king or 
spade is 


(a) 1/26 (b) 3/26 (c) 4/13 (d) 3/13 

. Two dice are thrown together. The probability that at least one will show its digit greater 
than 3 is 
(a) 1/4 (b) 3/4 (c) 1/2 (d) 1/8 


. Two dice are thrown simultaneously. The probability of obtaining a total score of 5 is 


(a) 1/18 (b) 1/12 (c) 1/9 (d) none of these 


. Two dice are thrown simultaneously. The probability of obtaining total score of seven is 


(a) 5/36 (b) 6/36 (c) 7/36 (d) 8/36 


(a) 1/9 (b) 1/12 (c) 1/6 (d) 5/36 
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6. Acard is drawn at random from a pack of 100 cards numbered 1 to 100. The probability of 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


drawing a number which is a square is 
(a) 1/5 (b) 2/5 (c) 1/10 (d) none of these. 


. Abag contains 3 red, 4 white and 5 blue balls. All balls are different. Two balls are drawn at 


random. The probability that they are of different colour is 
(a) 47/66 (b) 10/33 (c) 1/3 (d) 1 
Two dice are thrown together. The probability that neither they show equal digits nor the 
sum of their digits is 9 will be 
(a) 13/15 (b) 13/18 (c) 1/9 (d) 8/9 
Four persons are selected at random out of 3 men, 2 women and 4 children. The probability 
that there are exactly 2 children in the selection is 
(a) 11/21 (b) 9/21 (c) 10/21 (d) none of these 
The probabilities of happening of two events A and B are 0.25 and 0.50 respectively. If the 


probability of happening of A and B together is 0.14, then probability that neither A nor B 
happens is 


(a) 0.39 (b) 0.25 (c) 0.11 (d) none of these 

A die is rolled, then the probability that a number 1 or 6 may appear is 

(a) 2/3 (b) 5/6 (c) 1/3 (d) 1/2 
Six boys and six girls sit in a row randomly. The probability that all girls sit together is 
(a) 1/122 (b) 1/112 (c) 1/102 (d) 1/132 


The probabilities of three mutually exclusive events A, B and C are given by 2/3, 1/4 and 
1/6 respectively. The statement 

(a) is true (b) is false 

(c) nothing can be said (d) could be either 

If oaP, ae we are the probabilities of three mutually exclusive and 
exhaustive events, then the set of all values of p is 

(a) (0,1) (b) (-1/4, 1/3) (c) (0,1/3) (d) (0, 2) 


A pack of cards contains 4 aces, 4 kings, 4 queens and 4 jacks. Two cards are drawn at 
random. The probability that at least one of them is an ace is 


(a) 1/5 (b) 3/16 (c) 9/20 (d) 1/9 
If three dice are throw simultaneously, then the probability of getting a score of 5 is 
(a) 5/216 (b) 1/6 (c) 1/36 (d) none of these 


One of the two events must occur. If the chance of one is 2/3 of the other, then odds in 
favour of the other are 


(a) 1:3 (b) 3:1 (c) 2:3 (d) 32 
The probability that a leap year will have 53 Fridays or 53 Saturdays is 
(a) 2/7 (b) 3/7 (c) 4/7 (d) 1/7 


A person write 4 letters and addresses 4 envelopes. If the letters are placed in the envelopes 
at random, then the probability that all letters are not placed in the right envelopes, is 

(a) 1/4 (b) 11/24 (c) 15/24 (d) 23/24 

A and B are two events such that P(A) = 0.25 and P(B) = 050. The probability of both 
happening together is 0.14. The probability of both A and B not happening is 

(a) 0.39 (b) 0.25 (c) 0.11 (d) none of these 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


If the probability of A to fail in an examination is : and that of Bis = . Then, the probability 


that either A or B fails is 

(a) 1/2 (b) 11/25 (c) 19/50 (d) none of these 

A box contains 10 good articles and 6 defective articles. One item is drawn at random. The 
probability that it is either good or has a defect, is 

(a) 64/64 (b) 49/64 (c) 40/64 (d) 24/64 

Three integers are chosen at random from the first 20 integers. The probability that their 
product is even is 

(a) 2/19 (b) 3/29 (c) 17/19 (d) 4/19 

Out of 30 consecutive integers, 2 are chosen at random. The probability that their sum is 
odd, is 

(a) 14/29 (b) 16/29 (c) 15/29 (d) 10/29 

A bag contains 5 black balls, 4 white balls and 3 red balls. If a ball is selected randomwise, 
the probability that it is black or red ball is 


(a) 1/3 (b) 1/4 (c) 5/12 (d) 2/3 
Two dice are thrown simultaneously. The probability of getting a pair of aces is 
(a) 1/36 (b) 1/3 (c) 1/6 (d) none of these 


An urn contains 9 balls two of which are red, three blue and four black. Three balls are 
drawn at random. The probability that they are of the same colour is 
(a) 5/84 (b) 3/9 (c) 3/7 (d) 7/17 
Five persons entered the lift cabin on the ground floor of an 8 floor house. Suppose that 
each of them independently and with equal probability can leave the cabin at any floor 
beginning with the first, then the probability of all 5 persons leaving at different floor is 

7 5 5 

7. 6 

(a) =: (b) 7h (c) CR (d) = 
A box contains 10 good articles and 6 with defects. One item is drawn at random. The 
probability that it is either good or has a defect is 
(a) 64/64 (b) 49/64 (c) 40/64 (d) 24/64 
A box contains 6 nails and 10 nuts. Half of the nails and half of the nuts are rusted. If one 
item is chosen at random, the probability that it is rusted or is a nail is 
(a) 3/16 (b) 5/16 (c) 11/16 (d) 14/16 
If Sis the sample space and P (A) = $ P (B)and S=A UB, where A and Bare two mutually 
exclusive events, then P (A) = 
(a) 1/4 (b) 1/2 (c) 3/4 (d) 3/8 


One mapping is selected at random from all the mappings of the set A = {1, 2, 3,..., n} into 
itself. The probability that the mapping selected is one to one is 


1 1 n—1)! 

(a) a (b) a (c) < ] (d) None of these 

If A, B, C are three mutually exclusive and exhaustive events of an experiment such that 
3P (A) =2 P (B) =P (C), then P (A) is equal to 


1 2 5 6 
(a) — b) — (©) 2 (ay & 
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34. If A and Bare mutually exclusive events then 
(a) P(A)<P(B) (b) P(A)2=P(B)  (c) P(A) <P(B) 
35. If P (A UB) =P (AB) for any two events A and B, then 
(a) P(A)=P(B) (b) P(A)>P(B) (c) P(A)<P(B)_ (d) Noneof these 
" 36. Three numbers are chosen from 1 to 20. The probability that they are not consecutive is 


‘ On oy (c) @) x 
3 


190 190 190 
37. 6 boys and 6 girls sit in a row at random. The probability that all the girls sit together is 


1 12 1 
oa Saka — d) N f th 
(a) rr} (b) Bi (c) 139 (d) None of these 


38. Without repetition of the numbers, four digit numbers are formed with the numbers 0, 2, 3, 
5. The probability of such a number divisible by 5 is 


1 4 
(a) 5 (b) 5 


(d) None of these 





1 5 
(c) 30 (d) 9 


_ 39. If the probability for A to fail in an examination is 0.2 and that for B is 0.3, then the 
probability that either A or B fails is 
(a) >0.5 (b) 0.5 (c) <0.5 (d) 0 


40. Three digit numbers are formed using the digits 0, 2, 4, 6, 8. A number is chosen at random 
out of these numbers what is the probability that this number has the same digits? 


1 16 1 1 
@) 5 ON es ONG (a) = 
ANSWERS 
1. (c) 2. (b) 3. (c) 4. (b) 5. (b) 6. (c) 7. (a) 8. (b) 
9. (c) 10. (a) 11. (c) 1225(d)s 6 13;:.(b) 14. (b) = 15. (c) 16. (c) 
17. (d) 18. (b) 19. (d) 20. (a) 21. (c) 22. (a) 23. (c) 24. (c) 
25. (a) 26: (a) 27. (a) 28. (a) 29. (a) 30. (c) 31. (a) 32. (c) 
33. (b) 34. (a) 35. (a) 36. (b) 37. (c) 38. (d) 39. (c) 40. (d) 
SUMMARY 
1. An experiment whose outcomes cannot be predicted or determined in advance is called a 
random experiment. 


2. Each outcome of a random experiment is known as an elementary event. 


3. The set of all possible outcomes (elementary events) of a random experiment is called the 
sample space associated with it. 


4. A subset of the sample space associated with a random experiment is called an event. 
5. Aneventis said to occur if any one of the elementary events belonging to it is an outcome. 


6. An event associated with a random experiment is called a certain event if it always occurs 
whenever the experiment is performed. 


The sample space associated with a random experiment defines a certain event. 
7. The null set of the sample space defines an impossible event. 


g, An event associated with a random experiment is a compound event, if it is the disjoint 
union of two or more elementary events. 
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9. Two or more events associated with a random experiment are said to be mutually exclusive 
or incompatible events if the occurrence of any one of them prevents the occurrence of all 
others i.e. no two or more of them can occur simultaneously in the same trial. 

If A and B are mutually exclusive events, then A 1 B=9. 

10. Events Aj, A, A3, ..., A, associated with a random experiment with sample space S are 
exhaustive if A; UA) U... UA, =S. 

11. Let S be the sample space associated with a random experiment. A set of events Aj, Ag, -.., 
A, is said to form a set of mutually exclusive and exhaustive system of events if 

(i) Ay UA VU... UA, =S (ii) A; A Aj = 6 for i#] 

12. Probability function: Let S = {w 1, W3,...,W,} be the sample space associated with a random 
experiment. Then a function P which assigns every event A c S to a unique non-negative 
real number P (A) is called the probability function if the following axioms hold : 

A-1: 0O<P(w;) <1 for allw; €S 
A-2: P(S) = 1ie. P (w;)+P (wo) +...+P (wy) = 1 


A-3: ForanyeventAcS,P(A) = 2 P, P (w;,), the number P (w,) is called 
WEE 


probability of elementary event wy. 


13. Probability of an event: If there are n elementary events associated with a random 
experiment and m of them are favourable to an event A, then the probability of occurrence 


of A is defined as: 
P(A) = m _ Favourable number of elementary events 
n Total number of elementary events 
The odds in favour of occurrence of the event A are defined by m:(n—m) 
The odds against the occurrence of A are defined by (1 —m) :m. 
The probability of non-occurrence of A is given by P (A) =1-P(A). 
14. If Aand Bare two events associated with a random experiment, then 
P(A UB) = P(A)+P(B)-—P(AMB). 
If A and B are mutually exclusive events, then P(A U B) = P(A) + P (B). 
15. If A, B,C are three events associated with a random experiment, then 
P(A UBUC) = P(A) + P(B) + P(C) —P(A NB) —P(BNC) —P(C NA) + P(ANBOC 
16. If Aand Bare two events associated with a random experiment, then 
(i) P(A AB) = P(B)—P(A AB) i.e. probability of occurrence of B only = P(B) -P(A MB) 
(ii) P(A AB) = P(A) —P(A MB) i.e. probability of occurrence of A only = P(A) —P (ANB) 
(iii) Probability of occurrence of exactly one of A and Bis P(A) + P (B) -—2P(A MB) 
= P(A UB)—P(ANB) 
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Mathematics for Class XI 


This text book is based on the latest syllabii prescribed by the CBSE. In the present edition 
almost the entire text has been re-written. Illustrative Examples and Exercises given at the 
end of every section/sub-section in each chapter have been arranged in the increasing order of 
difficulty level and have been categorized into two levels, namely, Level-1 and Level-2. 


Unique features of this book 


e Detailed theory with illustrations 

e Algorithmic approach 

e Large number of graded Illustrative Exampies and Exercises 
' e@ Brief summary consisting of concepts and formulae. 
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